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Abstract
It was already established in [7] that subgraph counts in vertex labelled subcritial graph families
satisfy a central limit theorem. This result is now sharpened to local central limit theorems.
Furthermore this result is generalized to unlabelled subcritical graph families and to multivariate
central limit theorems for the joint distribution of finitely many subgraph counts.
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1 Introduction

The study of subgraphs in random discrete structures is a central area in graph theory, which
dates back to the seminal works of Erdős and Rényi in the sixties [8]. Since then, lot of effort
has been devoted to locate the threshold function for the appearance of a given subgraph, say
H, in the G(n, p) model, as well as the limiting distribution of the corresponding counting
variable XH (see for instance [15, 14, 19][13, Chapter 3]).

In the 1980’s, several mathematicians [16, 18, 1] showed the convergence to a Gaussian
limiting distribution for p ∈ (0, 1), for any subgraph H. A natural question to ask is if this
convergence in distribution can be refined to pointwise convergence in probabilities, resulting
in a local central limit theorem (local CLT). Using Fourier analytic methods with careful
analysis of characteristic functions on different regimes, a series of results have been obtained
in this direction. In particular, Gilmer and Kopparty [12] proved a local CLT for triangle
counts in G(n, p), which was later extended to r-cliques by Berkowitz [2, 3].

For general subgraph counts, Fox, Kwan, and Sauermann [9, 10] established an almost-
optimal anti-concentration result on XH for every connected graph H. This was further
strengthened by Sah and Sawhney [20, 21] to quantitative local limit theorems both for a
single and for joint connected subgraph counts.

In this paper, we study subgraphs on a random graph in a so-called subcritical class, the
definition of which is based on the concept of block decompositions of graphs. A block of a
graph g is a maximal 2-connected subgraph of g. A graph class G is block-stable if
1. it contains the edge-graph e (consisting only of one edge) and
2. g ∈ G if and only if all the blocks of g are in G
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6:2 Local Central Limit Theorems for Subgraph Counts

Block-stable classes cover a wide variety of natural graph families, including graph classes
specified by a finite list of 2-connected forbidden minors. For example, planar graphs
(Ex(K5, K3,3)) and series-parallel graphs (Ex(K4)) are block-stable.

We highlight the following combinatorial specification for a block-stable graph class G:

G = Set(C), C• = • × Set(B◦ ◦ C•),

where C and B, respectively, denote the subfamilies of connected and 2-connected graphs in G,
C• denotes connected graphs where one vertex is distinguished, and B◦ denotes 2-connected
graphs where one vertex is distinguished but discounted. In the vertex-labelled case these
relations translate into equations for the corresponding exponential generating functions:

G(x) = eC(x), C•(x) = xeB◦(C•(x)). (1)

Note that C•(x) = xC ′(x) and B◦(x) = B′(x). In the unlabelled case there is a similar
translation for the ordinary generating functions:

G̃(x) = exp
(∑

i≥1

1
i
C̃(xi)

)
, (2)

C̃•(x) = x exp
(∑

i≥1
1
i ZB◦(C̃•(xi), C̃•(x2i), C̃•(x3i), . . .)

)
,

where ZB◦(s1, s2, . . .) denotes the cycle index sum of B◦, see Section 3.
A block-stable vertex- labelled graph class G is called subcritical if

C•(ρC) < ρB ,

where ρC and ρB , respectively, denote the radii of convergence of the exponential generating
functions C(x) and B(x). This means that the dominant singularity behaviour of C•(x)
(and consequently that of C(x) is dictated by the existence of a quadratic branch point
of the equation y − xeB◦(y) = 0, and not by the singular behaviour of B(x) (or that of
B◦(x) = B′(x)) at ρB .

A similar definition applies in the unlabelled case (see [5]). Let ρ̃C denote the radius of
convergence of C̃•(x). Then the corresponding unlabelled graph class G is called subcritical
if the function

(x, y) 7→ ZB◦(y, C̃•(x2), C̃•(x3), . . .)

is analytic at (x, y) = (ρ̃C , C̃•(ρ̃C)) and if the radius of convergence of the function

x 7→
∑

i≥2
1
i ZB◦(C̃•(xi), C̃•(x2i), C̃•(x3i), . . .)

is bigger than ρ̃C .
Random subcritical graphs of given size, where every graph the same size is considered

to be equally likely, have been intensively studied (see, for example [5] and the references
therein). We mention two more recent results, namely that subcritical graphs have the
continuum random tree as a scaling limit [17], and there is always a Benjamini-Schramm
limit [11, 22].

