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Abstract
We first consider irreducible critical multitype Bienaymé trees and extend the results to the case,
when they possess a critical irreducible component with attached subcritical components. We study
these trees under two distinct conditioning frameworks: first, conditioning on the value of a linear
combination of the numbers of vertices of given types; and second, conditioning on the precise
number of vertices belonging to a selected subset of types. We prove that, under a finite exponential
moment condition, the scaling limit as the tree size tends to infinity is given by the Brownian
Continuum Random Tree. Additionally, we establish strong non-asymptotic tail bounds for the
height of such trees. Our main tools include a flattening operation applied to multitype trees and
sharp estimates regarding the structure of monotype trees with a given sequence of degrees.
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1 Introduction

1.1 Motivation
Monotype Bienaymé processes (also known as Galton–Watson processes) have been of interest
since a long time. They are used to model the genealogy of a population in which each
individual reproduces independently of each other with the same offspring distribution.
Multitype Bienaymé processes allow to model that there exists a given number of types
which are assigned to each individual, so that each one still reproduces independently of
every other individual, but now the offspring distribution depends on its type. We can
distinguish reducible and irreducible Bienaymé processes, intuitively irreducibility means
that from each type we can get to any other type with positive probability. See e.g. [12]
for the study of a reducible branching process with two types or in [26] for the case with
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4:2 Scaling Limits of Multitype Bienaymé Trees

N types such that each individual of type i only produces children of type j ≥ i. We refer
to [15] for an introduction to multitype processes. Genealogy is often represented by trees to
keep track of the genealogical structure. For Bienaymé processes the natural way to do so is
by Bienaymé trees. A population starts with a single ancestor, the root of a Bienaymé tree.
Now every individual who is the child of another one gets connected to its parent by an edge.

For the asymptotic study of “big” Bienaymé trees there exists a local point of view and a
global one. Whereas the first one is about finite neighbourhoods of the root, the latter is
about what happens if we see the tree as metric space and rescale distances. For both there
is a conditioning on the size of the tree. For the monotype case this means to condition e.g.
on the number of vertices or the number of leaves. Having a big number of vertices implies a
similar big number of leaves and vice versa, which was e.g. shown in Kortchemski [17]. For
multitype Bienaymé trees there a way more possibilities of how we can condition them to be
large, which could lead to different behaviours.

In the monotype case, consider a probability distribution µ on N0 := {0, 1, . . .} and let
Tn be the Bienaymé tree in which each individual has offspring according to µ, conditioned
to have n vertices (provided that this event holds with positive probability). If µ is critical
(that is, has mean 1) and has variance σ2 ∈ (0,∞), then Tn, seen as a metric space where all
edges have length σ/(2

√
n), converges in distribution to an (almost surely compact) random

metric space Te called the Brownian Continuum Random Tree (CRT) [5, 6, 7].
In the multitype case, the preceding result admits the following generalization. Write

[K] := {1, . . . ,K}, let ζ(1), . . . , ζ(K) be offspring distributions on
⋃

n≥0[K]n, and let T (i) be
the associated multitype Bienaymé tree with K types, where the root has type i and where
a vertex of type j has offspring according to ζ(j). Also, let T (i)

n be the tree T (i) conditioned
to have n vertices of type i, again provided that this event has positive probability. Then,
under assumptions of criticality, irreducibility and finite variance, the tree T (i)

n converges
after rescaling to the Brownian CRT; see [14, 19]. Here, the size of the tree is its number of
root-type vertices, and the authors show that the study of T (i)

n boils down to investigating
the structure of a monotype Bienaymé tree obtained from T (i)

n by keeping only the root-type
vertices.

In this paper we consider a more general notion of size. Consider λ := {λ1, . . . , λK} ∈
NK

0 \ {(0, . . . , 0)} nonnegative integers, and let T (i)
λ,n be the tree T (i) conditioned on

K∑
j=1

λj#j(T (i)) = n,

where #j(T ) denotes the number of vertices of type j in a tree T . This type of size-conditioned
tree was considered by Stephenson [23], who described the annealed local limit of T (i)

λ,n.
The main goal of this work is to first prove that, under assumptions of criticality,

irreducibility and finite exponential moments, the size-conditioned tree T (i)
λ,n converges after

rescaling to the Brownian CRT. The main idea is again to consider the reduced tree induced
by the root-type vertices. Although this tree is no longer distributed as a size-conditioned
Bienaymé tree, it is a mixture of random trees called trees with prescribed degree sequences,
which allows us to prove its convergence to Te using the main result of [8]. The second step
is to bound the distance between a stretched version of the reduced tree and the original
tree. This comparison also yields tail bounds for the height of T (i)

λ,n. Such tail bounds were
proven for trees with given degree sequences in the recent work [4] (see also [2, 3, 18]), and
we build upon them to establish similar bounds for the reduced tree and ultimately for T (i)

λ,n.
Other distributional results for statistics of simply generated trees as the depth of a random
node and others were proven in [13].
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Secondly we also provide extensions of our main theorems to treat a natural reducible case,
in which we have a critical irreducible core and attached additional subcritical components.
Such trees have close connections to a variety of combinatorial models. In particular, limits
for the bivariate case with specific conditionings have been studied in [9, 24] as tools for the
study of random graphs from restricted classes. We emphasize that, in general, reducible
trees also admit limits different from the Brownian CRT or other stables trees, as recently
demonstrated in [25]. The present work is an extended abstract of [1], in which detailed
justifications for the results are given.

