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—— Abstract

The local Hamiltonian (LH) problem is the canonical QMA-complete problem introduced by Kitaev.
In this paper, we show its hardness in a very strong sense: we show that the 3-local Hamiltonian
problem on n qubits cannot be solved classically in time O(21=") for any ¢ > 0 under the Strong
Exponential-Time Hypothesis (SETH), and cannot be solved quantumly in time O(2" ~5)"/2) for any
€ > 0 under the Quantum Strong Exponential-Time Hypothesis (QSETH). These lower bounds give
evidence that the currently known classical and quantum algorithms for LH cannot be significantly
improved.

Furthermore, we are able to demonstrate fine-grained complexity lower bounds for approximating
the quantum partition function (QPF) with an arbitrary constant relative error. Approximating
QPF with relative error is known to be equivalent to approximately counting the dimension of the
solution subspace of QMA problems. We show the SETH and QSETH hardness to estimate QPF
with constant relative error. We then provide a quantum algorithm that runs in O(y/2") time for an
arbitrary 1/poly(n) relative error, matching our lower bounds and improving the state-of-the-art
algorithm by Bravyi, Chowdhury, Gosset, and Wocjan (Nature Physics 2022) in the low-temperature
regime.

To prove our fine-grained lower bounds, we introduce the first size-preserving circuit-to-Hamilton-
ian construction that encodes the computation of a T-time quantum circuit acting on N qubits into
a (d+ 1)-local Hamiltonian acting on N 4+ O(T"*/?) qubits. This improves the standard construction
based on the unary clock, which uses N + O(T') qubits.
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1 Introduction

1.1 Background
Local Hamiltonian (LH) problem

Kitaev [34] introduced the k-local Hamiltonian (k-LH) problem, which asks to estimate the
ground-state energy of a k-local Hamiltonian

m

H=> H,
i=1

acting on n qubits, where m = poly(n) and ||H|| < poly(n), with constant additive error.!
Kitaev, at the same time, showed that the problem is QMA-complete, i.e., any efficient
quantum verification procedure can be embedded into the local Hamiltonian problem. The
embedding procedure is called the circuit-to-Hamiltonian construction, which is a quantum
analog of the Cook-Levin theorem [16, 38]. The local Hamiltonian problem is in the interface
between physics and computer science, and has been the central problem in quantum
complexity theory. Subsequent work showed that, when we reduce the locality to 2, restrict
the interaction of local terms to geometrically local, and consider some specific type of
Hamiltonians, the problem is still QMA-hard [7, 17, 32, 45, 46].

The k-local Hamiltonian problem can be solved classically in O*(2") time using the
power method or its variant the Lanczos method [36, 37], for k = O(logn).? On a quantum
computer, we can use Grover search [25] combined with other techniques to achieve running
time O*(Q"/Q) [3, 22, 24, 33, 39, 42, 47].3

Approximating quantum partition function with relative error

Computing the quantum partition function is an even harder problem. The partition function
is a function of the temperature and the Hamiltonian of the system. It is defined by

Z = trle”PH],

where f is the inverse of the temperature and H is the Hamiltonian. The Quantum Partition
Function (QPF) problem asks us to compute the value of Z for a given Hamiltonian at
a specified temperature with relative error.* Intuitively, QPF is harder than LH because
evaluating the partition function requires information about the entire spectrum of the
Hamiltonian, whereas solving LH only involves the ground-state energy. In fact, we can

Equivalently, we can define the local Hamiltonian problem as ||H|| < 1 and 1/poly(n) additive error.
Our definition is the same as [32].

In this paper the notation O*(-) suppresses poly(n) factors.

We note that some previous works showed how to obtain larger (“super-Grover”) speedups for certain
applications in combinatorial optimization [26, 18] or for computing a coarser approximation of the
ground-state energy [11].

It is crucial here to consider relative error estimation. When we consider the problem to estimate the
(normalized) QPF with additive error 1/poly(n), it is known to be DQCl-complete [8, 15] where DQC1
is the set of problems that can be solved efficiently with only “one-clean qubit” [35].
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show that LH reduces to approximating the QPF, even with a constant relative error, and
thus approximating QPF with constant-relative error is QMA-hard.? Furthermore, Bravyi
et al. [9] show that approximating the QPF up to constant-relative error is computationally
equivalent to approximately counting the number of witnesses accepted by a QMA verifier.

For algorithms, Poulin and Wocjan [48] demonstrated a quantum algorithm that approxim-

ates the partition function Z of an n-qubit system up to relative error § in O* (%. / 27") time.

Later Bravyi, Chowdhury, Gosset, and Wocjan [9] proposed another algorithm achieving
the same running time while improving the space complexity.

When the temperature is not too low (i.e., 5 is not too large), Z is not exponentially small
(for example, Z ~ O(1) when 8 ~ 0.7n) and the running time is then roughly O*(2"/?).

Our main question

In summary, existing classical and quantum algorithms for LH run in O*(2") and O*(2"/?)
time, respectively, suggesting a fundamental barrier to further improvements. The situation
for QPF is even more mysterious: no O(2")-time classical algorithm is currently known to
the best of our knowledge, and existing quantum algorithms fail to achieve the expected
quadratic speedup in the low-temperature regime. These observations naturally motivate
the following questions:

Do there exist classical or quantum algorithms that are significantly faster than O(2™) or
O(2"/?) for computing the ground-state energy? What is the best possible algorithms for
approximating quantum partition function even in the low-temperature regime?

Fine-grained complexity, SETH and QSETH

Our goal is to provide a Q(2") classical (resp. Q(2"/?) quantum) lower bound. We are going
to use the language of fine-grained complexity [49, 50, 43], which is a relatively recent field
of computational complexity theory that investigates complexity in a more fine-grained way
than the conventional class like P and NP.

The k-local Hamiltonian problem is a generalization of k-SAT, the central problem in
classical complexity theory and its fine-grained complexity has been well studied. The Strong
Exponential Time Hypothesis (SETH) [29] states that k-SAT needs roughly 2™ time for
large k (see Conjecture 14).5 More recently, a quantum analog was proposed in [1, 12] as
Quantum Strong Exponential-Time Hypothesis (QSETH). The conjecture is to claim that
any quantum algorithm to solve k-SAT needs ©(2"/2) time (see Conjecture 15). SETH and
QSETH are regarded as plausible computational conjectures and serve as a useful tool for
deriving conditional lower bounds for various fundamental problems. First, the SAT problem
has been studied for decades, and despite this extensive effort, the Q(2") (resp. Q(2"/2))
lower bound for classical (resp. quantum) algorithms has not been broken; designing quantum
algorithms that refute these conjectures would likely require fundamentally new techniques
and could lead to major breakthroughs in algorithm design. In addition, (Q)SETH has
been used to establish conditional lower bounds for a wide range of problems, such as the

5 To the best of our knowledge, [9] first mentioned that approximating QPF with a relative error is
QMA-hard; we provide a self-contained formal proof in Section 5.1.
5 We stress that (Q)SETH are about the complexity of k-SAT for large k. For small values of k, an

algorithms better than 0(2”/2) are known. For example, there exists a 1.32793"-time classical algorithm
for 3-SAT [40].
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orthogonal vectors problem [6, 1], the closest pair problem [19, 31, 1, 12], the edit distance
problem [5, 12], lattice problems [13, 28]. These results highlight the value of (Q)SETH as a
powerful framework for studying the hardness of computational problems.

Barriers to fine-grained complexity lower bounds for O(1)-local Hamiltonians

We aim to prove the fine-grained complexity lower bound for LH and QPF assuming SETH
and QSETH. One straightforward approach is to map the clauses in the k-SAT instance ® to
projectors that act on local qubits. The sum of these local projectors is a k-local Hamiltonian
H whose ground subspace encodes the solutions for ® (see Appendix A for the construction).
In this reduction, the number of qubits of H is equal to the number of variables in ® and
therefore directly gives a Q(2") (resp. (2"/?)) lower bound assuming SETH (resp. QSETH).
However, the locality of the induced Hamiltonian is precisely k, where k is the parameter of
the k-SAT hard instance; this value depends on ¢, as characterized by SETH and QSETH.
Hence, this approach fails to establish Q(2") (resp. £(2"/2)) lower bounds for Hamiltonians
with fixed locality (e.g., 3-local).

Another approach is to use known circuit-to-Hamiltonian reductions, in which a verification
circuit U = Up - - - Uy for a QMA problem (e.g., a verification circuit of size T' = poly(n) for a
k-SAT instance) is embedded into a local Hamiltonian H. In particular, for any verification
circuit, there are reductions to make the induced Hamiltonian 5-local [34] or 2-local [32],
which achieves our purpose of fixed locality. Following the idea by Feynman [21], the standard
circuit-to-Hamiltonian construction [34, 32] introduces a clock register, which is used to
represent T+ 1 orthogonal clock states. The ground state of the resulting Hamiltonian is
the history state

T
1 .
\/m Z UZ T UO |¢>Circuit ® |Z>clock ’
=0

where [¢) denotes the initial state of the circuit (including the witness) and [i) ..
denotes the clock states. However, this standard reduction results in significant size overhead
due to the number of additional qubits needed to implement the clock states: in the standard
reduction, a unary clock [34, 32] is used, which requires O(T") qubits. Note that the analysis

to obtain fine-grained lower bounds is very sensitive to the size overhead between the circuit

circuit

and the local Hamiltonian. In particular, in order to obtain the desired lower bounds based
on (Q)SETH, the clock need to be implementable in o(n) qubits. Although we could use the
binary clock [34] to reduce the size of the clock register from O(T') qubits to O(log T') qubits,
the locality would then increase to O(log T').

In summary, we require a k-SAT-to-LH reduction that simultaneously satisfies the
following two conditions — a combination that existing methods fail to achieve:
1. Size-preserving: the resulting Hamiltonian acts on n 4+ o(n) qubits, and
2. Locality-independent: its locality is a constant independent of k.

1.2 Our results

In this paper, to investigate the fine-grained complexity for QMA-hard problems, we show
the first size-preserving circuit-to-Hamiltonian construction. We denote by A(H) the smallest
eigenvalue (ground-state energy) of a local Hamiltonian H.

» Theorem 1 (Informal version of Theorem 17). Let L = (Lyes, Lno) be a promise language
in QMA, and x € {0,1}" be an input for the language L. Let U, be a verification circuit
acting on N qubits and T be the number of elementary gates of U,. Then, for any integer
d > 1, there exists a (d + 1)-local Hamiltonian H, acting on N + O(T/?) qubits satisfying
the following properties;
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|[H.|| < poly(n),

me € Lyes; A(Hz) S Ey657
if ¥ € Lno, A(Hz) > Eno,
Fuo — Eyes > Q(1).

Our construction is the first construction to achieve both the O(1)-locality and the
o(T)-qubit size for the clock register. See Table 1 for a comparison between our construction
and the standard constructions.

Table 1 Comparison between our result and standard circuit-to-Hamiltonian constructions.

Locality and Size indicate the locality and size of the local Hamiltonian reduced from a quantum
circuit of T gates. N denotes the qubit size of verification quantum circuits. Our result holds for
any integer d > 1.

Clock ‘ Locality ‘ Size
Binary [34] O(logT) | N+ O(logT)
Unary [34, 32] 2 N+0(T)
Our work (Theorem 17) d+1 N 4 O(T%)

We then show k-SAT has a very efficient verification procedure as a unitary circuit
(Lemma 23). By combining this with our size-preserving circuit-to-Hamiltonian construction,
we obtain the SETH- and QSETH-hardness for the local Hamiltonian problem.

» Theorem 2 (Informal version of Theorem 22). Assuming SETH (resp. QSETH), estimating
the ground-state energy of a 3-local Hamiltonian problem with any constant additive error
cannot be solved by any classical algorithm in time O* (2(1_5)") (resp. by any quantum
algorithm in time O* (2(1_5)"/2)) for any constant € > 0.