Roughly speaking, a graph class is called subcritical if the largest block of a random
graph in the class with n vertices has O(log(n)) vertices. Indeed, graphs in these classes have
typically a tree-like structure and share several properties with trees. Prominent subcritical
graph classes include forests, cacti trees, outerplanar graphs and series-parallel graphs, and
more generally graph families defined by a finite set of 3-connected components.

The main purpose of this article is to consider subgraph counts. This problem has been
solved for labelled subcritical graph classes [7], where a weak CLT was shown.
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▶ Theorem 1 ([7]). Let Cn be the set of connected graphs of size n in a vertex-labelled
subcritical graph class G, and let H be a fixed (connected) graph. Let XH

n be the number of
copies of H on an object chosen uniformly at random from Cn. Then,

E[XH
n ] = µHn + O(1) and Var[XH

n ] = σ2
Hn + O(1)

for some constants µH , σ2
H that only depend on H and G. Moreover, we have a central limit

theorem of the form

XH
n − E[XH

n ]√
n

→ N(0, σ2
H).

It should be remarked that σ2
H is usually positive ( a simple sufficient but technical condition

that ensures positivity can be found in [5, Lemma 4] and the discussion afterwards). The
cases where σ2

H = 0 are of very special nature. For example if C is the set of trees and H the
graph that contains of one edge then XH

n = n − 1.

2 Results

Our first result extends Theorem 1 to several subgraph counts and provides a local CLT, too.

▶ Theorem 2. Let Cn be the set of connected graphs of size n in a vertex-labelled subcritical
graph class G, and let H1, . . . , HK be a finite set of fixed (connected) graphs. Let X

Hj
n ,

1 ≤ j ≤ K, be the number of copies of Hj on an obejct chosen uniformly at random from Cn,
and set Xn = (XH1

n , . . . , XHK
n ). Then,

E[Xn] = µn + O(1) and Var[Xn] = Σn + O(1)

for a positive vector µ = (µH1 , . . . µHK
) ∈ RK

>0 and a positive semi-definite matrix Σ ∈ RK×K

that only depend on H1, . . . , HK (and G), and

Xn − E[Xn]√
n

→ N(0, Σ),

where N(0, Σ) denotes the K-dimensional normal distribution with mean 0 and covariance
matrix Σ.

Furthermore, if det(Σ) > 0, then there exists a (K + 1)-dimensional shifted integer lattice

L′ = s0 + {m1s1 + · · · + mK+1sK+1 : m1, . . . , mk+1 ∈ Z} ⊆ ZK+1

(with s0, . . . , sK+1 ∈ ZK+1), such that its projection onto the first coordinate (corresponding
to the parameter n) is the whole of Z, and such that, with D denoting its determinant, for
any (n, k) ∈ L′,

P[Xn = k] = D

(2πn)K/2
√

det(Σ)

(
exp

(
− 1

2n
(k − E[Xn])τ Σ−1(k − E[Xn])

)
+ O(n−1/2)

)
as n → ∞.

Our second result concerns unlabelled subcritical graph classes and is actually of the
same kind.

AofA 2026



6:4 Local Central Limit Theorems for Subgraph Counts

▶ Theorem 3. Let Cn be the set of connected graphs of size n in an unlabelled subcritical
graph class G, and let H1, . . . , HK be a finite set of fixed (connected) graphs. Let X

Hj
n ,

1 ≤ j ≤ K, be the number of copies of Hj on an obejct chosen uniformly at random from Cn.
Then we have the same results as in the labelled case (see Theorem 2). The random vector
Xn = (XH1

n , . . . , XHK
n ) satisfies a weak and a local central limit theorem.

The proofs of Theorems 2 and 3 require several extensions of the methods developed in [7].
First of all, the combinatorial setup has to be extended to incorporate several subgraph
counts and to the unlabelled case (see Section 3). As in [7], this leads to an infinite system
of functional equations for proper multivariate generating functions. As already presented
in [6] and [7], such infinite systems can be reduced to a single functional equation of the
type y = G(x, u, y), where G(x, u, y) is a power series with non-negative coefficients that
converges only for |u| ≤ 1 and has some differentiability properties with respect to u on the
circle |u| = 1. In order to extend the weak CLT (from [7]) to a local CLT, we have to study
the solution function in more detail and derive a bivariate asymptotic expansion for the
coefficients of y = y(x, u) under the above constraints (see Section 4).