1.2 Background on random trees

1.2.1 Plane trees
We use Neveu’s formalism [20]. Let N := {1, 2, . . . } and define U :=

⋃
k≥0 Nk, the set of

finite sequences of integers (with the convention that N0 = {∅}). For any k ∈ N, an element
u of Nk is written u = u1 · · ·uk, with u1, . . . , uk ∈ N. For any k ∈ N, u = u1 · · ·uk ∈ Nk, and
i ∈ N, we denote by ui the element u1 · · ·uki ∈ Nk+1.

A plane tree t is a subset of U satisfying the following conditions: (i) ∅ ∈ t (the tree has
a root); (ii) if u = u1 · · ·un ∈ t, then, for all k ≤ n, u1 · · ·uk ∈ t (these elements are referred
to as ancestors of u); (iii) for any u ∈ t, there exists a nonnegative integer ku(t) such that,
for every i ∈ N, ui ∈ t if and only if 1 ≤ i ≤ ku(t) (ku(t) is called the number of children of
u, or the outdegree of u, and ui is said to be a child of u). The elements of t are referred to
as vertices of t, and vertices of t without children are called leaves of t.

The height of a vertex is its length as a sequence of integers, and we denote by |t| the
total number of vertices of t. We denote by (v1(t), . . . , v|t|(t)) the sequence of vertices of t in
lexicographical order.

We also define a partial order ⪯ on the set of vertices of t by saying that u ⪯ v if u is an
ancestor of v. In particular, ∅ ⪯ u for all u ∈ t. The last common ancestor w of two vertices
u and v is the largest (in lexicographical order) vertex being both an ancestor of u and an
ancestor of v. For vertices x, y ∈ t, we write Jx, yK (resp. Kx, yJ) for the set of vertices of the
unique path in t with endpoints x and y, including (resp. excluding) x and y.

A plane tree t can be represented as a graph-theoretic tree, where each non-root vertex
is connected to its parent by an edge. We will usually consider t as a metric space whose
points are the vertices of t, with its usual graph distance dt. For a > 0, we also denote by at
the tree t seen as a metric space, for the renormalized graph distance a · dt. Furthermore, we
endow any finite tree t with a mass measure mt defined as

mt := 1
|t|

∑
v∈t

δv.

Finally, we denote the set of finite plane trees by T.

1.2.2 Multitype plane trees
Fix K ∈ N := {1, 2, . . .} and let [K] be the set of types. A K-type plane tree is a pair
T := (t, et) where t ∈ T is a plane tree and et : t 7→ [K]. For u ∈ t, et(u) is called the type
of the vertex u. We also denote by #i(T ) the number of vertices u of the tree t of type i,
that is, such that et(u) = i. In particular, |T | :=

∑K
i=1 #i(T ). Finally, we call t the shape

of the multitype tree T . For all K ≥ 1, all i ∈ [K], we let T(K) be the set of K-type plane
trees and by T(K,i) the subset of T(K) of trees whose root has label et(∅) = i. The degree
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4:4 Scaling Limits of Multitype Bienaymé Trees

sequence of a multitype tree T is the unordered multiset {(ℓ1, k1), . . . , (ℓ|T |, k|T |)} of elements
of [K] × NK

0 , where, for all i ∈ [|T |] and all j ∈ [K], ℓi is the type of the vertex vi(T ) and
ki(j) is the number of children of type j of the vertex vi.

Given a sequence λ := (λ1, . . . , λK) ∈ NK
0 , we set #λ(T ) :=

∑K
i=1 λi#i(T ), the linear

combination of the number of vertices of each type.

▶ Remark 1. For convenience, in the rest of the paper, we consider here only trees whose
root type is 1, and will thus usually drop the superscript 1, writing T for T (1). However the
result still holds for any root type, and even to a random root type; see the discussion after
Theorem 7.

1.2.3 Multitype Bienaymé trees
We next define K-type Bienaymé trees, which are our main object of interest. For K ∈ N,
consider the set WK :=

⋃
n≥0[K]n and let ζ := (ζ(i))i∈[K] be a family of probability

distributions on WK . For i ∈ [K], we define a probability distribution on T(K,i) as follows.
Consider a family of independent variables (Xi

u, u ∈ U , i ∈ [K]) with values in WK , such
that for all (u, i) ∈ U × [K], Xi

u has law ζ(i). We recursively construct a random K-type tree
T (i) := (t, et) as follows: ∅ ∈ t, et(∅) = i; if u ∈ t and et(u) = j, then, for k ∈ N, uk ∈ t if
and only if 1 ≤ k ≤ |Xj

u| and in this case et(uk) = Xj
u(k) (the k’th element of the sequence

Xj
u).

In other words, the root of T (i) has type i, and vertices of type j in T (i) have children
according to ζ(j), independently of each other and of all other vertices. We refer to T (i) as a
ζ-Bienaymé tree with root type i.