Our lower bound for the local Hamiltonian problem matches the performance of the best
known classical and quantum algorithms.

» Remark 3. Recently, Buhrman et al. [11] constructed classical and quantum algorithms
running in time 2n(1=20/M) and 2n(1=U/M))/2 " regpectively, where M = .| H;||, to
estimate the ground-state energy of a O(1)-local Hamiltonian up to an additive error 4.
These upper bounds do not contradict our conditional lower bounds since Theorem 2 is about
estimating the ground-state energy within constant additive error, and the upper bounds
given by [11] become O (271 ~1/Poly(m)) and O(27(1=1/Poly(n))/2) in this regime.

We further investigate fine-grained complexity of quantum partition functions. We first
show the SETH- and QSETH-hardness to estimate QPF with constant relative error.

» Theorem 4 (Informal version of Theorem 26). Assuming SETH (resp. QSETH), approxzim-
ating the quantum partition function for 3-local Hamiltonians to within any constant relative
error cannot be done by any classical algorithm in time 0(2”(1*5)) (resp. quantum algorithm
in time 0(2"(1*5)/2)) for any constant € > 0.

We then show a new algorithm for QPF.

» Theorem 5 (Informal version of Theorem 27). There exists a quantum algorithm whose
running time is O* (2”/ 2) to approximate the quantum partition function for a constant-local
Hamiltonian on n qubits up to a relative error 1/poly(n).

12:5
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We now compare our algorithm with the one proposed in [48] and [9]. The running time

Z
When the inverse temperature § = O(n¢) for some large constant c¢ (i.e., at low temperatures),
the running time may exceed 0(2"/ 2). In contrast, the running time of our algorithm does
not depend on Z: it runs in O*(2"/2) for all 3 = poly(n).

of their algorithm is O* (% 2), which depends on the value of the partition function Z.

1.3 Our techniques
Compressed clock state and how to use it for the circuit-to-Hamiltonian construction

To ensure that our reduction works, we need a construction of the clock state associated
with the induced Hamiltonian that satisfies the following three conditions:
(i) The clock state uses o(n) of qubits and can encode poly(n) of computation steps,
(ii) the operation on the clock state needs to be constant-local, with locality is independent
of the circuit, and
(iii) the computation process of U is encoded in the ground state of the induced Hamilto-
nian H.

The unary clock satisfies conditions (ii) and (iii), but does not satisfy condition (i). In [14],
a clock construction is proposed that satisfies conditions (i) and (ii). To represent O(a?) time
on an a-qubit register for integers a > d > 1, they use a Johnson graph where the vertices
of the Johnson graph (a,d) are the d-element subset of an a-element set and two vertices
are adjacent when the intersection of the two vertices (subsets) contains (d — 1)-elements
(see Definition 20 for a formal definition”). However, unlike the circuit-to-Hamiltonian
constructions [34, 32|, the circuit-to-Hamiltonian reduction in [14] encodes the computation
in the time evolution of H, rather than in its ground state. As a result, there is no guarantee
regarding the structure or properties of the ground state in their construction.

We build on the clock-state construction from [14] and a 2-local Hamiltonian construction
from Section 5 in [32].8 By introducing a carefully designed penalty term into H, we enforce
that the computation history is stored in the ground state. This yields a novel circuit-to-
Hamiltonian reduction that simultaneously preserves the size of the Hamiltonian, maintains
constant locality, and ensures that the circuit U is encoded in the ground state of the resulting
Hamiltonian H. Our construction satisfies all three requirements (i), (ii) and (iii), overcoming
the limitations that neither of the existing reductions can address individually.

Additional techniques to reduce the locality

From the approach above, we have a d 4+ 2-local Hamiltonian from a quantum circuit whose

number of gates is O(a?). This is because we need a local term operating on d 4 1 qubits in

the clock register and 1 qubit in the circuit register for the propagation Hamiltonian.’

To reduce the locality further, we introduce a new clock construction that combines the
(a,d — 1)-clock state from [14] and the unary clock on a qubits. Crucial properties of the two
clocks are:

7 Not to confuse readers, in the introduction we denote by a the register size of the (a, d)-clock state and
by n the input size.

8 Section 6 of [32] introduces another approach to obtain a 2-local Hamiltonian using the perturbation
theory.

9 We do not need to consider 2-local gates thanks to the technique in Section 5 of [32].
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for the (a,d—1) clock, time can be identified by looking at (d—1) position ((d—1)-locality),

while increasing or decreasing time by one unit can be done by modifying d positions

(d-locality);

for the unary clock, increasing or decreasing time by one unit can be done by modifying

one position (1-locality). Moreover, if time is 0 or a, it can be identified by looking at 1

position (1-locality) (see Table 2 in Section 3.1).

By making the unary clock move periodically from 0 to a and from a to 0, we increase and
decrease most of the clock time by d-local operators. By carefully analyzing the locality of
all local Hamiltonian, we have a (d + 1)-local Hamiltonian from a circuit of O(a?) gates using
the 2a-qubit clock register.

The remaining task is to construct a verification circuit that uses o(n) ancilla qubits for
any k-SAT instance whose number of variables is n. To achieve this, we use a counter to
record the number of clauses satisfied by a given assignment. The k-SAT formula is satisfied
if and only if the value stored in the counter equals m. Since counting up to m requires only
logm qubits, the number of ancilla qubits needed is n, = O(logm) = o(n), as required. The
number of gates for the verification circuit is O(nlog?n) (Lemma 23) and thus we can use
d = 2 and obtain the SETH- and QSETH-hardness for the 3-local Hamiltonian problem.

Fine-grained complexity and quantum algorithms for the QPF problem

The lower bound for QPF follows directly from the lower bound for LH. When S is a
sufficiently large polynomial, the partition function is dominated by low-energy states. If the
ground-state energy is at most s, then by ignoring all other states except the ground state,
we obtain Z > e~ #Fves . Conversely, if the ground-state energy is at least E,,, then by treating
all eigenstates as having energy F,, we get Z < 2"e P#Fno. Therefore, by approximating
Z, we can distinguish between the two cases and decide the ground-state energy. To ensure
this distinction, it suffices that (1 — §)e #Eves > (14 §)27e~#Fno. In our reduction, we have
observed that for any 6 > 0, this inequality holds for all sufficiently large n.

To obtain an O(v/2")-time quantum algorithm for the QPF with 1/poly(n) relative error,
we adopt a technique from the proof of the equivalence between approximating the number of
witnesses for a QMA verifier and approximating the quantum partition function [9]. Briefly,
the approach involves partitioning the energy spectrum into polynomially many intervals
and selecting a representative energy value &; for each interval j. By estimating the number
of eigenstates M; within each interval, the partition function Z can be approximated as:

7= My,
J

We now explain how to count M;. First, we construct an energy estimation circuit Ugg
that outputs the corresponding eigenvalue E,, for each eigenstate |¢,) of H. In other words,
Ugk |¥p) = |Ep) |t0p). The circuit Ugg can be implemented using Hamiltonian simulation
together with phase estimation. Then, we apply a circuit Uge. that decides whether E), is in
the interval j. Let U; := UgecUgg. Together, we have U; |1,) = |1) |¢p) if E, in the interval

j and Uj |¢,) = |0) |¢p) otherwise, where |¢,) is some quantum state corresponding to |p).

Now, let us suppose that the following two “too-good-to-be-true” assumptions hold:
1. A uniform superposition of all eigenstates can be efficiently prepared, and
2. the energy estimation circuit, Ugg, can compute eigenvalues with zero error.
Then, by applying U; on the state, we obtain

0,3 ot =2 i)+ 52 0 ), o
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where N = 2" is the number of the eigenstates and |1), [€y) are two quantum states
orthogonal to each other. Finally, by using the well-known amplitude estimation algorithm
on Equation (1), we can obtain M;. This algorithms runs in O(v/2") time.

We then remove the two “too-good-to-be-true” assumptions while keeping the O(v/2™)
runtime. First, directly preparing the uniform superposition of all eigenstates is generally
computationally hard since the eigenstates are unknown. To overcome this difficulty, a
commonly used technique is to use EPR state (e.g., [48, 33]). We have that uniform
superposition over a complete basis, tensored with its complex conjugate, is equivalent to an
EPR state. Therefore, by applying U, to the EPR state, we obtain

) S = el 143) - 2 16+ )

where [£]) and |£) are orthogonal quantum states. By applying the amplitude estimation
algorithm to the state in Equation (2), we can approximate M.

Second, the quantum energy estimation circuit described above introduces an additive
error of 1/poly(n), which can significantly impact the approximation of the quantum partition
function. Specifically, if the eigenstates are densely concentrated near the boundaries of the
intervals in the selected partition (within the precision of the energy estimation), we may
“doubly count” these states. Such inaccuracies in state counting translate directly into a
constant relative error in the final estimation of the partition function.

To reduce the constant relative error to 1/poly(n), we observe that the “double-counting”
issue only arises when the chosen partition unluckily has significant fraction of eigenvalues
lie near the boundaries of intervals. Intuitively, by considering polynomially many partitions
with mutually disjoint boundaries, any specific eigenstate can be miscounted in at most a
constant number of these partitions. Consequently, if we run the algorithm over all such
partitions, an averaging argument ensures that at least one set will have a number of double-
counted eigenstates that is at most an inverse polynomial fraction of the total. This approach
yields an algorithm achieving 1/poly(n) relative error in O(v/2") time.

1.4 Open questions

1. It is known that the 2-local Hamiltonian problem is QMA-hard [32]. Can we show a
size-preserving reduction to 2-local Hamiltonian and its (Q)SETH-hardness?
In our clock construction, we need to touch two clocks and simultaneously apply a 1-qubit
gate, so we cannot improve the locality directly. Note that perturbation theory does not
seem to work here either: the standard perturbation technique adds an ancilla qubit for
each term, and thus does not give a size-preserving construction when applied directly to
our 3-local Hamiltonian.

2. Even when we consider geometrically local [45] or specific 2-local terms such as Heis-
enberg interaction, antiferromagnetic XY interactions [17, 46], 2-local ZX and ZZX X
Hamiltonian [7], the problem is still QMA-hard. This leads to a natural question: Does
the (Q)SETH-hardness still hold for geometrically local Hamiltonians whose
each local term is restricted to a specific form?

3. Our relative threshold gap (Eno — Eyes)/M in the 3-local Hamiltonian problem is 1/p(n)
where M := """ ||H;|| and p(n) is a polynomial with large degree. A natural question
arises: when the relative gap increases, for example, (Eno — Eyes)/M = (1),
what conditional lower bound can we have under plausible conjectures? Notably,
the algorithm of [11] runs in time O*(2%(1=%M)) when (E,, — Fyes)/M = Q(1), and
therefore having the same lower bound (2% (1=°(1)) for the (Ey, — Eyes)/M = Q(1)
regime as we have for (En, — Eyes)/M = 1/p(n) in our work is impossible.
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4. In this paper, we show the SETH-hardness of the 3-local Hamiltonian problem, which is
a quantum analog of MAX-3-SAT, and it is known that there exists a faster exponential
time algorithm for MAX-2-SAT, say O*(1.732")-time algorithm by [51]. Can we show
the fine-grained complexity of MAX-3-SAT?

5. In this work, we show that LH can be reduced to QPF, and the reduction is fine-
grained even for an arbitrary constant relative error; therefore, we can obtain the Q(2"/2)
lower bound assuming (Q)SETH. Notably, the lower bound holds for any constant
relative error and locality at least 3. Along this line, we can ask whether the lower
bound continues to hold when considering 2-local Hamiltonian, geometrical
restrictions, and specified local terms, or we can design faster algorithms
under these constraints.

