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Abstract
We present a formalization of bounded operators on complex vector spaces in Isabelle/HOL. Our
formalization contains material on complex vector spaces (normed spaces, Banach spaces, Hilbert
spaces) that complements and goes beyond the developments of real vectors spaces in the Isa-
belle/HOL standard library. We define the type of bounded operators between complex vector spaces
(cblinfun) and develop the theory of unitaries, projectors, extension of bounded linear functions
(BLT theorem), adjoints, Loewner order, closed subspaces and more. For the finite-dimensional case,
we provide code generation support by identifying finite-dimensional operators with matrices as
formalized in the Jordan_Normal_Form AFP entry.
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1 Introduction

Functional analysis, especially the theory of Hilbert spaces and of operators on these, form
an important area in mathematics. In the Isabelle/HOL [1] library Complex_Bounded_
Operators [10], we formalized a large amount of theorems about complex Hilbert spaces
and (bounded) operators on these.

Undoubtedly, these form an important area of mathematics and deserve formalization in
a theorem prover for their own sake. However, our foremost motivation for this formalization
stems from a specific use case: We worked with and formalized results related to the theory of
quantum programming languages and quantum Hoare logics, and encountered an unfortunate
situation: Many results in the literature explicitly restrict themselves to quantum languages
with only finite variables. (By finite variable we mean a program variable with finite domain
such as a quantum boolean or qubit, which excludes, e.g., quantum integers.) While this
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3:2 Complex Bounded Operators in Isabelle/HOL

may be efficient for low-level quantum languages such as assemblers, it puts a restriction
on higher-level languages. Those papers which do attempt to formalize infinite variables
need infinite-dimensional Hilbert spaces; the resulting mathematics is subtly different from
the linear algebra encountered in finite-dimensional quantum mechanics (which works with
matrices, essentially). As a result, intuition and theorems that apply to finite-dimensional
systems only are often used without checking if they hold in the infinite-dimensional case and
definitions omit important considerations such as the types of operators (e.g., bounded, trace-
class, . . . ) and the topologies used in infinite sums and limits. Sometimes it is not even really
clear whether the paper implicitly assumes the finite-dimensional case after all, adding even
more uncertainty about what is correct in the infinite-dimensional case. While we do not claim
that the papers1 in which we encountered these problems are necessarily wrong, we believe
that it is basically impossible to independently verify the results without a background in
functional analysis and a thorough re-checking of the definitions and proofs. This situation is,
basically, the archetypal motivation for formal verification and led us to formalizing the present
results. An additional motivation is that existing Isabelle/HOL formalizations explicitly
restrict results from the literature due to missing formalized mathematical background. For
example, Li et al. [18] formalize the logic from [35] in Isabelle/HOL but explicitly restrict
themselves to only finite variables compared with the original [35]. Finally, our own efforts
at formalizing quantum logics (qrhl-tool [23] and quantum references [25], see the related
work, Subsection 1.3) both needed infinite-dimensional spaces (and used earlier versions of
our library), emphasizing the need for such a formalization.

Notwithstanding this motivation, we stress that our results are not limited to the use
case of formalizing quantum mechanics but cover an area of mathematics of high importance
in its own right.

When attempting to formalize an area in mathematics (as opposed to one specific theorem)
one question is what selection of definitions and theorems to include. Including the content of
a complete graduate-level textbook (such as [11]) is tempting as it provides a nice guideline
of what a true expert in the field considers relevant, but this was beyond the scope of our
work. Instead, we used the development of qrhl-tool [23] and of the quantum reference
formalization [25] as the guiding principle: We included all concepts and theorems about
complex Hilbert spaces and bounded operators that turned out to be required there and
formalized them. We believe that this led to a well-rounded selection of supported material,
though of course it is always possible to add more.

1.1 Overview of our contribution

The main goal of our library is to develop the most important results about complex
Hilbert spaces and complex bounded operators. The Isabelle/HOL distribution (session
HOL-Analysis) already contains rich material about real vector spaces, as well as real
bounded operators (called bounded linear functions, blinfun, there), although not to the
extent covered in our library. (See e.g. Table 1.) In order to make our library more aligned with
the existing developments, we tried to follow the overall structure of the existing developments.
In Isabelle/HOL, results on real vector spaces and bounded operators are mostly found in
the theories Real_Vector_Spaces, Inner_Product, and Bounded_Linear_Function. We
use an analogous structure, leading to the following theories:

1 For example, [35, 20, 36, 41, 12, 40, 37]. See the full version [31] for a detailed discussion.
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Complex_Vector_Spaces: Results about complex vector spaces but not involving inner
products. This includes the definition of complex vector spaces, normed complex vector
spaces, complex algebras, Banach spaces and more (as type classes); definitions of linear,
bilinear, bounded linear functions (as predicates); antilinear and sesquilinear functions;
finite-dimensional spaces; closed subspaces of a complex vector space and sums thereof;
conjugate spaces; products of complex vector spaces.
Complex_Inner_Product: Results about inner product spaces. This includes the defini-
tion of inner product spaces (as a type class); inner product spaces are normed spaces;
complex Hilbert spaces; orthonormal bases; orthogonal complements; projections; Riesz
representation; adjoints.
Complex_Bounded_Linear_Function: Introduces the type α ⇒CL β (a.k.a. cblinfun)
of bounded operators (a.k.a. bounded linear functions) between two complex normed
vector spaces. Having a dedicated type (as opposed to a predicate on functions) for
bounded operators makes many results easier to state. E.g., bounded operators themselves
form a normed vector space; hence all results stated for the typeclass complex_normed_
vector automatically apply to bounded operators. Results include: The type cblinfun;
instantiation as a normed vector space / Banach space; strong operator topology; adjoints2;
isomorphisms; unitaries, isometries, and partial isometries; bounded operators on products
of spaces; images of subspaces under bounded operators; projectors; Loewner order on
bounded (square) operators; vectors as degenerate bounded operators; rank 1 operators;
Banach–Steinhaus theorem; Riesz representation theorem; extension of bounded operators
(BLT-theorem).

