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—— Abstract

The paper Almost Fair Simulations recently introduced a collection of deductive systems for

interactive proofs of language inclusion between Biichi automata. These deductive systems enable
intuitive proofs via cyclic reasoning principles, but are unfortunately incomplete for fair similarity,
a standard notion of refinement for Biichi automata. In this paper, we address this shortcoming
by presenting a new deductive system for language inclusion of Biichi automata that preserves
the simplicity of Almost Fair Simulations, with the additional benefit of being complete for fair
similarity. We mechanized the soundness and the completeness proofs of our new system in the Rocq
proof assistant. The proofs rely on a new technique we call nested parameterized coinduction, an
adaptation of Hur’s et al. parameterized coinduction for the difficult case of proofs by coinduction-
induction-coinduction.
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1 Introduction

Fair simulations are a convenient technique for proving that a system equipped with a
fairness condition (e.g., a concurrent program with a fair scheduler) is a fair refinement of
another one (i.e., fair executions of a system can be simulated by fair executions of another
one). While originally developed for the purpose of algorithmic verification, fair simulations
have recently been increasingly used as a basis for designing mechanized program logics and
deductive proof systems. The underlying motivation for this “repurposing” is twofold: First,
verifying liveness properties of programs — a task that is pushing mechanized program logics
to their limits — can be elegantly rephrased as a fair refinement problem [13, 12, 20]. Further,
simulation proofs are relatively simple to develop in a proof assistant. In particular, since
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(fair) similarity relations are typically defined as greatest fixpoints, one can rely on powerful
techniques such as parameterized coinduction [11] to prove that a system (fairly) simulates
another one. This approach has proven to work well for strong notions of (fair) similarity
relations of the form vy (i.e., coinductive-inductive relations) [8, 12, 5]. Unfortunately,
weaker notions of fair similarity are typically characterized by predicates of the form vuv (i.e.,
coinductive-inductive-coinductive relations). For these, proofs remain particularly tedious to
mechanize in an interactive theorem prover.

An example of vuv-type similarity relation is fair similarity for Biichi automata [10],
which we just call fair similarity from now on. Almost Fair Simulations' were introduced by
Correnson et al. [5] as a collection of vu-type strengthening of fair similarity, specifically
designed to avoid tedious coinductive-inductive-coinductive proofs. Thanks to the simpler
fixpoint structure, the authors were able to obtain simple deductive systems based on
parameterized coinduction [11]. Concretely, their deductive systems enable the incremental
discovery of a (fair) simulation between two automata via cyclic reasoning principles. These
principles enable concise and understandable proofs, but the trade-off is that dropping the
last v in vuv renders the systems incomplete for fair similarity. This raises a question: Can
we actually keep the simple cyclic reasoning principles, but achieve completeness for fair
similarity?

Contributions

In this paper, we extend Almost Fair Simulations [5] by introducing a sound and complete
deductive proof system for fair similarity of Biichi automata. Our system supports cyclic
reasoning and incremental construction of a simulation via nested parameterized coinduction,
an adaption of parameterized coinduction [11] for proofs by coinduction-induction-coinduction.
In summary, we present the following contributions:

1. We present a sound and complete deductive system for fair similarity of Biichi automata.
The system and its proof are mechanized in the Rocq proof assistant. We also formally
proved that this deductive system is strictly more powerful than the ones presented in
Almost Fair Simulations [5].

2. To justify the soundness and completeness of our deductive system, we introduce nested
parameterized coinduction (nested paco, for short), an adaption of parameterized coin-
duction specifically tailored for proofs of inclusions in vuv-type predicates. Such proofs
typically require constantly unfolding and refolding nested fixpoints, which can be
particularly tedious in a proof assistant. Instead, nested paco hides these tedious fix-
point manipulations behind a simple fixpoint-free interface. While originally developed
specifically for the soundness proof of our deductive system, we show that nested paco
constitutes a sound and complete technique for proving inclusions in a large class of
coinductive-inductive-coinductive predicates.

3. We provide a Rocq proof showing that fair similarity (and hence our deductive system)
is sound for Biichi language inclusion. We note that, in the literature, fair similarity is
usually defined in game-theoretic terms, and the soundness for language inclusion emerges
as an immediate consequence of the definition. In this paper, obtaining soundness is less
immediate because we start from a fixpoint-theoretic definition of fair similarity.

1 We use the term “Almost Fair Simulations” to refer to the collection of simulation techniques (and their
associated deductive systems) presented in the paper with the same name [5].



A. Correnson, |. Kuhn, and B. Finkbeiner

2 Preliminaries

Before presenting our deductive system and its properties, we briefly recall some necessary
preliminaries on fixpoints, proofs by (co)induction, and Biichi automata.

Fixpoints and Proofs by Induction/Coinduction

Let U be a set and consider the usual lattice (P(U),C) of subsets of U ordered by set
inclusion. Let further F : P(U) — P(U) be a function from subsets of U to subsets of U.
We say that F' is monotone if VX, Y € P(U). X CY = F(X) C F(Y), and we say that
a subset X C U is a fizpoint of F if X = F(X). A result due to Tarski [19] guarantees
that if F' is monotone, it has both a least fixpoint pF' and a greatest fixpoint vF'. Further,
it can be shown that uFF = ([{ X | F(X) C X}and vF ={ X | X C F(X)}. Asa
direct consequence of these two equations, we obtain powerful reasoning principles to prove
inclusions of the form pF C X (induction), and X C vF (coinduction).

» Theorem 1 (Proofs by Induction/Coinduction).

(Coinduction) X CvF < JH. X CHANH CF(H)
(Induction) puFCX < JH.HCXAF(H)CH

These two principles can be viewed as techniques to prove inclusions by exhibiting a
suitable “invariant” H, usually called a coinduction hypothesis (in proofs by coinduction)
or an induction hypothesis (in proofs by induction). Throughout the paper, we often use
specific instances of Theorem 1 with H = X as a (co)induction hypothesis.