6. Another interesting question is whether the reverse reduction holds, namely,
whether approximating QPF can be reduced to the LH problem. At first glance,
this seems unlikely, as QPF can be interpreted as estimating the dimension of the ground
space in the low-temperature regime. However, since we are considering exponential lower
bounds, such a reduction could, in principle, be allowed to run in super-polynomial time.

7. Our lower bound for the 3QPF problem holds for 8 = O(n) and ||H|| being a large
degree polynomial. A natural question to ask is what happens as the temperature
increases. In other words, when §||H|| becomes small, does the lower bound still hold
in this regime? Or, at what point do we observe a phase transition?

1.5 Organization

In Section 2, we give preliminaries for the rest of the paper. In Section 3, we show the
size-preserving circuit-to-Hamiltonian construction by introducing a new clock. In Section 4,
we show the SETH-hardness of the local Hamiltonian problem. In Section 5, we show the
fine-grained complexity to estimate the quantum partition function with relative error.

2 Preliminaries

We refer to [44, 20] for references in quantum computing, [23] for a reference and survey in
quantum Hamiltonian complexity.

2.1 General notation

For n € N, we use [n] to denote the set collecting all the positive integers smaller than or
equal to n, that is, {1,2,...,n}.

For a bit string € {0,1}*, we use int(x) to denote the corresponding integer whose
binary representation is z. For a nonnegative integer n, we use bin(n) to denote the binary
representation of n. For example, int(01010111) = 87 and bin(87) = 01010111.

For an n-bit string « € {0,1}" and ¢ € [n], we use z[i] to denote the ith bit of z. If x is
a binary representation of an integer, then z[1] is the most significant bit and z[n] is the
least significant bit. Let S' € [n], we use s to denote a new string that concatenates z’s bits
whose indices are in S. For example, if z = 01010111 and S = {1,3,7,8}, then x5 = 0011.
The Hamming weight of x is denoted by wt(x), that is, wt(x) is the number of 1’s in z.

The identity operator is denoted by I. The Kronecker delta §; ; is defined by §; ; =1 if
i =jand d;5 = 0if ¢ # j. The indicator function is denoted by 1g(¢), which is defined by
]15(1) =1ifie S and ]1.5(2) =0if1 ¢ S.
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The big O star notation O*(-) hides the polynomial factors in the standard big O notation.
For example, 8 -2% - n” = 0*(2%). The negligible functions negl(-) are functions that are
smaller than any inverse polynomial: if p(n) € negl(n) then for all ¢ € N, there exists ng € N
such that for all n > ng, it holds that u(n) < #

2.2 Quantum computation
Quantum register

We use the sans-serif font to denote quantum registers, e.g., A, in, out, anc, clock. Throughout
this paper, a register consists of qubits. A qubit may belong to different registers at the
same time. For example, a qubit in the output register out of a quantum circuit is also in
the ancilla register anc. By an abuse of notation, sometimes we treat the registers as sets.
We say A C B if any qubit in A is also a qubit in B. We use AU B to denote the register that
consists of the qubits that are in A or in B, AU B to denote the portion that belongs to A
and B at the same time, and A\ B to denote the portion that belongs to A but not B. When
we specify a system (that can be a quantum circuit or a physical qubit system), we use A to
denote the collection of qubits in the system that are not in A. We use |A| to denote the
number of qubits in A. When we specify a register A, we use AJi] to denote the ith qubit in
A for i € [|A]].

We use |¢), to denote the register A is in the state [¢)). For a Hermitian or a unitary
operator X, we use Xa to denote X acting on the register A. When the registers are
specified, the order of the tensor product of the operators is not sensitive. For example,
XA ®Ys =Ys® Xa. We use X®F to denote the kth tensor power of X for k € N. Namely,
Xk =X X® o X.

k

Quantum circuit

A quantum circuit is a unitary acting on the union of two disjoint register in and anc, which
are called input register and ancilla register respectively. Also, there is an output register
out C inUanc. We require the ancilla register is |[0™), _ initially, where n, = |anc|. That
is, if the circuit U takes a quantum state |¢) as an input, then the final state of the circuit
is Uy);, [0"),,.. We use the notation = < U(|1))) to denote the event that we obtain
the measurement outcome x € {0, 1}|°“t‘ when we measure on the output register out at
the end of the circuit U that takes |¢)) as the input state. We have Pr[z < U(|¢)))] =

(Pl (0" |ane UT(12) (@lout @ Tsg)U )y, [07) 4

Universal gate set and elementary gates

A quantum circuit is implemented by a sequence of quantum gates. There is a finite set
of one-qubit and two-qubit quantum gates called the universal gate set such that for any
unitary U, we can use the gates in the universal gate sets to implement a quantum circuit
arbitrarily close to U. We call a member in the universal gate set an elementary gate. We
choose {HADAMARD, 77/8-GATE, NOT, CNOT} as the universal gate set [44]

The NOT gate acts on a one-qubit register. The truth table of the NOT gate is defined by
NOT |z) = [(1 + 2) mod 2) where z € {0,1}.

We also introduce a multi-control-NOT gate.
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» Definition 6 (Multi-control-NOT gate and Toffoli gate). A multi-control gate, denoted by
CFNoOT, is a quantum gate that acts on k + 1 qubits. Let C be a k-qubit register and T be a
one-qubit register. The truth table of the C*CNOT gate is defined by

CkCNOT|:1c1, Lo, .. k) | Tht1)T = |T1, T2, - Th)c [(T122 - - - Tk + Tg1) mod 2)1,

where x1,Za, ..., Tr1 € {0,1}. We call C the control qubits and T the target qubit.
For k =2, we call C?>NoT a Toffoli gate.

According to the definition of C¥NOT, we have that CNOT is a special case of C*NOT gate
for k =1.

» Remark 7 (Decompose C*NOT into Toffolis [44]). A C*NOT gate can be constructed by
2k — 3 Toffoli gates associated with k — 2 ancilla qubits. The ancilla qubits are in all zero
state initially and stay unchanged at the end of circuit.

» Remark 8 (Decompose Toffoli into elementary gates [44]). A Toffoli gate is identical to a
circuit that acts on three qubits and is composed of 17 elementary gates.

2.3 Local Hamiltonian problem

A Hamiltonian is an Hermitian operator acting on a quantum register. Let H be a Hamilto-
nian, we call the eigenvalues of H the energies of the Hamiltonian. We use A(H) to denote
the smallest eigenvalue of H. We call A(H) the ground-state energy of H, and we call the
corresponding eigenstate(s) the ground state(s) of H. We use ||H|| to denote the operator
norm of H, that is, the largest absolute value of the eigenvalues of H.

The k-local Hamiltonian is defined as follows.

» Definition 9 (Local Hamiltonian). We say a Hamiltonian H acting on n qubits is k-local if
H can be written as H =Y_." | H; for m = poly(n) and for all i, the following holds.

H; is a Hamiltonian.

H; non-trivially acts on at most k qubits.

[|H;|| < poly(n).

We call k the locality of H, and define the local Hamiltonian problem formally.

» Definition 10 (k-local Hamiltonian (k-LH) problem). The local Hamiltonian problem is a
decision problem that asks whether the ground-state energy of a k-local Hamiltonian is greater
or less than given energy thresholds.
Inputs: a k-local Hamiltonian H such that acting on n qubits where k = O(1), and two
energy thresholds Eyes, Eno satisfying Eno — Eyes > Q(1).
Outputs:
YES, if there exists a quantum state [1) € C*" such that (|H|1)) < Fyes.
NO, if (W|H|¢) > Eqo for all 1) € C".
In other words, the k-LH problem asks to decide whether A\(H) < Eyes or A(H) > Ep,. We
say an algorithm Apu solves k-LH(H, Eyes, Evno) if Aun decides (H, Eyes, Evo) correctly.

2.4 Quantum partition function

Let us introduce the quantum partition function formally.

» Definition 11 (Approximating quantum partition function of k-local Hamiltonian (k-QPF)
problem). The quantum partition function problem is to approximate the partition function
of a k-local Hamiltonian up to a multiplicative error under a certain temperature.

12:11
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Inputs: a k-local Hamiltonian H acting on n qubits where k = O(1), an inverse
temperature § < poly(n), and an error parameter 6 € (0,1).
Outputs: Z € R such that

(1-02Z<Z<(1+0)Z, (3)

where Z = trle”PH]. B
We say an algorithm Aqpr solves k-QPF(H, 3,06) if Aqpr outputs such Z on the inputs
H,p,6.

From now on, when we use the term QPF or k-QPF, it means to approximate the quantum
partition function up to a relative error, instead of to compute the exact value.

2.5 Boolean formula, SAT, SETH and QSETH

A Boolean variable can be assigned to the value 0 or 1. We abbreviate the term Boolean
variable as variable. A Boolean formula consists of variables associated with parentheses and
logic connectives = (NOT), V (OR), and A (AND).

Let ® be a Boolean formula with n variables z1,xo,...,2z,. We use an an n-bit string
x € {0,1}™ to denote an assignment to x1, s, ..., z,. The variable z; for i € [n] is assigned
to the ith bit of . We use ®(x) to denote the value of ® when x;, o, ..., z, are assigned
to x. We say z satisfies ® if &(x) = 1.

For all variables z, it holds that —(—z) = z. Let x1, 9, ...,x, be variables and for each
i € [n], let £; be either x; or —x;. It holds that (¢4 Ala A+ ALy) =l V —ly VooV =l

We can use a quantum circuit to compute Boolean formulas. For z € {0,1}, it holds that

NOT |z) = |-x) . (4)
For 1, x9,...,2x € {0,1}, it holds that

CFNOTCcUT |1, 22, .. k) [0) 1 = |21, 22, .., Tr)c [T1L Ax2 A Axp)p (5)

We define the conjunctive normal form formula as follows.

» Definition 12 (Conjunctive normal form (CNF) formula). Let ® be a Boolean formula that
consists of n variables x1,xa,...,xr. We say ® is a kCNF formula if ® is in the form of
m = poly(n) smaller formulas connected by A. Each smaller formula contains at most k
variables, and the variables are connected by V.

To be more precise, ® = o1 A pa A -+ A @y, where m = poly(n), and for all i € [m], the
following constrains hold.

0i = ;i1 VL, V-Vl ,), where €, can be xj or —x; for all p € [k;] and j € [n].

ki <k.

For each j € [n], z; and —x; do not appear in ¢; at the same time; x;, ~x; appears in

@; at most once.
We say p; is a clause of ® for all i € [m].

» Definition 13 (Satisfiability for k-CNF (k-SAT) problem). The satisfiability problem is a
decision problem that asks whether there is an assignment satisfying the given kCNF formula.
Inputs: a k-CNF formula ® that contains n variables. The number of clauses of ® is
m = poly(n).
Outputs:
YES, if there exists an assignment x € {0,1}"™ such that ®(z) = 1.
No, if ®(z) =0 for all z € {0,1}".
We say an algorithm Agar solves k-SAT(®) if Agar decides ® correctly.
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Though the exact lower bound for k-SAT problem is still unknown, it is widely believed
that brute-force search is optimal for classical algorithm and Grover search is optimal for
quantum algorithm. The Strong Exponential Time Hypothesis (SETH) [29] states that
k-SAT needs roughly 2" time for large k:

» Conjecture 14 (SETH). For all e, there is some k > 3 such that k-SAT with n variables
and O(n) clauses cannot be solved classically in time O(21=5)").

A quantum analog was proposed in [1, 12] as Quantum Strong Exponential-Time Hypo-
thesis (QSETH).

» Conjecture 15 (Quantum strong exponential time hypothesis (QSETH) [1, 12]). For all ¢,
there is some k > 3 such that k-SAT with n variables and O(n) clauses cannot be solved
quantumly in time O(2(1=5)n/2),

In the two conjecture above, we can assume the number of clauses can be assumed to be
O(n) via the sparsification lemma [30].