3 Combinatorics

As mentioned in Section 1, the counting problem for connected block-stable graph classes
can be solved with the help of the block-decomposition of graphs that leads to the relation
C•(x) = x exp(B◦(C•(x)), that is, the generating function C•(x) is determined by the
generating function B◦(x) via an implicit equation, which, in the context of subcritical
graphs,is sufficient to yield an asymptotic formula for the number of connected graphs. (A
similar procedure works in the unlabelled case, see [5]).

We are now interested in the bivariate generating function C(x, u) =
∑

n,k cn,kxnuk/n!,
where cn,k denotes the number of (labelled) n-vertex connected graphs in which a given
graph H appears exactly k times as a subgraph. The idea is to make a distinction among
infinitely many disjoint instances I ⊂ I of rooted connected graphs, so that their correspond-
ing generating functions C•

I (x, u) can be recursively described with the help of the block
decomposition:

C•
I (x, u) = FI(x, u, (C•

J(x, u))J∈I),

where FI(x, u, (zJ)J∈I)’s are proper formal power series with the property that

∑
I∈I

FI(x, 1, (zJ)J∈I) = x exp
(

B◦

(∑
I∈I

zI

))
. (3)

This actually means that

C•(z, u) =
∑
I∈I

C•
I (z, u)

with C•(x, 1) = x exp(B◦(C•(x, 1))), as expected.
As in [7], we demonstrate the counting procedure with an easy example. Let H be a path

P2 of length 2. In this situation, H is separated by a cut-vertex into two edges.That is, P2
can be part of a block, or it connects two blocks at its cut vertex. If the degrees of these
two blocks at the cut-vertex are k1 and k2 respectively, then H occurs k1k2 times at this
junction.
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We denote by

B◦
i (w1, w2, w3, . . . ; u), i ≥ 1,

the generating function of rooted blocks in our graph class, where the root has degree i, wj

counts the number of non-root vertices of degree j (j ≥ 1), and u counts the number of
occurrences of H = P2. (Formally this is a generating function in infinitely many variables.)
Next, let

C•
i (x, u), i ≥ 0,

denote the generating function of rooted connected graphs in G, where the root vertex has
degree i, x counts the number of (all) vertices, and u the number of occurrences of H = P2.
Then by the same principle as above, we have C•

0 (x) = x and for i ≥ 1,

C•
i (x, u)

= x
∑
s≥1

1
s!

∑
i1+···+is=i

u

∑
j1<j2

ij1 ij2 s∏
r=1

B◦
ir

(∑
ℓ1≥0

uℓ1 C•
ℓ1 (x, u),

∑
ℓ2≥0

u2ℓ2 C•
ℓ2 (x, u), . . . ; u

)
.

Note that s is the number of blocks containing the root vertex, and the index ir (for
r = 1, . . . , s) is the degree of the root of the block r. The terms involving u can be explained
as follows. The term u

∑
j1<j2

ij1 ij2 arises when the degree-2 vertex in P2 is the root vertex,
but not contained in any one of the blocks of the graph; the terms

∑
ℓk≥0 uℓk C•

ℓk
(x, u) account

for cases where P2 is not incident with the root vertex, but built by taking an edge from one
of the blocks incident with the root vertex and joining it with one of the attached rooted
connected graphs; the last argument in B◦

ij
(w1, w2, . . . ; u) counts those P2-copies already

existing in the blocks incident with the root vertex.
In this example we have I = {1, 2, . . .}, F0(x, u, (zj)j≥1) = x, and for i ≥ 1:

Fi(x, u, (zj)j≥1) (4)

= x
∑
s≥0

1
s!

∑
i1+···+is=i

u

∑
j1<j2

ij1 ij2

s∏
r=1

B◦
ir

x +
∑
ℓ1≥1

uℓ1zℓ1 , x +
∑
ℓ2≥1

u2ℓ2zℓ2 , . . . ; u

 .

In the general case we have to be more careful. First of all, we replace the relation
C•(x) = x exp(B◦(C•(x)) by the equivalent relation C•(x) = xB(h0),◦(x, C•(x)) for some
h0 ≥ 1, where B(h),◦(x, w) = exp

(
B◦(xB(h−1),◦(x, w))

)
(for h ≥ 2), and B(1),◦(x, w) =

exp(B◦(w)). This just means that starting from the root we consider not only one level of
blocks but a tree of blocks of height ≤ h0, where we then attach recursively rooted connected
graphs. The collection of blocks of height ≤ h0 that contain the root will be called the
h0-root block.