(direct coinduction) X C F(X) = X CvF (direct induction) F(X) C X = uF C X
(strong induction) F(XNupF(X))CX < pFCX

In the remainder of the paper, we often write v X. F(X) instead of v(AX. F(X)) to inline
fixpoint definitions. We also use the terms fixpoint unfolding and fizpoint folding to refer to
the inclusions vF C F(vF) and F(vF) C vF respectively (both are immediate consequences
of VF being a fixpoint of F'). We use the same conventions for least fixpoints.

Biichi Automata

» Definition 2 (Bichi Automata). A non-deterministic Biichi automaton (NBA) is a tuple
(S,3,F,—), where S is a set of states, & is an alphabet of symbols, F C S is a set of
accepting states, and — C S X 3 x S is a transition relation.

For the remainder of this section, let A = (S,%, F,—) be a NBA. Given two states
5,8’ € S and a letter o € ¥, we write s =+ s’ instead of (s,0,s’) € — to indicate that s can
transition to s’ after reading o. An infinite word w € X% is said to be in the language of a
state s € S if there exists an infinite run on w that visits the accepting set F' infinitely many
times. That is, if there exists an infinite sequence

w(0) w(l) w(2)
s 51 S9

such that s; € F for infinitely many 4’s. Such a sequence of transitions is called a fair run
on w (also called accepting run in the literature). We formalize this intuition by defining
a coinductive-inductive predicate Lang , C S x X*. The intention is that (s,w) € Lang , if
and only if there is an accepting run on w from s.

20:3
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» Definition 3 (Language accepted by a state of a NBA).

LangF ,(L,,L,) &£ { (s,0-w) |3’ € S. 55 s AL,(s',w) } U
{(s,0-w)|s€FAI €8S s ANL,(s,w)}
Lang, £ vL,.uL,. LangF 4(L,,L,)

The intuition behind this nested fixpoint definition is the following. First, let us observe
that by unfolding the greatest and the least fixpoint, we obtain the following equalities

Lang, = puL,.LangF ,(Langy,, L,) = LangF 4 (Lang 4, Lang ,)
By definition of LangF ,, we therefore have the following equivalence
(s,0-w) € Lang, <= 3s'.5s = s’ A(s/,w) € Lang, (1)

By “iterating” the left-to-right implication from any pair (s,w) € Lang,, we obtain a run
on w from s. It remains to explain why this run is necessarily fair. The subtlety is that, in
the definition of Lang 4, transitions from a non-accepting state are handled inductively. This
ensures that for any s ¢ F', and (s,w) € Lang,, the run generated by iterating (1) eventually
visits an accepting state. This fact is easily proven by induction on the inductive part of
Lang 4. This explains why (s,w) € Lang, implies existence of an accepting run on w from s.
The converse implication can be proved by coinduction on Lang,, and using the right-to-left
part of (1).

We note that NBAs are typically assumed to have finite state spaces and finite alphabets.
Under these assumptions, there exist complete decision procedures for the language inclusion
problem [2]. Since this paper is concerned with deductive systems and not algorithms,
finiteness does not play a role, and we do not assume it. As a result, our deductive system
can be used to reason about automata with an infinite state space and/or an infinite alphabet.

3 A Deductive System for Language Inclusion

3.1 Proving Language Inclusion by Simulation

In this paper, we are interested in proving language inclusion between NBAs. More specifically,
we are interested in mechanizing proofs of language inclusion in an interactive proof assistant.
For the reminder of this section, let us fix two automata A, = (S1,%, F1,—1) and Ay =
(S92, X, Fy, —2) with the same alphabet 3. We sometimes omit the subscripts 1 and 2 when
they are clear from context.

Given a pair of states s; € S; and sy € S9, we would like a simple state-based proof
technique to check Lang, (s1) C Lang,, (s2). In order to prove Lang, (s1) C Lang,, (s2),
we need to establish that every fair run of s; can be mimicked by a fair run of s5. Omitting
fairness for a moment, a standard state-based approach to prove that every run of s; can be
mimicked by a run of s5 would be to find a simulation relation R C S7 x S3. Existence of a
simulation relation is characterized by the following coinductive predicate sim.

» Definition 4 (Strong Similarity).

simF(X) 2 { (s1,80) | Vo.Vs1 2 57350 T sh A (s],55) € X }

. A .
sim = v simF
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Intuitively, sim(s, so) if and only if for every transition s; % s}, one can find a transition
sy % sh such that sim(s},s}), again. The important result is that sim(si,ss) implies
Traces,(s1) C Tracesg, (s2) (where Traces is the same as Lang (see Definition 3), but
without any requirement regarding visits to accepting states). Further, since sim is defined as
a greatest fixpoint, sim(sy, s2) can be proven by coinduction. In the Rocq proof assistant, one
can even use parameterized coinduction [11], a powerful technique to streamline mechanized
proofs by coinduction.

If we wanted to prove trace inclusion, sim would be a good starting point. Unfortunately
it completely disregards the acceptance condition of Biichi automata. Consequently, it is not
a sound technique for language inclusion for Biichi automata. Instead, we would need to
strengthen sim to somewhat incorporate the requirement that fair runs from s; are simulated
by fair runs from s,. This intuitive idea was originally introduced by Grumberg and Long [9]
and further explored by Henzinger et al. [10]. Later on, existence of a fair simulation between
Biichi automata was shown to be equivalent to winning a certain parity game [7]. In this
game, positions are pairs of states, and two players P; and P» take turns picking transitions
in a pair of automata. Player P, wins the game from a position (s, s2) if and only if there
exists a fair simulation between s; and s5. Importantly, a known result in game-theory is that
the winning region of such parity games (i.e., the set of positions from which player P wins)
is determined by a nested fixpoint construction [21]. Applying this result to the specific case
of fair similarity of Biichi automata yields the following coinductive-inductive-coinductive
definition.

» Definition 5 (Fair Similarity).

fairsim=vX.uYvZz.
{ (s1,82) | 82 € Fy AVo.Vsy = s1.3s0 5> sh. (s],85) € X }
U { (s1,82) | Vo.Vs1 = 87350 = sh. (s,55) €Y }

U { (s1,82) | 81 ¢ F1 AVoVsy = 87350 5 sh. (s),85) € Z }

Intuitively, the outer greatest fixpoint tracks visits to an accepting state in the right-hand
automaton. The least fixpoint models the fact that visits to F5 states are allowed to be
separated by finitely many game rounds where F3 is not visited. Finally, the inner greatest
fixpoint is used to exploit non-accepting cycles in the left-hand automaton: if the left-hand
automaton is stuck in a rejecting loop (i.e., a loop visiting no F} states), there is no need to
ensure fairness in the right-hand side either.