This goes beyond the results that the Isabelle/HOL distribution has for real bounded
operators. In the above bullet points, italic font marks material that has no analogue in
the existing formalization for real bounded operators. The material before the ▲, however,
is already proven in the real case. While we cannot directly reuse that material, in most
cases the definitions and proofs carry over with only minimal changes. To make it easy to
compare the complex with the real material, to get more unified naming conventions, and to
make porting of future additional material on real vector spaces to our library easier, we
have split off all material that is exactly analogous to the real vector space theories into
theories ending with 0, i.e., Complex_Vector_Spaces0, Complex_Inner_Product0, Complex_
Bounded_Linear_Function0. These theories stand in one-to-one correspondence with the
corresponding real ones with all definitions/lemmas in the same order. Definition/lemma
names are typically marked just with an extra c or complex in the name, and any deviations
(e.g., because a theorem does not hold in the complex case) are explicitly mentioned in
comments. Anything beyond this is in the theories without 0.

Similarly, we have Complex_Euclidean_Space0 in one-to-one correspondence to the real
Euclidean_Space, except that we have no theory Complex_Euclidean_Space because we
needed no results on Euclidean spaces beyond the ones already present in the real case.

Beyond the development above, we have the following additional theories:
One_Dimensional_Spaces: We introduce the type-class one_dim of one-dimensional
complex vector spaces. In pen-and-paper mathematics, we often implicitly identify any
one-dimensional space with C, making many things notationally much simpler. E.g., the
adjoint of ψ applied to φ, i.e., ψ* φ (strictly speaking an operator C→ C) is identified

2 Adjoints, projectors, and the Riesz representation theorem were already introduced in
Complex_Inner_Product. Here, we lift those definitions to the type cblinfun and prove many more
properties.
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3:4 Complex Bounded Operators in Isabelle/HOL

Table 1 Number of (non-blank) lines of code, definitions, and proven facts in our development.
extra/* summarizes all additional theories proving additional theorems (required by but not directly
related to our formalization). Theories ending in 0 are analogous to existing Isabelle/HOL content
for real vector spaces, the rest is fully new.

Theory Lines Defs Lemmas

Complex_Vector_Spaces0 1271 3 257
Complex_Vector_Spaces 2890 32 215
Complex_Euclidean_Space0 300 3 37
Complex_Inner_Product0 442 2 71
Complex_Inner_Product 2340 13 134
One_Dimensional_Spaces 276 1 30
Complex_Bounded_Linear_Function0 788 23 59
Complex_Bounded_Linear_Function 4524 43 420
Complex_L2 1628 27 97
Cblinfun_Matrix 1467 7 69
Cblinfun_Code 550 12 33
Cblinfun_Code_Examples 66 0 0
extra/* 2216 20 223

Total 18758 186 1645

with the inner product ψ •C φ (a complex number). Using the type-class one_dim and
suitable isomorphisms, we can make these implicit identifications explicit, with reasonable
notational overhead.
Complex_L2: We introduce the Hilbert space ’a ell2 of square-summable functions
’a→ C. (For finite ’a, this is the same as the space of n-dimensional vectors.) This is a
very canonical Hilbert space because any Hilbert space with basis ’a is isomorphic to ’a
ell2. Therefore this specific Hilbert space deserves particular attention in its own theory.
Cblinfun_Matrix: For finite ’a,’b (of cardinalities n,m), the bounded operators ’a
ell2 ⇒CL ’b ell2 are essentially (m× n)-matrices. The Jordan_Normal_Form Archive
of Formal Proofs entry ([22], short JNF) already contains rich material about matrices.
Our theory Complex_L2 establishes the relationship between finite-dimensional bounded
operators and JNF-matrices, and relates operations on operators to corresponding opera-
tions on JNF-matrices.
Cblinfun_Code: We set up Isabelle’s code-generation support for explicit computations
involving finite-dimensional vectors, operators, and subspaces. This allows to prove
many facts involving concrete finite-dimensional operators by computation (under the
additional assumption that Isabelle’s code generation is sound). JNF already contains
code-generation setup for matrices, so in many cases, we can simply reduce our code-
generation to JNF using the results from Cblinfun_Matrix.

Finally, there are a lot of miscellaneous results that were required to prove the results in
this library. We collected them in theories in the subdirectory extra; two of them have been
included in the Isabelle distribution (Complemented_Lattices and Infinite_Sum).

We would also like to stress one limitation of our work: Almost all of our results are
for complex vector spaces only. This is somewhat unfortunate, because a large number
of theorems (but not all) hold with essentially the same proofs for both complex and real
numbers. Isabelle/HOL does not provide a mechanism for stating a theorem in a generic way
for both complex and real numbers, so we can only cover both real and complex numbers



D. Unruh and J. M. R. Caballero 3:5

by duplicating theorems and proofs. In fact, we already had to duplicate a number of
definitions and lemmas from the Isabelle/HOL distribution which covers only real normed
vector spaces etc.

1.2 How to use this paper? / Organization
This paper attempts to fulfill several purposes at once: to inform the community about
the new Isabelle formalization, to provide an overview of our contributions, and to serve as
a “manual” for people who wish to use the formalization as a library, e.g., when proving
theorems in Isabelle/HOL that rely on our theorems about bounded operators. Due to
the large number of theorems, we cannot rely on a user to read through the source code
to see what is available. Instead, we explain most definitions (of important mathematical
concepts) here and very tersely mention what results we have shown about them. So a
user who is looking for a certain result (say, about orthogonal projections) can jump to the
section describing them (in the full version [31], supplemented to this submission, we provide
an index for this purpose), read up on how they are defined, and see there what facts we
describe. (In the full version [31], every mathematical fact we describe is annotated with a
footnote containing the Isabelle lemma name.) In addition (especially the check for variants
of these facts, or smaller results that may not be mentioned in the text), they can then
use the names of the relevant definitions to identify lemmas applying to their needs using
the builtin search features in Isabelle (find_theorems command or the UI equivalent [33,
Section 3.4.1]). We try to keep the introduction of the mathematical concepts self-contained
but we cannot give more than the tersest explanations since we cover many. We recommend
a standard textbook such as [11].

The reader not wanting to actually use our formalization (yet) can ignore these tips and
simply read the overview (Subsection 1.1) (and optionally first the Isabelle recap in the full
version [31]), and then read some or all of Sections 2–7 depending on their interest (about
complex vector spaces, inner product spaces, one-dimensional spaces, complex bounded
operators, square summable functions, and code generation, respectively).

Due to space reasons and the large amount of covered mathematical concepts, we describe
only about one-third of the concepts here; for a complete description we therefore recommend
the full version [31].

1.3 Related work
The most direct related work is the existing formalization of real normed vector
spaces, bounded operators, Hilbert spaces in the Isabelle/HOL distribution [1] (session
HOL-Analysis [7]). A number of our results are a direct translation of the results there to
complex numbers. However, our contribution goes far beyond what is available there; only
the content of the theories whose name ends with 0 has an analogue there. However, we also
strongly draw on the existing material on (non-topological) vector spaces and on topology
from the Isabelle/HOL distribution.

