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Abstract
We present an ongoing effort to build a framework and a library in Isabelle/HOL for formalising
primal-dual arguments for the analysis of algorithms. We discuss a number of example formalisations
from the theory of matching algorithms, covering classical algorithms like the Hungarian Method,
widely considered the first primal-dual algorithm, and modern algorithms like the AdWords algorithm,
which models the assignment of search queries to advertisers in the context of search engines.
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1 Introduction

The primal-dual paradigm for analysing algorithms is one of the most successful. Its history
spans more than 70 years, with the Hungarian Method [27] being one of the first algorithms
for solving weighted bipartite matchings to follow this paradigm. Since then, the paradigm
has been used to design algorithms for problems in combinatorial optimisation, including
Edmonds’ algorithm for weighted matching in general graphs [16], all the way to modern
analyses of online matching algorithms [13] and some of the fastest algorithms for solving flow
problems [12]. In addition to exact algorithms, the primal-dual approach is also cornerstone
for the design for a majority of approximation algorithms for optimisation problems, like
MaxSAT, set cover, Steiner trees, etc.(cf. Part II of Vazirani’s seminal book on approximation
algorithms, which is dedicated to the primal-dual method).

In this work, we present a series of formal analyses of primal-dual matching algorithms.
Our analyses cover a range of primal-dual algorithms: from the Hungarian Method (HM),
arguably the first primal-dual algorithm, to probabilistic arguments used to analyse online
algorithms, including the well-known Adwords algorithm [31] and the RANKING al-
gorithm [25]. Our longer term goal is to create a formal library of lemmas and reasoning
principles that aid in the analysis of primal-dual algorithms.
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33:2 Formal Primal-Dual Algorithm Analysis

Theory Background. We assume the reader to be familiar with basic graph theory, such as
vertices V , edges E and paths in graphs, bipartiteness, and adjacency and incidence matrices
encoding graphs. Because it eases the formalisation, we identify a graph with its edges and
define V =

⋃
E . A matching M in a graph E is a vertex-disjoint subset of the edges in E .

Matchings covering all vertices are perfect. We search for matchings that are optimum w.r.t.
an optimisation objective e.g. the maximisation/minimisation of accumulated real weights.

In a primal-dual (PD) method, we maintain an upper bound for the value of the solution,
and finally obtain a solution whose value equals the final upper bound (or is close to it),
which implies optimality (or sufficient proximity). We encode the optimisation problem
into linear (in-)equalities alongside a linear optimisation objective (linear program/LP), e.g.
max{cT x|Ax ≤ b, x ≥ 0} in linear algebra notation. The matrix A is usually the incidence
matrix, a primal solution is a binary vector xM encoding a matching, and a dual solution π

is a |V|-dimensional vector, which encodes a function π : V → R (“potential”).
For max{cT x|Ax ≤ b, x ≥ 0}, the primal, there is a dual min{bT y|AT y ≥ c, y ≥ 0}.

Vectors x and y satisfying these constraints are feasible primal and dual solutions, for
which cT x ≤ bT y holds (weak duality WD). Furthermore, if ((1 − δ)Ax̂ − b)T ŷ = 0 and
(1− δ)(AT ŷ − c)T x̂ = 0, then (1− δ)cT x̂ = bT ŷ and hence both (1− δ)x̂ and ŷ are optimum
solutions to the respective LPs (complementary slackness CS). If δ = 0, x̂ is an exact
optimum, otherwise x̂ satisfies an approximation guarantee. For further details, e.g. other
LP types and their versions of WD and CS, we refer to the literature [34, 26].

A PD method starts with a feasible dual solution and a primal candidate solution which
together satisfy CS [20] (scaled by 1 − δ for approximation). It iteratively changes both
solutions to bring the primal closer to feasibility while maintaining CS. These steps are
primal-dual adjustments (PDAs). When the primal solution becomes feasible, it is also
optimum (or approximately optimum if δ ̸= 0).

