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—— Abstract

A regularity lemma for polynomials provides a decomposition in terms of a bounded number of

approximately independent polynomials. Such regularity lemmas play an important role in numerous
results, yet suffer from the familiar shortcoming of having tower-type bounds or worse. In this
paper we design a new, weaker regularity lemma with strong bounds. The new regularity lemma
in particular provides means for quantitatively studying the curves contained in the image of a
polynomial map, which is beyond the reach of standard methods.

The weak regularity lemma turns out to be powerful enough to yield results on arithmetic circuits
and polynomial ranks that may be of independent interest:

A general upper bound on the arithmetic circuit size of low-degree polynomials based solely on

their image.

An upper bound on the top fan-in of depth-4 arithmetic formulas under similar conditions.

A quantitative bound for the Green-Tao notion of rank for polynomials, significantly improving

on a result of Karam.
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1 Introduction

Regularity lemmas for polynomials have served as a key component in a variety of important
results, as in the proof of the finite-field Gowers inverse conjecture in additive combinatorics
and higher-order Fourier analysis (e.g. [15, 38]), Stillman’s conjecture in commutative
algebra [1], and the Reed-Muller weight distribution problem in coding theory [3, 23], to
name but a few. They serve as a key component in higher-order arithmetic regularity
lemmas (e.g., [13, 14, 15, 17, 22]).} As is usually the case with regularity lemmas, they
unfortunately only have weak bounds, which are typically inherited by applications. In this
paper we introduce a weaker regularity lemma for polynomials, with far better bounds, that
is nevertheless powerful enough for some applications. For example, we obtain strong bounds
for a result of Karam [21] on the relation between the generalized rank of a polynomial and
its range. Our results also yield a method to prove upper bounds for arithmetic circuits.

Roughly speaking, arithmetic regularity lemmas approximate general functions in terms of low-degree
polynomials that are approximately independent. (This approximate independence is indispensable; to
quote Green [14]: second-order arithmetic regularity lemmas “reduce the study of general functions... to
the study of projections... onto quadratic factors. This, however, is of little consequence unless we can
study those supposedly simple objects.”)
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A Weak Regularity Lemma for Polynomials

Roughly speaking, the usual regularity lemmas for polynomials (see, e.g., Proposition 8.1
in [9], Lemma 2.4 in [15], or Lemma 3.11 in [14]) can be described as results about polynomial
decompositions. Namely, they express any n-variate polynomial P: F"* — F — and more
generally, any polynomial map P: F" — F" — in terms of a bounded number (independent
of n) of polynomials X = (X,...,Xy), that is, P = F(X), with the property that the
polynomials in X “behave” approximately like & (jointly independent) variables. Although
the precise definition of “behave” can differ depending on the context, the intuition is as
follows: for many purposes, any polynomial can be analyzed as though it had only k variables.
The number & of parts Xi,..., Xy in the decomposition depends only on the degree d and
the number m of the given polynomials P = (Py,..., P,,), and as mentioned above, this
dependency — befitting a regularity lemma — can be quite astronomical, often having worse
than a tower-type growth (see, e.g., the Remark following Lemma 2.4 in [15]).2 A main
reason for these weak bounds is that in order to guarantee approximate independence, the
polynomial parts X, ..., X, as well as all their linear combinations, are required to have
rank (see Section 2) that is large as a function of k, their number. Thus, the larger the
number of parts, the more difficult it is to satisfy the rank requirement, which translates to
an extremely large number of steps in the process to construct them.?

In the setting of graphs, Frieze and Kannan [11] famously obtained a weak regularity
lemma that has both strong bounds and multiple interesting applications. For comparison,
the usual graph regularity lemma of Szemerédi decomposes any graph — by partitioning its
vertices — into a bounded number of parts (independent of the number of vertices) with
the guarantee that almost all graph parts are “approximately” random. The weak graph
regularity lemma decomposes any graph in the same sense, but comes with only one, global
guarantee. Our weak regularity lemma for polynomials is partly inspired by this approach.

1.1 Weak regularity for polynomials

The basic idea of our weak regularity lemma is to relax the requirement on the k polynomials
X1,..., X, and only require that at least one of them, of maximal degree, behaves like a
free variable with respect to all the others. That is, conditioned on Xs, ..., X} taking any
given value y € F*~1, we require that X; takes any value in F with approximately the same
frequency. This imitates the case of a genuinely free variable; or more concretely, the case
where Xy = z1, and X; = X;(wo,...,z,) for i > 1, where 1, ...z, are variables.

Intuitively, the benefit of having a weak regular decomposition for a polynomial map P
is that it reveals some information about the univariate polynomials “induced” by P. In
particular, it enables us to argue about the image of P (for which standard rank-based
tools are unsuitable, as they typically give information only about equidistribution); indeed,
a corollary of the weak regularity lemma will be that lines that X intersects somewhat
often must in fact be fully contained in the image of X. This translates to a polynomial
curve (univariate polynomial map) contained in the image of P. See below for more about
applications.

2 Interestingly, recent regularization results of Lampert and Ziegler [29, 27] give strong bounds; however,
unlike regularity lemmas, these do not provide a decomposition of P as a polynomial in Xi,..., X},
but rather place P in the ideal generated by them.

3 See, e.g., Proposition 8.1 in [9] for a clean example of this phenomenon: the reason that the process
terminates at all is a decrease in the lexicographic order of the tuple of degrees of X in each step.
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We note that throughout the paper we work with finite fields IF, for which the notion of
weak regularity can be most elementarily defined. Moreover, rank-based methods, which we
rely on extensively in the proof (as do proofs of other regularity lemmas for polynomials),
tend to be most challenging in the finite-field setting.*

Formally, we define weak regularity as follows. We refer the reader to Section 2 for a

more formal discussion, and the proofs. For tuples of polynomials P = (P,..., Py,) and
X =(Xy,...,Xx) over F, we write P C F[X] if every component P; of P can be written as
Fi(X1,...,X}) for some polynomial F;. Henceforth, for any k-tuple v = (vq,...,v;), we use

the notation v’ for the (k — 1)-tuple v’ = (va, ..., vk).

» Definition (weak regularity). A tuple of polynomials P over F = F, has a weak e-regular
decomposition of size k if P C F[X], for some k& homogeneous polynomials X = (Xy,..., Xk),
such that:

for every y € FF| |Pr[X = y] — ¢ ' Pr[X' = ¢/]| < eq™F,

P ¢ F[X’], and

deg(X1) = max; deg(X;).

The probabilities here are with respect to a uniformly random input; that is, Pr[X = gy] is a
shorthand for Pryepn [X(2) = y], with « chosen uniformly at random from F”. Intuitively, the
probabilistic condition can be motivated as follows. If X7 were truly an independent variable
x1, with X; = X;(z2,...,2,) for i > 1, we would certainly have both Pr[X; = y;] = % and
Pr[X = y] = Pr[X; = y1] Pr[X’ = ¢]. Hence, the probabilistic condition mimics the behavior
we would expect for an independent variable .

Note that the two additional conditions at the end of the definition are necessary to avoid
trivialities. This is clearly the case for the first, which guarantees that the decomposition
of P depends on X;. As for the other additional condition, that X; is of maximal degree —
note that we can decompose any polynomial P = P(x1,...,x,), of degree d in x; say, as
Z?:o 2iCi(x2,...,2,); that is, we always have a small decomposition P = F(z1,Cy,...,Cy)
(where F(z,y0,Y1,---,Yd) = Zj:o 2Yy;). Although z; is genuinely independent of the other
parts of the decomposition Cy, ..., Cy, its degree deg(x1) = 1 is generally far from the largest
degree among them.

Let us also mention two extreme cases in the definition of weak regularity. First, if
P is a tuple of forms that, viewed as a map P: F" — F™, is already equidistributed,
that is, |Pr[P = y] — ¢~™| < e¢™™ for every y € F™, then P trivially has a small weak
e-regular decomposition. Second, P always has the trivial decomposition P = P(X) with
X = (x1,...,x,) its variables, which is a weak O-regular (i.e., a perfectly weak regular
decomposition; assuming without loss of generality that P depends on z7), though of a
trivially large size n.

Our main result is that a rather small weak regular decomposition always exists (see
Theorem 8).