More precisely, we choose h0 as the diameter of the block-graph of the given subgraph
H (for H = P2 the diameter of the block-graph equals 1). The reason is that a potential
subgraph of a copy of H might intersect at most h0 + 1 different blocks. In particular, if we
try to formulate a recurrence relation we have to take care of several blocks in the graph. Let
H0 = {H1, . . . , Hs} be all the connected subgraphs spanned by subsets of blocks of H. For a
given Hi ∈ H0 we denote by Hi the set of blocks in H not contained in Hi. Given Hi ∈ H0
we say that a vertex v in Hi is a virtual cut-vertex if it is either a cut-vertex in Hi, or when we
embed Hi in H, the resulting vertex becomes a cut-vertex in the ambient graph H. We denote
then by H the family of graphs constructed from the graphs in H0 by rooting one of its virtual

AofA 2026



6:6 Local Central Limit Theorems for Subgraph Counts

cut-vertices. Let d denote the cardinality of H and let I = Nd be the set of instances. For
every instance I = (i1, . . . , id) ∈ I (which we also call profile) we consider the combinatorial
family C•

I (with exponential generating function C•
I (x, u)) of rooted connected graphs in C•

with ij copies of the j-th element of H, 1 ≤ j ≤ d, whose rooted virtual cut-vertex coincides
with the root vertex of the connected graph in C•

I . Similarly, we define B(h0),◦
I the family of

h0-rooted blocks whose profile is equal to I. Hence, B(h0),◦ =
⋃

I∈I B(h0),◦
I .

Let c• ∈ C•
I . There are three different types of copies of H in c•:

1. Copies of H already existing in the h0-root block of c•.
2. Copies of H already existing in the rooted connected graphs that we attach at the h0-root

block of c•.

3. Copies created by using some subgraph of H from the h0-root block of c• and completing
it to H by using attached rooted connected graphs with appropriate profiles.

Let bh0 be a h0-root block. Denote by |bh0 |2 the number of vertices on the h0-level of it, and
set |bh0 |1 = |bh0 | − |bh0 |2. We write I(|bh0 |2) = (I1, . . . , I|bh0 |2), which is the set of profiles of
the rooted connected graphs that will be attached to each vertex on the last level of bh0 .
Given these, we write

G1(bh0) for the number of copies of H in bh0 under Case 1.
G2(bh0 , I(|bh0 |2)) for the number of copies of H in bh0 under Case 3.

With this terminology in mind, now it is easy to write an equation for C•
I (x, u):

C•
I (x, u) = x

∑
bh0 ∈B(h0),◦

I

∑
I(|bh0 |2)

uG1(bh0 )+G2(bh0 ,I(|bh0 |2)) x|bh0 |1

|bh0 |1!

|bh0 |2∏
r=1

C•
Ir

(x, u), (5)

where the second sum extends to all possible sets of attachment profiles.
We are now ready to prove Theorem 2 by analyzing the infinite system of equations

(5). We write y = (C•
I (x, u))I , which is a solution to the infinite system of equations

yI = FI(x, y, u) with

yI = FI(x, y, u) = x
∑

bh0 ∈B(h0),◦
I

∑
I(|bh0 |2)

uG1(bh0 )+G2(bh0 ,I(|bh0 |2)) x|bh0 |1

|bh0 |1!

|bh0 |2∏
r=1

yIr
.

3.1 Several subgraphs
Suppose now that we want to keep track of several subgraphs H1, . . . , HK . Then we set h0
to be the maximum of diameters of the block graphs of Hj , 1 ≤ j ≤ K. And similiarly as
above we define H as the union of corresponding sets Hj , 1 ≤ j ≤ K, that are defined as
above for the graph Hj . Note that this union need not be disjoint. Let d be the cardinality
of H and I = Nd. By mimicking the above argument we obtain a system of the form

C•
I (x, u) = FI(x, u, (C•

J(x, u))J∈I),

where u = (u1, . . . , uK) takes care of the number of occurences of H1, . . . , HK , respectively.

3.2 Unlabelled graphs
For unlabelled enumeration of a graph family G, it proves convenient to consider a refinement
of the generating function, called the cycle-index sum, which is a series in infinitely many
variables s1, s2, . . ., defined as

ZG(s1, s2, . . .) :=
∑

n≥0

1
n!