The key theorem, that the rest of the paper builds on, is that fair similarity gives a sound
technique for language inclusion [10, 9, 7]. We note, however, that fairsim is incomplete for
language inclusion if Az is allowed to be a non-deterministic automaton [5, 10].

» Theorem 6. Vs; € S;.Vsy € Sy. fairsim(sy,s2) = Lang, (s1) € Lang,, (s2)

Proof. The proof goes by coinduction on Lang,, , and then by successive induction on the
inductive part of fairsim, and the inductive part of Lang, . More precisely, we use the

following coinduction hypothesis (CH) and the following two induction hypotheses (IH1, IH2):

CH 2 {(sg,w) | 3s1. fairsim(sy,s2) A Lang, (q1,w)}
IH1 £ {(s1,52) | Vw. Lang, (s1,w) = (s2,w) € puL.LangF 4 (CH, L)}
IH2 2 {(s1,w) | Vs2. (51, 82) € (vZ.F(fairsim, IH1, Z)) = (so,w) € pL.LangF , (CH, L)}

20:5
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where F is the function such that fairsim = v X.uY.vZ. F(X,Y, Z) (see Definition 5). To use
these hypotheses, we start by observing that the statement of the theorem can be equivalently
rephrased as CH C Lang 4,. Since Lang,, is a greatest fixpoint, this inclusion can be proven
by coinduction.

CH C Lang,,
Definition of Lang <= CH C vL,.uL,.LangF, (L., L,)
By coinduction <= CH C ulL,.LangF 4 (CH, L,)

By definition of CH and IH1, this last inclusion can be equivalently rephrased as fairsim C
TH1. Since fairsim hides a least fixpoint, the proof can continue by induction.

fairsim C IH1
By def of fairsim <= (vX.uYwZ. F(X,Y,Z)) C IH1
By unfolding v X <= (uY.wZ. F(fairsim,Y, 7)) C IH1
By induction <= (vZ. F(fairsim, IH1, 7)) C IH1

Finally, by definition of IH1 and IH2, this last inclusion can be equivalently rephrased as
Lang, C IH2. Since Lang,, also hides a least fixpoint, this inclusion can also be proven by
induction. In fact, our proof uses strong induction.

LangA1 C IH2
Definition of Lang <= (vL,.uL,.LangF, (L,,L,)) C TH2
By unfolding v, <= (uL,.LangF 4 (Lang, ,L,)) C IH2
By strong induction <= LangF, (Lang, ,(uL,.Lang, )N IH2) C IH2

After unfolding the definition of IH2 and set inclusion, it remains to show
(s1,w) € LangF 4 (...) = (s1,82) € (VZ.F(...)) = (s2,w) € pL,,.LangF 4 (CH, L)

for all s1, s2, w. The remainder of the proof proceeds by case analysis on (s1,w) € LangF 4 (.. .)
and (s1,$2) € vZ.F(...). This generates a total of 6 cases (corresponding to the 2 clauses in
LangF and the 3 clauses in F). Each case is easily covered by choosing the appropriate clause of
LangF 4, (depending on whether s, is accepting or not), and using the induction/coinduction
hypotheses. |

As an application of Theorem 6, since fairsim is defined as a coinductive-inductive-
coinductive predicate, it could in principle be used as is to prove language inclusion by
coinduction-induction-coinduction in an interactive proof assistant. Unfortunately, as demon-
strated in the proof of Theorem 6, such nested proofs are quite tedious to write: we need to
guess suitable induction and coinduction hypothesis up-front, and to carefully unfold and
refold nested fixpoints. The more nestings of v’s and p’s we have, the more tedious it gets.
It is therefore desirable to have higher-level reasoning principles.

For similarity relations involving a single greatest fixpoint (but potentially several
nested least fixpoints), techniques such as parameterized coinduction [11], the compan-
ion approach [17], or tower induction [18] can be directly used to facilitate the mechanization
of proofs. For example, Correnson et al. proposed deductive systems to prove language
inclusion of NBAs based on parameterized coinduction [5]. Their deductive systems are built
on top of fairness preserving similarity relations with a simpler vy structure, and are thus
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strictly finer than fairsim (we prove this result in Theorem 12). As a result, these systems
are sound but incomplete for fair similarity. Intuitively, a single greatest fixpoint only allows
to either exploit a non-accepting cycle in the left-hand automaton or an accepting cycle in
the right-hand automaton, but never truly both at the same time. This intuition is covered
in greater details in Example 11.

For weaker similarity relations involving deeper nestings of fixpoints (such as fairsim),
obtaining deductive systems requires more work: a naive use of parameterized coinduction
is possible, but as we will see in Section 4.1, it does not immediately translate into usable
proof rules.

3.2 A Deductive System for Fair Similarity

We propose a new deductive system for mechanized proofs of language inclusion, based on fair
similarity. Contrary to the systems of Correnson et al. [5], ours is complete for Henzinger’s
et al. fair similarity [10] (i.e., Definition 5). In some cases, it also enables simpler proofs.

The general idea of fair simulation is to refine the standard notion of similarity, with
the additional requirements that infinitely many visits to left-accepting states must be
simulated by infinitely many visits to right-accepting ones. This requirement is implemented
by tracking non-accepting cycles in the left-hand automaton, and accepting cycles in the
right-hand automaton. Our deductive system therefore employs a combination of two guarded
contexts to track exactly these two things. Concretely, our deductive system operates on
proof quadruples of the following forms:

where Hp and Hj are binary relations between states, and s; and s, are two states we wish
to prove to be language included (i.e., Lang(s;) C Lang(sz)). We note that we refer to the
contexts and as guarded contexts because they represent assumptions that are not

always freely available during a proof. A solid box (e.g., ) indicates that assumptions Hj

cannot yet be exploited, whereas a dashed box (e.g., [H Ij) indicates that assumptions Hy

are available. This notation is borrowed from previous papers on coinductive proofs [3, 5, 4].