1.2.4 Projection
We define the projection of a multitype probability distribution, which is later needed for
flattening and reduction operations on trees.

▶ Definition 2. A K-type offspring distribution is a family ζ := (ζ(1), . . . , ζ(K)) of probability
distributions on WK . We define the projection µ := (µ(1), . . . , µ(K)) of ζ as the family of
probability distributions on NK

0 satisfying: for all i ∈ [K], all k1, . . . , kK ≥ 0:

µ(i)(k1, . . . , kK) =
∑

w∈WK
#1w=k1,...,#Kw=kK

ζ(i)(w).

1.2.5 The Brownian CRT
We recall here the definition of the Brownian Continuum Random Tree (CRT), introduced
by David Aldous [5, 6, 7]. Let (et)t∈[0,1] be a standard Brownian excursion. We define a
pseudo-distance on [0, 1] by saying that, for all s ≤ t,

de(s, t) = es + et − 2 min
u∈[s,t]

eu,

and de(t, s) = de(s, t). We also define an equivalence relation ∼e on [0, 1] as follows: for all
s, t ∈ [0, 1], s ∼e t if and only if es = et = minu∈[s,t] eu , that is, de(s, t) = 0. The Brownian
CRT is the metric space Te := [0, 1]/ ∼e, endowed with the projection dTe of de onto Te
(observe that this is a distance on Te). See Figure 3 for a simulation. We root Te at the
equivalence class ρe of 0.
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Remark that Te is also naturally endowed with a mass measure mTe defined as the
projection onto Te of the Lebesgue measure on [0, 1].

It turns out that (Te, ρe, dTe ,mTe) is a universal scaling limit, in the sense that numerous
models of trees have been shown to converge to it after rescaling of the distance, see e.g.
[8, 5, 10].

1.2.6 Topology
We endow the set of measured isometry-equivalence classes of compact measured metric
spaces with the Gromov-Hausdorff-Prokhorov distance dGHP ; see [27, Section 27] for an
introduction. We denote by dH the Hausdorff distance between subsets of a given metric
space.

2 Operations on random trees

We define here three operations on trees, namely flattening, reduction and a blow-up operation.

2.1 Flattening and reduction operations
Let T ∈ T(K,1) be a K-type tree with root-type 1. We define two operations on T , which
we respectively call flattening and reduction of the tree T . Roughly speaking, flattening T
consists in reattaching all vertices - except the root - to their most recent ancestor of type 1,
so that all vertices of type different from 1 become leaves. Reducing T consists in removing
from the flattened tree all vertices of type different from 1. In particular, the flattened tree
has as many vertices as T , while the reduced tree does not. A reduced tree is by definition a
monotype tree (all its vertices have type 1).

Let us now define these operations more formally. We start by defining blobs, which
are roughly speaking made of all vertices in the original tree sharing the same most recent
ancestor of type 1.

▶ Definition 3 (Blob). Let T be a multitype tree and x ∈ T of type 1. We define the blob Bx

associated to x as

Bx :=
⋃

a∈Ax

Jx, aK,

where Ax := {a ∈ T, a ̸= x, x ⪯ a,∀y ∈Kx, aJ eT (y) ̸= 1}.

Note that the root of a blob is always of type 1, and leaves of a blob that are not of type
1 are also leaves in the original tree. The reduced tree T red is obtained by contracting all
blobs and discarding the vertices of type different from 1.

▶ Definition 4 (Reduced tree). Let T be a multitype tree with root type 1. We define the
reduced tree T red, which is a monotype tree with #1(T ) vertices, as follows. Letting x ∈ T

be of type 1, we set A(1)
x := {u ∈ Ax \ {x}, eT (u) = 1}. We denote the elements of A(1)

x by
c1(x), . . . , c|A(1)

x |(x) in lexicographical order. We recursively define a set T red ⊆ U and a map
π : T red → U as follows.

∅ ∈ T red and π(∅) = ∅;
for all u ∈ T red, all k ≥ 1, uk ∈ T red if and only if 1 ≤ k ≤ |A(1)

π(u)|; for all such u, k, we
set π(uk) = ck(π(u)).

Then, observe that T red is a tree, which we call the reduced tree.

AofA 2026



4:6 Scaling Limits of Multitype Bienaymé Trees

In particular, the planar structure of T red is naturally obtained from the one of T as
the only one preserving the relative lexicographical order of its vertices. We now define
the flattened tree, constructed from the original tree by exploding all blobs and keeping all
vertices;

▶ Definition 5 (Flattened tree). Let T be a multitype tree. The flattened tree T ♭ is obtained
from the reduced tree T red by connecting, for all x ∈ T of type 1, the elements of Ax \ ({x} ∪
A

(1)
x ) to x. We give T ♭ the only lexicographical order such that, for any x ∈ T ♭ of type 1, and

any 1 ≤ k1 ≤ k2 ≤ kx(T ♭), et(xk1) ≤ et(xk2).
In particular, #i(T ♭) = #i(T ) for all i ∈ [K], and the vertices of type j ̸= 1 in T ♭ are

leaves.