2.6 Fine-grained reduction

Here we introduce the fine-grained reduction.

» Definition 16 (Fine-grained reduction [49]). Let P and Q be two problems and Ag be an

oracle that solves QQ with probability greater than % Let p(+) and q(-) be two non-decreasing

functions. We say P is (p,q) reducible to Q if for all e, there exist &, an algorithm Ap, a

constant d, and an integer r(n) such that the algorithm Ap that can black-boxly assess to

Aq takes an instance of P with size n and satisfies the following.

1. Ap solves P with probability greater than %

2. Ap runs in d - p(n)t=¢ time.

3. Ap produces at most r(n) instances of Q adaptively.

4. Z:Lnl) (q(ni))'=5 < d-(p(n))'~¢, where n; is the size of the ith instance of problem Q that
is produced by Ap.

One can also use a more general reduction, quantum fine-grained reduction [1]. In a
quantum fine-grained reduction, the reduction algorithm Ap is allowed to query the oracle
Ag in superposition. In this work, however, Definition 16 is sufficient to establish the lower
bounds for both the Local Hamiltonian problem and the approximation of the Quantum
Partition Function.

When P is (p, ¢) reducible to @ and every instance produced by Ap has size n 4 o(n), we
have that if P cannot be solved within time O(p(n)!~¢) for any e, then Q cannot be solved
within time O(g(n)!~¢) for any &.

3 Size-preserving circuit-to-Hamiltonian construction

In this section, we prove the first size-preserving circuit-to-Hamiltonian construction as
follows.

» Theorem 17. Let x € {0,1}" be an input and U, be a QMA werification quantum circuit
U, acting on N = poly(n) qubits, and suppose U, consists of T = poly(n) gates. Then, for
any integer d > 1, there exists a (d 4 1)-local Hamiltonian H, acting on N + O(T"/%) qubits
and ||H|| < poly(n) such that for all ey € (0,1), the following two hold.
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If there exists a quantum proof |1) such that Pr[U, accepts |)] > 1 — eqyrr, then A(H,) <

Eerr .

If Pr[U, accepts |1)] < e for any quantum proof [¢), then A(Hy) > 1 — e

To prove the theorem above, we first recall the strategy for the circuit-to-Hamiltonian
construction in [32]. We then define our clock states and finally prove the statement.

3.1 The construction by Kitaev, Kempe and Regev [32]

In this section, we explain the 2-local construction from [32] with some adaptation.

We consider a promise problem (Lyeg, Lno) in QMA. Let U = Uy - - - UaUy be the quantum
circuit of the verifier (which depends on the input), where T' = poly(n). We assume that U
acts on N = poly(n) qubits: the first m qubits contain the proof (the last N — m qubits are
initialized to |0)). Here, each U; is a 1-qubit gate or a 2-qubit gate. As in [32], we assume
that the only 2-qubit gate used by the circuit is the controlled phase gate, each controlled
phase gate is preceded and followed by two Z gates!® Let T4 C {1,...,T} be the set of
indices 4 such that U; is a 1-qubit gate. Let Tp C {1,...,T} be the set of indices ¢ such that
U; is a 2-qubit gate.

Meta-definition of the Hamiltonian !

The Hamiltonian is defined over the Hilbert space Hcircuit @ Helock, Where Heireuit 1S a
Hilbert space of dimension 2V representing the computation and Hcioc is a Hilbert space of
dimension at least T+ 1 representing the clock. There are T' + 1 orthonormal unit vectors
170) 5+ -5 |y7) in Heloek that are called the legal clock states. Let Hiegal denote the subspace
spanned by the states |yo),...,|yr) and Iliega1 be the projection into this subspace. Let
Hillegal be its orthogonal subspace. We define the operators

St = |y) (| foranyte{0,...,T},
As = |vea1) (3| forany t € {0,...,T —1},
B: = |yt42) (| forany te€{0,...,T -2},
acting on Heock that respectively stop the clock, increment the clock by one step and

increment the clock by two steps.
Consider the following Hamiltonian:

H = ajnHiy + agueHouts + a4 Z Hprop,t +ap Z (Hqubit,t + Htime,t) + aclockd ® Helock -
teTa teTr
The choice of the coefficients ain, Qout, ¥4, @B, Qclock Will be discussed later. The terms Hj,
and Hg,: are defined as follows:

N
Hy= Y 1);(1; @ So,  How = 0), (0, ® Sr.

i=m-+1

For any t € Ty,

1
Hprop,t = §(I®St +IR8 1 -Ui@ A1 — UtT ®AI,1) .

10 Any quantum circuit composed of the standard universal gate set can be compiled to the circuit described
above with only linear blowup in circuit size because CNOT = (I ® H)CZ(I ® H).
"' This is a “meta-definition” since it does not define the concrete implementation of the clock states.
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For any t € T,
1
Hiime,t = 3 I® (St + 6841 + Spq2 + 2B, + 232 + A + AI + A1+ AI+1 + i3
4680+ 81 +2Bi 1+ 28]+ Az + Al o+ A+ AI,l) :
1
Hausitse = 5 (—210) (01, = 210) (01, +[1) (1], + 1) (11, ) © (Ai-1 + ALy).

where f; and s; denote the first and second qubits of the controlled phase gate U;. The term
Hjoc will be chosen later so that the following two conditions are satisfied

HHclockH § pOIY(n) ’ (Cl)
(vt] Halock |7¢) =0 for any t € {0,...,T}, (C2)
<§0| Hclock |90> 2 1 for any |50> € Hillegal . (C'?))

Concrete implementation

A straightforward implementation uses a binary clock, as in the original construction by [34].
While requiring only O(logT) clock qubits (and no Hcjock term), the locality of the Hamilto-
nian would become O(logn). We discuss below how to reduce the locality.

The basic idea is to replace each of the operator S;, A;, B; by another operator g}, ﬂt, gt
that has better locality. In order for the implementation to be correct, the following three
conditions need to be satisfied.

Selve) = )
Mega1St ) =0 for any |p) € Heiock Orthogonal to |y4) .
(C4)

For any t € {0,...,T}, {

jt ) = 1yet1)
HlogalAt ‘@) =0 for any |50> € Hclock orthogonal to |7t> .
(C5)

For any t € {0,...,T —1}, {

gt Ive) = |ves2)
Mega1Be |0) =0 for any |¢) € Heiock orthogonal to |y .
(C6)

For any t € {0,...,T —2}, {

The first part of each condition says that each g't, ./Tt, B, behaves as Sty Ay, By, respectively,
on the clock state |y;). The second part says that while the behavior may differ from the
behavior of S;, A, B; on other states, gt, jﬁ Et never maps an illegal state or even a legal
state other than |y;) to a legal state.

The analysis based on the projection lemma (Lemma 1 in [32]) shows the following.

» Proposition 18 (Adapted from Section 5 in [32]). If Conditions (C1) ~ (Cg) are satisfied,
coefficients ain, Qout, @A, OB, Qclock Can be chosen in the range [0,poly(n)] so that the
following holds:

If there exists a quantum proof |¢) such that Pr[U, accepts |¢)] > 1 — ¢, then \(H;) < €.
If Pr[U, accepts |1)] < € for any quantum proof [1), then A\(Hy) > 5 — ¢.
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Implementation by Kempe-Kitaev-Regev

The implementation in [32] uses the unary encoding 0000, 1000, 1100, 1110, 1111 --- for the
clock states, i.e., uses the T-qubit clock states

ye) = [1°0"7)
for each t € {0,...,T}, and the operators g’t, .Zt, B, described in the following table:

Table 2 Concrete implementation of operators in [32].

Operator | ¢ Implementation Locality
t=0 So =10), (0], 1

St tef{l,...,T—1} | & =10),,,, (10|, ., 2
t=T Sr =17 (1|5 1

Ay tef{0,....T—1} | A =1),,, (0], 1

B, tef{0,...,T—2} | Be=111), .0 (00], 1 0o | 2

The term Hock used in [32] is defined as follows:

Heoae = [01),; (01];; .
1<i<j<T

This implementation satisfies Conditions (C;) ~ (Cg). With this implementation, each
term Hin, Hout, Hprop,ty Hqubit,t, Heime,t, Helock has locality 2. The whole Hamiltonian is
thus 2-local.

3.2 (n,d)-clock state from [14] and associated operators to implement
LH

In this subsection, we recall an (n, d)-clock state proposed in [14], and introduce and analyze
operators to use it for circuit-to-Hamiltonian constructions. The (n, d)-clock state is based
on a Johnson graph. The vertices of the Jonson graph are all the subsets of [n] with size
k < n. Two vertices are adjacent if and only if the subsets share exactly d — 1 elements.

» Definition 19 (Johnson graph). Let n,d € N and d < n. We say a Johnson graph
J(n,d) = (V, E) is a graph that satisfies the following requirement.
V={SC[n]:|S|=d}.
E={(S58)eV?:|SnS|=d—1}.

The number of vertices of J(n,d) is (7). In [2], it has been proved that for all n,d, there is a
Hamiltonian path!'? in the Johnson graph J(n,d). Also, the proof implicitly construct an
algorithm that finds the Hamiltonian path in O(n?) time.

Now we explain how to construct the clock. A clock state is an n-qubit state. Each clock
state |vy;) corresponds to a vertex S; on a Hamiltonian path in J(n,d). All the clock states
are basis states of the computational basis whose number of 1’s equals to d. The i¢th qubit in
|7¢) is |1) if and only if 4 is chosen into S;. In other words, when we treat the clock register as

12 A Hamiltonian path is a path that visits every vertex in a graph exactly once. Please do not confuse
with the physical quantity (local Hamiltonian) H.
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the set [n] and let S; be the portion therein corresponding to Sy, the state in S is |[1¢). The
next clock |y:41) corresponds to the vertex S;y; that is adjacent to S; in the Hamiltonian
path. To update the |y:) to |y:41), we make d — 1 of 1’s unchanged and flip two bits. Hence
the update of the clock state can be done with constant local operation. We define the clock
state formally as follows.

» Definition 20 ((n,d)-clock state [14]). A (n,d)-clock state is a collection of n-qubit
quantum state {|v)}1_, defined by a Johnson graph J(n,d) = (V,E) and T = (') — 1. Let
So,51,...,57 € V and the sequence Sy, S1,...,Sr € V forms a Hamiltonian path in J(n,d).
For any t € {0} U [T] the state |y) is defined by |v¢) == @;cp 115, (2))-

To use the clock above for the circuit-to-Hamiltonian construction, we introduce several
local operators to pause and move time on the clock. For all ¢ € 0 U [T], let S; be the
corresponding register of S;. For all ¢ € [T, we define the operator F} as follows.

Fy o= [1){0]s,_\s, @ 10)(Lls\s,, @ 197 (1 s,ms,, - (6)
Hence we have

El = 10)(1]s,_\s, @ 1) (0lsas, @ 1971 (1 fsyos, - (7)
It holds that

Fyly) =0 -1 lyw+1) s (8)
and

FtT [yer) = bvr |y —1) - 9)

That is, F; “forwards” the clock |y;—1) one step, and eliminate all the other state |vy;/) where
t' # t — 1. Likewise, FtJr “backwards” the clock |v;) one step, and eliminate all the other
state |yy) where t’ # t. We have that F} is (d + 1)-local. Note that F} is neither unitary nor
Hermitian.

For ¢t € {0} U [T, we define the operator P; as following.

Py = [19)(1%s,. (10)
We have PtJr = P,. We also have
Py |yer) = 6p ¢ |ver) - (11)

That is, P; “pauses” the clock |y¢), and eliminate all the other state |yy) where ¢’ # t. The
operator P; is d-local.