» Theorem 1 (weak regularity lemma). Let e = ¢~ ¢ with ¢ > 1. Every polynomial m-tuple P

over F =TF,, of degrees at most d with d < char(F), has a weak e-regular decomposition of

. d(1to(1)
size at most (mc)? 5

To get an analogue of our weak regularity lemma for infinite fields would require replacing the probabilistic
notion of approximate independence in the definition of weak regularity below, for example by a geometric
or by a commutative algebra analogue (see, e.g., [28, 9]), and adapting the proof accordingly. Technically,
this would require replacing the notion of bias of a polynomial (see Section 2.2) by standard analogues
for infinite fields. For the structure-vs-randomness theorem we rely on (Theorem 17), a geometric
analogue over infinite fields has long been known [25, 36] with, in fact, a slightly better, linear bound.
Throughout, the o(1) term in d(1 + o(1)) goes to 0 as d goes to infinity.
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For comparison, the usual regularity lemmas for polynomials only give tower-type bounds
or worse; namely, the bounds are at the very least a tower of exponents, of height depending
on d, with m at the top. Our weak regularity lemma, in particular, is polynomial in m
(which is especially relevant in the important case of low-degree polynomials d = O(1)).

The proof of our weak regularity lemma relies on several components, including a
combinatorial regularization process over “punctured” spaces of polynomials, and a Fourier-
analytic quasirandomness argument over such spaces. See Section 1.4 for more information.

1.2 Applications for arithmetic circuits

Using the weak regularity lemma, one can prove results that go beyond standard notions
of structure for polynomials such as rank or partition rank. These standard notions only
give “shallow” decompositions — their building blocks are generally just one degree lower —
whereas we will be interested in decompositions that go “deeper”. Concretely, in the next
two sections we present applications that give novel structural results for polynomials based
solely on their image.

Inspired by [21], we make the following definition for polynomial maps (that is, tuples
of polynomials). Define the univariate degree of a polynomial map P: F” — F™ to be the
smallest degree of a non-constant curve contained in its image:

udeg(P) = min{deg(U) | U: F — F™ non-constant: Im U C Im P}.

By convention, if P is constant then udeg(P) = co. Note that 1 < udeg(P) < deg(P)
(:= max; deg(P;)) for any non-constant P;® see [21] and Section 3.1 for more about this.

» Remark 2. Univariate degree is related to the concepts of subspace-evasive sets and variety-
evasive sets over finite fields, which are sets that have small intersections with, in particular,
any line and any curve of low degree, respectively. (Explicit constructions were given by
Dvir, Koll4r, and Lovett [7, 6].) In particular, if Im(P) evades curves in the sense that
|Im(P) N C| < |F|/u for every curve C' C F™ of degree u, then udeg(P) > wu. (Indeed,
otherwise C' C Im(P) with deg(C) = u, and |C| > |F|/u.) However, the converse does not
hold — large udeg(P) is about Im(P) avoiding containment of entire curves, and so is a weaker
property than Im(P) avoiding any significant intersections with curves. Thus, applications
requiring large udeg(P), as we give in this paper, require an even weaker condition on Im(P)
than being variety evasive.

Let L(P) denote the arithmetic formula size of a polynomial P. It is known that for most
degree-d polynomials P in n variables, over any field, L(P) > (”j{'d)l_o(l). Indeed, a nice
argument of Hrubes and Yehudayoff (Theorem 3.7 in [19]) shows that this holds even when
restricted to polynomials with coefficients in {0,1}. In fact, a similar conclusion holds more
generally for arithmetic circuits.”

We use the weak regularity lemma to show that for low-degree polynomials, high univariate
degree implies the existence of formulas that are considerably smaller than the typical n¢—°(1),
with a power-saving bound.

» Theorem 3. Let P be an n-variate polynomial of degree at most d and univariate degree
at least u, over any finite field F with char(F) > d. If d < §log, logy(n) then

L(P) < pld/ul+o(1)

5 Indeed, if P(u) # P(v) then U(t) = P(u + t(v — u)) is non-constant and deg(U) < deg(P).
" This traces back to StoB [37], at least in the univariate case. See also Lovett [30].
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We note that any improvement to the upper bound in the weak regularity lemma would
translate to a less stringent condition on d in Theorem 3 (e.g., a polynomial upper bound d“
in Theorem 8 would translate to the condition d < no(l)).

Our machinery also has a direct implication for the study of depth-4 arithmetic formulas.
A Z[T] H[a] ZH[b]—formula (e.g., [24, 26]) for a polynomial P is a decomposition of the
form P =37 [1jL, Qi; with a; < a and deg(Q;,;) < b. It is an important challenge to
understand the interplay between any of the different “fan-in” parameters (r, a, b). Trivially, if
the bottom fan-in b is allowed to be as large as deg(P), then P has a 3" [ S= [T"-formula
with r = @ = 1. The question becomes interesting when the bottom fan-in b is bounded away
from deg(P). Using the weak regularity lemma, we deduce an upper bound on the top fan-in
r from a lower bound on the univariate degree. (It is worth noting that the model of depth-4
homogeneous arithmetic formulas with top fan-in r was shown by Kumar and Saraf [26] to
be already powerful for r = O(logn).)

» Theorem 4. Let P: F"* — F with deg(P) < d, over any finite field F with d < char(F).
Suppose P € F[P] with P = (P1,..., Py,), deg(P) < d, such that udeg(P) = u. Then there
is o ST S 1YY -formula for P with top fan-in r < (2m)2"" """ Moreover, the
formula is homogeneous® if P is.

Contrapositively, the above results can also be interpreted as implying a barrier for
lower bound results: roughly, any strong enough lower bound method must somehow avoid
applying to polynomial maps of high univariate degree. It therefore seems that the notion of
univariate degree, and more generally a qualitative understanding of the curves contained in
the image of a polynomial map, could be an important data point to consider when studying
questions about arithmetic circuits.”

There are also connections with polynomial identity testing. For example, a line of work
by Oliveira, Sengupta, and others (e.g., [34, 12]) uses a regularity lemma for polynomials to
obtain efficient identity testing algorithms for depth-4 circuits with bounded top and bottom
fan-ins. We leave it for future work to determine whether our weak regularity lemma could
suffice here.

1.3 Applications for generalized ranks of polynomials

Is there an algebraic explanation for non-surjectivity of (multivariate) polynomials? An
important class of non-surjective polynomials are those of the form P = F(Q) with 1 <
deg(Q) < deg(P) — sometimes called uni-multivariate decomposable [16] — for some non-
surjective univariate F (for example, P = (Q(x1,...,x,))" with ged(¢, |F| — 1) > 1). For
such a polynomial of degree d, it must be that deg(Q) < d/2 (as deg(F') > 2). We show that
this is always the case, in the sense that every non-surjective polynomial can be written
in terms of a rather small number of polynomials all of degree at most d/2 (despite most
polynomials not being uni-multivariate decomposable [39]). In fact, we also show a significant
generalization of this to polynomial maps (note that the image of a polynomial map holds
information about the dependencies between its various polynomials).

8 That is, each Q;,; is homogeneous, and all products Hj Qi,; are of the same degree.

9 Univariate degree should not be confused with the concept of an elusive function of Raz [35], which is a
polynomial map P satisfying InP ¢ Im T, for every polynomial map I' with given parameters. Indeed,
univariate degree is about containment in the other direction: a lower bound on udeg(P) means that
ImU ;(_ Im P, for every polynomial curve U of a given degree.

14:5
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Following Green and Tao ([15], Definition 1.6), let rank;(P), for a polynomial P and ¢ > 0,
denote the least number of polynomials of degree at most ¢ such that P can be expressed
as a function of only them. Note that this extends naturally to polynomial maps P. One
easy-to-state application of the weak regularity lemma is that any polynomial that is not
surjective, and more generally any polynomial map P: F” — F” whose image Im P (C F™)
does not contain a line, must have low rank;(P), for some ¢ bounded away from deg(P).

» Theorem (see Theorem 21). Let P: F™ — F™ be a polynomial map with deg(P) < d, over
any finite field F with d < char(FF). If In P does not contain a line then

rankg/o(P) < (2m)2d(1+0(1)).

» Remark 5. Just for the special case of Fs, there is a vast literature on subsets of F5’
avoiding a line, also known as cap sets. The most basic example of a cap set is {0, 1}™;
this cap set leads to the following easy observation: for any (low-degree) polynomial map
P: F} — F7', in any number of variables n, its “square” P2 := (P?,..., P2): F} - F is a
(low-degree) polynomial map with a line-free image. More generally for [F,,, with any prime
p > 3, consider for example the analogue of Behrend’s construction (see, e.g., Lemma 17
in [10]); it corresponds to the following observation: if Im(P;) C {0,1,...,(p—1)/2} for every
i, and the real number Y " P? is constant, then the image of P = (Py, ..., P,,) contains no
three points on a line, and in particular is line-free. See, e.g., [8] and the references within
for more constructions of cap sets.