Formalisation. Our work here focuses on presenting aspects related to formal reasoning
about primal-dual analyses. The main design choice regarding that is the representation of
LPs: we reuse matrices [37] others used for verifying LP theory, e.g. strong duality [33] and
the simplex algorithm [36]. The mathematical core of the arguments, namely, CS and WD,
is purely matrix-based and then connected to graphs by translating lemmas, which connect
matchings and potentials on graphs to feasible LP solutions over matrices and vectors. The
rest of the paper focuses on the reasoning of primal-dual analyses.

Other design choices peripheral to primal-dual reasoning include our definition of matching.
We reuse matching-related Isabelle/HOL formalisations [7, 6], which already contain many
of the graph-theoretic concepts introduced above. Another decision is the approach used to
model and verify algorithms, where we reuse an approach by other authors [1, 2, 3, 5, 7]. In
summary, we formalise deterministic algorithms as functional programs, i.e. loops as recursive
functions and program states (collections of the variables a program uses) as records. We
prove invariants (properties of the state) for the initial state, and that they are preserved by
the iterations, which shows them for the final state. For probabilistic algorithms, we use the
existing Isabelle/HOL formalisation of the Giry monad [14] to model and reason about them.
Algorithms have subprocedures that we assume and specify with Isabelle/HOL’s locales [9].
These are contexts that fix mathematical entities (’locale constants’) and assume properties.
Within the context, these are available and they can be instantiated later. This is a stepwise
refinement [40] where an instruction is decomposed into more detailed instructions.



M. Abdulaziz, T. Ammer, and C. Madlener 33:3

Algorithm 1 NaiveMaxWeightMatching (E , V = L ∪ R, w : E → R+
0 ).

1 Initialise π(v) = max{w(e)| e ∈ ∆({v})} for v ∈ L and π(v) = 0 for v ∈ R;
2 while True do
3 if ∃matching M⊆ Eπ.{v. v ∈ V ∧ π(v) > 0} ⊆

⋃
M then return such an M;

4 else
5 find X where X ⊆ L or X ⊆ R with |X| > |Γπ(X)| and compute
6 ϵ = min({wπ({u, v})|u ∈ X ∧ v ̸∈ Γπ(X) ∧ wπ({u, v}) > 0} ∪ {π(v). v ∈ X});
7 for x ∈ X do π(v)← π(v)− ϵ; for x ∈ Γπ(X) do π(v)← π(v) + ϵ;

2 Naive Maximum Weight Bipartite Matching

We search for matchings M ⊆ E maximising w(M) and we derive a CS-based optimality
criterion. (Maximum) integral solutions to max{wT xM|AxM ≤ 1, xM ≥ 0} encode a (max-
weight) matching for w : E → R+

0 if A is the incidence matrix. The constraints AxM ≤ 1
and xM ≥ 0 assert that M is a matching. The dual is min{1T π|AT π ≥ w, π ≥ 0}, i.e. find
π with minimum π(V) s.t. ∀{u, v} ∈ E . π(u) + π(v) ≥ w({u, v}) and ∀v ∈ V. π(v) ≥ 0. Such
a π is a feasible potential, and wπ, defined as wπ({u, v}) = π(u) + π(v)−w(e) for {u, v} ∈ E ,
is the slack. For a potential π, v with π(v) ̸= 0 is a non-zero vertex, and e with wπ(e) = 0 is
tight. Tight edges form the tight subgraph Eπ. By Γπ(X) we denote those vertices v ∈ V \X

where there is {u, v} ∈ Eπ with u ∈ X. Similarly, ∆π(X) are the tight edges connecting X

and Γπ(X). We use this machinery to prove a sufficient condition for the weight-maximality
of a matching:

▶ Lemma 1 (Weight-Maximality). Assume (1) M is a matching in a graph E, (2) π is a
feasible vertex potential, (3) all edges in M are tight, i.e. M⊆ Eπ, and (4) all vertices for
which π(v) ̸= 0 are matched. Then, M is a max-weight matching for E.

