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—— Abstract

The orbit closure intersection problem for a reductive group action is a geometric relaxation of

the orbit equality problem. These problems capture a range of isomorphism, degeneration and
identity-testing problems in computational complexity. We study this problem for the tensor action of
G = SL, (K) x SLy, (K) X SLy (K) on V = K" @ K" @ K™ (equivalently, on m-tuples of n x n-matrices)
where the base field is algebraically closed with characteristic zero.

We focus on the fixed-parameter regime where m is constant and n is allowed to grow. The case
of m = 3 is already interesting in the context of tensor rank and matrix multiplication. Prior to our
work, only a special case of this problem, namely when one of the input tensors is the zero-tensor
(this corresponds to the null cone problem for the tensor action), was known to be solvable in
polynomial time (Birgisser—Franks—-Garg—Oliveira—Walter—-Wigderson, FOCS’19).

Our main result is to show that the orbit closure intersection problem for the above action can
be solved in randomized polynomial time. This is achieved by the following new ingredients:

1. We prove an explicit fixed-parameter bound on the degrees needed to generate the invariant ring

for the tensor action: for every fixed m, these bounds are polynomial in n.

2. We prove that there is a succinct encoding of the invariants: we construct a uniform, polynomial-
sized arithmetic circuit generating all invariants up to the required degree.
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1 Introduction

Several decision problems in complexity theory ask whether two given objects are equivalent
up to a given set of transformations. For many of these problems, these transformations
are captured by the action of a group G on a set V, and the equivalence question becomes
the orbit problem for this action, which asks whether u,v € V are equivalent under the
action of the group G, that is, whether v and v are in the same orbit. For instance, a
flagship problem in this family is the graph isomorphism problem, which asks whether two
graphs are the same up to permuting the vertices. Other examples of orbit problems are
the equivalence of quiver representations [16, 17], classification of quantum states under
LOCC and SLOCC operations [3, 4, 13], ring/algebra/module isomorphism [38, 6, 25], tensor
isomorphism [27, 28, 29], linear code equivalence [47] and group isomorphism [26].

When the group G and the set V admit a natural geometric structure, a geometric
version of the orbit problem is the orbit closure intersection problem, which asks whether the
topological (Zariski) closures of the orbits of u,v € V intersect. Orbit closure intersection,
together with its important special case — the null cone problem with one of the vectors is
taken to be the zero vector — has its origins in invariant theory, tracing back to the celebrated
work of Hilbert on the finite generation of invariant rings for reductive groups [31, 32], and
Mumford’s development of geometric invariant theory [43].

In computational complexity, the algorithmic study of orbit closure intersection problems
was largely motivated by algebraic complexity theory. In [33], Hrube$ and Wigderson
discovered a close relation between non-commutative rational identity testing and the null
cone problem for the left-right action on matrix tuples. This connection has led to the
development and rigorous analysis of polynomial time algorithms, via invariant theory, for
the rational identity testing problem [23, 36]. Another connection comes from a closely
related problem, the orbit closure containment problem, which asks whether the orbit closure
of u is contained in the orbit closure of v. Orbit closure containment problems encompass
(geometric strengthenings of) major problems in algebraic complexity theory, including the
algebraic complexity of matrix multiplication [12] and the VP vs VNP problem [42]. In [41],
Mulmuley proposed the succinct encoding framework for invariant rings and presented a
general methodology for using polynomial identity testing to devise algorithms for orbit
closure intersection problems.

Before proceeding further, we formally introduce the orbit closure intersection problem.

» Problem 1 (Orbit Closure Intersection). The Orbit Closure Intersection (OCI) problem
is defined as follows: given as input an action of a linearly reductive group G on the vector
space V! and two vectors u,v € V, decide whether G-uNG -v # 0.

» Remark 2. When v = 0 in Problem 1, the Orbit Closure Intersection problem is known as
the null cone problem: decide if 0 € G - u.

In the past decade, progress was made on the various instances of the orbit closure
intersection problem. Notable examples where a polynomial time algorithm is available are the
orbit closure intersection problem for matrix tuples under simultaneous conjugation [21, 17],
under the left-right action [2, 17, 34], as well as the action of a product of general linear groups
on quiver representations, the actions of tori [9, 10], and when the group G is fixed [41].

1 We will assume in this paper that the group action belongs to a parameterized family of group actions,
such as the left-right action of SLy (K) x SLy(K) on Mat(n, K)®™, with the action is specified by the
input parameter, e.g. by the pair (n,m) for the left-right action.
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Since they play an important role in this work, we recall that the left-right action of (g, k) €

SL,(K) x SL,(K) sends a matrix tuple (Ay,...,A4,,) € Mat(n,K)™ to (gA1hT, ... gALhT).

Here, and in the rest of the paper, K denotes an algebraically closed field with characteristic
zero. The orbit closure intersection problem for this action has intriguing applications in areas
such as identity testing non-commutative rational formulas [33] and geometric complexity
theory [41], and it naturally generalizes classical combinatorial problems such as the bipartite
perfect matching problem and the linear matroid intersection problem [23, 35]. The null cone
problem for the left-right action admits three deterministic polynomial-time solutions [23,
36, 30], and so does its orbit closure intersection problem [2, 17, 34]. These results and the
algorithmic techniques developed for solving them demonstrate connections between different
areas including invariant theory, analysis, optimization, and non-commutative algebra, as
seen in the surveys by Biirgisser [7] and Wigderson [49].