We illustrate the reduction and flattening operations in Figures 1 and 2. Observe that
the reduced tree of the flattened tree is the reduced tree itself, and is also a subtree of the
flattened tree. It is not hard to verify that if T is a K-type Bienaymé tree with offspring
distribution ζ, then the flattened tree is again a K-type Bienaymé tree, and we denote by ζ̃

its offspring distribution.

T T red T ♭

Figure 1 Left: a tree T with 3 types. Type 1 is represented in white, type 2 in green and type 3
in red. Middle: the reduced tree T red. Right: the flattened tree T ♭.

T1 T2 T ♭
1 = T ♭

2

Figure 2 Left and middle: two different trees T1 and T2 with 3 types, which lead to the same
flattened tree on the right. Type 1 is represented in white, type 2 in green and type 3 in red. Right:
the common flattened tree T ♭

1 = T ♭
2 .

2.1.1 Flattened Projection
We can define the flattened projection of a family of probability distributions.

▶ Definition 6 (Flattened projection). Let ζ be a K-type offspring distribution, and T ∈ T(K,1)

be a ζ-Bienaymé tree. We define the flattened projection µ̃ of ζ as the probability distribution
on NK

0 such that, for all k1, . . . , kK ≥ 0,

µ̃(k1, . . . , kK) = P ((#1(B∅), . . . ,#K(B∅)) = (k1 + 1, k2, . . . , kK)) .

Notice that µ̃ is a distribution on NK
0 , corresponding to the distribution of the vertex types

of the children of the root in the blob B∅. It is thus also a projection of the distribution ζ̃.
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This leads to a slightly different recursive construction of the flattened tree according to
this probability distribution µ̃. Consider a family of i.i.d. variables (Xu, u ∈ U , i ∈ [K]) with
values in NK

0 , with law µ̃. We recursively construct a random K-type tree T (1) := (t, et) with
root type 1 as follows. First, ∅ ∈ t and et(∅) = 1. Next, inductively, if u ∈ t and et(u) = 1,
then write Xu := (k1, k2, . . . , kK). Then for k ∈ N, uk ∈ t if and only if 1 ≤ k ≤

∑K
i=1 ki

and et(uk) is equal to the smallest index j such that
∑j

i=1 ki ≥ k. Note that if et(u) ̸= 1
then u is a leaf of the tree (indeed, in the flattened tree only the type one vertices are fertile).

We will always work under the natural coupling induced by the flattening and reduction
operations.

We denote by ξ := (ξ(1), . . . , ξ(K)) a random vector with distribution µ as in Definition 2,
and ξ(i) = (ξ(i)

1 , . . . , ξ
(i)
K ) is then distributed according to µ(i).

We also denote by ξ̃ := (ξ̃1, . . . , ξ̃K) a random vector on NK
0 with distribution µ̃ (the

projection of ζ̃). Finally, we denote by Tn a ζ-Bienaymé tree T with root-type 1 conditioned
on the event that #λT = n (provided that this holds with positive probability), and by T ♭

n

the associated flattened tree.

2.2 The blow-up operation
We define in this section the blow-up operation which can be seen as the inverse (in
distribution) of the flattening operation above.

2.2.1 The K-type size-biased tree
We start by defining a random tree that we will call the K-type size-biased tree T ♭(ℓ) that
apart from the root vertex has a marked vertex of type 1 with height ℓ. To this end, we
define the size-biased random variable (ξ̃•

1 , . . . , ξ̃
•
K) as follows: for all a1, . . . , aK ∈ N0,

P
(
(ξ̃•

1 , . . . , ξ̃
•
K) = (a1, . . . , aK)

)
= a1 P

(
(ξ̃1, . . . , ξ̃K) = (a1, . . . , aK)

)
.

Since E[ξ̃1] = 1, which is a result in [19, Proposition 4(i)], the size-biased random variable
is well-defined. We construct a random tree T ♭(ℓ) with a marked type 1 vertex of height
ℓ recursively as follows. If ℓ = 0 we let T ♭(0) be an independent copy of T ♭ marked at its
root. For ℓ ≥ 1, we start with a type 1 root vertex that receives offspring according to an
independent copy of (ξ̃•

1 , . . . , ξ̃
•
K). Note that the root necessarily has at least one child of

type 1, hence we may choose one of them and identify it with the root of T ♭(ℓ−1). Each
of the other type 1 children gets identified with the root of an independent copy of the
unconditioned tree T ♭.

We let v0, . . . , vℓ denote the path from the root v0 of T (ℓ) to its marked type 1 vertex vℓ.
This path is also called the spine of T (ℓ) .

2.2.2 Decorations
Let τ be a fixed flat tree, that is, a tree where only vertices of type 1 can have children. Let
V1(τ) be the set of vertices in τ that have type 1, and R := #1(τ) be its cardinality. For
each vertex v ∈ V1(τ) and 1 ≤ i ≤ K, denote by kv(i) the number of children of v of type i.

Let τ,vג be the set of K−type rooted trees with root of type 1, kv(1) leaves of type 1, no
internal vertex of type 1 except the root, and kv(i) vertices of type i for all 2 ≤ i ≤ K. A
map associating to each vertex v ∈ V1(τ) an element α(v) of τ,vג is called a decoration, and
a pair (τ, α) where α is a decoration of τ is called a decorated tree. We now define a random
decoration ατ of a tree τ as follows: P (ατ (v1) = T1, . . . , ατ (vR) = TR) ∝

∏R
i=1 P (T = Ti).

