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Abstract
Some representation-theoretic multiplicities, such as the Kostka and the Littlewood-Richardson
coefficients, admit a combinatorial interpretation that places their computation in the complexity
class #P. Whether this holds more generally is considered an important open problem in mathematics
and computer science, with relevance for geometric complexity theory and quantum information.
Recent work has investigated the quantum complexity of particular multiplicities, such as the
Kronecker coefficients and certain special cases of the plethysm coefficients.

Here, we show that a broad class of representation-theoretic multiplicities is in #BQP. This
includes the result that plethysm coefficients are in #BQP, which was only known in certain cases.
It also implies all known results on the quantum complexity of previously studied coefficients
as special cases, thus unifying, simplifying, and extending prior work. We obtain our result by
multiple applications of the Schur transform; recent work has improved its dependence on the local
dimension, which is crucial for our work. We further describe a general approach for showing that
representation-theoretic multiplicities are in #BQP that captures the approaches of our and previous
work. We complement the above by showing that the same multiplicities are also naturally in GapP
and obtain polynomial-time classical algorithms when certain parameters are fixed.
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1 Introduction

Computing multiplicities is a central problem in representation theory and algebraic combin-
atorics, and is directly relevant to quantum information theory and geometric complexity
theory. In most cases, no closed-form formulas are known. A natural and fruitful question is
to ask whether these multiplicities count combinatorial objects. If so, then one obtains a pos-
itive combinatorial interpretation. Stanley stated the problem of finding such interpretations
for important representation-theoretic multiplicities in his influential paper [48]. Specific
multiplicities of interest include: the Littlewood-Richardson (LR) coefficients, discussed
in 1934 [36], giving the multiplicity of an irreducible representation of the general linear
group GL(n) in the tensor product of two others; the Kronecker coefficients of the symmetric
group, defined in 1938 [38], giving the multiplicity of an irreducible representation of the
symmetric group Sn in the tensor product of two others; and the plethysm coefficients, first
mentioned by Littlewood in 1936 [34] and defined formally in Ref. [35], which gives the
multiplicity of an irreducible GL(n)-representation in the composition of two irreducible
GL-representations (see Section 2). By Schur-Weyl duality, the Kronecker coefficients can
also be defined in terms of the general linear group, and the LR and plethysm coefficients
can also be defined in terms of the symmetric group.

Multiplicities arise naturally across a broad range of areas and applications in mathematics,
physics, and computer science, and accordingly they have a long history of study using
different methods, from representation theory and invariant theory, to geometry and algebraic
combinatorics. For the plethysm coefficients in particular, initial properties were understood
via geometric means, notably their stability [6]. The combinatorial investigations started
with the unfulfilled hope of finding an interpretation as counting integer points in polytopes
(as is known for the LR coefficients, see below), see e.g. the works of Kahle and Michalek [29].
Approaches via tableaux combinatorics were developed by many groups, see e.g. Refs. [21,
20, 39]. The general goal is to give an interpretation as counts of some simple-to-describe
but exponentially large set. Ultimately, however, combinatorial formulas are only known in
very special situations, see Refs. [22, 40, 43] for some of the known cases.

1.1 The complexity of computing multiplicities
While the notion of a “positive combinatorial interpretation” is not a priori formally defined,
the modern interpretation formalizes it as “proving the computational problem is in #P, and
deciding positivity is in NP” [41, 45]. Indeed, the complexity class #P captures the problem
of counting gadgets (witnesses) which can be recognized efficiently (in polynomial time). This
perspective uncovered surprising connections between mathematics and computer science
and led to new insights in both fields. The LR coefficients turn out to be in #P, as they
admit an interpretation as certain tableaux and integer points in polytopes, whereas their
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positivity is even decidable in P [37, 12] as a consequence of the Knutson-Tao proof of the
saturation conjecture [32]. In contrast, the problems for Kronecker and plethysm coefficients
are still wide open [46]. We know that both coefficients are #P-hard to compute and NP-hard
to decide positivity of [26, 23]. However, it is not known whether they are in #P, that is,
whether they admit a positive combinatorial interpretation, or whether their positivity is
in NP. 1