Also in the Isabelle/HOL ecosystem, there is the Archive of Formal Proofs entry Jordan_
Normal_Form [22] which covers a large number of results in linear algebra. However, all of
these are strictly finite-dimensional. Everything is formulated in terms of matrices indexed
by integers (as opposed to arbitrary types). We do, however, draw on their implementation
for our code generation for finite-dimensional vector spaces and operators.

Outside the Isabelle ecosystem, most noteworthy are in the theorem prover Rocq [6] the
math-comp [3] library, and in Lean [2] the mathlib [4] library, both of which aim to cover
general mathematics.

ITP 2026
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Mathlib in particular contains a very large amount of formalized mathematics and is
still being expanded by an active community. We attempted to compare to what degree
the contributions in our work are also present in mathlib. An item-by-item comparison is
very difficult because of the large number of theorems in the present work, and in mathlib.
However, we believe that most results in the present work are actually also available in
mathlib, though the correspondence is often not obvious because the mathlib results are
stated at a very high level of abstraction. This means that it can be quite difficult to identify
the definition/theorem in mathlib for a given definition/theorem in our work. (Even after
perusing mathlib’s various overview documents.)

We cross-checked various theorems/definitions to get a feeling for the coverage and were
only able to find the corresponding mathlib theorems using AI (Perplexity and Claude); in
many cases our result or definition can be derived as a special case of some mathlib concept.
(An additional challenge is that the AI tends to additionally respond what theorems mathlib
should have as opposed to what it actually has.) Most theorems exist in mathlib; a small
example of a theorem that we did not find in mathlib is our fact “an operator is unitary iff it
is an isometry with dense image,” page 12. However, it was possible to generate a 37-line
proof of this fact based on mathlib theorems using Claude Code. All in all, we suspect that
our formalization does not cover much that is not also covered by mathlib. (Except the
treatment of one-dimensional spaces, and, of course, the Isabelle-specific challenges such as
the code generation setup in Section 7 and the trick of overcoming typesystem limitations in
the definition of positive operators, page 13.)

Follow-up work: Several Isabelle/HOL formalizations draw heavily on the results from
our development due to the need to work with infinite-dimensional Hilbert spaces and
operators thereon: “The Tensor Product on Hilbert Spaces” [27] formalizes tensor products
on infinite-dimensional Hilbert spaces and on von Neumann algebras; together with additional
material on trace-class/compact operators, different operator topologies, Loewner order.
“Quantum and Classical Registers” [25] formalizes the notion of quantum references [26]
which are roughly speaking pointers into a complex Hilbert space. “The Oneway to Hiding
Theorem” [17] formalizes the eponymous theorem [8] from quantum cryptography. “Kraus
Maps” [29] formalizes quantum channels as sums of Kraus operators [16], and their properties.
“Compressed Random Oracles” [28] formalizes the compressed oracle method [39] from
quantum cryptography.

Additionally, our theorem prover qrhl-tool [23] for quantum cryptographic proofs uses
Isabelle/HOL as a backend and heavily uses our library.

1.4 Preliminaries

We assume that the reader is familiar with basic concepts from linear algebra (vector spaces,
matrices, linearity, span, . . . ). We furthermore assume that the reader is familiar with basic
concepts from topology (open/closed sets, closures, continuity, convergence, . . . ). Beyond
that, we try to introduce all mathematical notions as we go along, albeit very tersely. However,
additional knowledge of functional analysis/operator theory is recommended for additional
context. We recommend, e.g., the textbook [11].

We present many Isabelle/HOL snippets in this work. Since Isabelle uses a math syntax
close to informal math, we hope that all snippets can be understood from the context. The
full version [31] contains an additional introduction into the relevant syntax, or see [19, 32].
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2 Complex vector spaces

Type classes. Before we can even define complex bounded operators, we need to define
complex vector spaces and associated notions. Isabelle/HOL already has a general definition
of vector spaces over arbitrary fields, via the locale vector_space. However, locales lack the
ease of use and automation that are available when using type-classes.3 We define the class
of complex vector spaces by:

class complex_vector = scaleC + ab_group_add +
assumes scaleC_add_right: ‹a *C (x + y) = (a *C x) + (a *C y)›

and scaleC_add_left: ‹(a + b) *C x = (a *C x) + (b *C x)›
and scaleC_scaleC[simp]: ‹a *C (b *C x) = (a * b) *C x›
and scaleC_one[simp]: ‹1 *C x = x›

This means a type is a complex vector space if it is an abelian additive group (class
ab_group_add), has an operation scaleC (written as infix *C) for multiplication with a
complex number, and satisfies the specified laws. This is analogous to the existing class
real_vector, except that scalar multiplication is complex.

Subspace, span, linear. Probably the most important notions related to vector spaces are
the notion of a subspace (closed under addition and scalar multiplication), the span, and the
notion of a linear function.

csubspace :: (’a::complex_vector) set ⇒ bool
cspan :: (’a::complex_vector) set ⇒ ’a set
clinear :: (’a::complex_vector ⇒ ’b::complex_vector) ⇒ bool

We get their definitions for free by instantiating the general theory of vector spaces. In
case of infinite-dimensional normed vector spaces, bounded linear functions (a.k.a. bounded
operators) are highly important (and the foundation of most material below). We define the
predicate bounded_clinear :: (’a::complex_normed_vector ⇒ ’b::complex_normed_
vector) ⇒ bool by:

locale bounded_clinear = clinear f for f +
assumes bounded: ‹∃K. ∀x. norm (f x) ≤ norm x * K›

That is, a bounded linear function is a linear one that additionally satisfies the axiom
bounded. (Logically, this locale definition is equivalent to definition ‹bounded_clinear
f ←→ clinear f ∧ (∃K. ∀x. norm (f x) ≤ norm x * K)›.) We also define bounded
bilinear functions similarly (bounded_cbilinear). (Here ends the material with direct
analogue in the theory Real_Vector_Spaces.)