One can significantly extend this result, by considering the univariate degree udeg, which
we recall is the smallest degree of a curve contained in the image of P. We note that
udeg(P) = 1 if and only if Im P contains a line (and for m = 1 this means surjectivity).

It is not hard to show that, as n tends to infinity, we cannot hope to bound rank,(P) for
t < deg(P)/udeg(P) (see, e.g., Section 3.1). Karam proved (see Theorem 1.3'° in [21]) that
we indeed can for t = deg(P)/ udeg(P).

» Theorem 6 ([21]). Let P: F" — T be a polynomial with deg(P) < d, over any prime finite
field F = F, with d < p. For t = deg(P)/udeg(P), we have rank,(P) < v(p,d), for some
function ~y.

The proof uses a variant of the usual regularity lemma for polynomials, and thus yields
an extremely weak bound 7(p, d) on rank,(P).

We show that the weak regularity lemma is sufficiently powerful to bound rank; for any
polynomial, and in fact also for any polynomial map and over non-prime fields too, yielding
a correspondingly strong bound.

» Theorem (see Theorem 24). Let P: F" — F™ be a polynomial map with deg(P) < d, over
any finite field F with d < char(F). For ¢t = deg(P)/ udeg(P),

rank, (P) < (2m)2""""".

Roughly speaking, our proof follows by showing that for any weak e-regular decomposition
P = F(X), for € bounded away from 1, we have udeg(P) < deg,(F), the degree of F in
its first variable (so Im U C Im P for some non-constant curve U with deg(U) = deg, (F)).
Using the guarantees of the homogeneity of X and of the maximality of deg(X;) (= deg(X)),
and removing “redundant” monomials from F, we will deduce deg; (F) < deg(P)/ deg(X),
that is, deg(X) < deg(P)/udeg(P) = ¢, which would allow us to bound rank;.

10 More precisely, Karam’s result is stated for the closely related notion of rky; see Section 3.
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1.4 The proof

Towards the proof of the weak regularity lemma, we obtain results on linear spaces of
polynomials and forms (homogeneous polynomials) that may be of independent interest. In
particular, we analyze subspaces of high-rank polynomials (where the rank is allowed to grow
with the number of spanning polynomials, i.e., the dimension of the space). More particularly,
we analyze punctured spaces of high-rank polynomials. By a punctured space we mean the
complement of a linear subspace: V' \ U where V is a linear space (of polynomials) and U is a
strict subspace.!! For comparison, the classical regularity lemmas for polynomials work only
with the “trivial” punctured space V'\ {0}; or more concretely, all nonzero linear combinations
of the parts X are required to have high rank. Obtaining a high-rank punctured space V' \ U,
rather than a high-rank ¢rivial punctured space V' \ {0}, turns out to be achievable with far
better bounds. We call this result a “rank-regularity lemma”, and note that its strong bounds
eventually translate to strong bounds for our weak regularity lemma. Using it, the rest of
our proof has, very roughly, the following logical structure (see Section 2 for all definitions):

X t-rank-regular < rk(X; + SpX') > ¢|X]
= | bias(X; + Sp X')| < eg~ Xl
= X weak e-regular.

The proof moreover guarantees the additional required conditions, e.g., that X; has maximal
degree. To translate from high rank to low bias, our proof relies on recent results on the

relationship between structure and randomness for polynomials (see e.g. [20, 31, 5, 32]).

These results are proved by going through the corresponding multilinear forms — which
requires the characteristic of the field to be larger than the degree of the parts — by relating
analytic rank and partition rank (defined by Gowers and Wolf [13] and by Naslund [33],
respectively).

1.5 Organization

In Section 2 we state and prove our weak regularity lemma. The proof has several components.

In Section 2.1 we prove a rank-regularity lemma, which finds a small decomposition where
every linear combination outside of a strict subspace has high rank. In Section 2.2 we show
that a similar condition in terms of bias (rather than rank) suffices to get weak regularity,
using Fourier-analytic techniques and known structure-vs-randomness results. Finally, in
Section 2.3, we combine the aforementioned pieces to prove the weak regularity lemma. In
Section 3 we obtain the applications of the weak regularity lemma outlined above.

1.6 Preliminaries

An important aspect of regularity lemmas for polynomials is that they are independent of
the number of variables n (similarly to how, for example, the graph regularity lemma is
independent of the number of vertices of the graph). As such, it will be convenient to use the
notation Poly(TF) for the set of all polynomials over F (meaning with coefficients in ) in any
(finite) number of variables x1,...,z, (n € N). While we work with (formal) polynomials
in this paper, note that any n-variate polynomial over F determines a function F" — F

1 For example, a punctured space of codimension 1 (V' \U with codimy (U) = 1) is of the form {cw+u|c #
0,u € U} for some w € V.

14:7
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(uniquely so if every variable has degree smaller than |F|). We write Poly,(F) for the set
of polynomials of (total) degree at most d. We henceforth omit F from our notation when
it is clear from context. Naturally, Poly”™ = {(Py,..., Py)|Vi: P; € Poly} stands for the
set of m-tuples of polynomials, or equivalently, polynomial maps into F"*; and analogously
for Poly}'. Similarly, we denote by Form the set of all homogeneous polynomials (or forms
for short) of positive degree, in any (finite) number of variables; we denote by Form, the
set of forms of degree d; and by Form[' the set of m-tuples of forms of degree d. For
polynomials X7, ..., X, € Poly(F), we denote by F[X1,...,X,] the algebra they generate,
that is, {F(Xy,...,X,)|r-variate F € Poly}. Of course, if z1,...,z, are independent
variables then F[zy,...,x,] is the usual ring of n-variate polynomials in xy,...,2,. We
denote by deg,(P) the degree of P in the variable x; (that is, its degree when viewed as a
univariate polynomial in ;).

We will frequently use boldface letters to emphasize that an object is a tuple; so for example,
we will use P, instead of P, when dealing with a tuple of polynomials (or a polynomial map).
We will use the convention that for a tuple X = (X1,...,Xx) and a set A, the notation
X C A is a shorthand for X; € A for all i. For P C Poly we denote deg(P) = max; deg(P;).
More generally, for a set V' C Poly we denote deg(V) = maxpcy deg(P).

Probabilities, unless otherwise specified, are to be understood with respect to a uniformly
random input; that is, for X: F* — F¥ Pr[X = y] is a shorthand for Pryep[X(z) = 9]
with z chosen uniformly at random from F™. The image (or range) of a polynomial map
P:F* — F™ is denoted ImP = {P(x)|z € F*} (C F™). For a subset S C F", we write
P(S) = {P(x)|z € S}.

Note that Poly,(IF) is a linear space over F. We write U < V when U is a subspace of
V. We denote the linear span of X € Poly”(F) by SpX = Sp{X1,..., X} = {a - X|a € FF},
which is of course a subspace of Poly ;(F).

For P € Poly™(IF), we refer to an expression of the form P = F(X) (or P = F 0 X), with
F ¢ Poly™(F) and X € Poly”(F), as a decomposition of P (so that for every component P;
of P, we have the decomposition P; = F;(X)). Note that this is a composition of (formal)
polynomials. When the map F is immaterial, we denote the decomposition by P C F[X].

As mentioned above, all fields considered in this paper are finite; we denote by F, the
finite field of size ¢ (so ¢ is a power of the characteristic char(TF)).

2 Weak Regularity

For convenience, we repeat here the definitions of weak regularity and the weak regularity
lemma. Recall that for a k-tuple y = (y1,...,yx), we denote by y’ the (k — 1)-tuple
Yy =2 k)

» Definition 7 (weak e-regularity). Let F =TF,. We say that X € Form"(F) is weak e-regular
if deg(X,) = deg(X), and for every y € F*,

|Pr[X =y] —¢ ' Pr[X' =y][ <eq"

For P C Poly(F), we say that P C F[X] is a weak e-regular decomposition if X C Form is
weak e-reqular and P ¢ F[X'].12

12 For completeness, the empty decomposition (k = 0) is trivially weak e-regular for any e. Thus, constant
polynomial maps P trivially have a weak e-regular decomposition.
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Roughly speaking, a set of forms X C Form is weak e-regular if at least one of its members,
of largest degree, is approximately “unbiased” and “independent” of the rest; moreover, a
polynomial map P has a weak e-regular decomposition if it can be expressed in terms of a
weak e-regular X, and depends on X;. Intuitively, P can be thought of as a polynomial in
only k variables, and although these may not be independent, free variables, at least one of
them approximately is.