The Algorithm. Algorithm 1 works on E bipartite over L and R and w : E → R+
0 . After

initialising π to a feasible potential, it tries to find a tight matching covering all non-zero
vertices. If there is such a matching, this is returned as an optimum solution. Otherwise, it
performs a PDA behind which the intuition is to move the primal (matching that matches as
many non-zero vertices as possible) and the dual solution π closer together. If E is bipartite
and there is no matching in Eπ covering the non-zero vertices, we can find non-zero vertices
X with |X| > |Γπ(X)|, as used for the PDA. The main invariant of this algorithm is the
feasibility of π (Invariant N1). We have another invariant N2 saying that the vertex potentials
π(v) are integer multiples of the same real constant α, ensuring termination for a specific
class of edge weights. We need two lemmas for correctness:

▶ Lemma 2. Let π be feasible for E and w : E → R+
0 , and S be a set of vertices. Also, assume

there is no e ∈ E with e ⊆ S, and ϵ ≥ 0, ϵ ≤ wπ(e) for all e connecting S and V \ S \ Γπ(S),
and ∀v ∈ S. ϵ ≤ π(v). Let π′(v) = π(v)− ϵ for v ∈ S, π′(v) = π(v) + ϵ for v ∈ Γπ(S), and
π′(v) = π(v) otherwise. The potential π′ is feasible, and π′(V) = π(V) + (|Γπ(S)| − |S|) · ϵ.

Proof Ideas. Take {u, v} ∈ E , we know π(u)+π(v) ≥ w({u, v}), and π′(u)+π′(v) ≥ w({u, v})
follows by a case analysis. Also π′(v) ≥ 0 because π′(v) ≤ π(v) only if v ∈ S, and then,
π′(v) = π(v)− ϵ ≥ 0. The statement on π′(V) follows from the definition of π′. ◀

▶ Lemma 3. If Algorithm 1 terminates on E bipartite over L and R with w : E → R+
0 , it

returns a max-weight matching. If all w(e) are integer multiples of α ∈ R, it terminates.

ITP 2026
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Algorithm 2 HungarianMethod (E , V = L ∪ R, w : E → R, initial mp-feasible π).

1 if |L| ≠ |R| return infeasible; else initialise M = ∅;
2 while True do (flag, π′, p)← PathSearch(E , L, R, w,M, π);
3 if flag = dual-unbounded then return infeasible
4 else if flag = L-matched then return M else [M←M⊕ p; π ← π′;]

Algorithm 1 is a typical primal dual algorithm: keep an upper bound (here π(V)) for the
value of any solution (here w(M) of any matching M). If a solution with value equal to the
upper bound cannot be found yet, we lower the upper bound carefully and continue. If M
with w(M) = π(V) (inferred from CS) is found, however, M must have maximum weight.

3 The Hungarian Method

Even with termination, Algorithm 1 can have an exponential running time. However, one
can combine PDAs with the search for augmenting paths (augpaths). For a matching M,
these are paths p ⊆ E such that the symmetric difference M⊕ p is a matching M′ with
|M′| > |M|. This guarantees termination in polynomial time. Although the principle of PD
algorithms is simple, polynomial-time implementations and the verification thereof can be
surprisingly hard. Because optimality criterion and path search are simpler for min-weight
perfect matchings, we consider this problem instead.

Perfect matchings are integral solutions to min{wT xM|AxM = 1, xM ≥ 0}, whose dual
is max{1T π|AT π ≤ w}. Feasibility of the potential (“mp-feasibility”) now means that
π(u) + π(v) ≤ w({u, v}) for all {u, v} ∈ E without ∀ v ∈ V. π(v) ≥ 0. WD is here that
1T π ≤ wT xM for an mp-feasible π and perfect matching M. CS is simplified to feasible x̂

and π̂ being optimum solutions for the respective LPs iff (AT π̂ − w)T x̂ = 0. Similarly to
Lemma 4, we formalised this optimality criterion:

▶ Lemma 4. If (1) M is a perfect matching in E, (2) π is an mp-feasible vertex potential
and (3) edges in M are tight w.r.t. π, then, M is a min-weight perfect matching for E.