∑
(σ,g)∈Sn×Gn

σ·g=g

s
c1(σ)
1 s

c2(σ)
2 · · · scn(σ)

n ,
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where ci(σ) denotes the number of cycles of length i (1 ≤ i ≤ n) of the permutation σ. The
ordinary generating function of unlabelled graphs in G is recovered from a specialisation of
the cycle index sum by replacing si by xi for each i ≥ 1:

G̃(x) = ZG(x, x2, x3, . . .).

Let ZB◦(s1, s2, . . .) and ZC•(s1, s2, . . .) be the corresponding cycle index sums of B◦ and C•,
then the block decomposition rewrites to

ZC•(s1, s2, . . .) = s1 exp
(∑

i≥1
1
i ZB◦(ZC•(si, s2i, . . .), ZC•(s2i, s4i, . . .), . . .)

)
.

Consequently the generating function C̃•(x) of vertex-unlabelled rooted connected graphs
satisfies

C̃•(x) = x exp
(∑

i≥1
1
i ZB◦(C̃•(xi), C̃•(x2i), C̃•(x3i), . . .)

)
.

Thus, we are in a similar situation as in the labelled case. If H is now a given graph then
we can do the subgraph counting by applying the same principles as above. We consider
infinitely many instances I and set up an infinite system of equations for the corresponding
generating functions C̃•

I (x, u):

C̃•
I (x, u) = FI(x, u, (C•

J(x, u), C•
J(x2, u2), . . .)J∈I). (6)

Of course this also works jointly for finitely many subgraphs.

4 Analytic Properties

If a generating function y(x, u) (with non-negative coefficients [xnuk]y(x, u)) satisfies a
functional equation of the form y(x, u) = F (x, u, y(x, u)) (with proper conditions on F ) then
it usually follows that the random variable Xn defined by

P(Xn = k) = [xnuk]y(x, u)
[xn]y(x, 1)

satisfies a central limit theorem with expected value and variance that are asymptotically
proportional to n, see [4, Theorem 2.23].

In our context we have, first of all, an infinite system of equations. As demonstrated
in [6, 7] (and as we will recall below) this system can be reduced to a single equation of the
form y(x, u) = G(x, u, y(x, u)). This leads to the central limit theorem from [7]. In order to
get a local central limit theorem we have to work more on the solution of the equation, in
particular we have to observe proper regularity conditions that allow us to derive a local
central limit theorem. In addition, we will not have an analytic variable u, but only a variable
on the unit cycle |u| = 1, and the dependence on u (on the cycle) will only be of some
differentiability order. This gets slightly more technical in the multivariate setting as well as
in the case of unlabelled graphs.

We also mention that, although the (above defined) functions FI(x, u, (zJ)J∈I) have
infinitely many variables, there are no convergence problems if |u| ≤ 1– compare with the
arguments from [7]. The essential property is that if we sum up all equations (with u = 1)
then (3) holds and the function B◦(y) is analytic in a sufficiently large region. This implies
absolute convergence and analyticity of FI(x, u, (zJ)J∈I).

AofA 2026



6:8 Local Central Limit Theorems for Subgraph Counts

4.1 Reduction to one equation
It is well known that a single functional equation y = F (x, y) for y = y(x) has usually a
dominant square-root singularity if F (x, y) has non-negative coefficients and is analytic in a
sufficiently large region. (See, for example, the exposition in [4]). Actually this is also true for
a corresponding finite system of equations (provided the system is strongly connected). This
property is still true for infinite systems provided the corresponding Jacobian is a compact
operator (see [6]). The essential idea is to use a proper elimination procedure.

Suppose that we have a strongly connected infinite system of the form

yI = FI(x, (yJ)J∈I) (I ∈ I),

where the functions FI(x, (zJ)J∈I) have non-negative coefficients. We denote by x0 the
common radius of convergence of the solutions functions yI(z), the Jacobian

Jac =
(

∂

∂yI2

FI1(x0, (yJ(x0))J∈I)
)

I1,I2∈I

of the right hand side has then spectral radius equal to 1. We single out one of the equations
and re-write the system in the form

yI0 = FI0(x, yI0 , (yJ)J∈I\{I0}),
yI = FI(x, yI0 , (yJ)I\{I0}) (I ∈ I \ {I0}).