As representation-theoretic multiplicities are linear-algebraic quantities defined in high
dimensions, it is natural to study their complexity from the perspective of quantum computa-
tion. In particular, their very definition as the dimension of the space of multiplicities of some
irreducible representation, gives the hope that one could place them in the quantum complex-
ity class #BQP, the quantum analogue of #P, by the intuition that these multiplicities might
count the dimension of easy-to-recognize subspaces in some bigger vector space. Indeed,
in Ref. [5] it was shown that deciding positivity of Kronecker coefficients is in QMA, the
quantum analogue of NP, and computing a certain multiple of these coefficients is in #BQP.
Shortly after, it was shown in Ref. [28] that computing the Kronecker coefficients, as well as
certain special plethysm coefficients (see below), is in #BQP. See also Ref. [17]. In certain
parameter regimes, efficient quantum algorithms for computing these multiplicities were
proposed in Ref. [33], however many of those cases were later shown to be polynomial-time
computable by classical algorithms as well [47], see also Ref. [15]. Thus the quantum and
classical complexity of representation-theoretic multiplicities is subtle even in special cases.
Here we consider this problem from a general perspective, motivated by the outstanding
problem of characterizing the complexity of the plethysm coefficients.

1.2 Relevance in algebraic complexity theory and quantum information
theory

In algebraic complexity theory, geometric complexity theory (GCT) is a program that seeks
to establish lower bounds, such as separating VNP from VP, by exploiting the symmetries of
the universal polynomials, for example the permanent and determinant of a symbolic matrix.
One approach via algebraic geometry and representation theory goes via so-called multiplicity
obstructions. Namely, decompose the coordinate rings of the GL-orbit closures of a VNP-
complete polynomial (usually the permanent) into irreducible components, and compare the
multiplicities of these components to the ones corresponding to a universal polynomial for VP
(usually the determinant). The plethysm coefficients (as well as the Kronecker coefficients)
play a natural and significant role in such computations, for example as upper bounds or
even as part of explicit formulas for such multiplicities, see Refs. [8, 11, 13, 14, 22, 27].
The GCT program can also be adapted to other situations, such as finding lower bounds
for the complexity of the matrix multiplication problem [11], and representation-theoretic
multiplicities again turn out to be crucial.

In quantum physics, representation-theoretic multiplicities are ubiquitous since the state
of quantum systems are described by unit vectors in high-dimensional complex vector spaces,
which are acted upon unitarily by symmetry groups. In some situations, such as high energy
physics, the groups and representations of interest are fixed, while in quantum information and
computation one naturally considers sequences of groups and representations. One important
setting is the one-body quantum marginal problem. Indeed, the compatibility of the one-body

1 However, it is known that, for a broad class multiplicities, a natural asymptotic version of the positivity
problem is in NP ∩ coNP [9].
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marginals with an overall pure state is guided by the Kronecker coefficients [16, 18, 30], while
the plethysm coefficients appear in the fermionic version of the problem [2], known as the
one-body N -representability problem in quantum chemistry [19], which has been studied at
least since the early 1970s [4].

2 Our contributions

We now present our main results, starting with the quantum complexity of plethysm coef-
ficients. We first give a brief definition of plethysms (see the full version of the paper [1]
for more details). Let V ∼= Cn be a finite-dimensional complex vector space. Recall that
the irreducible polynomial complex representations of the general linear group GL(V ) are
labeled by integer partitions with no more than n parts. Given such a partition ν, we denote
by ρGL(V ),ν : GL(V ) → GL({ν}GL(V )) the corresponding irreducible representation, where
{ν}GL(V ) denotes the representation space or Weyl module. If ν has more than n parts, we
define ρGL(V ),ν as the zero-dimensional representation. We abbreviate H := GL(V ), and
consider the group G := GL({ν}H) along with one of its polynomial representations ρG,µ,
where µ is again an integer partition. Then the composition ρG,µ ◦ ρH,ν : H → GL({µ}G) is
a representation of H = GL(V ). We shall denote the corresponding representation space
by {µ}↓GL({ν}H )

H to remember that we regard it as a module of H, by restriction along
the irreducible representation ρH,ν : H → G = GL({ν}H). In general, the representation
ρG,µ ◦ ρH,ν is reducible and hence it decomposes into irreducible H-representations. Thus:

{µ}↓GL({ν}H )
H

∼=
⊕

λ

{λ}H ⊕ · · · ⊕ {λ}H︸ ︷︷ ︸
aλ

µ,ν

∼=
⊕

λ

{λ}H ⊗ Caλ
µ,ν . (2.1)

The plethysm coefficient aλ
µ,ν is defined as the multiplicity of the irreducible module {λ}H in

this decomposition. Here we assume that λ has no more than n = dim(V ) parts, in which
case the coefficient does not depend on the choice of n but only on the three partitions λ, µ, ν.
An equivalent definition of the plethysm coefficient aλ

µ,ν is as the coefficient of sλ in the
expansion of sµ[sν ]. Here sµ, sν , sλ denote Schur functions, see the full version of the paper [1]
for a precise definition.