Closed subspaces. Subspaces are a quintessential object when studying vector spaces. But
in the infinite-dimensional case, it is possible that a set is a subspace but not topologically
closed.4 In many situations, we need closed subspaces. For example, orthogonal projectors

3 This is the author’s personal experience; opinions may differ. We found that the use of locales leads
much more often to hard to comprehend errors and unexpected impossibilities. As far as we can tell,
this is because locales in many situations have to tweak the Isabelle system to make things look right.
(Such as making the parser/printer pretend something which is in the kernel a free variable to be a
constant.) On the other hand, locales are a very powerful tool when used right. We chose to try to
avoid them in favor of type classes, anyway, as far as feasible.

4 For example, in the Hilbert space of square-summable sequences (nat ell2 in the notation of Section 6),
the set of all sequences with finite support is a subspace but not closed.
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(see Section 5, page 12) only exist on closed subspaces. And for example in Birkhoff–von
Neumann quantum logic [9] (and quantum Hoare logics based on that), predicates are closed
subspaces. In light of this, we define the type of closed subspaces.

typedef (’a::‹{complex_vector,topological_space}›) ccsubspace =
‹{S::’a set. closed_csubspace S}›

That is, if ’a is a complex vector space (with some associated topology, e.g., a normed vector
space), then ’a ccsubspace is the type of all closed subspaces of ’a. This type is abstract;
to access S :: ’a ccsubspace as a set of vectors, we write space_as_set S. And given a
set S of vectors, we define ccspan S :: ’a ccsubspace to be its closed span.

We also define the closed sum of subspaces.

definition closed_sum:: ‹’a set ⇒ ’a set ⇒ ’a set› where
‹closed_sum A B = closure (A + B)›

(Here A + B is the pointwise sum of two sets.) We also write this as A +M B. If A and B

are subspaces, then A +M B is a closed subspace. Hence closed subspaces are closed under
this operation. In fact, it turns out that A +M B is the supremum of A, B (with respect to
set-inclusion.5 And intersection is the infimum. Thus by defining sup and inf on the type
ccsubspace to be closed_sum and set-intersection, respectively, and defining less_eq to be
the subset-relation, ccsubspace becomes a lattice. The space of all vectors is its maximal
element top a.k.a. ⊤; the space 0 containing only the vector 0 is its minimal element bot.
In fact, we prove that ’a ccsubspace is even a complete lattice:

instance ccsubspace :: (complex_normed_vector) complete_lattice

(This makes Isabelle automatically recognize ’a ccsubspace as having type class complete_
lattice when ’a is a normed space.) We will come back to this later when studying Hilbert
spaces; there we will even get a complete orthomodular lattice.

For notational convenience, we define plus on the type ccsubspace to be the same as
sup since + is a more common notation for the sum of subspaces.

Omitted in this overview. Antilinear and sesquilinear functions, conjugate spaces, finite-
dimensional spaces, spaces with canonical basis, product spaces. See the full version [31].

3 Inner product spaces

Inner product spaces. An inner product on a complex vector space ’a is positive non-
degenerate sesquilinear function from ’a × ’a to C (i.e., antilinear in its first argument).
We define the type class of complex inner product spaces, i.e., spaces with an inner product
called cinner, also written •C:

class complex_inner = complex_vector + sgn_div_norm + dist_norm +
uniformity_dist + open_uniformity +

fixes cinner :: ‹’a ⇒ ’a ⇒ complex›
assumes cinner_commute: ‹cinner x y = cnj (cinner y x)›

and cinner_add_left: ‹cinner (x + y) z = cinner x z + cinner y z›

5 Notice that in general, even if A and B are closed subspaces, the pointwise sum A+B is not closed.
See, e.g., [34]. So it is important to define inf as the closed sum.
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and cinner_scaleC_left [simp]:
‹cinner (scaleC r x) y = (cnj r) * (cinner x y)›

and cinner_ge_zero [simp]: ‹0 ≤ cinner x x›
and cinner_eq_zero_iff [simp]: ‹cinner x x = 0 ←→ x = 0›
and norm_eq_sqrt_cinner: ‹norm x = sqrt (cmod (cinner x x))›

(cnj denotes complex conjugation.) Note that we also require that the norm is defined as
∥x∥ := √x •C x.6 This makes an inner product space a normed vector space; we prove this
and declare complex_inner as a subclass of complex_normed_vector.

(Here ends the material with direct analogue in the theory Inner_Product for real vector
spaces.)

Two vectors are orthogonal iff their inner product is 0 (abbreviated is_orthogonal x y).

Hilbert spaces. A complex Hilbert space is a complex inner product space that is also
topologically complete:

class chilbert_space = complex_inner + complete_space

chilbert_space is also trivially a subclass of cbanach (Banach spaces), and we prove (i.e.,
instantiate the type class) that the product of Hilbert spaces is a Hilbert space.

Over Hilbert spaces, we can define -a as the orthogonal complement of a :: ’a
ccsubspace. This is an involution and makes ’a ccsubspace into a so-called complete
orthomodular lattice.

In the following, many lemmas only hold for Hilbert spaces (enforced through type
annotations). For brevity and legibility, we will usually not explicitly state whether a given
lemma holds only for Hilbert spaces or for any inner product space. When in doubt, please
refer to the source code of the formalization.

Riesz representation theorem. A central theorem in functional analysis is the Riesz (or
Riesz–Frechet) representation theorem. It states that every bounded linear functional on a
Hilbert space can be uniquely represented as an inner product with a fixed vector:

lemma riesz_representation_existence:
fixes f :: ‹’a ⇒ complex›
assumes ‹bounded_clinear f›
shows ‹∃t. ∀x. f x = t •C x›

This lemma is central for proving the existence of adjoints later.

Omitted in this overview. Orthogonal complements, orthogonal projections, orthonormal
bases, adjoints, finite-dimensional spaces, conjugate spaces, product spaces. See the full
version [31].

6 The additional standard type classes sgn_div_norm, dist_norm, uniformity_dist, open_uniformity
simply guarantee that certain other common constants used by Isabelle/HOL are defined in a way
compatible with the norm.
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4 One-dimensional spaces

One-dimensional complex vector spaces take a special role in many calculations. A one-
dimensional vector space is isomorphic to C, and as such, often implicitly identified with C.

A good example is the formula ψψ∗ for a vector ψ ∈ H, which is, e.g., used to describe
the projector onto ψ. This formula is interpreted as follows: ψ is canonically identified
with the bounded operator C→ H, c 7→ cψ. (Note here the first implicit occurrence of the
one-dimensional space C.) Then ψ∗, its adjoint, is a bounded operator H → C. Composing
it with ψ gives us a bounded operator ψψ∗ : H → H.