The sub-system of equation for yI , I ∈ I \ {I0}, where yI0 is just considered as a parameter
(or a second variable), has now a Jacobian with spectral radius < 1, provided it’s compact
(see [6]). Consequently by the implicit function theorem (applied in a proper Banach space)
this sub-system can be regularly solved and we get analytic solutions ỹI(x, yI0), I ∈ I \ {I0}.
By inserting these analytic solutions into the first equation we finally obain just one equation
for yI0 :

yI0 = FI0(x, yI0 , (ỹJ(x, yI0)J∈I\{I0}) =: G(x, yI0),

where G(x, yI0) has again non-negative coefficients and has nice analyticity properties (see
again [6]).

If there is an additional parameter u (or a vector of parameters) the same method applies.
Actually it is sufficient to check compactness of the Jacobian only for one positive value
u = u0 (usually u0 = 1, see [6]). As elaborated in [7] we can do this also if u ranges just on
the unit circle |u| = 1 and if we are just interested in the existence of finitely many derivatives
with respect to u.

4.2 Analysis of one equation
As we have seen in Section 4.1 we can reduce the analysis to one equation of the form

y = G(x, u, y), (7)

where we assume that G(x, u, y) is a power series with non-negative coefficients and for
the sake of simplicity we only consider one additional parameter u. Let yn,k denote the
coefficients of the solution y = y(x, u) =

∑
n,k yn,kxnuk. It is easy to check that there is a

shifted integer lattice

L′ = (n0, k0) + {m1(n1, k1) + m2(n2, k2) : m1, m2 ∈ Z} ⊆ Z2 (8)

with the following properties:
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If (n, k) ̸∈ L′ then yn,k = 0.
Suppose that l0 + dZ is the projection of L′ to the first axis. Then, for all sufficiently
large n with n ≡ l0 mod d, there exists k with yn,k ̸= 0.

We call equation (7) a-periodic if L′ = Z2. This is equivalent to the property that |y(x, u)| <

y(|x|, |u|) if either x or u is not real and positive.
For example, for the equation y = 1 + x2uy2 + u3y we have

L′ = {m1(0, 3) + m2(2, 1) : m1, m2 ∈ Z}

and its projection of the first axis is 2Z. Equivalently we have that (n, k) ∈ L′ if and only
if n ≡ 0 mod 2 and n + k ≡ 0 mod 3. This is also reflected by the properties y(−x, u) =
y(±ζ3x, ζ3u) = y(±ζ2

3 x, ζ2
3 u) = y(x, u), where ζ3 = exp(2πi/3) is the primitive third root of

unity.
In our context we assume that G(x, u, y) is convergent for |u| = 1 and that the derivaties

∂j

uj G(x, 1, y), 1 ≤ j ≤ 3, are analytic in a region R that includes the point (x0, y(x0, 1)),
where x0 is the radius of convergence of y(x, 1).1 Due to the non-negativity of the coefficients
it follows that G(x, u, y) as well as the partial derivatives ∂j

uj G(x, u, y), 1 ≤ j ≤ 3, exist and
are continuous for |u| ≤ 1 and for (x, y) ∈ R.

The basis for analyzing functions that satisfy a functional equation of the form (7) in
relation to a local central limit theorem is the following lemma.

▶ Lemma 4. Suppose that a bivariate generating function y(x, u) =
∑

n,k yn,kxnuk satisfies
a functional equation of the form (7), where G(x, u, y) satisfies the above properties, that
is, G(x, u, y) is a power series with non-negative coefficients, the system of equations y0 =
G(x0, 1, y0), 1 = Gy(x0, 1, y0) has positive solutions (x0, y0) inside the region of convergence
R of G(x, 1, y), and G(x, u, y) is three times continuously differentiable with respect to u for
|u| = 1.

Then y(x, u) has a dominant square-root singularity of the form

y(x, u) = g(x, u) − h(x, u)
√

1 − x

ρ(u) , (9)

where the functions g(x, u) and h(x, u) are analytic in x (around x0) and three times con-
tinuously differentiable in u if |u| = 1 and |u − 1| < η for some η > 0, and the function
ρ(u) satisfies ρ(1) = x0 and is three times continuously differentiable in u if |u| = 1 and
|u − 1| < η, too. Furthermore we have

g(x0, 1) = y0 and h(x0, 1) =

√
2x0Gx(x0, 1, y0)
Gyy(x0, 1, y0)

Set

µ = Gu

x0Gx
,

σ2 = µ + µ2 + 1
x0G3

xGyy

(
G2

x(GyyGuu − G2
yu) − 2GxGu(GyyGxu − GyxGyu)