Intuitively, the relations Hp and H; can be thought of as fragments of fair simulation
relations, i.e., they represent states that are assumed to be fairly similar. In other words,
a quadruple ; F s1 < s2 can be read as “s; and sg are fairly similar, under
the (guarded) assumption that states related in Hp and H are also fairly similar”. The
subtlety is that, during proofs, Hp will exclusively contain states that are known to be fairly
similar because of accepting cycles in the right-hand automaton, while H; will exclusively
contain states that are known to be fairly similar because of rejecting cycles in the left-hand
automaton (i.e., cycles with no accepting states). The indices O and I stand for “outer” and
“inner”, as the contexts intuitively correspond to the outer and inner v’s in the definition of
fair similarity (see Definition 5).

This intuition, although partly inaccurate, is already enough to state a few properties
associated with these quadruples. Namely, when Ho = Hy = () (i.e., no states are assumed
to be fairly similar), validity of a quadruple implies language inclusion.

» Theorem 7. Vs; € S51.Vsy € S5. ; F sy % s2 <= fairsim(sy, s3)

» Theorem 8. Vs; € S1.Vsy € Ss. ; 51 < s = Lang, (s1) C Langy,,(s2)

20:7
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We delay the formal proof of these statements until Section 4.2. In the meantime, we
introduce the core reasoning rules of the deductive system. We present the rules divided into
three main categories: accumulation rules to make hypotheses on states, cycle rules to use
unguarded hypotheses, and step rules to release the guards.

Accumulation Rules

The first two rules are accumulation rules used to insert new pairs of states in the two
guarded contexts. At any time during a proof of a quadruple ; F s1 < sg, any set
H' containting (s1, $2) can be accumulated in Hp or in Hy. This can be thought of as making
the assumptions that all pairs in H' are similar (including in particular the current pair
(s1,82)). After extending the context, we need to check the validity of the new assumptions
by proving a quadruple for all pairs in H’, not just for (s1,s2). As will be discussed below,
assumptions in Hp can be exploited after visiting an accepting state of the right-hand
automaton, while assumptions in H; can be exploited after a visit to a non-accepting state
of the left-hand automaton. This corresponds to the intuition that Hp is used to discover
accepting cycles in the right-hand automaton, while H; is used to discover rejecting cycles
in the left-hand one.

AccOvut

(s1,82) € H' V(s’l,s’z)eH’.;I—s’1<5’2
AccIN

(s1,82) € H' V(s),sh) € H'. ;}—5’145’2

It is important to note that these two accumulation rules are not exactly symmetric:
When accumulating in the outer context Ho (via the rule AccOUT), the inner context has
to be emptied. In contrast, accumulating in the inner context H; does not have any impact
on the outer context. The reason why is explained in detail in Section 4.1.

As we will see later, it is often convenient to just accumulate the singleton {(si,s2)}.
This gives the following two derived rules, which are particularly useful when manipulating
finite-state automata.

SINGLEAccOUT SINGLEAccIN

[Hol[Hi]F 51 <5 [Ho[Hi]F 51 < 5

Cycle Rules

The next two rules enable the usage of accumulated pairs of states. If a context is unguarded,
we can use any assumption in the context to finish the proof. So, if the current state pair is
in that context, we can conclude. Again, there is one rule for each context.

CycLEOUT CyYCLEIN
(s1,82) € Ho (s1,82) € Hy

r-_—-"1 r--—"
! 0‘;"81'482 §‘HI‘|_31'\<52
| I L —d
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Step Rules

In the previous paragraphs, we introduced the accumulation rules, which can be used to add
pairs to the context, and the cycle rules, to use assumptions in the contexts when they are

opened. The missing part is how to open the contexts. The step rules define exactly this.

To release the guard around the outer context (respectively inner), we need to validate that
the current state pair is indeed part of an accepting (respectively rejecting) cycle. To do so,
we need to explore all possible outgoing transitions of the left state, and match them with
appropriate transitions from the right state. Depending on whether the current states are
accepting or not, this will give access (or not) to one of the contexts. This is implemented by
the following three rules:

ACCEPT
o o 4 T 7 / /
So € Fy YoVsy — s].3s0 — s5.1 Hp w; Fs1 < sy
L - —

REJECT

o o ey 7 / ’
s1¢ Fy Vo.¥Vs1 — s1.3s2 — s5. ;LHIJ F ] < 85

STEP

Vo.¥s; 5 s)3sy 5 sh. ; Fs) < s,
[Ho[Hi]F 51 <5

The three rules are very similar, they only differ by (1) the side condition on the current
state, and (2) which guarded assumptions become available.

The first rule, ACCEPT, demands that sy is an accepting state. If so, taking a step grants
access to the outer context (thus enabling to discover right-accepting cycles). Similarly, the

rule REJECT demands s; is not an accepting state. If so, taking a step grants access to the
inner context (thus enabling to discover left-rejecting cycles). The last rule STEP has no side
condition, meaning that one can always step through finitely many transitions, ignoring the
acceptance conditions. In this case, guards are not released.

Observe that both ACCEPT and STEP reset the inner context. Without this, our deductive
system would be unsound for language inclusion. We give a more detailed justification in
Section 3.3. For now, we can already mention that this subtlety stems from the different
nature of accepting and rejecting cycles: a cycle is rejecting in an NBA if no state in the

cycle is accepting, whereas a cycle is accepting if at least one state in the cycle is accepting.

Guard Rules

The last two rules state that the guards around the context can always be freely restored since
restricting access to an assumption is always sound. Again, there is one rule per context.

GUARDOUT GUARDIN

(Ho i Hi|Fsi<s2 [Hof[Hi]Fsi <5
. | r- -7
Hos[Hi]Fsi<s:  [Hol Hrjbsi< s
Note that in proofs these two rules are applied so often that we use them implicitly. More

precisely, whenever one of the two contexts is unguarded, and we want to use a rule which
needs a guarded context, we apply one of these two rules.