Similarly, ψ∗ϕ would be interpreted as: ψ and ϕ are identified with bounded operators
C → H. Then ψ∗ϕ is the product of two bounded operators, giving a bounded operator
C→ C. C→ C is a space of bounded operators between one-dimensional spaces, hence itself
one-dimensional. So we can identify it with C, i.e., ψ∗ϕ ∈ C, and in fact ψ∗ϕ = ψ •C ϕ.7
Because of this, in math we often just write ψ∗ϕ for the inner product.

We formalize one-dimensional spaces as all types that have a canonical orthonormal basis
consisting of just one element 1 and with a compatible multiplication operation:

class one_dim = ... + assumes ‹canonical_basis = [1]›
and ‹(a *C 1) * (b *C 1) = (a * b) *C 1› and ...

Then complex numbers, ’a ell2 (see Section 6) for singleton types ’a, and bounded operators
between one-dimensional spaces all have type class one_dim. We can then generically
construct a canonical isomorphism one_dim_iso between any one-dimensional spaces, as
well as a canonical embedding vector_to_cblinfun :: ’a ⇒ (’b::one_dim ⇒CL ’a) to
identify a vector ψ with the bounded operator c 7→ cψ (where now c can be from any
one-dimensional space, not just C). We can then express our example ψ∗ϕ = ψ •C ϕ as one_
dim_iso ((vector_to_cblinfun ψ)* oCL vector_to_cblinfun φ) = ψ •C φ. Due to a
suitable set of simplification rules, this is shown by simply writing by simp. The full
version [31] elaborates these constructions in more detail.

5 Complex Bounded Operators

The type of bounded operators. The central focus of this library are complex bounded
operators a.k.a. bounded linear functions over complex normed vector spaces. We already
have a predicate bounded_clinear that recognizes bounded operators but working with
an explicit predicate can be cumbersome: When quantifying over bounded operators, one
always needs to explicitly add the predicate. The fact that the bounded operators in turn
form a complex normed space is harder to state (we cannot simply instantiate the type class
complex_normed_vector). Reasoning about topological properties (such as convergence of
sequences of operators) becomes harder in Isabelle/HOL if we cannot define the topology
on the whole space. To avoid all these problems, we define the type of complex bounded
operators:8

typedef (’a, ’b) cblinfun = ‹{f. bounded_clinear f}›

7 Alternatively, we can read it as an application of ψ∗ to ϕ. This will also give us ψ∗ϕ = ψ •C ϕ in the
end. The point of this section is that all those readings should, in the end, provably give the same
results.

8 We prefer the term “bounded operator” over “bounded linear function” in this text. However, we
still named the type cblinfun (complex bounded linear function) and named the theory file Complex_
Bounded_Linear_Function. We made this design choice to stay close to the naming conventions of the
existing results in the Isabelle/HOL distribution about real bounded operators.
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Instead of (’a,’b) cblinfun, we can also write ’a ⇒CL ’b. Given a bounded operator f
:: ’a ⇒CL ’b, we can apply it to a vector x by writing cblinfun_apply f x or f *V x.
(f x is also recognized in many situations due to Isabelle’s coercion mechanism.) Given a
function f :: ’a ⇒ ’b that satisfies bounded_clinear f, we write CBlinfun f to convert
it to type ’a ⇒CL ’b. And the composition (a.k.a. product) of two bounded operators
is cblinfun_compose A B, also written A oCL B. The identity is id_cblinfun :: ’a ⇒CL

’a.
The norm of a bounded operator A is usually defined to be the operator norm, i.e., the

least b such that ∥Aψ∥ ≤ b∥ψ∥ for all ψ. We follow this convention and define norm on ’a
⇒CL ’b as the operator norm. With this norm, the bounded operators form a complex
normed vector space, i.e., we instantiate the class complex_normed_vector. When the
codomain ’b is even a Banach space, so is the space of bounded operators. And if domain
and codomain are finite-dimensional, so is the space of bounded operators.

instance cblinfun :: (complex_normed_vector, complex_normed_vector)
complex_normed_vector

instance cblinfun :: (complex_normed_vector, cbanach) cbanach
instance cblinfun :: (‹{cfinite_dim,complex_normed_vector}›,

‹{cfinite_dim,complex_normed_vector}›) cfinite_dim

Since complex_normed_vector in turn defines a topology (the topology induced by the
norm), this makes ’a ⇒CL ’b into a topological vector space. There are many other possible
topologies on bounded operators.9 For example, we also define the strong operator topology
(cstrong_operator_topology).10

(Here ends the material with direct analogue in the theory Bounded_Linear_Function
for real bounded operators.)

In the remainder of this theory, we state many results relative to the type ’a ⇒CL

’b. It would be possible to state them also using the predicate bounded_clinear but the
theorems would become unwieldy. In the cases where theorems about functions satisfying
bounded_clinear are needed instead, one has to derive them as corollaries of the theorems
given here. (Either by using the morphism cblinfun_apply and CBlinfun directly, or by
using Isabelle’s “transfer” mechanism [15] for which we have included the relevant setup.)

Images. Recall that we introduced the type ccsubspace of closed subspaces (page 7). It
is natural to consider the image A *S S (or cblinfun_image A S) of a closed subspace S
under a bounded operator A. However, in general, that image is not necessarily closed itself11,
but we would like A *S S to have type ccsubspace. Thus, we define it as the closure of the
image of S:

lift_definition cblinfun_image
:: ‹’a ⇒CL ’b ⇒ ’a ccsubspace ⇒ ’b ccsubspace›
is ‹λA S. closure (A ‘ S)›

9 Isabelle’s logic forces us to pick one specific norm and topology when instantiating a type class.
Sometimes there is just one meaningful one or, like here, one that is clearly the most canonical one.
We can still define other norms and topologies as regular Isabelle constants, but these will be less well
integrated.

10 We do not use or explore it further in this development, we mainly included it because it is also defined
for real bounded operators in the existing Isabelle/HOL development.

11 For example, if ei (i ∈ N) form an orthonormal basis of a Hilbert space H, and A is the bounded
operator that maps ei to ei/i, then we easily see that the image I of A contains all ei. Hence the closure
of I is H. But the image I itself is not H:

∑
i
ei/i ∈ H is not in I. So I is not closed.
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We prove various basic facts about the interaction between image and other operations such
as composition of operators ((A oCL B) *S S = A *S (B *S S)), and intersection of spaces
(U *S (inf X Y) = inf (U *S X) (U *S Y) for isometries U).