AofA 2026



4:8 Scaling Limits of Multitype Bienaymé Trees

2.2.3 The blow up operation
We define a blow up operation Φ on the set of decorated trees. For a decorated K-type
tree (τ, α), the blown-up tree Φ(τ, α) is constructed in the following way. Starting from the
root vertex v1, let kv1(1) be its number of children of type 1. Delete all edges from v1 to its
children, delete its children of type ≥ 2 and identify v1 with the root of α(v1). Now denote
by u1, . . . , ukv1 (1) the leaves of α(v1) in lexicographic order. We identify them (in their order)
with the children of type 1 of v1 in τ . We recursively perform the same procedure on all
vertices of type 1 in τ . The result Φ(τ, α) is then a K−type tree. For every vertex v ∈ τ of
type 1, we let Φ(v) ∈ Φ(τ, α) be the vertex of type 1 identified with v by Φ.

3 Main results

3.1 Main result for irreducible processes
A K-type offspring distribution is a family ζ := (ζ(1), . . . , ζ(K)) of probability distributions
on WK . For any w ∈ WK and any j ∈ [K], denote by #jw the number of j’s appearing in
w. We assume that at least for some 1 ≤ i ≤ K we have

ζ(i)(∅) > 0, (3.1)

where ∅ denotes the empty word, and that there exists 1 ≤ j ≤ K such that the probability
for a type j vertex to have at least two children is positive.

Finally, we denote by Tn a ζ-Bienaymé tree with root-type 1 conditioned on the event
that #λT = n (provided that this holds with positive probability), and we denote by ∅
the root of Tn. In the paper, we will always consider distributions ζ with finite exponential
moments, that is:

∃z > 1,∀i ∈ [K],
∑

w∈WK

ζ(i)(w)z|w| < ∞, (3.2)

where |w| denotes the length of word w. In addition to this, define a K ×K matrix M by:
for all i, j ∈ [K],

Mi,j = E[#jw
(i)],

where w(i) is the random variable on WK with distribution ζ(i). We always assume criticality,
which means that the spectral radius of M is equal to 1 and non-degeneracy, that is, there
exists i ∈ [K] such that µ(i)

(
{(x1, . . . , xK),

∑K
j=1 xj ≥ 2}

)
> 0 M is irreducible if for all

i, j ∈ [K] there exist p ∈ N such that Mp
i,j ̸= 0. Our first theorem describes the scaling limit

of Tn, under the above assumptions including irreducibility.

▶ Theorem 7. Suppose that ζ satisfies criticality, irreducibility and has finite exponential
moments. Let λ := (λ1, . . . , λK) ∈ NK

0 \ {(0, . . . , 0)}. Then, there exists a constant cscal
depending only on λ and on the distribution of ζ such that, for the Gromov-Hausdorff-
Prokhorov topology, we have

(Tn,
cscal√
n
dTn ,mTn) (d)−→ (Te, dTe ,mTe),

as n → ∞ along integers satisfying P (#λ(T ) = n) > 0.
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Figure 3 The Brownian tree, approximated by a monotype Poisson(1) Bienaymé tree conditioned
on having one million vertices. Vertices are coloured on a gradient from yellow to red according to
their closeness centrality.

We note that P (#λ(T ) = n) > 0 for infinitely many values of n; see, e.g. [23, Proposi-
tion 2.2]. The constant cscal appearing in Theorem 7 is explicit and given by

cscal := σ

2

√√√√ K∑
i=1

λiai.

Here, a := (a1, . . . , aK) is the unique 1-left eigenvector with positive coordinates of the
mean matrix M such that

∑K
i=1 ai = 1 (existence and uniqueness of a are guaranteed by the

Perron-Frobenius theorem). The factor σ > 0 is a variance term, satisfying

σ2 =
K∑

i,j,k=1
aibjbkQ

(i)
j,k, (3.3)

with b := (b1, . . . , bK) the unique 1-right eigenvector of M with positive coordinates such
that

∑K
i=1 aibi = 1, and

Q
(i)
j,j =

∑
z∈NK

0

µ(i)(z)zj(zj − 1), and Q
(i)
j,k =

∑
z∈NK

0

µ(i)(z)zjzk for j ̸= k.

Again, existence and uniqueness of b are guaranteed by the Perron-Frobenius theorem.
We remark that the scaling constant cscal > 0 does not depend on the root type of T and

therefore Theorem 7 still holds if the root type of T is chosen at random in an independent
first step.
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The proof idea of Theorem 7 consists of three main steps of showing convergence in
the Gromov–Hausdorff–Prokhorov sense to the CRT. First to show that the reduced tree
converges, by using a result on trees with prescribed degree sequence [8]. The key idea of
the proof is that, if we condition the reduced tree T red

n to have exactly ℓ vertices for some
1 ≤ ℓ ≤ n, then (T red

n |#T red
n = ℓ) is a mixture of trees with ℓ vertices and prescribed degree

sequences.
In the second step is to show that this implies the convergence of flattened tree for which

we establish and use a bound on the maximum outdegree in the flattened tree.. In the last
step is to show that by a blow up procedure on the flattened tree, the convergence of the
original tree is implied.