+ G2
u(GyyGxx − G2

yx)
)

,

1 By standard theory x0 and y0 = y(x0, 1) are uniquely determined by the system of equations y0 =
G(x0, 1, y0), 1 = Gy(x0, 1, y0), see [4].
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6:10 Local Central Limit Theorems for Subgraph Counts

where all partial derivatives are evaluated at the point (x0, 1, y0), and suppose that σ2 > 0.
Assume that L′ is the (shifted) integer lattice (8) with determinant D. Then the coefficients
yn,k are asymptotically given by

yn,k = D
x−n

0 h(x0, 1)
(2π)3/2σn2

(
exp

(
− (k − µn)2

2σ2n

)
+ O

(
n− 1

2

))
((n, k) ∈ L′)

uniformly for n, k → ∞.

We note that there is a simple sufficient but technical condition that ensures that σ > 0,
see [5, Lemma 4]. Suppose that there are three triples (nj , kj , mj), j = 1, 2, 3, with mj > 0
such that the determinant∣∣∣∣∣∣

n1 k1 m1 − 1
n2 k2 m2 − 1
n3 k3 m3 − 1

∣∣∣∣∣∣ ̸= 0

and the corresponding coefficients [xnukym]G(x, u, y) ̸= 0, j = 1, 2, 3. Then σ2 > 0.
We will apply Lemma 4 not directly but for a function y(x, u) that is a (positive) functional

of y(x, u), that is, y(x, u) = H(x, u, y(x, u)), where H(x, u, y) is another function with non-
negative coefficients that is analytic for (x, y) ∈ R and three times continuously differentiable
in u for |u| = 1. Then the coefficients yn,k of y(x, u) has exactly the same kind of asymptotics
(just the leading constant is different). This follows by an immediate extension of the proof of
Lemma 4. More generally, we will then consider also the exponential of the integral of y(x, u)
which will then have a 3/2-singularity instead of a square-root singularity (see Section 4.3).
Nevertheless, the proof method of Lemma 4 applies in the new situation, too. For the sake
of brevity we will not repeat the arguments.

In our context we have y(x, u) = yI0(x, u) that satisfies a functional equation but we are
actually interested in

y(x, u) =
∑
I∈I

yI(x, u).

But this can be directly handled using the (analytic) functions ỹI(x, y), I ∈ I \ {I0} by
setting

H(x, u, y) = y +
∑

I∈I\{I0}

ỹI(x, y).

Proof. (Lemma 4) As already pointed our in [7] it follows (by applying a proper variant of
the Weierstrass preparation theorem) that the solution function y = y(x, u) has a dominant
square-root singularity of the form

y(x, u) = g(x, u) − h(x, u)
√

1 − x

ρ(u) ,

where the functions g(x, u) and h(x, u) are analytic in x and three times continuously
differentiable in u if |u| = 1 and |u − 1| < η for some η > 0, and the function ρ(u) satisfies
ρ(1) = x0 and three times continuously differentiable in u if |u| = 1 and |u − 1| < η, too.
Note that we have

g(ρ(u), u) = y(ρ(u), u) and h(ρ(u), u) =

√
2ρ(u)Gx(ρ(u), u, y(ρ(u), u))

Gyy(ρ(u), u, y(ρ(u), u)) .
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For the sake of brevity we only consider the a-periodic case, where L′ = Z2, that is, we
have |y(x, u)| < y(|x|, 1) if either x or u (with |u| = 1) is not real and positive (we comment
on the non a-periodic case at the end of the proof). We assume for a moment that u (with
|u| = 1) is close to 1, that is, |u − 1| < η. We then apply standard Cauchy integration and
obtain the asymptotics

[xn]y(x, u) = 1
2πi

∫
γ

y(x, u) dx

xn+1 = h(ρ(u), u)
2
√

π n3/2 ρ(u)−n
(
1 + O

(
n−1)) (10)

uniformly for |u − 1| < η as n → ∞.
If |u − 1| ≥ η and |u| = 1 then we have, uniformly for |x| = x0, |y(x, u)| ≤ (1 − ε)y(x0, 1)

for some ε > 0. Hence, it also follows that

|Gy(x, u, y(x, u)| ≤ (1 − ε′)Gy(x0, 1, y(x0, 1) = (1 − ε′) < 1

for some ε′ > 0. Thus, the function y(x, u) can be analytically continued beyond the cycle
|x| = x0 and consequently, we obtain (by Cauchy’s estimates) that

[xn]y(x, u) = O
(

x−n
0 e−ε′′n

)
(11)

for some ε′′ > 0, uniformly for |u − 1| ≥ η, |u| = 1, as n → ∞.
In order to obtain the asymptotic expansion for [xnuk]y(x, u) we again use a Cauchy

integral on the cirle |u| = 1:

[xnuk]y(x, u) = 1
2πi

∫
|u|=1

[xn]y(x, u) du

uk+1 .