Adjoints. We define the adjoint adj A as the operator such that ∀φ ψ. φ •C A ψ = adj
A φ •C ψ. The adjoint adj A is also written A*. Since adjoints are only guaranteed to exist
over Hilbert spaces, we restrict the domain ’a to be a Hilbert space, so that adj becomes a
total function.

We show important properties of adjoints: Idempotence, (A oCL B)* = (B*) oCL (A*),
adj is bounded antilinear, norm (A*) = norm A, norm (A* oCL A) = (norm A)^2. An
operator is called self-adjoint (selfadjoint A) when A = A*. Then A is self-adjoint iff ψ •C

(A *V ψ) is real for all ψ.

Unitaries, isometries. Using adjoints, we can easily define unitaries and isometries. U is
unitary iff its adjoint is its inverse. And U is an isometry iff its adjoint is its left-inverse.

definition ‹isometry U ←→ U* oCL U = id_cblinfun›
definition ‹unitary U ←→ U* oCL U = id_cblinfun ∧ U oCL U* =
id_cblinfun›

The following alternative characterizations tell us more about the meaning of those unitaries
and isometries: An isometry is a norm preserving operator. Or: U is an isometry if it
preserves inner products on a generating set. And U is unitary iff it is an isometry with
dense image.

Orthogonal projections. An (orthogonal) projection onto a set S is a function that maps
every vector onto the closest vector in S. If S is a closed subspace, the projection is a
bounded operator. We thus define Proj S :: ’a ⇒CL ’a for S :: ’a ccsubspace as that
projection, and define is_Proj P = True iff a bounded operator P is a projection onto some
space. Using adjoints we have a very simple characterization of projections:

lemma is_Proj_algebraic: ‹is_Proj P ←→ P oCL P = P ∧ P = P*›

We can also easily express the one-to-one correspondence between projectors and subspaces:
Proj S is the projector corresponding to a subspace, and given a projector P, the corres-
ponding subspace is P *S ⊤. There operations are inverses in the sense that Proj S *S ⊤
= S and Proj (P *S ⊤) = P for projectors P.

We prove various useful laws about projectors, e.g., that their norm is bounded by 1, that
1 - P is the projector onto the orthogonal complement of what P projects onto, and more.

Extension of bounded operators. Often, we want to construct an operator by specifying
it on a subset (e.g., on a basis) and then define the operator by linear extension. E.g., if
{ket 0, ket 1} is a basis of the space,12 then we might define X by specifying X *V ket 0
= ket 1 and X *V ket 1 = ket 0 and say “X is defined everywhere else by linearity”. For
linear (not necessarily bounded) operators, Isabelle/HOL already has an existing constant
cconstruct for this purpose that we will not describe further here (not a contribution of
our library). In the case of bounded operators, the situation is more complex, however. An

12 The constant ket will be formally introduced later.
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operator specified on a basis may have a linear extension but that one might not be bounded.
E.g., if ket i (with i::nat) form an orthonormal basis, then there is a linear operator with
A *V ket i = ket 0 for all i, but it is not bounded. To cover this use case, we introduce a
constant cblinfun_extension: If φ is a function defined on S, then cblinfun_extension
S φ is some bounded operator that coincides with φ on S – if such an operator exists.

definition ‹cblinfun_extension S φ = (SOME B. ∀x∈S. B *V x = φ x)›

We give various criteria for when this operator exists. To be able to state them compactly,
we introduce the constant cblinfun_extension_exists:

definition ‹cblinfun_extension_exists S φ = (∃B. ∀x∈S. B *V x = φ x)›

If cblinfun_extension_exists S φ, we have cblinfun_extension S φ *V v = φ v for
all v ∈ S. The extension is unique if the span of S is dense.

We then have:
The so-called BLT theorem: If φ is bounded-linear on a dense subspace S, and the
codomain of φ is a Banach space, then φ can be extended to the whole space:

lemma cblinfun_extension_exists_bounded_dense:
fixes f :: ‹’a::complex_normed_vector ⇒ ’b::cbanach›
assumes ‹csubspace S› and ‹closure S = UNIV›
assumes ‹

∧
x y. x ∈ S =⇒ y ∈ S =⇒ f (x + y) = f x + f y›

assumes ‹
∧

c x y. x ∈ S =⇒ f (c *C x) = c *C f x›
assumes ‹

∧
x. x ∈ S =⇒ norm (f x) ≤ B * norm x›

shows ‹cblinfun_extension_exists S f›

This is probably one of the most important tools for constructing bounded operators.
Also in this case, norm (cblinfun_extension S f) ≤ B.
The BLT theorem still requires us to define φ on a dense subspace and to show that it is
bounded-linear there. On inner product spaces, we have the following simpler corollary:
If S is an orthogonal basis, and φ is a bounded function from S into a Hilbert space that
maps different basis elements to orthogonal vectors, then cblinfun_extension_exists
S f.

Note that for bounded operators over the type ell2 (introduced in Section 6 below),
we introduce further constants explicit_cblinfun for constructing bounded operators by
specifying the entries of an “infinite matrix” and classical_operator for defining bounded
operators that map basis vectors to basis vectors. (See the full version [31]) These may be
easier to use when applicable.

Positive operators and the Loewner order. A square13 bounded operator A is called
positive iff ψ •C (A *V ψ) ≥ 0 for all ψ. Besides being a very important concept in its
own right, it also gives rise to a natural ordering of operators, the Loewner order: A ≤ B
iff B - A is positive. At the first glance, it would seem trivial to cast this into definitions
in Isabelle/HOL. And indeed, it is easy to define a constant pos_op :: (’a ⇒CL ’a) ⇒
bool. But when defining the Loewner order (based on pos_op), we would like to be able to
write A ≤ B (use the overloaded constant less_eq) and not have to write, e.g., less_eq_op
A B. Besides notational inconvenience, which could be overcome by adding some extra syntax,

13 A square operator is one with same domain and codomain, type ’a ⇒CL ’a.
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the problem is that without overloading less_eq, we cannot tell Isabelle that the Loewner
order makes the type cblinfun into an ordered type (type class order) and thus miss out on
all the advantages of type classes and the possibility to reuse existing results about ordered
types. An extra benefit of defining ≤ as the Loewner order is that we can then write “A is
positive” simply as “A ≥ 0”, obviating the need for an extra constant pos_op.