Now let H(·) denote the height of a tree, that is, the maximal graph distance from any
vertex to the root vertex (equivalently, the maximal height of a vertex in the tree). Our
second theorem provides strong tail bounds for the rescaled height of Tn.

▶ Theorem 8. Suppose that ζ satisfies criticality, irreducibility and has finite exponential
moments. Let λ := (λ1, . . . , λK) ∈ NK

0 \ {(0, . . . , 0)}. Then there are constants C, c > 0
depending only on λ and on the distribution of ζ such that

P (H(Tn) > x) ≤ C exp(−cx2/n) + C exp(−cx) (3.4)

for all x > 0 and all integers n with P (#λ(T ) = n) > 0.

If, by construction, H(Tn) = O(n), then the bound simplifies to

P (H(Tn) > x) ≤ C ′ exp(−c′x2/n) (3.5)

for some constants C ′, c′ > 0 that do not depend on n. This is the case, for example, when
λ1, . . . , λK ̸= 0, because then H(Tn) ≤ |Tn| ≤ #λTn = n. However, for general λ, the term
Ce−cx in the bound is necessary.

3.2 Main result for reducible processes
We turn to the case of reducible Bienaymé trees. One motivation for this is that in some
scenarios we want to condition T on having a given number of leaves. We could model this
by modifying the offspring distribution so that there is an additional unique infertile type
and then condition the whole random tree on having n vertices of this type. However, the
resulting offspring distribution is not irreducible. Therefore, we provide a second theorem
that applies to branching processes of this kind.

Our setting is as follows. We consider a branching process with K + K ′ types, where
K,K ′ ≥ 1 are integers, so that the mean matrix of the offspring distribution ζ has the form

A =
(
M S

0 M ′

)
(3.6)

with M a K ×K matrix, M ′ a K ′ ×K ′ matrix, and S a K ×K ′ matrix. We assume that
M is irreducible, meaning that for all i, j ∈ [K] there exists p ∈ N such that the coefficient
in the ith row and jth column of Mp is non-zero. We assume that M is critical, meaning its
spectral radius is equal to 1. We assume that M ′ is subcritical, that is, its spectral radius
is strictly smaller than 1. In order to exclude “unused” types, we assume without loss of
generality that for each type K + 1 ≤ j ≤ K +K ′ there exists p ∈ N and i ∈ [K] such that
the coefficient in the i’th row and j’th column of Ap is positive.
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Our next condition is that ζ has finite exponential moments. In order to avoid degenerate
cases, we assume that there exists at least one type i ∈ [K] that with a positive probability
has no offspring whose type belongs to [K]. We also assume that for at least one i ∈ [K],
the probability for a type-i vertex to have more than one child is positive.

Analogously to before, given non-negative integers λ1, . . . , λK+K′ that are not all equal
to zero we let Tn denote a ζ-Bienaymé T tree with root type 1 conditioned on the event
#λT = n.

▶ Theorem 9. Under the stated conditions, there exists a constant c′
scal > 0 such that

(Tn,
c′

scal√
n
dTn ,mTn) (d)−→ (Te, dTe ,mTe),

as n → ∞ along all positive integers satisfying P (#λ(T ) = n) > 0. Moreover, there exist
constant C, c > 0 such that

P (H(Tn) > x) ≤ C exp(−cx2/n) + C exp(−cx)

uniformly for all x > 0 and all integers n with P (#λ(T ) = n) > 0.

The scaling constant is given by

c′
scal := σ

2

√√√√K+K′∑
i=1

λiai,

with (a1, . . . , aK+K′) denoting the left 1-eigenvector of the mean matrix of ζ that has
non-negative coordinates and is normalized so that

∑K
i=1 ai = 1. We emphasize that here

we normalize so that the sum of only the first K coordinates equals 1. This differs from
the irreducible case, in which we normalized so that the sum of all coordinates equaled 1.
Existence and uniqueness of this vector are verified in the proof of Theorem 9.

As before, the scaling factor does not depend on the root-type, so Theorem 9 still holds
for any fixed or random root-type from [K] (but does not cover the case where the root has
type larger than K).

We emphasize that we assume M ′ to be subcritical and that this assumption is necessary.
For example, consider a 2-type Bienaymé tree with type-1 vertices having a Poisson(1)
number of type-1 children, and an independent Poisson(1) number of type-2 children. If type-
2 vertices have a Poisson(1/2) number of type-2 children and nothing else, then Theorem 9
applies and the scaling limit is the Brownian tree. If type-2 vertices have, instead, a Poisson(1)
number of type-2 children and nothing else, then the scaling limit differs from the Brownian
tree; see [25].

3.3 Main result when conditioning by types
Suppose that we are in the setting of the irreducible or the reducible case described above.
One way to unify this is to assume the setting in the reducible case but allow K ′ ≥ 0 instead
of K ′ > 0.