▶ Problem 1 (Plethysm coefficients).
Input: Three partitions λ, µ, ν, encoded as lists of positive integers, in unary.
Task: Compute the plethysm coefficient aλ

µ,ν .
Encoding the partitions in unary is a standard convention in the literature. Thus the input
size is Θ(|λ| + |µ| + |ν|). We give two concrete examples of plethysm coefficients:

If both µ = (m) and ν = (d) are partitions with a single part, then {µ}↓GL({ν}H )
H =

Symm(Symd(V )) can be interpreted as the space of homogeneous polynomials of degree m
in variables that are coefficients on the space of homogeneous polynomials of degree d.
This space is central in geometric complexity theory and is the main object in the Foulkes
conjecture [24].
If µ = (m) and ν = (1d) = (1, . . . , 1), then {µ}↓GL({ν}H )

H = Symm(Altd(V )) corresponds
to the space of polynomials in the coefficients of a wavefunction of d fermions, each having
Hilbert space V . This is directly relevant to the N -representability problem in quantum
chemistry [2, 31].

The general case is a major problem in algebraic combinatorics as stated in Ref. [48, Problem 9].
Prior work [28] showed that the former example is in #BQP, but already the latter example
was out of reach for earlier methods. Here we exhibit an algorithm which proves that the
general plethysm problem is in #BQP:
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▶ Theorem 2. Problem 1 is in #BQP. As a consequence, the problem of deciding if a
plethysm coefficient is positive, aλ

µν > 0, is in QMA.

The corresponding quantum algorithm is sketched in Figure 1 and we describe its main ideas
in Section 3. The above also implies an analogous result for the restriction coefficients rµ

λ ,
defined as the multiplicy of an irreducible Sn-representation (Specht module) in the restriction
of an irreducible GL(n)-representation (Weyl module) to the subgroup Sn ⊂ GL(n) of
permutation matrices. Indeed, the restriction coefficients can be expressed as a positive sum
of plethysms: using symmetric functions (see the full version [1] for definitions), we have
rµ

λ = ⟨sµ, sλ[1 + h1 + h2 + · · · ]⟩. Thus, computing restriction coefficients is in #BQP and
their positivity is in QMA, as an immediate corollary of Theorem 2.

We obtain Theorem 2 by specialization of a general theorem that applies to a broad
class of multiplicities known as branching multiplicities (or coefficients). They are defined as
follows: We consider groups G and H, together with a group homomorphism φ : H → G. Any
representation π : G → GL(W ) of G then restricts to a representation of H by composition
with φ, i.e., π ◦ φ : H → GL(W ). The corresponding branching multiplicities are defined as
the multiplicities of irreducible H-representation in the restriction π ◦ φ. Here we consider
branching multiplicites in the setting where G and H are products of general linear groups,
and where the group homomorphism φ and the G-representation π are specified succinctly
in terms of representation-theoretic data, see the full version of the paper [1] for a formal
definition. This encompasses, among others, all coefficients studied in prior work: Kostka
numbers, LR coefficients, and Kronecker coefficients, (of course, the first two are even in
#P ⊂ #BQP, while for the latter this is an open problem). It is known that computing
branching multiplicities can be done in classical polynomial time when G and H are fixed.
This holds not just for products of general linear groups, but more generally in the setting of
complex reductive (or compact connected) Lie groups [15]. In contrast, here we allow the
groups (as well as the representations) to be part of the input. This is substantially more
difficult since it involves representations that in general have dimensions that are exponential
in the input size.

▶ Theorem 3. Computing branching multiplicities for products of general linear groups is in
#BQP. As a consequence, deciding their positivity is in QMA.

We prove Theorem 3 in the full version of the paper [1] by giving a quantum algorithm that
is perfectly sound and complete (if the gate set is such that the circuit can be implemented
perfectly), similarly to the algorithms in Refs. [5, 28]. In particular, this shows that the
positivity problem is in QMA1 if there exists a universal gate set such that the high-dimensional
version of the quantum Schur transform on (Cd)⊗N can be implemented exactly for any
choice of N and d. We discuss the main technical ideas behind our quantum algorithms in
Section 3. Moreover, in the full version of the paper [1], we describe a general approach for
showing that representation-theoretic multiplicities are in #BQP that subsumes our quantum
algorithms as well as those of the prior works [5, 28] and explains their relation.