We have seen that we can “forward”, “backword” and “pause” the clock with local
operators. To use the (n,d) clock for the circuit-to-Hamiltonian construction, we also want
valid clock states {|v:)}1_, to be the ground state for the Hamiltonian, and give some energy

penalty to any other states orthogonal to valid clock states. In order to achieve this, we
define

Haaty = (Z) Heg+ Heg — ((Z) - 1) I, (12)

Hogi= Y [HhHadt, (13)
S:[S|=d+1

Hegi= ) > Ja)(als, (14)

S:[S|=d z€{0,1} 4\ {14}
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The term H~4 gives penalty to the state that contains “too many” 1’s, and the term
H_4 gives penalty to the state that contains “too few” 1’s.

» Lemma 21. The linear space for the ground states of Hgial is spanned by {|v¢)} 1y, and
for any state |¢) orthogonal to all {|v;)}1_,, we have

<¢|Hstab|¢> Z 1.

Proof. Since Hg,y, is diagonalized in the computational basis i.e., each computational state
is an eigenstate of Hgtap. To verify the above statement, we can check (x|Hgtap|z) for all
z €{0,1}™.

We divide the Hilbert space Hclock into three subspaces L_g4, L~4, and L4 which are
defined below.

Lgq:=Span({w € {0,1}" : wt(w) < d}), (15)
L_q:=Span({y € {0,1}" : wt(y) = d}), (16)
Lq:=Span({z € {0,1}" : wt(z) > d}) (17)

Note that £_, is the subspace spanned by the valid clock states {|v;)}7 .

We first calculate H~ 4 acting on the states in £_4, L~4, and L4 respectively. For any S
with size d + 1, [1971) (1941 |z) = |z) if the subset-string x5 = 19*!. Hence, we have the
following.

For all w € {0,1}" such that wt(w) < d, it holds that (w| Hs4|w) = 0 because for all

S C [n] with size d + 1, zg has at most d — 1 of 1’s.

For all y € {0,1}" such that wt(y) = d, it holds that (y| Hs4|y) = 0 because for all

S C [n] with size d + 1, wg has at most d of 1’s.

For all z € {0,1}" such that wt(z) > d, it holds that (z| Hs4 |z) = r where r > 1, because

there is at least one S C [n] with size k + 1 such that yg = 19+1.

Then we calculate H.4 acting on the states in L_4, L~4, and L4 respectively.

Let w € {0,1}" such that wt(w) < d. For any S with size d, we have
> zefo, 13143 %)(@]s [w) = w), because there exist exactly one = € {0, 134\ {19} such
that ws = x. Hence,

> X sl = ()14

S:|S|=d z€{0,1}4\ {14}

Let y € {0,1}" such that wt(y) = d. Let S’ C [n] be the subset with size d such that
wg: = 19. For any S with size d such that S # ', we have that 30, v 130\ 1oy [2) (2ls [y) = ),
and for § = 5', we have 3 o 1ya\ (103 |2)(2[s [y) = 0; Hence,

S (el i) = ( (”d> - 1> ).

S:|S|=d xe{0,1}4\ {14}

For z € {0,1}" such that wt(z) > d, since the penalty has been given by H~,4 already,
H_4|z) = p|z) where p > 0 is sufficient for us.

Therefore, we have the follows.

For all w € {0,1}" such that wt(w) < d, it holds that Heq|w) = (1) |w).

For all y € {0,1}" such that wt(y) = d, it holds that Hq4|y) = ((}}) — 1) |y)-

For all z € {0,1}" such that wt(z) > d, it holds that H.4|z) = p|z) where p > 0.
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As a result, we have the follows.

For all w € {0,1}" such that wt(w) < d, it holds that (w| Hgap |w) = 1.
For all y € {0,1}"™ such that wt(y) = d, it holds that (y| Hsap |y) = 0.
For all z € {0,1}" such that wt(z) > d, it holds that (z| Hgap |2) > 1.

Consequently, if |¢) € L_g4, then (¢|Hgap|d) = 0, and if |¢) € L, = L4 & L4, then
(¢|Hstab|d) = 1. «

3.3 Our new clock states and proof of Theorem 17

We show how to modify the construction from Section 3.1 to obtain a length-preserving
construction. The construction is the same as the construction in Section 3.1, except that
we are using a new clock, new clock operators, and a new term Hock-

Proof of Theorem 17. If d = 1, the statement follows from the construction of [32] in
Section 3.1. For the rest of the proof, we assume d > 2.

To further reduce the locality, we introduce a new clock to count from 0 to 7. We assume
(without loss of generality) that T is of the form T'= (,%,)(a+1) — 1 for some a. We use two
clocks, each using a qubits. The first clock is the (a,d — 1)-clock following Definition 20, and
the second clock is the unary clock on a qubits. Parameters are slightly different from the
previous section, and not to confuse readers, we clarify the operator of the (a,d — 1)-clock
states.

F = 1)(0s,_\s, @ [0)(Ls\s,, @ 11972017255, (18)
Pli= 1" (% s, (19)
a a
Hiar, o= (d1>H/>d1+H/<d1_ ((dl) —1> I, (20)
where
Lacii= Y 1S, (21)
S:|S|=d

Laci = ) > ) (2ls, (22)

S:|S|=d—1 z€{0,1}4-1\{14-1}

The whole clock thus requires only 2a < 27'/¢ qubits. To represent the order of the 7'+ 1
representations of the clock, we define a map

g:{0,...,T}—>{1,...,<da1>}><{O,...7a}

as g(t) = (1 + [t/(a+1)],min(m,2a + 1 — m)) where m = ¢t mod (2a + 2). We implicitly
use g to interpret time steps ¢ € {0,...,T} as pairs (t1,t2) € {1,..., (%)} x {0,...,a}. We
explain the construction of ¢ for a = 3,d = 1 in Table 3.

Our implementation of the clock operators is described in Table 4.

The term H_ocx. The term Hoqx is defined as follows:

Hclock = Hsltab 1+ Z I® |01> <01|

0<i<j<a

ij \WHij o

where in term, the left part acts on the register corresponding to the first clock and the right
part acts on the qubits corresponding to the second clock.
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Table 3 Our clock for T'=11 (i.e., a = 3). The part in red represents the first clock, while the
part in blue represents the second clock. The first clock uses the encoding 100, 010, 001. The second
clock uses the encoding 000, 100, 110, 111.

t g(t) = (t1,t2) | clock state

1,0) 100) ® |000
1100) ® |100
1100) ® [110
1100) ® [111
010) ® 111

010) ® |000
001) ® |000
001) ® |100

|001) ® [110

) )
) ) )
) ) )
) ) )
) ) )
) 010) © [110)
2,1) 010) ® |100)
) ) )
) ) ® |000)
) ) )
) ) )
) ) )

001) @ |111

Table 4 The implementation of clock operations. The part in red acts on the qubits corresponding
to the first clock and the part in blue acts on the qubits corresponding to the second clock.

Operator | t; to Implementation Locality
t2=0 P, ®10), (0], d
S; any |tz €{l,...,a—1} Pi®(10),, 401 (100, 1511 d+1
tr=a P, ®1), 1, d
odd to € {0,...,a— 1} P @ 1) 01 (Ol d
A to=a (if t1 # (dil)) Flie1), (1, d+1
o [ E A P, ®10),, (1],, d
ta=0 Ff41®10), (0], d+1
to € {0,...,a — 2} Piy @ 11) 4, 11,0542 (000, 11 40 | d+1
odd |tz =a-1 (ift1 #a) | F/, 11 ®10),(1], d+1
5, to=a (if t1 #a) 1 ®11),(0], d+1
to €{2,...,a—2} P ® 100),, 1.4y (1)1, 14, d+1
even | ¢ty =1 F 11 ®10), (1] d+1
ta=0 F/ 11 ®11), (0] d+1
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Analysis of the whole Hamiltonian. Without loss of generality, we assume that
U = I for any ¢ of the form ¢ = (¢1,0) with ¢; even or t = (¢1,a) with ¢; odd. (%)

The assumption can be fulfilled by adding the dummy gates I at such time steps. We add

those time steps such that U; = I to T4, i.e., we consider the gates U; = I as 1-qubit gates.

The locality of each term of the whole Hamiltonian is represented in the following table (note
that we crucially use Assumption (x) to guarantee that the locality of Hpyop,: and Hqubit,¢ 1S
d+1):

Term Locality

H; l1+d=d+1

Hout 1+d=d+1

Hprop,t max{d+1,1+d} =d+1

Hqubit,t 1+d: d+ 1

Hiime,t max{d,d+1} =d+1

Hclock d

The whole Hamiltonian is thus (d + 1)-local. We can easily check that Conditions
(C1) ~ (Cg) are satisfied. From Proposition 18, we conclude that the circuit-to-Hamiltonian
construction is correct. From the condition (%), T is ( dfl)a. Therefore, we can take
a = O(T'%) and the number of qubits H, acting on is N + O(T"/%). <

4 Fine-grained hardness for local Hamiltonian problem

In this section, we are going to prove the lower bound for the 3-LH problem.

» Theorem 22 (Lower bound for 3-LH). Assume that SETH (resp. QSETH) holds. Then, for
any constant & > 0, for any classical (resp. quantum) algorithm App, there exists a 3-local
Hamiltonian H acting on ng qubits associated with Eyes, By satisfying Ene — Eyes > (1)
such that Apu cannot decide N(H) > Eno or N(H) < Eyes with probability greater than 2/3
in 02" (1= (resp. 02 (1=8)/2)) time.

We will prove Theorem 22 in Section 4.1. To prove it, we will use the size-preserving
circuit-to-Hamiltonian construction (Theorem 17) associated with the following lemma.

» Lemma 23 (A quantum circuit can compute k-CNF). For any positive integer k and ¢ > 0,
for alln € N, for any k-CNF formula ® that contains n variables and m = O(n€) clauses,
there exists a quantum circuit Ug that acts on n input qubits and at most 2clogn + 2 ancilla
qubits, and Ug consists of at most 34¢2n®log® n+ (7T0k+2)n°+35clogn elementary gates such
that Ug |x),, @ 10),,. = |P(2)) oy @ [Vz)g5z for all z € {0,1}", where |1py) is some quantum
state depending on x. The construction of Ug can be done in poly(n) time.l3

We defer the proof of Lemma 23 to Section 4.2.

131t is worth noting that an alternative quantum circuit for computing kCNF appears in [27], Corollary 10.

That construction has width k+2 ( [logn]+[clog n]) and size at most 4x 31082 n1Hleloga n1=1 However,

its circuit size is O(n°T1), whereas ours is O(nlog? n). This gap impacts the locality of the resulting

Hamiltonian, which is why Lemma 23 is necessary for our results.
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4.1 SETH- and QSETH-hardness of the 3-local Hamiltonian problem

Proof of Theorem 22. Let ® = o1 Apa A--- Ay, be a kKCNF formula defined on n variables
X1,T2,...,T,, where m = O(n®) and ¢ € [1,2). We construct an algorithm Agar that solves
k-SAT(®) by using Ary as a subroutine.

1. Upon receiving a k-SAT instance ®, construct a quantum circuit Up from Lemma 23.
2. Construct a Hamiltonian Hy, acting on ng = n + o(n) qubits from Ug, and obtain two

energy thresholds Eyes, Fyno where Eng — Eyes = (1) by Theorem 17.

3. Run Ay on the input Hy,. If A(Hy,) < Eyes, then return YES. If A(Hy, ) > Eno, then
return NO.
The running time of AgaT is poly(n).

We now show the correctness of Agat. By Lemma 23, we have the following:

If there exists an assignment = € {0,1}" such that ®(z) = 1, then Pr[l + Ug(|z))] = 1.

If ®(x) # 1 for all assignments = € {0,1}", then Pr[1 < Us(|z))] = 0 for all z € {0,1}".
Combining Theorem 17 and choosing ¢ < %, we obtain:

|[Huy || < poly(nm).