20:9
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Having presented all rules of the deductive system, we now look at two simple examples,
which demonstrate how we use the two contexts.

» Example 9. Consider the following two automata:

2OBOEOWO

Both automata accept the language a“, however, the accepting states are not aligned. We
want to show Lang(qo) C Lang(rp), thus we prove ; F go < 7o. Intuitively, in the proof,
we only have one cycle we want to exploit, namely the accepting one (7o LSS 7o) in the
right-hand automaton.

The proof starts by accumulating the current state pair in the outer context, because we
want to use it for an accepting cycle in the right-hand automaton.

; Fqo <10
By AccOuT <— ; F Qo X 7o

Next, the proof continues with a step rule. As gy only has one outgoing transition, namely
qo = q1, which we match with 7o = 1, we get one new goal.

By STEP <= ;'_ N

As rg is not an accepting state, the guard around the outer context is not released. The
guard around the inner context also cannot be released as qg is an accepting state.

As we are now in r1, which is an accepting state, we use the ACCEPT rule. This then
opens the guard around the outer context.

r-=-=--° i
By AccEpPT <= i(qo,70) w; Fqgo <o
L u

Now, the proof can be concluded by an application of the rule CYCLEOUT. J

» Example 10. Consider the following automaton, which describes the empty language.

a

pOWO

a

In fact, both states gy and ¢; accept the empty language. In particular, this implies
Lang(qo) C Lang(q;). We validate this claim by proving ; Fqgo < qi.

Contrary to the example above (where we exploited an accepting cycle in the right),
this time we want to exploit a non-accepting cycle (qo LS do). Thus, we start by
accumulating the current pair of states in the inner context.

; Fa <
By AcCIN <« ; Fao<sa

The proof continues by performing two steps using the step rule REJECT. Note that both
states only have one outgoing transition. Thus, the first application brings us to the state
pair (q1,qo) and the second application brings us back to (g, q1)-
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By REJECT and GUARDIN <— ; (g0,q1) |F @1 < qo

Note that in both cases the guard around the inner context is released as both ¢y and ¢;
are not accepting. After the second application, we are back at (qo,¢1) and hence, we can
conclude using the rule CYCLEIN. 1

It turns out that the two examples above can also be handled by Almost Fair Simu-
lations [5]. The limits of Almost Fair Simulations become apparent when looking at an
example which requires simultaneous reasoning about accepting and non-accepting cycles.
The following example demonstrates this.

» Example 11. Consider the following two automata:

. b Agla
X wb H@bwb

It is not difficult to see that Lang(qo) C Lang(rg): the two automata are almost identical.

(=)
()

Ali

)

The only difference is that the accepting states are in different places, but this does not
impact the accepted words. In fact, one can even prove Lang(qo) = Lang(ro) = (a*)b(c*).

Proving Lang(qo) C Lang(ro) is not possible using repeated-delay simulation, the weakest
relation presented in Almost Fair Simulations [5]. Most of the fairness preserving simulation
relations given in Almost Fair Simulations [5] are based on notions of similarity with delay [7].
The main intuition behind delayed simulations, is that any visit to a left-accepting state will
immediately force a subsequent visit to a right-accepting state on all paths and within a finite
number of steps. As a consequence, seeing an accepting state in the left-hand automaton
forbids exploiting non-accepting cycles until an accepting state in the right-hand automaton is
reached. This is precisely the reason why this example is not provable by delayed simulation.
Indeed, after starting the proof in (qo,70), we eventually reach (g1,71). Since ¢ is accepting,
we are required to see an accepting state in the right-hand automaton in all outgoing paths
from 7;. This is impossible because of the rejecting loop 73 LN r3.

Repeated-delay simulation [5] attempts to mitigate this problem by extending the standard
notion of delayed similarity [7] with an additional least fixpoint. Although this helps in
many cases (see [5] for a more detailed explanation), it unfortunately does not help in this
particular example. In fact, we can formally prove that gy and ry are not repeated-delay
similar (see the accompanying Rocq code). However, this example can be handled by fair
similarity. In particular, we can use our deductive system to show fairsim(gg,70).

The intuition of the proof is to use the inner context to exploit the two rejecting cycles
g0 = qo and g3 = g3, while simultaneously discovering the accepting cycle r; = ry = r;
using the outer context. This is done by accumulating (go,70) and (g3,r3) in the inner
context, and (g1,71) in the outer one. The rest of the proof goes by stepping through the
automata, using the cycle rules to conclude when possible.
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=== CycLEIN
(q1,71) 1(gs,73) 1Hgs < 73
CYCLEOUT g===== = ACCEPT
‘(‘hﬂ“l)‘%"%%ﬁ ‘(lhﬂ“l);‘(th)"‘%%m
ACCEPT t===== AccIN
TEP
CYCLEIN === — AccOut
;‘(qo,ro) 1Hqo < 7o ;‘(qo,ro) Eq s
b====4d b====4d REJECT
AccIN

;"QO <o

|

This example gives evidence that having the two greatest fixpoints in fairsim indeed
enables more reasoning power (as opposed to similarity relations with a single greatest
fixpoint).

» Theorem 12. Repeated-delay similarity is a strictly stronger relation than fair similarity
(and thus a strictly weaker proof technique).

Proof. The example above justifies the strict part, so it remains to show that repeated-delay
similarity implies fair similarity. Conceptually, the proof goes by nested coinduction on the
fixpoint definition of fair similarity. Finding the right coinduction and induction hypotheses
is particularly tricky. However, as our deductive system is sound for fair similarity (see
Theorem 20), it can be used to greatly simplify the mechanization of the proof. <

3.3 On the Necessity of Resetting the Inner Context

We already mentioned that in the two rules ACCEPT and STEP, the inner context needs to
be emptied. Without this subtlety, the deductive system would not be sound. The necessity
to reset the inner context is demonstrated by the following example.