We have verified executable code for max-weight bipartite matching because we reduce this
and 4 other problems to min-weight perfect matching. We extend the graph E to a complete
bipartite graph E ′ with sides of equal size (|L′| = |R′| and E ′ = {{u, v}. u ∈ L′ ∧ v ∈ R′}),
ensuring the existence of a perfect matching. If edges in E ′ \ E should be avoided, we impose
a penalty weight on them. From a min-weight perfect matching for the extended weights in
the new graph, we select edges forming an optimum solution for the original problem.

Top Loop. The Hungarian Method (HM) [23, 27, 28] (Algorithm 2) expects a bipartite
graph given by E , L and R, a weight function w and an initially feasible potential π. After
checking for obvious infeasibility if |L| ≠ |R| and initialisingM as ∅, the main loop repeatedly
applies PathSearch() which returns a status flag. If flag says that the dual LP is unbounded,
infeasibility follows. If L is matched, the current matching is returned as min-weight perfect
matching for E . Otherwise, PathSearch also returns a new feasible potential π′ and an
M-augpath p. p is used to augment M and the algorithm continues with the next iteration.

Algorithm 2 maintains as invariants that (HM1) M is a matching in E , (HM2) M⊆ Eπ,
and (HM3) π is mp-feasible w.r.t. w and E . Provided that M is a matching in Eπ and π

is mp-feasible, we assume three properties for (flag, π′, p) = PathSearch(E , L, R, w,M, π):
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Algorithm 3 RANKING(E bipartite over L and R, arrival order ω for R).

1 σ ← a random permutation of L; M← ∅;
2 for every arriving vertex u in ω do
3 if ∃v ∈ γ(u) \

⋃
M then M←M∪ {{argminv∈γ(u)\

⋃
Mσ(v), u}};

4 return M;

(P1) If flag = dual-unbounded there is an mp-feasible π′ with π′(V) > B for any B ∈ R.
(P2) If flag = L-matched, L ⊆

⋃
M. (P3) If flag = next-iteration, π′ is mp-feasible,M⊆ Eπ′ ,

p ⊆ Eπ′ and p is an M-augpath. Assuming P1-P3, the following correctness lemma holds:

▶ Lemma 5. Let E be bipartite over L and R, and π be mp-feasible w.r.t. E and w : E → R.
On this input, the HM terminates, and returns a min-weight perfect matching if there is one.

Path Search. We search for augpaths p ⊆ Eπ that are tight w.r.t. an mp-feasible π, for which
alternating forests (AF) are the central tool [17]. Other authors formalised a non-executable
version for the blossom algorithm [7], and we provide an executable one that works well
with forest growth and PDAs happening at the same time. An ϵ is determined similar to
Algorithm 1 and preservation of mp-feasibility is similar to Lemma 2. Efficient search requires
“caching” of slacks and a priority queue. We used priority search trees [29] for the queue and
red-black trees for other data stuructres, resulting in a verified and executable implementation
of the HM. The running time (which we did not formally verify) is O(n ·(n+m) · log n), which
is the best possible running time of a purely functional implementation. The verification
effort for PathSearch was high with 8 involved invariants.

4 Online Matching

Online bipartite matching is a variant of bipartite matching where vertices in one party
of the graph arrive online, one-by-one, each along with its incident edges. After a vertex’
arrival, the algorithm irrevocably decides on whether any of these incident edges is included
in the matching. This setting was introduced by Karp et al. [25], where they considered
unweighted bipartite matching. The online model of matching has recently gained substantial
interest [32, 24, 21, 22] due to the proliferation of the internet and different applications which
could be modelled and understood as online matching problems. Most notable among those
is the Adwords [31] algorithm, which is an idealised model of how search-engine advertisers
bid on keywords to show their ads to users who search for those keywords.