If |u − 1| < η we use (10) and a proper expansion of the function

ρ(eit)−n = x−n
0 exp

(
iµnt − 1

2σ2nt2 + O(nt3)
)

,

where

µ = −ρ′(1)
ρ(1) = −ρ′(1)

x0
and σ2 = µ + µ2 − ρ′′(1)

ρ(1)
as well as a standard saddle-point like analysis to obtain the asymptotic relation

1
2πi

∫
|u−1|<η

[xn]y(x, u) du

uk+1 = 1
2πi

∫
|u−1|<η

h(ρ(u), u)
2πn3/2 ρ(u)−n

(
1 + O

(
n−1)) du

uk+1

= x−n
0
2π

∫
|t|<η′

h(ρ(eit), eit)
2πn3/2 exp

(
i(µn − k)t − 1

2σ2nt2 + O(nt3)
)(

1 + O
(
n−1)) dt

∼ x−n
0 h(x0, 1)

(2π)3/2σn2 exp
(

− (k − µn)2

2σ2n

)
if k − µn = O(

√
n). Finally the corresponding integral for |u − 1| ≥ η can be upper bounded

with the help of the relation (11) and we are done (we just have to take care of the error
terms).

In the non a-periodic case the calculations are very similiar. We just have to collect
D contributions of Gaussian type that just differ by roots of unity.2 If (n, k) ̸∈ L′ these
contributions sum up to zero whereas for (n, k) ∈ L′ they all contribute evenly and we obtain
the factor D. ◀

2 For example, for the equation y = 1 + x2uy2 + u3y we collect the contributions coming from the
neigborhoods of (x0, 1), (−x0, 1), (ζ3x0, ζ3), (−ζ3x0, ζ3), (ζ2

3 x0, ζ2
3 ), and (−ζ2

3 x0, ζ2
3 ). Reall that

y(−x0, u) = y(±ζ3x, ζ3u) = y(±ζ2
3 x, ζ2

3 u) = y(x, u).
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6:12 Local Central Limit Theorems for Subgraph Counts

4.3 Application to subgraph counts
We recall that the exponential generating function C•(x, u) of vertex labelled and rooted
connected graphs in a subcritical graph familiy, where x takes care of the number of
vertices and u of the number of occurences of a given graph H as a subgraph, is given
by C•(x, u) =

∑
I∈I C•

I (x, u), where the functions C•
I (x, u) satisfy an infinite system of

equations (6). We already know that the coefficents of C•
I (x, u) can only be non-zero for

(n, k) in a properly shifted lattice L′. By the special structure of (5) it turns out that this
lattice is the same for all functions C•

I (x, u). Thus, it is also applies to C•(x, u). Since the
coefficients [xn] C•(x, 1) are non-nero for sufficiently large n it follows that the projection
of L′ to the first coordinate n equals Z. Furthermore we know that C•(x, u) has a moving
square-root singularity of the form (9). We could apply the methods of the proof of Lemma 4
and obtain a local CLT for subgraph counts for rooted connected graphs (in a subcritical
graph family).

However, since

C(x, u) =
∫ x

0

1
ξ

C•(ξ, u) dξ

it follows that C(x, u) and consequently G(x, u) = exp(C(x, u)) have a corresponding
singularity with exponent 3/2:

C(x, u) = g1(x, u) + h1(x, u)
(

1 − x

ρ(u)

)3/2
,

G(x, u) = g2(x, u) + h2(x, u)
(

1 − x

ρ(u)

)3/2

with proper analytic functions g1(x, u), h1(x, u), g2(x, u), h2(x, u). At this stage we apply a
proper variant of Lemma 4 (with a 3/2-singularity instead of a square-root singularity) and
obtain the proposed local CLT.

In the unlabelled case the unrooting procedure is slightly more involved (compare with [7])
but leads finally to the same kinds of analytic properties and to the proposed local CLT.
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