» Example 13. Consider the following two automata:

a

aOMORO-

a

For the sake of contradiction, let us assume we have access to the following “idealized” proof
rule:

STEPUNSOUND

Vo.Vsy 2 5. 350 s sh. ; Fs) < sy
[Hol[H1]F s1 <52

With this rule, we can (wrongly) show that the left-hand automaton is language included
in the right-hand one. However, this is not true: Lang(qp) = a*, but Lang(rg) = . The
(wrong) proof goes as follows: First, we accumulate the initial state pair (go,r) in the inner
context. Second, we use the unsound rule to transition to the pair (g1,7). Lastly, we can use
REJECT since ¢; is not accepting. This last step opens the guard around the inner context
and thus, we can conclude using the inner cycle rule, even though gy = ¢ — qo is not a
rejecting cycle.
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; Fq <
By AcCIN <= ; Fag=<r
By STEPUNSOUND <= ; Fa<r
r-—-- 77
By REJECT <= ; L(?Q’,T,)J Fg<r

By CYCLEIN <= (qo,7) € {(q0,7)}

The critical point is that a cycle is rejecting if and only if it only contains non-accepting
states. Here, because STEPUNSOUND does not reset the context, it enabled us to step through
a right-accepting state in the middle of establishing a rejecting cycle.

Observe that there is no need for such a reset when establishing right-accepting cycles.
In particular, a cycle is accepting so long as it contains at least one accepting state, but it
can otherwise contain non-accepting ones. J

4 Soundness and Completeness

In this section, we prove soundness and completeness of our deductive system for fair similarity.
In Almost Fair Simulations [5], deductive systems (for fair similarity) have a single guarded
context which intuitively correspond to the fact that they deal with a single greatest fixpoint.
The soundness of these systems is justified by relying on the framework of parameterized
coinduction [11], which offers an elegant semantic interpretation of the guarded context and
its associated accumulation rule. To achieve completeness for fair similarity, we need to
handle two nested greatest fixpoints, and hence two associated guarded contexts. It turns out
that parameterized coinduction also provides a semantic interpretation for the two contexts,
modulo a little bit of fixpoint reasoning. This section explains the process.

4.1 Nested Parameterized Coinduction

In a typical simulation proof, we are interested in proving statements of the form X C
vF where X is a relation between states of a transition system (often a unique pair of
states (s1,$2)). These statements (inclusions into greatest fixpoints) are provable by coin-
duction. For example, to prove (s1, s2) € sim, it suffices to exhibit a simulation relation R
such that (s1,s2) € R and R C simF(R). This technique is already very useful because it
enables proving global properties about the behavior of systems (e.g., language inclusion) by
local reasoning about states and transitions. The limitation of direct proofs by coinduction
though is that they require guessing an entire simulation relation up front [11]. In contrast,
parameterized coinduction (short Paco) enables a more incremental proof style, where a
simulation relation is progressively discovered by accumulation [11].

The key idea to achieve this incremental proof style is to replace greatest fixpoints v F
with a parameterized variant Gr(H) = vX.F(H U X), where H represents a fragment of a
coinduction hypothesis. Gr(}) = vF, meaning any proof of X C vF can be replaced by a
proof of X C Gp(0). Further, the following two key reasoning principles can be derived [11]:

PACO-ACCUMULATE PACO-STEP
X CGr(XUH) X CF(HUGRr(H))
X CGp(H) X CGp(H)

In combination, these two rules enable the incremental discovery of coinduction hypotheses.
The reader might have recognized an accumulation principle (PACO-ACCUMULATE) enabling
to insert the currently targeted set X in the current “context”; and a stepping principle
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(PACO-STEP), granting access to said “context” after an F-step. These are reminiscent of
the core reasoning rules of our deductive system. We shall see that, indeed, Paco provides a
suitable semantic interpretation of our deductive system with guarded contexts. There is still
one problem to address: Paco only talks about one context. In contrast, our deductive system
employs two. To give a semantic interpretation to the two contexts, we will sequentially
parameterize the two greatest fixpoints underlying the definition of fairsim using the Paco
construction (G).

First, let us observe that the definition of fairsim (see Definition 5) can be put into the
following form

fairsim = vX.uY.wZ. Accept(X) U Step(Y) U Reject(Z)
where Accept, Step and Reject are the following predicate transformers:

Accept(X) 2 { (s1,82) | 52 € Fo AVo.Vs; 5 57350 5 sh. (s],85) € X }
Step(Y) £ { (s1,82) | Vo.Vs1 5 57350 5 sh. (s),85) €Y }

Reject(Z) 2 { (s1,82) | 81 ¢ F1 AVoVsy = 1350 T sh. (s),85) € Z }
What we want is a parameterized variant fairsim(Hp, H;). We decompose the construction
of this fairsim(Hp, Hy) in three phases: First, we will parameterize the outer v to obtain a
construction outer(Hp) with a single parameter Hp. This will justify the outer accumulation
rule. Then, we will parameterize the inner v to obtain a construction inner(Hp, Hy), this
time with two contexts. This will justify the inner accumulation rule. Finally, we will
show that one can go back and forth between inner and outer. In the end, we will define
fairsim(Hp, Hy) £ inner(Ho, Hy).

Since fairsim itself is defined as a greatest fixpoint, we can start by simply parameterizing

the outer v using the standard Paco construction. This motivates the following definition
outer(Hp).

outerF(X) £ uY.vZ. Accept(X) U Step(Y) U Reject(2)

outer(Hp) £ Gouterr(Ho)
By definition of G, outer(()) = fairsim. This will enable us to derive an accumulation
principle for Hp as a consequence of PACO-ACCUMULATE. To obtain the remaining reasoning
principles, and in particular the inner accumulation principle, we introduce the inner

construction. Starting from outer(Hp), the idea is to fold and unfold the first x and v to
pull the inner v outwards and then parameterize the inner v.

outer(Ho) = GouterF(Ho)
(definition of ) = vX.uY.wZ. Accept(Hp U X) UStep(Y) UReject(Z)
(unfold v X') = uY.wZ. Accept(Hp U outer(Hp)) U Step(Y) UReject(Z)
(unfold pY") = vZ. Accept(Hp Uouter(Hp)) UStep(puY.wZ....) UReject(Z)
(fold outer) = vZ. Accept(Hp U outer(Hp)) U Step(outer(Hp)) U Reject(Z)

innerF(Hp,Z)
Having exposed the inner v, we can parameterize it to obtain the following definition:

innerF(Hp, Z) = Accept(Hp U outer(Hp)) U Step(outer(Hp) U Reject(Z))
iIlIleI'(HO, HI) £ GinnerF(Ho) (HI)
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From the definition of inner, using PACO-STEP and PACO-ACCUMULATE (and a bit of
fixpoint reasoning) we can derive the following reasoning rules.