RANKING [25], Adwords [31], and most other online matching algorithms have proofs
that are quite hard to understand, let alone formalise. Often, this is primarily due to the
complex combinatorial arguments used to show them correct. For instance, RANKING’s
initial analysis by Karp et al., which was formalised earlier by Abdulaziz and Madlener [6],
was simplified over 6 times by a number of authors [19, 11, 13, 15, 38, 32]. Similarly, Adwords’
analysis has been repeatedly simplified to improvements to the analysis [13, 39]. In this work,
as part of our framework, we formalise a PD-analysis that has substantially simplified the
competitiveness analysis of a number of those online matching algorithms.

We first discuss RANKING, which works in the simplest setting, following the previous
formalisation [6], and the theoretical work by Devanur et al. [13]. In its original form,
RANKING operates as sketched in Algorithm 3: it takes as an input a bipartite graph with
edges E , and a list ω with the order of arrival of the online vertices R. The offline party L is

ITP 2026
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permuted uniformly randomly, leading to a list σ. We then go through the online vertices
in the order given by ω, adding to the matching an edge that, if it exists, connects the
incoming vertex u to the unmatched offline vertex v with the highest ranking w.r.t. σ. The
neighbourhood, i.e. all vertices a vertex u is connected to, is denoted by γ(u). The main
theorem to prove about RANKING pertains to its competitive ratio:

▶ Theorem 6. The competitive ratio of RANKING for an instance with a maximum
cardinality matching of size n is at least 1− 1

e , i.e. 1− 1
e ≤

ER∼RANKING(G,π)[R]
n .

The main idea of the primal-dual analysis of RANKING is as follows: we have a primal LP
relaxation of bipartite matching max{xM|AxM ≤ 1, xM ≥ 0} and its dual min{1T π|AT π ≥
1, π ≥ 0}, i.e. find π with minimum π(V) s.t. ∀u ∈ L, v ∈ R, {u, v} ∈ E . π(u) + π(v) ≥ 1
and ∀v ∈ V. π(v) ≥ 0. Now, as mentioned earlier, a primal-dual analysis of an optimisation
algorithm usually proceeds by proving a relationship between the primal objective and the
dual objective. Proving this relation for RANKING is challenging as we need to tackle the
randomisation in RANKING, which makes it a non-standard primal-dual analysis. We can
only reason about the expectation of the algorithm’s output and thus we can only reason
about the relationship between expected values of the primal and dual LPs.

Both LPs have to be related to or derived from the output, as in the case of the two offline
algorithms discussed earlier. The primal LP still corresponds to the computed matching
M, but now the main challenge is connecting the dual LP to M: a different approach
specific to the online setting is needed. In particular, the potential has to include information
about the ordering of the offline vertices after they are permuted. To reason about the dual
LP’s expected objective, we replace the permutation step with choosing a real-numbered
priority Yu ∈ [0, 1] for each offline vertex u. This is to allow for the expectation to be
over an integrable function. Then to construct the dual solution, for each {u, v} ∈ M, the
variables π(u) and π(v) are instantiated by g(Yu)/F and (1 − g(Yu))/F , respectively, for
some g : [0, 1]→ [0, 1] that is monotone and 0 ≤ F ≤ 1. For all other unmatched vertices u or
v, π(u) and π(v) are instantiated with 0. This allows us to formalise the following reasoning:

E[1T · xM] = E[(1T · π) · F ]
(since π(u) + π(v) = 1/F if {u, v} ∈ M, and 0 otherwise,
and since the corresponding entry in xM is 1 for
{u, v} ∈ M, and 0 otherwise)

= (1T · E[π]) · F (linearity of expectation)
≥ 1 · x∗ · F (by weak duality, where x∗ is an optimal primal solution)
= 1 · |M∗| · F (by definition of the primal LP)

for any max-card matching M∗. The last step is choosing g and F s.t. the constructed dual
solution is feasible. We set F = 1 − 1/e and g(y) = ey−1, but any assignment satisfying
∀θ ∈ [0, 1],