If there exists z € {0,1}"™ such that ®(z) = 1, then A(Hy,) < Eyes.

If ®(x) #1 for all z € {0,1}", then AM(Hy,) > Eno.

Eno — Eyes = Q(l)

Therefore, AsaT has the same success probability as Apg.

Next, we show that ny = n + o(n) and that Hy, is 3-local. Let n, and g denote the
number of ancilla qubits and elementary gates in Ug, respectively. By Lemma 23, n, = o(n),
and g < 34¢?nclog® n + (70k + 2)n° + 35clogn. For all sufficiently large n, the gate number
g is upper-bounded by 35¢2n® | where ¢ € (¢,2) is a constant.

By Theorem 17, we can apply d = 2 and the number of qubits of Hy, is ng =
n+ O(logn) + o(n) = n+ o(n) and Hy, is 3-local. Furthermore, we have that the threshold
gap Eno — Eyes = Q(1).

Because ng = n + o(n), we have ny < (1 4+ n)n where n > 0 is an arbitrary small
constant for all sufficiently large n. For any constant £ > 0, we can take £ > n > 0 and a
constant & = £ — 1+ £n such that & > 0, and it holds that O(2"(+M(1=9) < O(2"(1=9)) (and
02z (1H+m01=8) < O(23(1=9))),

Assume there exists a classical (resp. quantum) algorithm Apy that solves
3-LH(H, Eyes, Buo) for Eno — Eyes > Q1) in O(27#(18) (resp. O(272 (1-9))) time for
a constant £ > 0. Then we have the classical (resp. quantum) algorithm Agat solves
k-SAT defined on n variables in O(2"1=9)) (resp. O(2%(1=9))) time for a constant £ > 0.
Besides, the reduction is polynomial time. As a result, it violates SETH which is defined in
Conjecture 14 (resp. QSETH which is defined in Conjecture 15). By taking a contraposition,
we have the statement. |

4.2 Efficient verification circuit for SAT

In this section, we show the construction of the quantum circuit Ug that computes the
formula ® = p; A -+ A @, defined on n variables z1,zs,. .. z,, and m = O(n¢). For each
i € [m], the clause ¢; = €; 1 V€; 2V -+ -V {; i, where for each p € [k;], £; , can be either x; or
—x; where j € [n], and k; < k. Let r := [logm].

Proof of Lemma 23. The ideal is to compute ¢; for each i € [m] sequentially. We initially
set a counter, and increment the counter by one if ¢;(z) = 1. After compute all ¢;, we check
whether the counter is equal to m. Let k; be the number of variables (x; or —x;) appearing
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in ;. We have ®(z) = 1 if and only if the counter equals m. We introduce the ancilla
register anc = cls U cnt U out where cls is a one-qubit register that temporarily stores the
value of o;(x) for each i, cnt is an r-qubit (r = [logm]) that serves as the counter, and out
is a one-qubit register that outputs ®(z).

To compute each ¢;, we construct W; acting on in U cls such that W;|x), |0)
[V2)in |©i)cs> Where [1);) is some state depending on .

To increment the counter by one, we construct a unitary ADDONE acting on cnt such that
ADDONE |y). . = |bin(int(y) + 1)), for all y € {0,1}"\ {1"}. We apply ADDONE only when
@i(x) = 1. This is done by letting ADDONE be controlled by the resister cls. Denote the
control-ADDONE operator by CADDONE. Then C'ADDONEcisuent [0) s [¥) cnt = 10)as [¥)
CADDONEatent 1) i 1) o = 0) i [P (it (9) + 1) |

After calculating ¢;(x) and applying CADDONE, we apply W, on in U cls to restore the
state to |x),, [0)s-

To check whether the counter is equal to m in the final step, we construct a compare
operator, denoted by COMPARE, that acts on cnt U out. The operator COMPARE satisfies
COMPARE [Y) 1 10)oue = 1) ent [0mint(y)) . fOr all y € {0,137

out
To sum up, we construct the quantum circuit Ug as follows:

cs —

ont and

Ug := cOMPARE(W,,, CADDONEW,, ) (W, _ | CADDONEW,,_1) - - - (W] CADDONEW;). (23)

Next, we explain how to implement W;, ADDONE, and COMPARE gates.

Because £;, V £i, V-V 4y, = =(=liy A=l A--- A=l ), we can use CkNOT together
with NOT gates to implement W;. Let S; C in be the register defined by S;:= {j € [n] : z; €
@; Or mx; € @; }, i.e., S; consists of the jth qubits in in such that x; or —~z; in ¢;; and let R; C in
be the register defined by R; := {j € [n] : z; € ¢;}, i.e., R; consists of the jth qubits in in such
that x; in ¢;, but —z; does not. We construct W; by W; := NOT - CkiNOTsiuds . NOTglRil.

To implement the ADDONE, observe that for y € {0,1}", when int(y) is incremented by
one, a bit y[p] will be flipped if and only if all the bits with order lower than p are 1’s. That
is, y[p] will be flipped if and only if for all p’ > p, y[p'] = 1. Hence, ADDONE can be composed
of a sequence of multi-control-NOT gates. The qth layer of ADDONE is a C""INOT gate
whose control qubits are ¢,q + 1,...,r and whose target is the gthe qubit. The last layer of
ADDONE is a NOT gate acting on the last qubit. To implement the control-ADDONE operation
CADDONE, we let every C"INOT be controlled by register cls. In other words, the gth layer
of CADDONE is a C"T17INOT gates whose control qubits are ¢,q+ 1,...,r U cls and whose
target is the qth qubit in cnt.

The COMPARE operator checks whether the value stored in the counter equal to m. That is,
COMPARE operator compares each bit in the counter with bin(m), which can be implemented
by a C"NOT gate. Let P C cnt be defined by P := {j € [r] : bin(m)[j] = 0}. We construct
COMPARE by COMPARE := C"NOTentLout - NOTS 7).

We decompose each multi-control-NOT gate into Toffoli gates. For W; (and W;), there
is a C*NOT inside, and it can be decomposed into at most 2k of Toffoli gates using at most
k ancilla bits.

The largest gate in the CADDONE is a control C"NOT gate, and there are r layers. Hence,
CADDONE can be decomposed into at most 2r? Toffoli gates. Because the ancillas for the
multi-control-NOT gates can be reused, the ancillas required for CADDONE is at most r.

The COMPARE operation contains a C"NOT gate, which can be decomposed into at most
2r Toffoli gates using at most r ancilla qubits.

The ancilla qubits can be reused for the multi-control-NOT gates. Hence, to decomposed
Ug into Toffoli gates, the number of ancilla qubits required is at most r. Therefore, the total
number of ancilla qubits for Ug is |anc|+7 = |cls| +|cnt| + out| +7 = 2log m+2 = 2clogn+2.
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The total number of Toffoli gates in Uy is at most (4k + 2r2) - m + 2r = 2¢®nlog® n +
4kn® + 2clogn. We further decompose the Toffoli gates into elementary gates, yielding
34¢2n°log? n + 68kn + 34clog n elementary gates in total. In addition to Toffoli gates, there
are at most 2(k+ 1) -m +r = (2k + 2)n® 4 clogn of NOT gates. Therefore, the total number
of gates is at most 34c¢?ncc?log® n + (70k + 2)n° + 35clog n. |

5 Fine-grained complexity of quantum partition function problem

The fine-grain lower bound for the local Hamiltonian problem directly gives us the fine-grain
lower bound for the quantum partition function.

5.1 SETH- and QSETH-hardness of quantum partition functions

» Lemma 24 (Fine-grained reduction from k-LH to k-QPF). For any T(n) € w(poly(n)),
k-LH(H, Eyes, Eno) is (T'(n),T(n)) reducible to k-QPF(H, 3,06) in which H acts on n qubits,

1-96 —
8> ﬁ and b satisfies that {75 > e 0.3n

We emphasize that in Lemma 24, H in the k-QPF problem and the k-LH problem is the
same Hamiltonian.

To better understand Lemma 24, we unpack the underlying fine-grained reduction as
follows. Suppose there exist f > 0 and an algorithm Agpr that approximate trle” BH] up
to relative error J satisfying 1+6 > e703" with probability greater than 2/3 in O(T'(n)'~¢)
time, then for any ¢ > 0, we can use Aqpr to construct an algorithm Ay such that
given thresholds Eyes, v satisfying Eyo — Eyes > n//3, the algorithm Apy decides weather
A(H) > Eyo or A(H) < Eyes with probability greater than 2/3 in O(T'(n)'~¢) time.

On the other hand, suppose for all ¢ > 0, for any algorithm Aypy, for infinitely many
n there exists a k-local Hamiltonian H,, acting on n qubits and two energy thresholds
Eyes, Eno such that Arn cannot solve k-LH(H,,, Eyes, Eno) with probability greater than % in
O(T(n)'~¢) time, then for all £ > 0, for all § > 0, for infinitely many n > n;, any algorithm
Aqpr cannot solve k-QPF(H,, §,6), where 5 > fE with probability greater than 2/3

in O(T(n)'~¢) time. The integer n; satisfies that 1 1+5 = e 03m,

Proof of Lemma 24. Let (H, Eyes, Eno) be the k-LH instance, where H is a k-local Hamilto-
nian acts on n qubits . We are going to construct an algorithm Apy that solves
k-LH(H, Eyes, Eyo) by using Aqpr as a subroutine.

If (H, Eyes, Eno) is YES case, then there is at least one eigenstate of H whose energy is
lower than or equal to Eyes. Hence Z(3) > e #Eves,

If (H, Eyes, Eno) is NO case, then all 2 number of eigenstates of H have energy higher
than or equal to E,,. Hence, Z(3) < 2"e #Fno < ¢=BEnot0.7n

When 8 > —"%— € poly(n), and ¢ satisfies ?’5 > e 0 3”, it holds that
no yes

1=9 > 030 > o =B(Eno—Eyes)+0.7Tn

1+46

[«

Hence we have (1 — §)e #Fves > (1 + §)e FBnot0.Tn,
Now we present the algorithm Apy that solves k-LH(H, Eycs, Eno) by using Aqpr.

1. When receiving H, Eycs, Eno, calculate dg such that hg” = e 93" and By = ﬁ
Set 8 > By and set § < dg.

2. Run Aqpr on the input H, §,6, and get the output Z.

3. If Z> (1 —6)e PEves | then output YES. If Z < (14 6)e #Enot07n then output NO.
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When Aqpr solves k-QPF(H, 3, 6) successfully, it is guaranteed that (1 —6)Z(8) < Z <
(14 6)Z(B). When the inputs of k-LH is YES case, Z > (1 — 6)Z(f8) > (1 — 6)e PEv=; and
when NO case, Z < (14 0)Z(8) < (1 + 8)ePEnot0.Tn,

By the choice of 8 and 6, it holds that (1 — §)e™#Fves > (1 + §)e=F#Fnot0-T Therefore,

when Aqpr solves k-QPF(H, 3, 9) successfully, Arn decides k-LH(H, Eyes, Eno) correctly.

The success probability of Arp is the same as Aqgpp. Therefore, the requirement 1 in
Definition 16 is satisfied.

The algorithm Apy queries Agpr once in Step 2., and the instance of k-QPF is exactly
the input of k-LH. For any e, we choose ¢ = . We have T'(n)!=¢ < d-T(n)'~¢ for any
constant d > 1. Therefore, the requirement 3 and 4 in Definition 16 are satisfied.

Finally, Step 1. and Step 3. in the algorithm Apg run in poly(n) time. Hence, App
runs in poly(n) times, which is less than d - T'(n)'~¢ for some constant d because T'(n) is
super-polynomial. consequently, the requirement 2 is satisfied. This finishes the proof. <«

» Remark 25. The reduction in Lemma 24 is polynomial-time. Since k-LH is QMA-hard, we
have that k-QPF is also QMA-hard.