INNER-ACCUMULATE-O INNER-ACCUMULATE-I INNER-ACCEPT
X Cinner(Ho U X, 0) X Cinner(Ho,Hf UX) X C Accept(Hp Uouter(Hp))
X C inner(Hop, Hy) X C inner(Hop, Hy) X C inner(Hop, Hy)
INNER-STEP INNER-REJECT
X C Step(outer(Hp)) X CReject(H;Uinner(Hop, Hr))
X Cinner(Hop, Hy) X Cinner(Hop, Hy)

» Theorem 14. The rules INNER-ACCUMULATE-I, INNER-ACCEPT, INNER-STEP and INNER-
REJECT are sound.

Proof. The rule INNER-ACCUMULATE-I is a direct consequence of PACO-ACCUMULATE
applied to inner. The three rules INNER-ACCEPT, INNER-REJECT, and INNER-STEP are
immediate consequences of PACO-STEP applied to inner. |

We have two problems left to solve: First, proving INNER-ACCUMULATE-O. Second, the
rules INNER-ACCEPT and INNER-STEP have premises mentioning outer(Hp). Ideally, we
would like everything to be formulated in terms of inner so that the system is closed. Both
problems are addressed by observing that we can go back and forth between inner and
outer.

» Theorem 15 (Inner-Outer). inner(Hp, ) C outer(Hp)
» Theorem 16 (Outer-Inner). outer(Hp) C inner(Hp, Hy)

Hence, when proving X C outer(Hp), one can instead try to prove inner(Hp,0). In
this case, we start with no inner assumptions (i.e. H; = ). Similarly, when proving
X Cinner(Hp, Hy), one can drop all assumptions Hy and prove X C outer(Hp) instead.
The soundness of INNER-ACCUMULATE-O is obtained (bottom-up) by going from inner
to outer, accumulating in outer, and going back to inner. In the process, the inner
assumptions Hj are lost.

» Theorem 17. The rule INNER-ACCCUMULATE-O s sound.

Finally, the premise of INNER-ACCEPT and INNER-STEP can be reformulated purely in
terms of inner thanks to Theorem 15 (and exploiting the monotonicity of Step and Accept).
As a result, we obtain the following principles:

INNER-ACCEPT’ INNER-STEP’
X C Accept(Hp U inner(Hop, 0)) X C Step(inner(Ho,0))
X Cinner(Hop, Hy) X Cinner(Hop, Hy)

The loss of the assumption H; corresponds to the resets of the inner context in our deductive
system (see Sections 3.2 and 3.3).

» Theorem 18. The rules INNER-ACCEPT’ and INNER-STEP’ are sound.

Proof. By monotonicity of Step and Accept and Theorem 15. |
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4.2 Soundness and Completeness of our Deductive System
Soundness

The soundness of the rules presented in Section 3.2 is justified using the following semantic
model (note that we use F instead of I):

? E s1 < s2:=(s1,$2) € inner(Hp, Hy)

[Héj; E s1 < 82 :=(s1,82) € Ho U inner(Hp, Hy)
{HE E sy < s2:=(81,82) € Hr Uinner(Ho, Hy)

Note that we do not need to give a semantics to quadruples where the two contexts are
ungarded, because such quadruples cannot be reached using the rules of Section 3.2. Since
inner(),)) = fairsim, this semantic model is sound and complete for fair similarity. From
the soundness of the model, we easily derive the soundness of the deductive system itself.

» Theorem 19. Vs;.Vss. ;|= $1 X 8o <= fairsim(sy,ss)
» Theorem 20 (Soundness). Vs;.Vss. ; Fs1 < s = fairsim(sy,ss)

Proof. We prove ; Fsp <8 — ; F s1 < s2 by induction on the derivation

;10| s1 < sg, using the rules of inner presented in the previous subsection to cover all
cases. |

Completeness

In our Rocq development, we initially did not explicitly define our deductive system (e.g.,
as an inductive predicate representing valid derivations). Instead, we directly developed
the semantic model (inner) and obtained the rules as theorems. This approach is sufficient
to prove soundness, but it does not justify completeness. Indeed, even though we already
proved that the semantic model itself is complete (Theorem 19), this does not justify that
the finite set of rules presented in Section 3.2 is sufficient to prove all statements of the form
fairsim(sy, s2). Fortunately, the finite set of rules of Section 3.2 turns out to be complete
for fair similarity. This result is obtained as a consequence of Paco being a complete proof
technique for inclusions into greatest fixpoints.

» Theorem 21 (Completeness). Vsi, so. fairsim(sy, s2) = ; Fsp < s

Proof (Sketch). Let s1, s be two states and suppose fairsim(sy, s2). Intuitively, the nested
vuv definition of fairsim guarantees the existence of a first post-fixpoint Ry (for the outer v),
and a second post-fixpoint Ry (for the inner v). The accumulation of Ry in Hp and Rs in
Hj suffices to conclude the proof. A bit more formally, the proof starts by accumulating
fairsim using AccOUT and then proceeds by induction on the inductive part of fairsim.
The first case (disjunct Accept) is covered using the rules ACCEPT and CYCLEOUT. The
second case (disjunct Step) is covered using STEP and the induction hypothesis. The last
case (disjunct Reject) is covered using AccCIN followed by REJECT and CYCLEIN. <

Nested Parameterized Coinduction, beyond Fair Similarity

We note that the proofs discussed in this section are independent of the exact definition
of Accept, Step, and Reject. In fact, the inner construction and its associated reasoning
rules offer a sound and complete deductive system for proofs of inclusion in any predicate
of the form vX.uYvZ. F1(X)U F»(Y) U F5(Z) where Fy, Fy, F5 are monotone predicate
transformers.
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5 Deductive System in the Proof Assistant

We used the proof assistant Rocq to formalize all results presented in this paper. To further
simplify the usage of our deductive system, we defined tactics to partially automate the
selection of proof rules and the verification of side conditions.