As discussed, the plethysm coefficients and in fact most representation-theoretic coefficients
are #P-hard, and it is a central open question to determine when they are in #P, see
Refs. [41, 45]. By Theorem 2, a negative answer to this question would imply a breakthrough
separation between the complexity classes #P and #BQP. To gain further insight into
their computational complexity, we complement our quantum results by showing that the
branching multiplicities are also in GapP extending earlier results in Refs. [10, 42, 44].

CCC 2026
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...

...
...

...

|ν⟩

S−1
V, |ν|

SV, |ν|·|µ|

|µ⟩

S−1
{ν}H , |µ|

|ψν⟩

witness

|ν⟩

S−1
V, |ν||ψµ⟩

|ψν⟩

Embedding

|ν|

|ν| · |µ|

Strong Fourier sampling

|µ|

|ν|

Figure 1 Quantum circuit for the plethysm coefficient aλ
µ,ν (Theorem 2). The witness is a state

in the space {µ}GL({ν}H ). The first inverse Schur transform acts on the space {ν}⊗|µ|
H , taking an

input in the Schur basis and transforming it in the computational basis, consisting of |µ| registers,
each isomorphic to {ν}H . Each inverse Schur transform from the second layer acts on V ⊗|ν|,
again transforming from the Schur basis to the computational basis, consisting of |ν| registers of
dimension n. After the final Schur transform, taking an input in the computational basis of V ⊗|µ||ν|

and transforming it into the Schur basis, we measure the registers corresponding to the partition
and the Weyl module. We accept if and only if the former returns outcome λ and the latter p0,
where |p0⟩ ∈ {λ}H is an arbitrary fixed basis state of the Weyl module.

▶ Theorem 4. Computing branching multiplicities for products of general linear groups is
in GapP.

We prove Theorem 4 in the full version of the paper [1], and we also present a more specialized
algorithm for computing the plethysm coefficients. In particular we obtain a polynomial
time algorithm when the number of parts of λ and the size of µ are fixed, extending the
results of Ref. [47].

3 Methods

We discuss the main ideas behind our results, focusing on the special case of plethysm
coefficients for concreteness (Theorem 2). For further details see the full version of the
paper [1].

Quantum algorithm for plethysm coefficients

Our algorithm is depicted in circuit form in Figure 1. Let λ, µ, ν be partitions and V = Cn. We
may assume that the number of parts of the partitions and n are such that the corresponding
Weyl modules are nonzero, otherwise the plethysm coefficient aλ

µ,ν = 0. Our approach uses
Schur-Weyl duality to embed the H-module {µ}↓G

H inside V ⊗|ν|·|µ|, where G = GL({ν}H)
and H = GL(V ) as before. This is achieved as follows: We first embed the G-module {µ}G
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in a tensor power of {ν}H , which is the defining module of G = GL({ν}H). We then consider
each {ν}H as a H-module and embed it into a tensor power of V , which is the defining
module of H = GL(V ). Since {µ}↓G

H is nothing but the restriction of the G-module {µ}G

to H, we obtain the following chain of H-equivariant inclusions

{µ}↓G
H ↪→ ({ν}H)⊗|µ|

↪→ V ⊗|ν|·|µ|. (3.1)

In order to implement these embeddings, we employ inverse quantum Schur transforms, as
these allow us to map from the Schur basis of the tensor power spaces to the standard basis
(blue box in Figure 1). After the embeddings, we implement a final (forward) quantum Schur
transform on all |ν| · |µ| registers and measure in the Schur basis – accepting if and only if
we obtain the partition λ, meaning that the input state was in the λ-isotypic component of
{µ}↓G

H , and if we obtain an arbitrary but fixed basis state p0 on the Weyl module register
(green box in Figure 1). As inclusions are H-equivariant, they preserve the dimension of the
isotypic component, and they act as the identity on the Weyl module. As such, the entire
circuit implements a projective measurement, and the dimension of the space of witnesses
that are accepted with probability one (assuming the Schur transform is implemented exactly)
is precisely the multiplicity of {λ}H in {µ}↓G

H . By Equation (2.1), this multiplicity is the
plethysm coefficient aλ

µ,ν . See the full version of the paper [1] for more details and for the
analysis of the algorithm soundness, completeness and complexity.