The fine-grain reduction above implies the lower bound for the quantum partition function
problem.

» Theorem 26. Assume SETH (resp. QSETH) holds. For any £ > 0 and any § € (0,1),
for any quantum algorithm Aqpr, for infinitely many n, there exists a 3-local Hamiltonian
H acting on n qubits, associated with an inverse temperature By = O(n), such that for all
B > o, the algorithm Aqpr cannot solve QPF(H, 3,6) in 0(2"1=9) classical time (resp.
0(23=9)) quantum time) with probability greater than 2/3.

Proof. We prove the theorem by contradiction. Assume that there exists an algorithm Aqpr
that solves the QPF problem. Then, by Lemma 24, we can construct an algorithm Ay that
solves 3-local Hamiltonian problem, which contradicts Theorem 22.

Suppose there exist £ > 0 and 6 € (0,1) such that there exist an algorithm Aqpr and
n1 € N satisfying the following: for all n > nq, for all H acting on n qubits, and for arbitrarily
large 8 > O(n), the algorithm Aqpr solves QPF(H, 3, d) with probability greater than 2/3
in O(2"1=9) classical time.

Let (H, Eyes, Erno) be an LH instance, where H is a 3-local Hamiltonian acting on n qubits

with sufficiently large n (we will specify how large n shall be later), and En, — Eyes = Q(1).

Choose g such that g > O(n) > ﬁ By Lemma 24, we construct Ay, in which we
query Aqpr on the instance (H, 3,4). The algorithm runs in O(2"(1=9) time.

Let ny be the smallest integer such that % > e 0372 By the hypothesis at the
beginning of the proof and by Lemma 24, when n > max{nj,ns}, the algorithm Ay decides
(H, Eyes, Eno) successfully with probability greater than 2/3.

Note that the reduction works for all H acting on n qubits and Fys, En, satisfying
Erno — Eyes = Q(1) as long as n > max{ni,ne}. We thus obtain a contradiction with
Theorem 22. The lower bound of quantum algorithms assuming QSETH follows in the same

proof strategy. |

5.2 O*(2%)-time quantum algorithm for k-QPF problem

In this section, we propose an algorithm that estimates the quantum partition function under
a polynomial inverse temperature up to an arbitrary inverse polynomial error in O*(2%)
time. The running time matches our conditional lower bound. The input Hamiltonian H is
n-qubit, constant-local, semi-positive and satisfies || H|| < 1.
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» Theorem 27 (O*(2%) time algorithm for k-QPF). For all sufficiently large n € N, for
all n-qubit constant-local, semi-definite Hamiltonian H satisfying |H|| < 1, 8 < poly(n),
and § > 1/n° for arbitrary positive constant ¢, there exists a quantum algorithm that solves
k-QPF(H, 3,9) in O*(23) time with successful probability 1 — negl(n).

Tools that are used in the proof of QPF algorithm

Before proving Theorem 27, we first list some tools that will be used in the proof.

The main idea of the algorithm is dividing the energy range [0, 1) into polynomial many
disjoint intervals Iy, I, ..., Ir. For each interval I,, we designate a value & € I; to represent
the characteristic energy of I,. Let M, be the number of the Hamiltonian’s eigenstates whose
corresponding energy is in the interval I,. The approximation of the quantum partition
function is

L
Z Mge_ﬁge .
=0

To estimate the number of eigenstates My, there are two key ingredients: (i) energy estimation,
and (ii) quantum counting.

Given the description of a local Hamiltonian H and one of H’s eigenstate |1);), the energy
estimation algorithm outputs its corresponding energy E;. The energy estimation algorithm
can be implemented by phase estimation associated with Hamiltonian simulation.

» Lemma 28 (Phase estimation [44]). Let U be a n-qubit unitary and |ug) be U’s eigenstate
satisfying that U |ug) = €' |ug). There exists a quantum circuit Py, which takes |ug) as the
input state and executes control-U operator O(2") times with additional poly(n) number of
gates, such that the output state is

) @ Y agle), (24)
z€{0,1}"

where o € C, satisfying that

1
Z |aa:|2 >1- 95 (25)

Jpint(x)-27 27
a:'lT*e‘STb

for any b <r—1.

When we choose b = r — 2, we have that the estimation 0:= mtgﬁ is in the interval
6+ 22—7{ with probability greater than 2. We can amplify the probability to 1 — negl(n) by
repeating the procedure poly(n) times and using median of means technique [4, 10].

» Lemma 29 (Confidence amplification of phase estimation). Following Lemma 28, there
exists a quantum circuit Ay, m, which executes Py, m = poly(n) times, with additional
poly(n) gates, such that the output state is

lug) © Y al |z} lga) (26)

z€{0,1}"

where o € C, and |g) is some state depending on x, satisfying

Z lal |2 >1—e O, (27)

$:l 'int(zzr)ﬂ-rr _O‘S

27
o(r—2)
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Proof. Because after the execution of the phase estimation Py ., the input state |ug) remains
unchanged and separable from )"« |z), we can reuse the input state. Assume we measure
the register that contains ), |z) after each execution of Py . Let the outcome of each

execution be x1, Ta,...,T,. By Lemma 28, when we choose b = r — 2, it holds that for each
i € [m] the probability that 6; := W is in the interval 0 &+ QE—L is greater than %

Because the register that stores ) o, |z) for each execution are separable, we have that
the measurement outcomes of all the execution are independent. Then, by Chernoff bound,
the probability that there are more than half of 6,, 6o, ... ,6,, outside the interval 6 4+ 2,2—7:2 is

less than e=©(™) Let 7 be the the median of int(z1), int(x2), . .., int(z,) and let 6 := ;;’T.

—6(m)_

We have the event that 6 is outside the interval @ £ 23—32 has probability less than e

Now we describe the quantum circuit Ay ;. The quantum circuit Ay, ., has m ancilla
registers Xy, Xo, ..., X, each of them is r-qubit, and an input register U takes the input state
|ug). The quantum circuit Ay ;.. executes Py, m times sequentially on the input |ug) and
in the ith execution of Py, it stores ) oy |z) in the register X;. After m times execution,
a circuit that computes the median of X;, Xs,...,X,, is applied. Since X1, Xa,...,X,, are
separable and computing the median is a classical circuit, the distribution of Z is the same
regardless of the measurement taking place before or after the computing of median. As a
result, Equation Equation (27) holds. <

To implement the energy estimation of the local Hamiltonian H, we run phase estimation
for U = e~*# | which can be implemented by Hamiltonian simulation.

» Lemma 30 (Hamiltonian simulation [41]). For all sufficiently large n € N, for all constant-
local Hamiltonian H € C2**2" | evolution time t € RT, and tolerated error e € (0,1), there
exists a quantum circuit Ugsm (H, t, €) running in poly(n, t,log(1/e)) such that for any quantum
state [¢) € C?", it holds that

|(Usim(H, t,€) — e= ™ @ ) [¢) @ [0%m) ||z <, (28)
where asim 18 the number of ancilla qubits of Ugim (H, t, €).
Now we formally define the energy estimation.

» Definition 31 (Energy estimation). Let H € C*"*2" be a constant-local Hamiltonian
satisfying that all the eigenvalues of H are in the interval [0,1). We first define an ideal
unitary ﬁEE(H, dE,n) that estimates the corresponding energy of H'’s eigenstate |1;). We say
(A]EE(H, 0E,n) is an ideal energy estimation of the Hamiltonian H if for any H'’s eigenstate
|t;), it holds that

Upe(H,6E,) [1;) 10°7%) = ;) @ Y ap |E') [gsr) (29)
E/

where agg is the number of ancilla qubits, ap: € C, and |gg:) is some state depending on
E', satisfying

> jaw | > 1 —n, (30)

E'€[E;—6E,E;+5E]

where E; is the corresponding energy of |v;).
Then, we say a quantum circuit Ugg(H,E,n,€) is an implementation of energy estima-
tion of H if
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» Lemma 32 (Efficient energy estimation algorithm). For all sufficiently large n € N, For all
constant-local, semi-definite Hamiltonian H € C?"*2" satisfying ||H| < 1, and all tolerated
error 0E = 1/poly(n), there exists a energy estimation implementation Ugg(H,0E,n =
e " e =2"") that runs in poly(n) time.

Proof. It holds that e~ |1);) = e~"Fi [4);). We can use phase estimation to obtain E;. We
first consider the ideal unitary ﬁEE(H §E,n). By Lemma 29, we run Ay ., with U = e~

log( %)+ 2, and m = Cn where C is a large enough constant, on the input [¢;). Let
E' : mt( ) - 27/2", we have that Equation Equation (29) and Equation (30) holds with
n=e "

Then, we consider the efficient implementation Ugg(H,d0FE,n = e~ ™ e = 27™). We replace
U in Ay m with the implementation of Hamiltonian simulation Ugy, (H,t = 1,&/(m - 27))
described in Lemma 30. (To be more precise, we need to implement control-U in Ay .
Hence, we need to replace the gates in Ugm (H,t = 1,&/(m-2")) with their controlled version.)
There are m - 2" many of U in Ay, .. By triangular inequality, Equation Equation (31)
holds.

For the running time, by Lemma 30, the implementation of Ugy, (H,t = 1,&/(m - 27))
takes poly(n, 1,log(/m - 27¢)) = poly(n, 1, (log(n) + §E + log(1/¢))) time. We have 6F =
1/poly(n) and € = 27", the running time of each implementation of U is poly(n). There are
m-2" = poly(n) many of U in Ay, . As a result the overall running time of Ugg(H, dE,n =
e " e=2"")is poly(n). <

We use quantum counting to estimate the number of eigenstates in a given interval.

» Lemma 33 (Quantum counting). Let a quantum circuit U taking a n-qubit input state
W) satisfy U [¢) [07) = /35 (1) [€1) 4+ /25 10) [€°), where N = 2", M < N, and a is
the number of ancilla qubits. For any ¢ € N, there is a quantum circuit that/\gxecutes U
O(poly(n) - 2%) times with additional O(poly(n) - 23) many gates and outputs M such that
(1-0(E)M < M < (1+O(:))M with probability 1 — negl(n).

In [44], there has already been a proof for the amplitude estimation algorithm that outputs
M satisfying (1- f)M <M< (1+ W)M To achieve the relative error as small as
©(1/n°), we increase the number of Grover iteration in [44] from n/2 + 3 to n/2 4+ ©(clogn).
To use quantum counting to estimate the number of eigenstates in a given interval, we
need to prepare the uniform superposition of all the eigenstates as the input state. However,
in general, the eigenstates are unknown. We use the property that EPR state is identical to
the uniform superposition of the states and its complex conjugate in any orthogonal basis to
overcome this issue.

» Lemma 34. For any complete orthogonal basis of n-qubit system {|y;)}Y
Zj:1|¢j><¢j| =1 and (Y;|v;) =8, 5 where N = 2", it holds that

\/7|¢] ) 1v5) \/7|k )|k (32)

where |7) is the complex conjugate of [1;).

j=1si-€,

14 Actually it requires that M < N/2. We can overcome this issue by adding an additional qubit.
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Proof. Let V = kazl Vi,j1k)(j| be a unitary such that |¢;) = V'|j) for all j € [N]. We
have

WE
M —

N
Vigle) ) o (3 Vi, |k’>)>

k'=1

N
> ) @ y;) =
j=1

j=1

M= 1=

Vi Vi j [k) @ |K) . (33)

M-

>
Il

1 1k'=1

J

Because V is a unitary, we have Zjvzl Vie,jVir j = Okxr- Equation (33) becomes Z;V:l k) ®
|k). <

Proof of Theorem 27

Proof of Theorem 27. Let N :=2".