Let us also note that the probabilistic condition in Definition 7 means that Pr[X =

y]/q7F = a + ¢ for every y € F¥ with Pr[X’ = y’']/¢~*~V = « (recall X’ is a (k — 1)-tuple).

Intuitively, this means X is distributed like X’ up to an additive error of e. We also mention
that Definition 7 implies deg(X) < deg(P) (see Corollary 29).

» Theorem 8 (weak regularity lemma). Let ¢ > 1. Every P € Poly})'(Fy), with d < char(Fy),
has a weak e-reqular decomposition of size

9d(1+0(1))

k < (2mc) ,

k

where we write eq”* = g~ for the error term.

Note that the decomposition size is polynomial in m. We remark that Theorem 8 is even
stronger than the statement in the Introduction (Theorem 1), since here € is a function of
the decomposition size k (namely, e = g~ (¢~ D).

2.1 Rank-regularity

The proof of the weak regularity lemma has several components. At the core of the proof is
what we call a rank-regularity lemma'® (see Definition 10). Roughly, the requirement for the
parts X in a rank-regular decomposition is that they are homogeneous (not necessarily all of
the same degree), and that every linear combination of X outside of a strict subspace has
high rank (see Definition 9). We will later convert a rank-regular decomposition into a weak
regular decomposition. We begin by setting up the basic definitions we need, and state the
results that form the steps of our overall strategy.

An important definition in the study of polynomials is that of rank, sometimes also called
strength [1] or Schmidt rank [36]. Recall that a polynomial is reducible if it can be factorized
as the product of two non-constant polynomials (all polynomials over the same field).

» Definition 9 (rank). The rank of a form P € Formy(F) is:
For d > 2: the least number of reducible forms that sum up to P:

rk(P) = min {7’ |3R1, ..., R, € Formy(F) reducible: P =Ry +--- + RT}.

For d =1, rk(P) = co.
More generally, the rank of a polynomial P € Poly(F) is the rank of its highest-degree

homogeneous part,'* or 0 if P is a constant.

Note that for a homogeneous P € Form, with rk(P) < r (< o0), we can write P =
Q(Y1,...,Y) with & < 2r, for some homogeneous @ € Forms and Y; € Form with deg(Y;) <
d. This uses the fact that a reducible form R factorizes as the product of two forms (of
lower degree); indeed, the product of the lowest-degree homogeneous parts of the factors is a
homogeneous part of R.

13 0Or “rankularity” lemma for short.
M 1f deg(P) = d and we write P = Z?:o P; with P; a form of degree 4, then rk(P) = rk(Py).
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The core of the proof of our weak regularity lemma is a weak regularity lemma for rk.
For P C Poly, call a decomposition P C F[X] minimal if P ¢ F[X*] for every X* C Form
with Sp X* € SpX. Put differently, no strict subspace V' < Sp X generates P (where V'
has a basis of forms X*).

» Definition 10 (rank-regularity). For anyt > 0:
X € Form" is t-rank-regular if rk(X) > ¢r for all X € SpX outside of a strict subspace.
P € Poly™(F) has a t-rank-regular decomposition of size v if P C F[X] is a minimal
decomposition for some t-rank-regular X € Form" (FF).

Note that “all X € SpX outside of a strict subspace” refers, explicitly, to all X €
(SpX) \ U for some strict subspace U < SpX.!® In other words, X is t-rank-regular if
Sp{X € SpX|rk(X) < tr} # SpX. This aspect'® of the definition is one reason that we are
able to obtain strong bounds for this regularity lemma. We also mention that Definition 10
implies deg(X) < deg(P) (see Corollary 29).

» Theorem 11 (rank-regularity lemma). Every P € Poly)' has a t-rank-regular decomposition
of size at most ((2t + 1)dm)2" .

2.1.1 Linear spaces of polynomials

Here we prove several useful properties of linear spaces of polynomials, which will be used in
the proof of the rank-regularity lemma and the weak regularity lemma. We begin with some
useful notation.

Henceforth, for a linear space V' < Poly and R > 0, we denote the span of its low-rank
polynomials by

Ur(V) =Sp{X € V| tk(X) < R}.

Note that X € Form” is t-rank-regular if and only if Ur(V)#V for V=SpX and R = tk.
We say that a finite-dimensional linear space V' < Poly is homogeneous if V' is spanned

by forms.'” Equivalently, V is the sum — and thus the direct sum — of its homogeneous parts:
V =3~ Vi where V; := V N Form;. We abbreviate vt = Vaeg(v), that is,

vi=vn Formgeg(v),

where we recall the notation deg(V') = maxxey deg(X).
For the proof of the rank-regularity lemma (Theorem 11) we will need the following
lemma on rank-regularity of forms of top degree.

» Lemma 12. Let Y € Form™, and let Y* € Form™ have the same underlying set as Y.
For any t, if Y* is t-rank-regular then Y is t-rank-regular.

Proof. Put V = Sp(Y), V* = Sp(Y*), and note V* = Sp(Y") = (SpY)T = V. Let R = tm,
and suppose Ug(V) = V. We need to show Ur(V*) = V* (with the same R, as the tuples Y
and Y* have the same number m of polynomials), or equivalently, Ur (V1) = V1.

15 For example, U might be Sp(X’), provided X is linearly independent.

16 Equivalently, this is about high-rank punctured spaces: if V' < Poly has a punctured space W (= V' \ U,
U < V) with 1k(P) > tdim(V) for every P € W, then any basis of forms for V' is ¢t-rank-regular (and
vice versa).

7 By convention, the zero space {0} is homogeneous.
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Let P € VT, that is, P € V is a form with deg(P) = deg(V). Since Ug(V) =V, P is
a linear combination of P; € V with rk(P;) < R. Then P is a linear combination of their
homogeneous parts of degree deg(V'), which are:

also in V (as V is homogeneous), and thus in V', and

of rank < R (by definition of rank for non-homogeneous polynomials).
Thus, P € Ug(VT). We deduce that VT C Ug(VT), and since the containment in the other
direction trivially holds, we are done. |

For the rest of the proof of the weak regularity lemma (Theorem 8), we will need Lemma 14
and Lemma 15 below.
We begin with the following closure property of the subspaces Ur(V).

> Claim 13. Let V < Poly, R > 0. Every X € V with deg(X) < deg(Ugr(V)) satisfies
X e UR(V)

Proof. Abbreviate U = Ur(V). Let Xy € U with rk(Xy) < R of maximal degree, deg(Xy) =
deg(U). We claim that X+ X € U. Indeed, since deg(X) < deg(U) = deg(Xy), we have
rk(Xo + X) = rk((Xo + X)) = rk(X]) = rk(Xo) < R. Thus, as desired, X € U, being the
difference X = (X + X) — Xo of two members of the linear space U. <

» Lemma 14. Let V < Poly, R > 0. If V is homogeneous then so is Ur(V).

Proof. Put U = Ug(V). For X € Poly, denote by X € Form; the degree-i part of X (so
that X =5 . X (i)). First, we prove another closure property of U (in a homogeneous V): for
every X € V, if rk(X) < R then X(®) € U for every i. Let us prove this. If i = deg(X) (that
is, X = XT) then rk(XT) = rk(X) < R; since V is homogeneous, X' € V, so XT € U, as
needed. On the other hand, if i < deg(X) then deg(X®) < deg(X) < deg(U), since X € U,
and since X € V by the homogeneity of V, we can apply Claim 13 on X® to deduce
X ¢ U. This proves our claim.

Let X = {X € V|rk(X) < R}, so that U = Sp(X) by definition. By the claim above,
X* = {X®| X € X,i < deg(X)} satisfies X* C U. Since U = Sp(X) C Sp(X*) C U, we
deduce that U has a spanning set of forms, which completes the proof. <

» Lemma 15. Let V < Poly, R > 0. If V is homogeneous, then Ur(V) =V if and only if
UR(VT) =V,

Proof. The forward direction is equivalent to Lemma 12: if Ugr(V) =V, then deg(Ugr(V)) =
deg(V), which implies VT C Ur(V)T C Ug(VT), as needed.