So far, we conditioned the Bienaymé tree T on the event #λT = n. Instead we may fix a
non-empty set I of types, a sequence x(n) = (xi(n))i∈I ∈ NI , n ≥ 1 and let Tn denote the
result of conditioning T on

(#iT )i∈I = x(n).
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Throughout, we only consider sequences x(n) for which this event has positive probability.
We will mainly be interested in the case where

xi(n) = ain+O(
√
n) (3.7)

for each i ∈ I as n → ∞, with, as before, (a1, . . . , aK+K′) the unique left eigenvector with
eigenvalue 1 of the mean matrix in (3.6) with non-negative coefficients normalized so that∑K

i=1 ai = 1, and we impose this as a condition in the next result.

▶ Theorem 10. Under the stated conditions, there exists a constant cscal = σ/2 such that

(Tn,
cscal√
n
dTn ,mTn) (d)−→ (Te, dTe ,mTe),

as n → ∞ along all positive integers satisfying P ((#iT )i∈I = x(n)) > 0. Moreover, there
exist constants C, c > 0 such that

P (H(Tn) > x) ≤ C exp(−cx2/n) + C exp(−cx)

uniformly for all x > 0 and all integers n.

The scaling factor does not depend on the root-type, hence Theorem 9 still holds for any
fixed or random root-type from [K]. Note that this does not cover the case where the root
has type larger than K.

Note that (3.7) requires x(n) to roughly point in the direction of the corresponding
restriction of (a1, . . . , aK+K′).

In order to treat cases where it points in other directions, it may be possible to tilt the
offspring distribution ζ in a way that does not change the distribution of Tn (for all n) but
makes the left Frobenius eigenvector of the mean matrix point in the desired direction. The
tilting procedure was described in [21, Sec. 5]: Let

ϕi(z1, . . . , zK+K′) =
∑

w∈WK+K′

ζ(i)(w)
K+K′∏

j=1
z

#jw
j .

Given a vector θ = (θ1, . . . , θK+K′) with positive coordinates so that θi = 1 for all i ∈
[K +K ′] \ I and

ϕi(θ1, . . . , θK+K′) < ∞ (3.8)

for all 1 ≤ i ≤ K +K ′, consider the offspring distribution ζθ := (ζ(1)
θ , . . . , ζ

(K+K′)
θ ) with

ζ
(i)
θ (w) = 1

ϕi(θ1, . . . , θK+K′)ζ
(i)(w)

K+K′∏
j=1

θ
#jw
j , 1 ≤ i ≤ K +K ′

for all w ∈ WK+K′ . The mean matrix Aθ =
(
Aθ

i,j

)
1≤i,j≤K+K′ of ζθ has coefficients given by

Aθ
i,j =

θj
∂ϕi

∂zj
(θ1, . . . , θK+K′)

ϕi(θ1, . . . , θK+K′) .

The result of conditioning a Bienaymé tree with offspring distribution ζθ on having
precisely xi(n) many vertices of type i for all i ∈ I is identically distributed to Tn, see [21,
Theorem 5.1].
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Hence, the question is, if (3.7) is not satisfied and instead we have

xi(n) = āin+O(
√
n)

for constants āi ≥ 0, i ∈ I, can we find parameters θ1, . . . , θK+K′ such that ζθ satisfies the
assumptions in Theorem 10 and such that the left 1-eigenvector (aθ

i )1≤i≤K+K′ of Aθ with
non-negative coordinates normalized to

∑K
i=1 a

θ
i = 1 (whose existence and uniqueness is then

guaranteed) satisfies aθ
i = āi for all i ∈ I?

For a given offspring distribution, it may be possible to directly compute a suitable tilting
parameter θ. We provide an application in Subsection 3.3.1 below. There are also general
results on the existence of tiltings in a more constricted setting, see Subsection 3.3.2.

3.3.1 Application to biconditioned monotype trees
Using Theorem 10, we recover and slightly extend a result of [16] on biconditioned monotype
trees: Consider a critical monotype Bienaymé tree t whose offspring distribution (qi)i≥0 has
finite exponential moments, and satisfies the usual constraints q0 > 0 and q0 + q1 < 1. We
would like to study the asymptotic shape of the tree tn obtained by conditioning t on having
n vertices and kn leaves, with

kn = αn+O(
√
n) (3.9)

for some constant 0 < α < 1. We can model this as a special case of the tree Tn with K = 1
and K ′ = 1. We choose the two-type offspring distribution ζ = (ζ(1), ζ(2)) such that

ζ(1)(∅) = 0, ζ(1)(w) = qa+b(1 − q0)a−1qb
0,

ζ(2)(∅) = 1, ζ(2)(w) = 0

for w ∈ WK \ {∅} with a := #1w and b := #2w. If we select the root type of T according to
an independent random choice with outcome 1 with probability 1 − q0, then up to the types
of vertices the ζ-Bienaymé tree T is distributed like t, and the result Tn of conditioning T
on (#1T ,#2T ) = (n− kn, kn) is distributed like tn. Whenever n > 1 the root type of Tn is
equal to 1 almost surely, hence instead of a random root type we may set it deterministically
to 1 and only consider n > 1.