For any interval I and E € [0, 1), we define the operator Ugec(I) |E) |0%,.) = |11(E)) |*),
where aqec is the number of ancilla qubits and |*) is some state. That is, Ugec(I) | E) [0%..) =
11)|€p,1) if E € I and Ugec(I) |E) [05,.) = |0) |€E,0) if E ¢ I, where [£g1) and |{g,o) are
some states.

We write down the algorithm.

1. Let L = 4n°g.
2. For k€ {0,1,...,L —1}:
2.1 For £ € {0,1,...,L}(If k=0, then ¢ € {1,2,...,L}):

2.1.1 Define the characteristic energy & ¢ := Z_Tl + %, the interval Iy ¢ := [Ex 1y ke + %),
and Iy, = [Ene — 1/202, €0+ 1/L +1/2L2).

2.1.2 Define Uy, ¢ := Udec(I,’M)UEE(H, 0F = ﬁm =e ",e =2""), where Ugg is defined
in Definition 31.

2.1.3 Prepare the EPR state [¥) := X0, |/ [k) k).

2.1.4 Execute quantum counting (Lemma 33) on Uy, |¥) |0°Y) up to a relative error
oc = ﬁ, where Uy, ¢ acts on the first half of the EPR state and ay is the number
of ancilla qubits. Let Mk,l be the output of the quantum counting.

2.2 Let ka = Z;:O Mk)ge_ﬂgk’f.
3. Let Z := min{Zk}éz_&.
4. Output Z.

Now we claim the correctness of the algorithm. We define the following notations. Let
Iy = [Ere —1/L2, &), I,jl = [Ere+1/L,Ek g +1/L+1/L%), and I} ) := I; , U T} o U I,j)z.
Let Zy o := Zj:Ejelk , e PFi be the partition function that are contributed by the states
- e PEi and Z/jz =

k.t ’

Zj:EjeI,j,z e PFi. Let My be the number of states whose energies are in the interval Iy s,

whose energies are in the interval Iy ;. Also, we define Zy = Zj'E-E
El =

M, ", be the number of states whose energies are in the interval I, ,, and M, ,j , be the number
of states whose energies are in the interval I ,j 0
The quantum partition function is dominated by low energy. The characteristic energy

Ek ¢ is lower than all the energy in Iy, ,. Hence, Mk,ge_g’f»f gives a upper bound for Zj 4, i.e.,

Zyo < My, g5t (34)

for any k,¢.
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On the other hand, & ¢ is greater than all the energy decreased by 1/L in Ij . Hence,

Mk,ge_gk”-’ gives a lower bound for Zk,gel/L, ie.,

Mk,gef‘g’““ < ijel/L' (35)
for any k, /.

Similarly, we have

M/;ee_ﬂgk’e < Zyys (36)
and

M e < 7 MR (37

First we consider the ideal case. That is, using ﬁEE(H ,0E,n = 0) (Equation Equa-
tion (29)) instead of Ugg in Step 2.1.2. According to Definition 31, if E; € Iy, it holds
that

Upe(H,6E,1=0) ;) [0°) = [;) @ > aw|E)|ge);

e,

and if E; ¢ I}/ ,, it holds that

Upp(H,0E, 7 =0) ;) [0°"%) = [v;) ® > aw |E')|ge).
E’%Il’c,g

In other words, letting ﬁk’g = UdeC(I,’M)ﬁEE(H, d0E,n =0), we have

R 1) [¢) A E; € Iy,
U lt5) 0°V) = a; [1)1€)) + B;10)[€9) , if Ej € [, UL}, (38)
10) 1€25) , if By ¢ 1Y,

where oy, 8; € C satisfy | ;| +(8e;] = 1, |£}), |€9) are quantum states depending on j. The
coefficients «;, 3; and the states |§]1> , |§?> may depend on k, £.

When fjk’g acts on the first half of |¥), combining Equation (38) and Lemma 34, we have

_ M, N - M,
Ui |9)[0°0) = \| 2 ) 1€1) + ) == 10) [€%), (39)

where M\k,z € [N] satisfies

My e < Mye < My, + My + M;:g, (40)

and [¢1), |€°) are some quantum states.

Let M,i‘ff“l be the output in Step 2.1.4. when replacing U}, , with ﬁk7e~ By the guarantee
of quantum counting (Lemma 33), we have that

(1= 6¢) Mye < M%< (14 6¢) (M) (41)

By union bound, the event that Equation Equation (41) holds for all k, ¢ has probability
1 — negl(n).
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Now we lower bound Z. Because My ¢ < ]/\Ikyg, from Equation Equation (41), we have
(1 — 6c) My,e < M,

Multiplying by e=#¢*¢ and combining with Equation Equation (34), we have

(1 — (Sc)Zk’g < M}i{f;ale—ﬁfk,e_ (42)
For any k, when summing ¢ over {0,1,..., L} in Equation Equation (42), we have
(1-00)Z <Y Mjdgele=Pene, (43)
¢

For the upper bound, because M\h( <M+ Mo+ M,Ie, combining with the guarantee
of quantum counting (Equation Equation (41)), we have

Mt < (14 80) (M, + My + M),

Multiplying by e~#€*¢ and combing with Equation Equation (36) and Equation (37), we
have

V6ol =08 < (14 60) (Ziey + ZwePIE + Z;F P/ 14B/%), (44)

Fixing a k and summing ¢ over {0,1,..., L} in Equation Equation (44), we have

Zﬂliiieealefﬁfk,e <1+ 50)((221;,2) + ZePIL 1 (Zz+eﬁ/L+B/L2)>, (45)
¢ ¢ ¢

Consider the term Y, Z, , + >, Z+eB/L+B/L* and sum over k. That is

Lil (ZZ];Z +3 Z+e/3/L+,3/L2). (16)
k=0 ¢ ¢

Since

L—-1

U UL, =[-1/L,0uUf0,1-1/L%),

k=0 ¢

and all the eigenstates are in the interval [0,1), we have that Zﬁ;ol >0 2y, is contributed
by the eigenstates in the interval [0,1 — 1/L?). Therefore,

L—-1

>Nz, <2 (47)

k=0 ¢
Similarly, we have

L-1

>N zi <z (48)

k=0 ¢

Plugging Equation Equation (47) and Equation (48) into Equation Equation (46), we have

L—-1
ST Ziy+ D0 2SI < (14 P/, (49)
k=0 L 14
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By average argument, there is a k such that

1
(20 + 227 P HPI) < L1 S, (50)
L £

Let Zideal he the output of the algorithm when replacing Uy, with ﬁk)g. By Equation
Equation (45) and Equation (50), we have

~. 1 1

Zideal < (1 ¢ 50)(5 4Py Zeﬁ/L+6/L2)Z_ (51)
Recall that ¢ = ﬁ, L = 4n°B, and 8 = poly(n). We have

1 1 2 4 em(tmrm) 1

- B/L 4 — B/L+B/L° _ gz <l+—

L rett L° et dnep + dnep — * 2n¢

for sufficiently large n. As a result, Equation Equation (51) becomes

1

4ne

2Tllc)z < (1+ %)Z (52)

Zideal < (1+ )(1+
for sufficiently large n.
Finally, combing Equation Equation (43) and Equation (52), we have

(1—-1/n%)Z < Z"e < (141/n°)Z. (53)

Then, we consider the real implementation. There are two steps to change the ideal
algorithm to the real implementation. First, we define a intermediate algorithm by replacing
UEE(H, 0E,;n = 0) in the ideal algorithm with ﬁEE(H, 0E,n = e™™). By Lemma 33,
there are O(poly(n) - 2%) many Ugg in the algorithm. Also, we have ||Ugg(H,SE,n =
e~™) — Ugg(H,5E,n = 0)|| < e~™. By triangular inequity, the distance between the ideal
algorithm and the intermediate algorithm is negl(n).

For the second step, we get the real implementation by replacing UEE(H ,OE,n = e ™) with
Ugpg(H,0E,n =e " e =2""). We have |Ugg(H,0E,n =€ ",e=2"")— UEE(H, 0E,n =
e ™)|| < 27™. Again, by triangular inequity, the distance between the intermediate algorithm
and the real implementation is negl(n). As a result, the distance between ideal algorithm
and the real implementation is negl(n). Constituently, the real implementation outputs the
correct estimation of quantum partition function with probability 1 — negl(n).

Finally, we analyze the running time. There are poly(n) of iterations over k and ¢ and
each iteration runs in O(poly(n)-2%) time. Therefore the overall running time is O*(22). <«
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A A trivial fine-grained reduction to k(e)LH from k(e)SAT

» Theorem 35 (Lower bound of k(¢)LH). Assuming SETH (resp. QSETH), for any e > 0,
there is k (depending on €) such that for any algorithm, there exists ng € N such that for
all n > ng, there is a Hamiltonian H acting on n qubits, associated Eyes, Eno satisfying
Ero — Eyes > (1) such that LH(H, Eyes, Evno) cannot be solved in 0(2”(1’5)) classical time
(resp. O(22 (1)) quantum time).

Proof. We construct a Hamiltonian H from a k-SAT instance ® = 1 A pa A+ A O

Let S; C [n] be the set collecting the index j such that x; or —z; appears in ¢;, and
let S; be the corresponding register. Let y; € {0, 1}'51" be the assignment to the variables
appearing in ¢; such that ¢;(y;) = 0. Because ¢; is in the disjunctive form, y; is unique.
Let H := >, H;, where H; := I — |y;){(yils, for all i € [m]. It holds that H,|y;) = 0 if

wi(yi) =1 and H; |y;) = |ys) if vi(y;) = 0. Each H; acts non-trivially on at most k qubits.

Hence, H is k-local.

If there exists an assignment x € {0,1}" satisfying ®, then H |z) = 0. Otherwise,
A(H) > 1. Hence, solving LH(H, Eyes = 0, E;p = 1) can decide k-SAT. The construction of
H takes poly(n) time. Hence, if LH(H, Eyes = 0, Epo = 1) is solved in O(2™(1—¢)) time, then
kE-SAT(®) is also solved in O(2"(179)) classical time, which violates SETH. The argument
assuming QSETH follows in the same proof strategy. |

12:35

CCC 2026


https://doi.org/10.48550/arXiv.2601.05044
https://doi.org/10.26421/QIC8.10-2
https://doi.org/10.26421/QIC17.7-8-6
https://doi.org/10.26421/QIC17.7-8-6
https://doi.org/10.1103/PHYSREVLETT.102.130503
https://doi.org/10.1103/PHYSREVLETT.102.130503
https://doi.org/10.1103/PhysRevLett.103.220502
https://doi.org/10.4230/LIPIcs.IPEC.2015.17
https://doi.org/10.1016/j.tcs.2005.09.023

	1 Introduction
	1.1 Background
	1.2 Our results
	1.3 Our techniques
	1.4 Open questions
	1.5 Organization

	2 Preliminaries
	2.1 General notation
	2.2 Quantum computation
	2.3 Local Hamiltonian problem
	2.4 Quantum partition function
	2.5 Boolean formula, SAT, SETH and QSETH
	2.6 Fine-grained reduction

	3 Size-preserving circuit-to-Hamiltonian construction
	3.1 The construction by Kitaev, Kempe and Regev [32]
	3.2 (n,d)-clock state from [14] and associated operators to implement LH
	3.3 Our new clock states and proof of Theorem 17

	4 Fine-grained hardness for local Hamiltonian problem
	4.1 SETH- and QSETH-hardness of the 3-local Hamiltonian problem
	4.2 Efficient verification circuit for SAT

	5 Fine-grained complexity of quantum partition function problem
	5.1 SETH- and QSETH-hardness of quantum partition functions
	5.2 O*(2^{n/2})-time quantum algorithm for kQPF problem

	A A trivial fine-grained reduction to k(ε)LH from k(ε)SAT