For the other direction, suppose Ur(VT) = VT. Then VT C Ug(V), as Ur(VT) C Ug(V),
and in particular, deg(Ur(V)) = deg(V'). Let us denote V' = €D, _ (v Vi- Claim 13 says
V' CUR(V). Then V=V + V' CUR(V)+ Ug(V) = Ugr(V) CV, that is, Ur(V) =V, as
needed. |

2.1.2 Proof of the rank-regularity lemma

Theorem 11 will be proved using a repeated application of the following decomposition
lemma. It shows that if a tuple of forms X, all of the same degree d, is not t-rank-regular,
then we can decompose it into not-too-many forms of varying degrees, all strictly smaller
than d. Crucially, the lemma considers not just individual low-rank forms, but the whole
subspace they span.

14:11
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» Lemma 16. If X € Form/;(F) is not t-rank-regular, then X C F[Y] for some Y € Form®
with deg(Y) < d and R < 2tr?.

Proof. Assume d > 2, as otherwise the hypothesis is vacuous. Put V = Sp X (< Formg) and
E=dimV (<r). Let

X" ={XeV|rk(X) <tr}.

Suppose X is not t-rank-regular, so that Sp(X~) = V. Thus, X~ contains a basis B =
(Bi,...,By) € Form® for V. This has the following implications:
Since X C SpB (= V), there is a linear map L: F¥ — F" such that X = L(B).
Since B C X~ NForm, and by the definition of rk (recall Definition 9 and the subsequent
remark), we have B = Q(Y) for some quadratic Q € Form5 and some Y € Form® with
deg(Y) < d, where R < 3, 2tk(B;) < 2tr - k.
Combining the above, we deduce that X = L(Q(Y)) = F(Y), where F := L(Q) € Formj
and Y € Form® with deg(Y) < d and R < 2tr - k < 2tr?, which completes the proof. |

We prove the rank-regularity lemma by an iterative construction with at most d steps,
maintaining at all times a tuple of forms of various degrees. At each step, we move to a
minimal decomposition, and if it is not a t-rank-regular decomposition then, we show, its
subset of forms of maximal degree is also not ¢-rank-regular. This last deduction requires
care — as the rank requirement in Definition 10 (rk(X) > ¢r) depends on the number of
polynomials in the decomposition — and follows using Lemma 12. Having done that, we
decompose the maximum-degree forms in terms of lower degree forms using Lemma 16, which
strictly decreases the maximum degree of the forms in the decomposition, as needed.

Proof of Theorem 11. Assume P is non-constant, as otherwise there is nothing to prove.
Let X° € Form™ be obtained from P € Poly™ by replacing each component of P with its
nonzero homogeneous parts of degree 1,2,...,d. Note that P C F[X°] and o < dm.

We claim that for some s > 0, there are s homogeneous polynomial maps X!, ..., X5,
with X! € Form™ for i = 1,...,s, such that P € F[X5] is a t-rank-regular decomposition,
and for every i > O:

P C F[X],

deg(X!) < d —i, and
re < (2t +1)2 1 (dm)?.
The process terminates (that is, s is well defined); indeed, any X C Form with deg(X) =1
is t-rank-regular for any ¢, since rk(X) = oo for every X € Sp(X) \ {0}, so a minimal
decomposition P C F[X] with deg(X) = 1 is a t-rank-regular decomposition for any t.
Proving the above claim would complete the proof, since 1 < deg(X®) < d — s implies s < d,
and thus X® € Form™ with r, < ((2t + 1)dm)2d, as desired.
For each i starting with i = 0, given X! we proceed as follows:
Consider a homogeneous subspace W < Sp(X!) of minimal dimension satisfying P C F[W],
and let Y € Form” be a basis of W. Then P C F[Y] is a minimal decomposition, and
moreover, deg(Y) < deg(W) < deg(X'), and 7’ = dim W < dim Sp(X?) < ;.
Now, if P C F[Y] is t-rank-regular then set s = 4, X® =Y and r; = 7/, finishing the
construction. Otherwise, Y must not be t-rank-regular. We will use Y to construct
X+ with deg(X*1) < deg(X!). In order to apply Lemma 16, we need a tuple of
forms satisfying two conditions: they are all of the same degree, and the tuple is not
t-rank-regular.
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Put £ = deg(Y), and obtain Y* € Form” from Y by replacing, in each component of Y,
a polynomial of degree smaller than ¢ by another polynomial from Y of degree ¢.'8 By
Lemma 12, Y* is not t-rank-regular.

Apply Lemma 16 on Y*. Merge the resulting tuple of forms with the forms in Y of degree
smaller than ¢ to obtain X'*1 € Form”+' with Y C F[X*1], deg(X!*1) < deg(X!), and
rip1 < 2tr? oy < (2t + 1)r?.

To prove that this construction gives the claim above, we proceed by induction on 7 > 0.
The induction base i = 0 follows trivially from the construction of X9, as P C F[X?]
with deg(X?%) < d, and 79 < dm = (2t + 1)°(dm)!. For the induction step we have, by
the construction of X'*1 and the induction hypothesis, that P C F[Y] C F[X!*1], that
deg(X'1) < deg(X') —1 < d— (i 4+ 1), and that ripqy < (2t + 1)r? < (2t + 1)((2t +

12 ~1(dm)?" )2 = (2t + 1)2" ~1(dm)?""", as needed. This completes the proof. <

2.2 Bias and weak regularity

We will use the notion of bias of a polynomial, which is a standard analytic measure related to
deviation from equidistribution. Henceforth, fix any nontrivial additive character!® y: F — C
(for concreteness, if F =T, is a prime field, take x(y) = w¥, where w is the principal root of
unity, w = e>™/?_and y on the right hand side is viewed as an element of {0,...,p — 1}.)
The bias of P € Poly(F) is the complex number
bias(P) = E x(P(z)).
xeFn

As we will see below, simple analysis relates bias and equidistribution as follows (see also
e.g. [2], or Claim 33 in [4]):

1
Vy € F: |Pr[P = y] — — | < max | bias(aP)|.
|F| acFXx
Towards proving that rank-regularity implies weak regularity, we will use the best bound
known for the structure versus randomness problem for polynomials, which is almost linear.

» Theorem 17 ([32], Corollary 8.5 and Remark 8.3). For any P € Poly,(F) with char(F) > d,

tk(P) >r = |bias(P)| < |F|¢ar/los2(r+1)

and cq = Q4(1), namely cq > g—dite

We remark that [32] even gives that the logarithmic term in Theorem 17 goes down with

|F| (namely, denominator logg(r + 1) + 1), but we do not need this. We also remark that

one can replace the use of Theorem 17 in our proof by earlier bounds of Miliéevié¢ [31] or

Janzer [20], and still obtain reasonable, albeit somewhat worse bounds in Theorem 8.
Using bias, a Fourier-analytic argument will help us to deduce weak regularity.

» Lemma 18. Let U < V < Poly(F,) with dim(V) = k. Suppose | bias(X)| < eq=* for all
X e V\U. Then any basis X € Form” of V that contains a basis of U, with X1 ¢ U and
deg(X1) = deg(X), is weak e-regular.

8 That is, Y* is obtained from YT by arbitrarily duplicating components to achieve size 7.
19 A nontrivial additive character of F is a homomorphism x: F — C* (x(a + b) = x(a)x(b)) with x # 1.
Equivalently, x(y) = W ey with w = 2™/P p= char(F), ¢ € F*, and Tr is the trace of F on F.
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That is, Lemma 18 requires of X that: X is a basis of V, U C Sp(X’), X; ¢ U, and
deg(X1) = deg(X).
Recall that X being weak e-regular implies that for every y € F¥,

| Pr[X =y] — [F| 7' Pr[X' = y']| < €[F| %

To prove Lemma 18, we will bound the left hand side by maxg, - | bias(a - X)|.
It will be convenient to use a more geometric formulation of weak e-regularity: for every
line £ C F¥ in the direction of e; (so £ = {te; + z|t € F} for some z € F¥)20

Vy € £: | Pr[X = y] — ||~ Pr[X € £]| < e[F|~*. (1)

Proof of Lemma 18. We will use the standard fact that the distribution (Pr[X = y]),cpr
can be expressed in terms of biases, by using simple Fourier analysis. Indeed, since?!