Generalization to branching multiplicities

Our result for the branching problem for products of general linear groups (Theorem 3)
is a natural generalization of this idea. The quantum algorithm is formally described and
analyzed in detail in the full version of the paper [1]. One conceptual contribution, detailed
in the full version, is to identify an appropriate definition of the computational problem.
This is subtle, as it involves objects that will in general be exponentially large and hence
need to be succinctly specified in order to obtain a nontrivial problem that captures the
plethysm coefficients and other classical coefficients as special cases. On the algorithmic side,
we employ a similar sequence of embeddings as before, this time on products of tensor powers
of the defining modules, and implemented by a sequence of parallel quantum circuits. In
our general setting, the defining modules for G need no longer be irreducible as H-modules,
requiring us to implement intermediate measurements in order to realize the subsequent
embeddings. See the full version of the paper [1] for further details.

Comparison with prior work

Previous results on the quantum computation of Kronecker and special plethysm coefficient
employed the formulation of these coefficients in terms of the symmetric group Sn and rely
on Beals’ quantum Fourier transform for Sn [3]. In principle, any plethysm coefficient can
be computed as branching multiplicities of representations of wreath products of symmetric
groups. However, as pointed out in Ref. [33], a direct use of Beals’ quantum Fourier
transform leads to an exponential blowup in general. As such it is not immediately clear how
to generalize the symmetric group approach to the general plethysm problem (Problem 1).
We overcome this challenge by working with the representation theory of the general linear
group. In this regard we may view this approach as the “Schur-Weyl dual” of prior approaches
to treat representation-theoretic multiplicities. We emphasize that the local dimensions in
our setting (such as the dimension of {ν}H) can be exponentially large. Accordingly, we
require a version of the quantum Schur transform that only depends polylogarithmically

CCC 2026
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on the local dimensions. This has recently been achieved in Ref. [7], see also Ref. [25]. In
contrast, for the Kronecker coefficients the relevant local dimension are polynomial and hence
the original quantum Schur transform suffices. We discuss quantum algorithms for the Schur
transform in more detail in the full version of the paper [1].

Unified approach towards multiplicities

Despite the difference between these approaches there is a unified picture that captures
both and which applies even more broadly, to the general problem of the multiplicity of
an irreducible H-module Vλ in an H-module V , for some group H. Consider the following
two-step procedure:
1. Embed the H-module V we wish to decompose into an H-module Vmodel.
2. Apply strong Fourier sampling for Vmodel and accept if the outcome consists of is the

label of the irreducible representation Vλ, together with a fixed basis state |p⟩ ∈ Vλ.
It is clear that if these two steps can be efficiently implemented, then the multiplicity problem
is in #BQP, and the corresponding decision problem is in QMA. Remarkably, this captures
both the approach of this work and the prior works:

For the plethysm problem, V = {µ}↓G
H and Vmodel = (Cn)⊗|ν|·|µ|. The first (embedding)

step is achieved by the two layers of inverse Schur transforms (blue box in Figure 1), while
the second (strong Fourier sampling) step is achieved by the (forward) Schur transform
and subsequent measurements (green box in Figure 1). Our more general algorithm for
the branching problem of products of general linear groups likewise fits this picture.
The key ingredient of Refs. [5, 28] is the generalized phase estimation circuit [25], which
likewise admits a natural interpretation in this framework. Here, Vmodel = C[H] ⊗ V ,
where C[H] is the group algebra and H acts on C[H] but not on V . The first (embedding)
step is realized using the controlled group action of V (that is, the unitary |h⟩ |ψ⟩ 7→
|h⟩ |h · ψ⟩ on C[H] ⊗ V ), and the second (strong Fourier sampling) step is implemented
using the Fourier transform of the group. 2 This procedure applies whenever the controlled
group action and the Fourier transform of the group can be efficiently implemented, for
further details see the full version of the paper [1].

We may also combine these two ideas. For example, the restriction coefficients rµ
λ can be

captured by an embedding step that first uses an inverse Schur transform (as in the first
bullet point) to realize {λ}GL(n) in V = (Cn)⊗|λ|, followed by GPE (as in the second bullet
point), noting that the controlled group action of Sn on Cn can be efficiently implemented.
We further expand on this general perspective in the full version of the paper [1].
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