Unfortunately, we cannot write a definition of the following form: A ≤ B ←→ (∀ψ. ψ

•C (A *V ψ) ≤ ψ •C (B *V ψ)) for A, B :: ’a ⇒CL ’a. This is because the type-class
instantiation mechanism of Isabelle can only be applied to types such as ’a ⇒CL ’b where we
allow ’a and ’b to be different.14 Restricting a type-class instantiation to square operators
is not possible. But our definition of ≤ is not well-typed for A, B :: ’a ⇒CL ’b.

Our approach is to give a definition of ≤ on bounded operators that is well-defined (if
not particularly mathematically meaningful) on non-square operators, and has the desired
definition as a special case for square operators. The first step is to define a “heterogeneous
identity”, i.e., a function that is the identity if domain and codomain are the same type, and
not further specified otherwise. (This will in the end allow us to identify different domains
and codomains.) Isabelle allows us to do this with the following commands:

consts heterogenous_identity :: ‹’a ⇒ ’b›
overloading heterogenous_identity_id ≡ ‹heterogenous_identity::’a⇒’a›
begin definition ‹heterogenous_identity_id = id› end

Now heterogenous_identity = id holds but only when heterogenous_identity is re-
stricted to the type ’a ⇒ ’a. Next we need a heterogeneous equality, but as a
bounded linear functions. (heterogenous_identity will not, in general, be bounded
linear when ’a ̸=’b.) We then “coerce” this heterogeneous identity to a bounded oper-
ator, this defines heterogenous_cblinfun_id :: ’a ⇒CL ’b which equals id_cblinfun
:: ’a ⇒CL ’a if ’a=’b (and is an arbitrary bounded operator otherwise). When using
heterogenous_cblinfun_id in the definition of the Loewner order, we will need to make a
case distinction between the cases ’a=’b and ’a ̸=’b. Unfortunately, such a case distinction
cannot be expressed in Isabelle/HOL. Instead, we roughly approximate ’a=’b by “’a and ’b
are unitarily isomorphic (and heterogenous_cblinfun_id is the isomorphism)”. We write
this as heterogenous_same_type_cblinfun TYPE(’a) TYPE(’b), defined as follows:

definition ‹heterogenous_same_type_cblinfun (x::’a itself) (y::’b
itself)
←→ unitary (heterogenous_cblinfun_id :: ’a ⇒CL ’b)
∧ unitary (heterogenous_cblinfun_id :: ’b ⇒CL ’a)›

Note that then heterogenous_same_type_cblinfun TYPE(’a) TYPE(’a) holds.
We can now state the definition of the Loewner order:

definition ‹A ≤ B ←→
(if heterogenous_same_type_cblinfun TYPE(’a) TYPE(’b) then
∀ψ::’b. ψ •C ((B-A) *V heterogenous_cblinfun_id *V ψ) ≥ 0 else

(A=B))›

Note that when ’a=’b, the if-condition is true and heterogenous_cblinfun_id is the
identity, so this simplifies to:

14 Strictly speaking, defining the constant less_eq is possible but the subgoal created by the instance
command would be impossible to prove because they will refer to the constant with a more general type.



D. Unruh and J. M. R. Caballero 3:15

lemma less_eq_cblinfun_def:
‹A ≤ B ←→ (∀ψ. ψ •C (A *V ψ) ≤ ψ •C (B *V ψ))›

So in this case, we have indeed defined the Loewner order.
However, note that ≤ is now also defined (if somewhat arbitrarily) on ’a ⇒CL ’b for

’a̸=’b. Either heterogenous_same_type_cblinfun TYPE(’a) TYPE(’a) holds, then ≤ is
the Loewner order up to a (somewhat arbitrary) identification of the isomorphic types ’a
and ’b. Or it doesn’t hold, then ≤ is the equality. In both cases, we can still derive that
≤ is, e.g., a partial order (type class order) since both the Loewner order and equality
are partial orders. And similarly, cblinfun is an instance of any type class that both the
Loewner order and equality satisfy. Since equality is quite well-behaved, we expect this to
work for most type classes that we would expect the Loewner order to satisfy.Note that due
to the use of the constant unitary in the definition, all the above only works when ’a ::
chilbert_space, not for arbitrary inner product spaces. It might be possible to refine the
approach above to get the definition of the Loewner order to work without assuming Hilbert
spaces but we have not explored this.

With these definitions in place, we can finally show that the bounded operators form
a partial order (even an ordered vector space, type class ordered_complex_vector) and
prove many properties such as Proj S ≤ Proj T ←→ S ≤ T (identifying projectors and
subspaces is order preserving).

Banach–Steinhaus theorem. The Banach–Steinhaus theorem, also known as the principle
of uniform boundedness is a central theorem of functional analysis. It states that if a family
of bounded operators is bounded pointwise (i.e., ∥Fnx∥ is bounded for every unit vector x),
then the family is bounded uniformly (i.e., ∥Fn∥ is bounded). In Isabelle:

theorem cbanach_steinhaus:
fixes F :: ‹’c ⇒ ’a::cbanach ⇒CL ’b›
assumes ‹

∧
x. ∃M. ∀n. norm ((F n) *V x) ≤ M›

shows ‹∃M. ∀n. norm (F n) ≤ M›

This theorem was already shown in [30] for real bounded operators. We can lift it to the
complex case by using the fact that every complex bounded operator is also a real bounded
operator (using Isabelle’s “transfer” mechanism [15]).

Omitted in this overview. Kernels, eigenspaces, partial isometries, isomorphisms, inverses
of bounded operators, rank-1 operators, vectors as operators, more on Riesz representation,
the bidual, product spaces, and unitaries between orthogonal bases. See the full version [31].

6 Square summable functions (ℓ2)

The archetypal Hilbert space is ℓ2(X), the space of all square-summable functions, i.e.,
functions f : X → C such that

∑
x∈X |f(x)|2 <∞. This Hilbert space has the orthonormal

basis {ex}x∈X where ex is the function ex(x) := 1, ex(y) := 0 (y ̸= x). This is what makes
this space important: For any Hilbert space H with some orthonormal basis X, ℓ2(X)
is isomorphic to H. (And every Hilbert space has an orthonormal basis.) Since up to
isomorphism, all Hilbert spaces are of the form ℓ2(X), it often suffices to study the latter.
Due to this, we devote a separate theory Complex_L2 to this Hilbert space.
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Defining ℓ2. To define ℓ2(X) (which we will represent as a type ’a ell2) we first introduce
a definition to abbreviate the condition

∑
x∈X |f(x)|2 <∞:

definition ‹has_ell2_norm x ←→ (λi. (x i)2) abs_summable_on UNIV›
Here f abs_summable_on UNIV is defined in Infinite_Sum and means that the infinite
sum

∑
x∈UNIV∥f(x)∥ exists. And similarly, for a square-summable function f (i.e., satisfying

has_ell2_norm f), we can define its norm
√∑

x∈X |f(x)|2:
definition ‹ell2_norm f = sqrt (

∑
∞x. norm (f x)^2)›

Note that for f :: ’a ⇒ complex where ’a is a finite type, the norm always exists, i.e.,
has_ell2_norm f holds and is sqrt (

∑
x∈UNIV. (norm (f x))^2). (Note the different

sum symbol:
∑

refers to Isabelle/HOL’s easier-to-use finite sum Groups_Big.sum, with no
notion of convergence.)