1 =0
Y e F™: E x(a-v)=4dv=0]:= ! ) (2)
aCFm 0 v#£0

we have that for every y € F*:

PrX(z) = y] = E 6[X(x) -y = 0] = E_E x(a-(X(2)~y)) = E bias(a-(X~9)). ()

Recall that X contains a basis for U, and X; ¢ U. We claim that for every a € F¥ with
a1 # 0, we have that a - X ¢ U. Indeed, write a - X = a1 X7 + X’ with X’ € Sp(X’). Our
assumption on X implies that U C Sp(X'), soif a- X € U then a1 X; € U — X' C Sp(X'), a
contradiction as a; # 0. Using our assumption on U, we deduce that

VacF*: a3 #0 = |bias(a-X)| < €[F|7F. (4)

Put v = e; € F¥. Let £ C F* be a line in the direction of v, so that £ = {tv + z|t € F} for
some z € £. We claim that the following equality holds:

PriX(@) €= E bias(a- (X 2)). (5)
Indeed, -
Pr[X(z) € {] = ; Pr[X(z) = tv+ 2] = ; LB Ex(a- (X(@) = (tv +2))
=a;k %;X a-v) (5- (X(z) = 2))
- E (|F|d[a - v = 0]) bias(a - (X — z)) = WFI% e%: bias(a - (X — 2))
av=0

where (3) is used in the second equality, and (2) is used in the penultimate equality with
m = 1. Combining the point equality (3) and the line equality (5), we deduce (for y = z)

Pr[X(z) = 2] = |[F| 7' Pr[X() € 4 + [F|7* >~ bias(a- (X — 2)).

acF*:
a-v#0

20Tndeed, any y € £ is of the form y = (t,2’) for some t € F, so Pr[X € E] PrX'=2z]and 2’ =y'.
2 Zaeﬂrrn X((l ' U) = Z(LE]F'" Hi:l X(ai’l}i) = i=1 Zame]{r X(ai'l)i) = i=1 (Ul - 0)|IF‘ - 1(1} = O)|]F|m
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Now, we bound the magnitude of the rightmost term as follows:

|]F|’k‘ Z bias(a - (X — z))’ < Iélﬂ?;cx- | bias(a - (X — 2))| = rg;af(. | bias(a - X)|.
%EII)F;O a;z-v;éf) (fz-v;é(')

Therefore,
‘ Pr[X(z) = y] — |F| "' Pr[X(z) € /z]’ < max | bias(a - X)| < e[F| 7,
x T a€lf”:

a-v#0

using (4) in the last inequality. Thus, X is weak e-regular, as desired. <

2.3 Putting everything together

The proof of the weak regularity lemma will rely on Theorem 11, Theorem 17, and Lemma 18.
Careful work will be required to convert rank-regularity, which gives information only about
the highest-degree part (recall Definition 9) of the polynomials in our linear space, to weak
regularity, which takes into account polynomials of all degrees, while still retaining the
homogeneity of the parts. Moreover, rank-regularity depends only on the linear space
spanned by the parts, whereas weak regularity depends on the particular parts (and so does
not allow the first part to be repeated, for example).

Proof of Theorem 8. Put g(t,d,m) = ((2t + l)dm)Qd. We claim that the following holds
for every polynomial P € Poly,(F) and every 1 < k < g(¢,d, m):

|bias(P)| > ¢~ = 1k(P) <tk (6)

for some t = 2d1+0(1)(clog(?m))“'(’(l). Indeed, by Theorem 17, rk(P) > tk implies that

| bias(P)| < g—Ccath/loea(th+1) with ¢y > 274" that is,
. Cdt Cdt
—1 bias(P)|)/k >
(108 DOV o k1) = Toalagt dom) 1 1)

> Cdt
~ (29 + 1) log,((2t + 1)dm)

that is, | bias(P)| < ¢~ °*.

With ¢ as above, apply Theorem 11 to find a t-rank-regular decomposition Y C Form of
P of size at most g(t,d, m) so that P C F[Y] is a minimal decomposition and Y is ¢t-rank-
regular. For simplicity, assume without loss of generality that Y is linearly independent??
(and nonempty, as otherwise there is nothing to prove). Put V.= SpY and k¥ = dimV
(> 0). To finish, we will use Y to obtain a weak e-regular decomposition of P of size
k<g(t,d,m) < (2mc)2d(1+0(1)).

Consider the subspace of V' given by

> c,

U =Sp{X € V| rk(X) < tk},
and the subset of V' given by
Ue = {X € V|| bias(X)| > ¢~ *}.

Then:

22 This preserves F[Y] and minimality, and rlk(X) > ¢ - dim Sp(Y) outside of a strict subspace.
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1. U is homogeneous. This is by Lemma 14 and since V is (it is spanned by Y C Form).
2. VT\ U # 0. Indeed, by Lemma 15, the t-rank-regularity of Y implies Uy, (V1) # VT;

thus, VI\ U = VI\ (UNVT) = VT \ Up(V1) £ 0.

3. U. CU. Indeed, for X € U, we have rk(X) < tk by (6), using that k& < g(¢,d, m) and

that deg(X) < deg(Y) < d (see Corollary 29).

Let X; € VT\ U be nonzero, using 2 (as VT \ U # 0, {0}), add to it a homogeneous basis
of U, using 1, and extend this independent set into a homogeneous basis X € Form® of V.
Since U satisfies (V \ U) N U, = 0 by 3, we have | bias(X)| < ¢~ for every X € V\ U.
Therefore, we can apply Lemma 18 on U < V, and X (with € = ¢~(¢"Y*) and deduce that
X is weak e-regular.

Finally, since SpY =V = Sp X, we have that P C F[Y] = F[X]; moreover, by definition,
since P C F[Y] is a minimal decomposition, so is P C F[X]. In particular, P ¢ F[X'], since
X’ C Form satisfies Sp X’ € SpX. Thus, P C F[X] is a weak e-regular decomposition. The
size of this decomposition is k, which, as discussed above, completes the proof. <

3 Applications

In this section we obtain several results along the theme that one can deduce strong bounds
on the algebraic structure of polynomials, and polynomial maps, based solely on their image.
The proofs use the weak regularity lemma.

We begin with the following standard quantification of algebraic structure, which con-
strains the degrees of the polynomials in the decomposition.

» Definition 19 (t-rank). Call a polynomial t-reducible if it is the product of polynomials of
degree at most t. Denote, for P € Poly(F) with deg(P) =d,

rk,(P) = min {r |3Ry,..., R, € Poly,(F) t-reducible: P = Ry +---+ R, }.
For completeness, set rko(P) =0 for constant P.

This definition was used by Karam [21], and is closely related to an earlier definition of
Green and Tao [15], rank:(P), which expresses P over a finite field as any function of
rank;(P) polynomials of degree at most t. (Note that rank:(P) < O(deg(P)/t) rk:(P), as
each t-reducible polynomial can be expressed in terms of O(deg(P)/t) polynomials of degree
at most t; thus, proving an upper bound on rk;(P), as we will do below, would imply a
similar upper bound on rank:(P).)

» Remark 20. If rk;(P) is small, for ¢t bounded away from deg(P), then P is “correlated”
with a polynomial of considerably smaller degree (unlike most polynomials of a given degree).
More precisely, by a standard Fourier-analytic argument (see e.g. [20]), P € Poly(F,) has
correlation | bias(P — Q)| > ¢~ ranke(P) (> ¢=des(P)rke(P)) with some polynomial @ of degree
at most ¢.23

One can extend rk; to polynomial tuples as follows. Define rk;(P) for P € Poly™ to
be the least number r of ¢-reducible polynomials Ry, ..., R, such that P C Sp{R;,..., R, }.
Note that for m = 1, this indeed reduces to Definition 19.

An application of the weak regularity lemma that is quite simple to state involves
polynomial maps whose image is a line-free set. Recall that a line in Fi" is a set of ¢ elements
of the form {ta +b|t € F;} for some a,b € F" (a # 0). Henceforth, we denote

2d(1+0(1))

f(m,d) = (2m)

>q” rank, (P) .

23In the context of the Gowers inverse theorem, this is denoted ||wP

wttl
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» Theorem 21. Let P € Polyy'(F) with d < char(F). If InP C F™ does not contain a line
then 1kgq/2(P) < f(m,d).

In particular, the m = 1 case of Theorem 21 is about non-surjective polynomials.

Theorem 21 is a special case of a theorem about the degree of curves contained in the
image of a polynomial map. We next recall the definition of the univariate degree of a
polynomial map P, which, roughly, measures the sparsity of the image of P, or how far P is
from being surjective — the larger it is, the further P is from being surjective.