The three main tactics are iBranch, iStep, and iCycle. The tactic iBranch tries
applying one of the step rules, and generates one proof obligation per successor of the
left-hand state. Each proof obligation requires the users to exhibit a matching successor
of the right-hand state. After using iBranch, the tactic iStep s can be used to choose a
successor s of the current right-hand state. We note that the side conditions of the three
step rules ACCEPT, REJECT and STEP are not mutually exclusive. Therefore, iBranch needs
to decide which one to pick. To determine which of the three step rules should be applied,
iBranch uses the following heuristic: First, it tries to apply the AcCEPT rule (if the current
right-hand state is accepting). If this fails, it tries to apply the REJECT rule (if the current
left-hand state is non-accepting). If this also fails, it applies the rule STEP, which can always
be applied since it does not have any side condition. Finally, the tactic iCycle tries applying
CycCLEIN or CYCLEOUT to conclude a proof depending on which of the two contexts is
ungarded.

We find that using these tactics, proving language inclusion of two Biichi automata in
Rocq is concise and closely follows the intuitive steps without overwhelming the user with
unnecessary technical details. For example, the proof of Example 9 in Rocq looks as follows:

Lemma sim_qO_rO_tacs:
fairsim ... 0 @ qO0 roO.

Proof .
iAccOut. (* Goal: |(qo,70) ;I—qo<7‘o *)
iBranch. iStep rl. (* Goal: |(qo,70) ;Fq1;<r1 *)
iBranch. iStep rO0. (* Goal: L((_Io_,fo_)_“;l—qoﬁm *)
iCycle.

Qed.

6 Related Work

Fair Simulations, Games, and Automata

The idea of proofs by simulation can be traced back to Milner [15]. It was rapidly adapted to
support reasoning about transition systems equipped with various fairness conditions [16, 1].
For the specific case of Biichi automata, which play a central role in model-checking of temporal
properties, standard approaches include direct simulation [6], delayed simulation [7] and fair
simulation [10]. These simulation approaches were all introduced with algorithmic verification
in mind, mostly for the purpose of implementing automata simplification procedures [7], or
as a cheap (but incomplete) method to automatically check language inclusion [6]. Their
use for mechanized deductive reasoning has been comparatively much less explored. In this
space, Correnson et al. recently introduced Almost Fair Simulations, a family of deductive
systems for interactive proofs of language inclusion [5]. Their systems are mechanized in
Rocq, and feature ergonomic reasoning principles based on a single guarded context. They
are however restricted to notions of simulation with a single greatest fixpoint, resulting in an
unnecessary loss of expressiveness. Our approach addresses this limitation by introducing
reasoning principles supporting one more nesting of greatest fixpoint.

20:17

ITP 2026



20:18

Completing Almost Fair Simulations

Previous work by Lichter and Smolka focused on formalizing a large body of results
related to Biichi automata in the constructive type theory of Rocq [14]. Their development
mostly focuses on proving the decidability of logics based on automata construction. To
our knowledge, it does not include any result about fair simulation. We note that their
formalization of the semantics of Biichi automata is based on explicit quantification on runs
represented as sequences indexed with natural numbers. In contrast, our development is
based on coinductive types and predicates.

Interactive Proofs by Coinduction

Coinduction is commonly used in the context of mechanized simulation proofs. For various
technical reasons, it is also known for pushing proof assistants to their limits. The introduction
of parameterized coinduction by Hur et al. [11] greatly contributed to making coinduction
more applicable. Since then, several other frameworks to facilitate proofs by coinduction
have been developed. For example, Pous introduced the companion approach [17] as an
alternative to parameterized coinduction with a strong emphasis on support for so called
“up-to techniques”, a powerful tool to simplify coinductive proofs by working with much
smaller coinduction hypotheses. Later, Zakowski et al. proposed generalized parameterized
coinduction (Gpaco) [22], a generalization of Paco specifically designed to facilitate reasoning
about coinductive-inductive relations (i.e. vu) which typically occur when working with weak
notions of similarity or bisimilarity. In principle, these approaches can also be used to reason
about any deeper nestings of fixpoints (after all, deeper nestings vuvpu ... are just special
cases of greatest fixpoints). However, as shown in Section 4.1, obtaining simple high-level
reasoning rules may require additional work for deeply nested fixpoints. We believe that the
approach presented in Section 4.1 to obtain reasoning rules for vur-type predicates should
easily be generalizable to arbitrary nestings. This would lead to deductive systems with n
guarded contexts, one per v. Another interesting direction would be to investigate the role
of up-to techniques in the context of coinductive-inductive-coinductive relations such as the
one discussed in this paper.

Recently, a range of mechanized program logics based on notions of fair refinement have
been introduced. These include Simuliris [8], a separation logic for refinements preserving
fair termination of concurrent programs; Trillium [20], another (family of) separation logic(s)
based on fair refinement and dedicated to liveness proofs; and Lilo [13], a separation logic for
liveness proofs, based on fair operational semantics [12]. To the best of our knowledge, these
are all based on relatively strong notions of fairness preserving simulation (of type vpu).

7 Conclusion and Future Work

We introduced a sound and complete deductive system for fair similarity of Biichi automata,
mechanized in the Rocq proof assistant. To justify the soundness and completeness of our
system, we introduced nested parameterized coinduction as an intermediate technique to
handle the vuv nesting of fixpoints underlying the definition of fair similarity.

Although we originally introduced nested parameterized coinduction specifically for proofs
of fair similarity, it could in principle be used as a basis to develop deductive systems for
other problems. In particular, it can already be used as an incremental proof technique to
prove the existence of a winning strategy in any three-colors parity game. Beyond simulation
proofs, these games play a central role in other applications such as reactive synthesis.

Future work includes the extension of the approach to deeper nestings of greatest and
least fixpoints. This would enable the construction of deductive systems for a richer class of
games (e.g., arbitrary parity games).
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