For parameters θ = (θ1, θ2) with θ1, θ2 > 0, the tilted offspring distribution has mean
matrix

A =
ϕ′

≥1((1 − q0)θ1 + q0θ2)
ϕ≥1((1 − q0)θ1 + q0θ2)

(
(1 − q0)θ1 q0θ2

0 0

)

with ϕ≥1(z) := (1 − q0)−1 ∑
k≥1 qkz

k. Setting t := q0
1−q0

θ2
θ1

and ψ≥1(z) := zϕ′
≥1(z)

ϕ≥1(z) , this
simplifies to

A = 1
1 + t

ψ≥1((1 − q0)θ1(1 + t))
(

1 t

0 0

)
.

Let ρϕ > 1 denote the radius of convergence of ϕ≥1(z). For z ∈]0, ρϕ[, let X denote
the random positive integer with probability generating series E[vX ] = ϕ≥1(vz)/ϕ≥1(z).
Differentiating yields ψ′

≥1(z) = 1
zV(X) > 0. Note that ψ≥1(0) is equal to the smallest

positive integer r0 ≥ 1 with qr0 > 0. Hence ψ≥1 : [0, ρϕ[→ [r0,∞[ is continuous, strictly
increasing, with ψ≥1(0) = r0, ψ≥1(1) > 1, and ν := limz→ρϕ

ψ≥1(z) ∈]1,∞].
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Now, if

1 − 1/r0 < α < 1 − 1/ν (3.10)

with the convention 1/∞ = 0, then there exists 0 < z0 < ∞ with z0 ≤ ρϕ such that
ψ≥1(z0) = 1/(1 − α). Setting θ1 = z0(1 − α)/(1 − q0) and θ2 = αz0/q0 we obtain

A =
(

1 α/(1 − α)
0 0

)
.

Its left 1-eigenvector normalized to have the sum of the first K coordinates equal to 1 is
given by

(a1, a2) = (1, α/(1 − α)).

It is collinear to (1−α, α). Hence we may apply Theorem 10 to the tilted offspring distribution
ζ(θ1,θ2), yielding:

▶ Corollary 11. If (3.9) and (3.10) hold, then there exists a constant cscal > 0 such that

(tn,
cscal√
n
dTn ,mTn) (d)−→ (Te, dTe ,mTe),

as n → ∞ along all positive integers satisfying that the probability for t to have n vertices
and kn leaves is positive. Moreover, there exist constants C, c > 0 such that

P (H(tn) > x) ≤ C exp(−cx2/n) + C exp(−cx)

uniformly for all x > 0 and all integers n.

Note that here we made use of the fact that Theorem 10 permits reducible offspring
distributions. As noted above, the scaling limit is a slight extensions of a result by [16],
which assumed kn = αn+O(1) instead of (3.9). We note that recent work [11] studies limits
of this model when kn is constant.

3.3.2 Existence of tiltings for entire irreducible offspring distributions
It is difficult to determine general conditions that ensure the existence of an appropriate
tilting. We apply the results of [22]. Let us make the following assumptions on the offspring
distribution ζ:

the mean matrix is irreducible, that is K ′ = 0;
ζ is entire, that is, for all i ∈ [K], all z > 0:∑

w∈WK

ζ(i)(w)z|w| < ∞;

ζ is nonlocalized: that is, for any X ∈ RK \ {0}, there exists i ∈ [K] such that, if
(k1, . . . , kK) is distributed according to µ(i), then

∑K
j=1 Xjkj is not deterministic.

ζ is finite: that is, for all i ∈ [K], P
(
|T (i)| < ∞

)
> 0.

Following [22], Definition 6.1, we also define the notion of strongly accessible direction.

▶ Definition 12. Let X ∈ [0,+∞[K\{0}. We say that X is accessible if it has positive
coordinates, and there exists a tree T with at least two vertices and with P (T = T ) > 0, such
that the following holds.
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the root of T has a type i0 with ζ(i0)(∅) > 0;
at least one leaf of T also has type i0;
the vectors (Ñ1(T ), . . . , ÑK(T ))⊺ and X are collinear, where Ñj(T ) is the number of
nodes of type j in T (counting the leaves but excluding the root).

We say X is strongly accessible if it belongs to the interior of the convex hull of the set of
all accessible directions. In particular, all coordinates of X are positive.

▶ Corollary 13. Suppose that ζ is entire, irreducible and nonlocalized. Let Y ∈]0,+∞[K be
strongly accessible. Let Tn be the Bienaymé tree with offspring distribution ζ, conditioned on
(#iT )i∈I = x(n) where, for all i ∈ I:

xi(n) = Yin+O(
√
n).

Then there exists a constant cscal(ζ, Y ) such that

(Tn,
cscal(ζ, Y )√

n
dTn

,mTn
) (d)−→ (Te, dTe ,mTe),

as n → ∞ along all positive integers satisfying P ((#iT )i∈I = x(n)) > 0. Moreover, there
exist constants C, c > 0 such that

P (H(Tn) > x) ≤ C exp(−cx2/n) + C exp(−cx)

uniformly for all x > 0 and all integers n.

In particular, we do not require here that ζ is critical.
The proof of Corollary 13 is immediate from Theorem 10. Indeed, the assumptions made

allow us to directly apply [22, Theorem 3.7], which ensures the existence of parameters θ

such that ζθ is critical and its left Perron-Frobenius eigenvector is collinear with Y . As we
assumed ζ to be entire, it follows that ζθ is regular critical. We then apply Theorem 10 to
the tilted law ζθ.
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