∫ θ

0 g(x) dx + 1− g(θ) ≥ F guarantees dual feasibility in expectation.1
This approach has two of advantages: it is much simpler than the combinatorial approach

as formalised by Abdulaziz and Madlener as the primal-dual-based proof is less than one half
(3K lines) of the combinatorial one. Moreover, it provides a general framework for reasoning
about online matching algorithms. We used our development to (a) formalise the competitive
analysis for the vertex-weighted variant of online matching [8], where the primal and dual
LPs are adapted to include the weights with the entire analysis remaining unchanged, and

1 The expectations are taken over the distribution of priorities Y . A step we gloss over here is the
equivalence of expectations over permutations and priorities.
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(b) with some changes, we did a primal-dual analysis of the Adwords algorithm [31], which
solves a variant of online b-matching, which models the assignment of keywords to advertisers
in the context of search engines. Interested readers should refer to the formalisations.

5 Discussion

There is a rich literature on the formal analysis of algorithms, including approximation
algorithms [18], matching algorithms [7], and flow algorithms [2, 30]. Our work here, however,
addresses a large gap in the literature, namely, the formalisation of primal-dual analyses of
algorithms. We focus on matching algorithms, covering classical and modern results. Our
formalisations, which are around 14K lines, cover a large variety of reasoning styles: the
Hungarian Method (HM), which is an executable practical algorithm, and variants of online
matching algorithms, which are primarily used to theoretically analyse online markets rather
than to solve practical problems.

PD-based reasoning about the correctness of algorithms is mostly algebraic. The other
alternative is usually a combinatorial argument, which comes with extensive case analyses and
is thus harder to understand than a PD-based analysis. This pattern was noted by the many
authors who worked on simplifying the analyses of online matching [19, 11, 13, 15, 38, 32].

In the formal mathematics literature, this pattern is apparent when comparing our analysis
of RANKING versus the earlier one by Abdulaziz and Madlener [6]. In the combinatorial
case, typically one has to refer to and characterise so-called alternating paths, which define
the difference between two matchings. This is done informally via graphical reasoning (i.e.
using figures), but formally this is very tedious to perform, since it e.g. incurs extensive case
analyses. An example of that specific to RANKING is the function zig-zag characterising
such an augmenting path, whose formalisation took almost 60% of the project’s effort as
reported by Abdulaziz and Madlener [6]. Here we do not have to characterise the difference
between two matchings as such paths, and instead refer to the change in primal and dual
objectives, which is formalised in a way that closely matches the informal argument.

Another step in the combinatorial proof of the RANKING algorithm (which is also
common to most other maximum matching algorithms, e.g. the blossom algorithm) involves
showing that the matching cannot be grown when the algorithm stops. This step uses Berge’s
lemma [10], whose formal proof [7] has extensive case analyses to mirror graphical reasoning
about augmenting paths. Again, using the PD approach, this step is avoided for RANKING
(and also HM, for instance): it is replaced by weak duality and boundedness reasoning, which
is algebraic and corresponds cleanly to the pen-and-paper proofs.

In our formalisation, we have (a) weak duality and complementary slackness for different
variants of LPs, and (b) lemmas to translate between graph-theoretic concepts and their
encoding into matrices and vectors. In combination, we obtain the optimality criteria for the
matching problems with clean proofs. We believe that this methodology is the path to follow
for future formalisations of PD algorithms. Also, the common pattern should make other
formalisations more understandable since problem-specific reasoning is minimised.

A big missing part in our work which we aim to contribute to a library [4] is the analysis
of primal-dual approximation algorithms: these indeed form the majority of applications
of the primal-dual paradigm in theoretical computer science. Our immediate plans are to
formalise algorithms for approximating MaxSAT, set cover, load balancing, and Steiner trees,
all of which are milestones in the theory of approximation algorithms. Another direction is
minimum cost flows, for which combinatorial arguments are already formalised [2], and where
the maintenance of dual variables even leads to faster algorithms [26, 35]. Also, Edmonds’
weighted matching algorithm [16], which generalises the HM, is of great interest.
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