» Definition 22 (Univariate degree). For P: F" — F™,

udeg(P) = min{deg(U) | U: F — F™ non-constant: InU C Im P}.

By convention, if P is constant then udeg(P) = 0o.2*

We include a brief list of properties of univariate degree in Section 3.1 below.

» Remark 23. The special case of Definition 22 where (n,m,udeg(P)) = (1,1,1) is already
very interesting. Indeed, note that for any finite field F, a univariate polynomial P: F — F
satisfies udeg(P) = 1 if and only if P is a permutation of F; such polynomials are naturally
called permutation polynomials, and have attracted much attention (see e.g. [18] and the
references within).

Our main result in this section is as follows.

» Theorem 24. For every P € Poly'(F) with d < char(F) and with u = udeg(P), we have

We highlight two extreme special cases. One is where udeg(P) is very large, namely
udeg(P) > deg(P)/2, in which case we directly obtain a small depth-3 (homogeneous)
arithmetic formula for P: each component P; is expressed as a linear combination of (the
same) few products of degree-1 polynomials.

» Corollary 25. For P € Poly;' (F) with d < char(F), if udeg(P) > d/2 then rk,(P) <
f(m,d).

The other extreme special case is Theorem 21, which is the special case where udeg(P) > 1.

Indeed, udeg(P) = 1 means Im U C Im P for some univariate U: F — F™ with deg(U) = 1,
and observe that deg(U) = 1 if and only if InU is a line. Indeed, deg(U) = 1 means
U;(t) = ta; + b; with a;,b; € F, or equivalently, U(t) = ta + b with a,b € F™  where
a # 0. Thus, if InP does not contain a line then udeg(P) > 2, so Theorem 24 implies
rtky/2(P) < f(m,d) (that is, Theorem 21).

3.1 Properties of univariate degree
Recall the definition of univariate degree for a polynomial map P: F* — F™:
udeg(P) = min{deg(U) | U: F — F™ non-constant: Im U C Im P}.

We have udeg(Q?) > udeg(z?) for any (multivariate) polynomial @, with equality for any
surjective Q (see Proposition 26 (3)), and moreover, it is not hard to show that udeg(a!) =
ged(t,p — 1) assuming F = F, prime (as Im(z") = Im(29) with g = ged(¢,p — 1)). Thus, for

24 We require U to be non-constant as a polynomial. This is in fact equivalent to requiring U to be
non-constant as a function, since we always have udeg(P) < |F| (for non-constant P): if a # b € Im P
then U(t) = a4 (b — @)t~ has Im U C Im P and is non-constant.
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P = Q' we have udeg(P) > t for any t dividing p—1. In this case, deg(P)/ udeg(P) < deg(Q),
with equality if @ is surjective. Now, if we take ) to be a random polynomial @: F* — F,
then we have that rkgeg(g)—1(P) is unbounded (as n — oo; see Example 1.4 in [21]). We
conclude that one cannot hope to bound rk,(P) for ¢ < deg(P)/udeg(P).

Below is a brief list of observations regarding the notion of univariate degree, which we
include for the sake of completeness. For simplicity, we state them for the case of a single
polynomial (m = 1). We will use the notation P for the unique reduced polynomial equal to
P as a function, where reduced means that each variable has degree smaller than |F| (since
2I¥l = 2 as functions over F).?> Observe that udeg(P) = udeg(P), since Im(P) = Im(P).

» Proposition 26. For non-constant P € Poly(FF), the univariate degree udeg(P) satisfies
the following properties:
. udeg(P) < min,; deg;(P) (< deg(P)), over all i with deg;(P) > 0.
udeg(P) < |F|.
(F(X)) > udeg(F), for any F € Poly, with equality if X is surjective.
udeg(aP + b) = udeg(P) for any a,b € F with a # 0.
udeg(P?) > 2 if char(F) > 2, with equality if P is surjective.

—

udeg

oW

Proof. In order:

1. It suffices to assume P is reduced, as udeg(P) = udeg(P) and deg,(P) < deg;(P). Let
i with k := deg;(P) > 0, and for concreteness assume i = 1. Write P as a univariate
polynomial in x1: P = Z?:O I{Cj (z2,...,2y). Since Cf is both a nonzero polynomial
and reduced (as P is), it is nonzero as a function as well: Cj(c) # 0 for some ¢ € F*~1.
Thus, the univariate polynomial U(t) = P(t,c) = Z?:o t7Cj(c) is of degree k. Since
ImU = {P(t,c) |t € F} CIm P and k > 0, we have udeg(P) < k.

2. udeg(P) = udeg(P) < min; deg;(P) < |F| by the previous item.

3. We may assume F is non-constant. For U witnessing udeg(F (X)), we have Im(U) C
Im(F (X)) C Im(F), so udeg(F) < deg(U) = udeg(F(X)). Moreover, if X is surjective
then Im(F') = Im(F(X)), and generally, udeg(P) depends only on Im(P).

4. If a univariate U satisfies Im(U) C Im(P), then Im(aU + b) C Im(aP + b), so udeg(aP +
b) < deg(aU + b) = deg(U), which shows udeg(aP + b) < udeg(P) if we choose U that
witnesses udeg(P). The equality follows by symmetry.

5. udeg(P?) > udeg(x?), and we claim that udeg(z?) = 2. It is not surjective as ged(2, |F| —
1) = 2, using that |F| is odd. Thus, 2 < udeg(z?) < deg(2?) = 2. Moreover, if P is
surjective then udeg(P?) = udeg(z?). <

3.2 Polynomial decompositions

First, we will need the following immediate property of weak e-regular tuples. Note that for
an arbitrary map X: F? — F", if a line £ C F” in a given direction is chosen uniformly at
random, then E, Pr[X € ¢] = ¢~("=Y. We show that if X is weak regular, then lines that
are somewhat popular (that is, close to being as popular as a random line) must be fully
contained in the image of X.

» Lemma 27. Let X C Form" (F,) be weak e-regular. For every line £ CF" in direction e,
if PriX € 4] > eq= "= then £ C Im X.

25 That is, P = P (mod xll]F‘ —T1,..., xlf‘ — Tn).
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Proof. By the definition of weak e-regularity (recall (1)), for every y € ¢ we have
PriX=y]|>Pr[X € {]/qg—eqg " >0.
Thus y € Im X, which completes the proof. |

Motivated by Lemma 27, we proceed to prove results about popular lines in the image
of polynomial decompositions (equivalently, of polynomials in not necessarily independent
variables). These results do not assume weak regularity.

We say that a polynomial decomposition P = F(X) is irredundant if there is no polynomial
F’" with Supp F’ € Supp F such that F’(X) = F(X).26 Note that the definition of a weak
e-regular decomposition (Definition 7) is independent of the choice of F, so there is no loss
of generality in assuming it is irredundant, as we will later do.

First, we show that a decomposition of a polynomial P into forms need not involve terms
of higher degree than that of P.

» Lemma 28 (irredundant degree). For P € Poly, let P = F(X), with X C Form, be an
irredundant decomposition. For every monomial M in the support of F, deg M(X) < deg P.

Proof. Since every X; is homogeneous, for every monomial M € Supp(F’), all the monomials
that result from expanding M (X) are of the same degree. Thus, for each k, the degree-k
part of F(X) is equal to Y M(X) with the sum over all monomials M € Supp(F) with
deg M(X) = k. Therefore, if F’ is obtained from F' by removing from its support all

monomials M with deg M(X) = k, for k > deg F(X), then we still have F'(X) = F(X).

We deduce that if there exists a monomial M € Supp(F') with deg M (X) > deg F'(X), then
P = F(X) is not an irredundant decomposition, completing the proof. <

» Corollary 29. For any decomposition P C F[X], with P € Poly and X C Form, if
P ¢ FX\{X;}] then deg(X;) < deg(P).

Proof. Without loss of generality, P = F(X) is an irredundant decomposition. We have
deg;(F) > 1, since P ¢ F[X \ {X;}]. Apply Lemma 28 on any monomial M in the support
of F with deg;(M) > 1. Then deg(X;) < deg M (X) < deg(P), as needed. <

We next prove that in the image of any polynomial map X one can find a popular line
that avoids a given low-degree zero set.