Most importantly, we show that ell2_norm is indeed a norm on the vectors satisfying has_
ell2_norm, namely it is non-negative, non-degenerate, commutes with scalar multiplication„
and satisfies the triangle inequality.

The type ell2. Since not all functions are square-summable, the type ’a ⇒ complex is
not a normed vector space (with norm ell2_norm). Instead, we define the type ’a ell2
that consists only of the square-summable functions ’a ⇒ complex:

typedef ’a ell2 = ‹{f::’a⇒complex. has_ell2_norm f}›
We endow this type with pointwise addition and pointwise scalar multiplication, as well as
has_ell2_norm as the norm. Furthermore, we define the inner product of f, g as

∑
∞x.

cnj (f x) * g x (where cnj denotes complex conjugation). This sum always converges for
square-summable functions.

lift_definition plus_ell2 :: ‹’a ell2 ⇒ ’a ell2 ⇒ ’a ell2›
is ‹λf g x. f x + g x›

lift_definition scaleC_ell2 :: ‹complex ⇒ ’a ell2 ⇒ ’a ell2›
is ‹λc f x. c * f x›

lift_definition norm_ell2 :: ‹’a ell2 ⇒ real› is ell2_norm
lift_definition cinner_ell2 :: ‹’a ell2 ⇒ ’a ell2 ⇒ complex›

is ‹λf g.
∑

∞x. cnj (f x) * g x›
With these definitions (and the obvious ones for zero etc.), we can show that ell2 is a
Hilbert space, i.e., has type class chilbert_space:

instance ell2 :: (type) chilbert_space

The Hilbert space ’a ell2 will be the topic of the remainder of this section.

Kets (canonical basis). There is a canonical basis for the Hilbert space ’a ell2 consisting
of the functions ex with ex(x) = 1 and ex = 0 otherwise. We define ket x to be that
function ex:

lift_definition ket :: ‹’a ⇒ ’a ell2› is ‹λx y. if x=y then 1 else 0›
(The reason for the name “ket” is that in quantum computing, we often write |x⟩ for
these vectors, pronounced “ket x”.) The kets form an orthonormal basis, in particular two
bounded operators on ’a ell2 are equal when they coincide on all kets. Also, ket x •C

ψ = Rep_ell2 ψ x, where Rep_ell2 ψ x refers to ψ(x) when seeing ψ :: ’a ell2 as a
function ’a ⇒ complex. Thus two ℓ2-vectors are equal if ket i •C ψ = ket i •C φ for
all i.
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Omitted in this overview. Truncating vectors (setting all but finitely many coefficients
to 0) and their limits, rank-1 operators, explicit construction of bounded operators over ’a
ell2 (explicit_cblinfun, classical_operator). See the full version [31].

7 Code generation

Code generation [13] is a mechanism in Isabelle/HOL to transform terms (e.g., of type bool
or nat) into an executable program (in various languages such as Standard ML, Ocaml,
Haskell, and Scala). The resulting program can then be used as verified code outside of
Isabelle, or it can be used directly by Isabelle to prove a subgoal by explicit computation.
For example:

lemma ‹(1234::nat) * 4321 = 5332114› by eval

Here the eval method internally produces code that computes and compares the lhs and
rhs, runs it, and discharges the current goal if the computation returns True. Note that
proving this theorem manually (by using the various elementary lemmas about multiplication,
addition, and binary representations of integers) would be very cumbersome.

We stress that theorem proving via code generation (eval method) uses a much larger
trust base than normal reasoning in Isabelle, as it relies on the code generation to be
configured correctly, and the internally used compiler to be correct.15

In the theory Cblinfun_Code, we set up code generation for computing with finite-
dimensional vectors and operators. This is done by reduction to vectors and matrices
from the Jordan_Normal_Form (JNF) library [22] which provides extensive support for code
generation for matrix algorithms. For this, we define isomorphisms between JNF-matrices
and finite dimensional bounded operators (mat_of_cblinfun), and between JNF-vectors
and finite dimensional vectors (vec_of_basis_enum). Then we provide “code equations”
which are theorems that simultaneously state that these isomorphisms are indeed bijections
and instruct the code generation mechanism how to translate computations on bounded
operators and vectors to computations on JNF-matrices and -vectors.16 In addition, we need
to provide support for computations on the type ’a ccsubspace. There is no corresponding
construct in JNF, but what we can do is to identify subspaces of finite-dimensional spaces
with finite generating sets (and those can be represented as lists of JNF-vectors). While this
correspondence is one-to-many (unlike the one-to-one correspondences mat_of_cblinfun,
vec_of_basis_enum), it is still possible to instruct the code generation to use it using
“abstract types”. Operations (e.g., ≤) on ccsubspace’s are then mapped to various algorithms
involving Gram–Schmidt orthogonalization.17

For a detailed description, see the full version [31].
After all this, we can prove theorems such as ccspan {ket 0} ≤ ccspan {ket 0 + ket

1, ket (1::bit)} simply by writing by eval and automatically compute, e.g., norm (Proj
(ccspan {ket (0::bit) + ket 1}) *V ket 0) using the value-command (it returns 1 /
2 * sqrt 2).18

15 There is also the normalization method that uses only the trusted kernel but it is excruciatingly slow.
16 It does not all work as smoothly as this description makes it seem. There are various subtleties arising

from the restrictions of the code generation mechanism that force us to employs various tricks and to
restrict the code generation to vectors of type ’a ell2 even though the isomorphisms are more general.

17 A Gram–Schmidt implementation is already provided by JNF but we needed to somewhat extend it for
our purposes.

18 To support square-roots in code generation, one imports Real_Impl.Real_Impl or
Algebraic_Numbers.Real_Factorization; these provide suitable real number code generation.
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