» Lemma 30 (Schwartz-Zippel for decompositions). Let P € Poly,(F,), with d < g, be
nonzero. If P = F(X) with X € Poly” (and F € Poly), then there exists y € F’; such that
F(y) #0 and

Pr[F # 0] - Pr[X = y] > (1 - d/q)q~".

In particular, Pr[X = y] > (1 — d/q)q~*. Note that if X is perfectly equidistributed (e.g.,
independent variables), we retrieve the usual Schwartz-Zippel lemma: Pr[F # 0] > 1 —d/q.

Proof. Consider {y € F¥ | F(y) # 0}, the complement of the zero set Z(F) of F. We have

Pr{P(z) # 0] = Pr(X ¢ Z(F)] = > Pr[X =y < ¢"Pr[F #0] max Pr[X = y].
yEZ(F) Y

On the other hand, as P is nonzero, the Schwartz-Zippel lemma gives Pr[P # 0] > 1 —d/q.

Combining the above, we get Pr[F # 0] max,¢zp) Pr[X = y] > (1—d/q)q™*, as desired. <

26 As usual, this is an equality of polynomials. Recall that Supp I denotes the support of F', meaning the
set of monomials appearing with a nonzero coefficient in F'.
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We combine the above lemmas to find a popular line that the decomposition nontrivially
depends on. Denote by deg; (F) the degree of F' € F[x1,...,x,] in its first variable (that is,
the largest exponent of z; in the monomials in the support of F).

» Corollary 31. Let P € Poly,(F,) with d < q. If P = F(X) with X € Form" is an
irredundant decomposition with deg, F' > 0, then there exists a line £ C Fy in direction e
such that F|; is non-constant and Pr[X € (] > (1 —d/q)q~ 1.

Proof. Put F = F,. Write F(t,y) = >, t'Ci(y) with C; € Poly, the unique representation
of F as a linear combination of the monomials in its support. We claim that the following
holds for some j > 1:
C;(X’) is a nonzero polynomial; indeed, otherwise we have P = F(X) = F(X;,X') =
Co(X’); moreover, SuppCy C Supp F, and SuppCy # Supp F' by the assumption
deg,(F) > 0. This contradicts the assumption that P = F(X) is an irredundant
decomposition.
C;(X’) is of degree smaller than d; indeed, since X C Form and the decomposition
P = F(X) is irredundant, we have that deg(C;(X')) < deg(X]C;(X")) < deg(P) < d,
using Lemma 28 in the second inequality.
Apply Lemma 30 on the nonzero C;(X’) € Poly, ; to obtain yo € F;~! such that C;(yo) # 0
and Pr[X’ = yo] > (1 —d/q)q~"=Y. Observe that deg(F(t,y0)) > j (> 1), so in particular,
F(t,yo) is a non-constant univariate polynomial. Thus, the restriction F|, of F' to the line
¢={(t,yo0) |t € F} CF" is non-constant. Moreover, observe that Pr[X € ¢] = Pr[X' = yo.
This completes the proof. |

Finally, we use the following easy (and tight) binomial coefficient bound.

> Claim 32. (";H) < %nt for every n > 2, ¢t > 1.

Proof. By induction on ¢, with base case (”J{l) =n+1< 2nasn > 2. For the induction step,

t+1 t 1.3 , 41 -
("L_Jlr ) =" )% < gn' - n, using the bound ®F52 < n, or equivalently, 1 < t(n — 1).
<

3.3 Proofs of the applications

Proof of Theorem 24. Put F =TF,. Assume P is non-constant, as otherwise rk;(P) = 0 by
convention and we are done. Put e = 1 — d/q. By Theorem 8 (with ¢ = 2, so g e~k <
1/q < €), P has a weak e-regular decomposition P = F(X), with X € Form", of size
r < (2m)2d(1+0(1)). We will prove that deg(X) < deg(P)/ udeg(P).

We assume without loss of generality that each decomposition P; = F;(X) is irredundant
(by removing monomials from the support of F; if necessary). Since P C F[X] but P ¢ F[X'],
there is a component P; of P such that P; € F[X] \ F[X'], and therefore deg;(F;) > 0.
Apply Corollary 31 on P; € Poly,(F) to obtain a line ¢ C F” in direction ey such that Fj|,
is non-constant and Pr[X € ] > (1 — d/q)qg~"~Y). Apply Lemma 27 on ¢, using the weak
e-regularity of X and our choice of €, to deduce that

¢ C ImX and F|; is non-constant. (7)

Let U: F — F™ be the curve U = F(L), where L: F — F" satisfies Im(L) = ¢. (Explicitly, if
= {te; +y|t € F}, then L(t) = te; + y, so U(t) = F(L(t)) = F(t + y1,y2,.-.,Yr).) Then
ImU = F(Im(L)) = F(¢), which implies that

ImU C ImP and U is non-constant,

since F(¢{) C F(ImX) = ImP by (7). Thus, by definition, udeg(P) < deg(U).
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Let ¢ € [m]; abbreviate P = P;, F = F;, and U = U,, so that P = F(X) and U = F(L).
We claim that the following chain of inequalities holds:

deg(U) < deg, (F) < deg(P)/ deg(X1) = deg(P)/ deg(X).

The first inequality is immediate from the construction of U. The second inequality follows
using Lemma 28: as P = F(X), for every monomial M = H;Zl x;nj(M) in the support of
F, we have mq (M) deg(X1) < deg(M (X)) < deg(P); since deg; (F) = maxy; m1(M) over
M € Supp F, we indeed obtain that deg, (F') deg(X1) < deg(P). The final equality follows
from the construction of X. We obtain the following degree bound for X, using i satisfying

deg(U;) = deg(U):
deg(X) < deg(P)/ deg(U) < deg(P)/ deg(U) < deg(P)/ udeg(P).

Finally, as every component P; of P satisfies P; = F;(X) with F;: F" — F and deg(F;) <
deg(P;) < d, by Lemma 28 (and as deg(X;) > 1), we deduce that Py,..., P, lie in the span
of all products of at most d members of X. We are therefore done (using Claim 32, assuming
r > 2 without loss of generality):

d (140
tkyu(P) < (r; ) < grd < (2m)2d(1+ an <

We are now ready to deduce Theorems 3 and 4.

Proof of Theorem 3. Let P be an n-variate polynomial with deg(P) < d and udeg(P) > w.
Assume P is non-constant, as otherwise there is nothing to prove. Put ¢t = |d/u| (> 1).
Then P = Ry + -+ + Ry, (p) where each R; € Poly, is a product of polynomials of degree
at most ¢, that is, R; = ngdi F; ; with deg(F; ;) <t and d; < d, by Definition 19. Since,
trivially, L(F; ;) < O(("}")) < O(n') (Claim 32, assuming n > 2), we deduce that

L(P) < O(Y_ L(Fi;)) < O(d-1ky(P) - n') < n'*o),

where the last inequality uses Theorem 24, and the statement’s assumption on d, to bound

rk(P) < f(1,d) = 922 te) < 2(10g2(n))%+o<1> _ n(logQ(n))*(%“(”) < o, <
Proof of Theorem 4. Let P C F[P] with udeg(P) = u. As in the proof of Theorem 24,
using the weak regularity lemma we obtain a decomposition P C F[X] with X € Form®
of size s < (2m)2d(1+0(1)) such that deg(X) < d/u. Observe that P € F[P] C F[X]. Using
Lemma 28 with an irredundant representation (by removing monomials if necessary), it
follows that we can write

P= ZQHQ@]‘ (8)
=1

)2 Note that

with Q;; € X, ¢; € F, deg(Hj Qi) < d, and r < E?:o st < (2m
deg(Qi ;) < deg(X) < d/u.

We claim that we can guarantee that the number of multiplicands in each product [ j Qi ;
is at most 2u. Note that we can express each product as a product of homogeneous polynomials
]_[?":1 ;.; all of whose degrees, except at most one of them, satisfy 3(d/u) < deg( i) <d/u
(note that @;; are not necessarily members of X); indeed, this follows by repeatedly
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using the fact that if deg(Q;;,),deg(Qij,) < 3(d/u) then deg(Q;;, Qi) < d/u. So,
d > Y75 deg(Q; ;) > (a; — 1)3(d/u), hence a; < 2u as claimed. Thus, (8) gives a
ST S T -formula for P, as needed.

Finally, if P is homogeneous then, since every member of X is homogeneous, without
loss of generality the products in the formula satisfy deg(]] ; Q;,;) = deg(P) for every i, and
therefore the formula is homogeneous, as desired. |
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