After these positive results for various group actions, the next natural and important
target is to study tensors with the natural action by direct products of reductive algebraic
groups. For example, we consider the action of SL,(K) x SLj(K) x SL.(K) on the space of
tensors K® ® Kb ® K¢, with its action on the standard basis given by

(9, k) -e; @ej @ep = (ge;) @ (hej) @ (ker), (g, h, k) € SLa(K) x SLy(K) x SL.(K),

or the action of GL,,(K) on a space @;_, (K")® 69@2):1 ((K™)*)®di of tensors.? Such actions
are important due to their connections and applications to other areas, such as tensor networks
in quantum information [1], tensor rank and matrix multiplication [48, 5, 8], cryptography [37],
and isomorphism problems for groups and polynomials [27]. Interestingly, the orbit closure
intersection problem for these actions appears to be much harder, with evidence from
invariant theory [18], algebraic complexity [24], and optimization [22]. The recent result [40,
Theorem 1.5] gives a partial explanation, namely the orbit closure intersection problem for
the natural GL, (K) action on (K")®? ¢ (K")®3 ¢ ((K™)*)®?, as well as for certain other
natural tensor actions, is graph isomorphism hard.

Given these difficulties, it is intriguing to see that the null cone problem for K" @ K" ®
K™ where m € O(1) is a constant can be solved in deterministic polynomial time [11,
Corollary 6.24]. This case is also of great interest in tensor rank and matrix multiplication
even for m = 3: Strassen proved that certain invariants in K” ® K" ® K® can be elevated
via the substitution method to prove lower bounds for the border rank of the matrix
multiplication [48, 5], see also [11, Section 1.7.1]. However, before this work, the orbit closure
intersection problem was only known to be in exponential time. Recently, Blirgisser asked if
the orbit closure intersection problem admits a deterministic polynomial-time algorithm; see
Problem 2.4 in the open problems list from the recent Workshop on Randomness, Invariants,
and Complexity at the Simons Institute in 2025. Note that the distinction between null
cone and orbit closure intersection could be significant, as already seen in the case of the
left-right action on matrix tuples: while the scaling algorithm for the null cone problem does
not require invariant-theoretic degree bounds [23], a polynomial degree bound for matrix
semi-invariants [16] is necessary for the scaling algorithm for orbit closure intersection [2].

In this paper, our main result is to put the orbit closure intersection problem for the
action of SL,,(K) x SL, (K) x SL,,(K) on K" @ K" ® K™ where m = O(1) in coRP.

2 Tt is important to restrict to unit determinant matrices for the first action, as the orbit closures of two
tensors will always intersect at zero under the action of the product of general linear groups.
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» Theorem 3. The orbit closure intersection problem for the tensor action of G := SL,, (K) x
SL,(K) x SL,,(K) on V :=K" @ K" @ K™ with m = O(1) is in coRP. More explicitly, given
n and two vectors u,v € Q[i]" @ Q[i]" ® Q[i]™, there exists a randomized algorithm with
one-sided bounded error that decides whether the orbit closures of u and v intersect in time
polynomial in n and the bit-lengths of u and v.

The above theorem is the main application of our two technical theorems, which we
present in Section 1.2, along with a technical overview.

» Remark 4. In fact, our results and techniques apply to more general settings, which include
the important setting of higher dimensional rectangular tensors — i.e., tensors of constantly
many sides where all but two dimensions of the tensor factors are constant. However, for ease
of exposition, we have decided to present only the above theorem as the main application of
our technical results. We provide a more detailed discussion on the generality of our results
at the end of Section 1.2.

We now review the literature and previous works.

1.1 Related Work

The orbit closure intersection problem has been studied in certain algorithmically tractable
group actions, but the tensor action has so far remained the main frontier for this problem.
A key positive case is the left-right action of SL,,(K) x SL,,(K) on matrix tuples (equivalently,
on V = K" ® K® @ K™ where the third factor is not acted upon). In this setting, polynomial
degree bounds for the generators of the invariant ring are known [16], and they are critical
for obtaining efficient algorithms for the orbit closure intersection problem [2, 36, 17].

Another positive regime is when the group SL,,(K), with constant m, acts on a vector
space. In geometric complexity theory, Mulmuley [41] developed the idea of “succinct
encoding” framework for invariant rings, and constructed explicit generating invariants for
SL,,(K)-actions that enable randomized polynomial time algorithms for the orbit closure
intersection problem.

In contrast, the complexity of OCI seems to drastically change when we consider the
action of SL,,(K) x SL,,(K) x SL,,(K) on K" ® K” ® K", where n varies. While no explicit
hardness result for OCI is known, several lines of work show limitations of the current
techniques. An indication of hardness from invariant theory comes from [18], where the
authors proved exponential lower bounds for the degrees of the generators for the action of
SLy, (K) x SL,, (K) % SL,, (K) on (K™ @ K™ @ K™*)®. This result highlights that the generation
in low degree may fail once all dimensions are allowed to vary.

Even in the setting where degree bounds are not the main obstacle, succinct encoding of
the invariants may fail: [24] showed (under standard complexity theoretic assumptions) that
for certain (torus) actions on C" ® C™ ® C", no polynomial-sized encoding of the invariants
exists, placing a further limitation in this setting.

The optimization approach also seems to have important barriers, as we now explain. The
non-commutative optimization framework of Biirgisser et al. [11] provides a natural gradient
descent algorithm for the null cone problem. The iteration complexity of their algorithm
depends inversely on a parameter known as the weight margin of the action. For the 3-tensor
action where all dimensions are allowed to vary, this parameter can be exponentially small
as shown by Franks and Reichenbach [22], and the resulting algorithm is only guaranteed to
run in exponential-time.

Our work studies the intermediate fixed-parameter regime for the action of G = SL,, (K) x
SL,,(K) x SL,,,(K) on ¥V = K® @ K" @ K" where m is constant and n is allowed to grow. On
the one hand, the group SL,, (K) x SL,,(K) acts by the left-right action on V but on the other
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hand the SL,,(K) factor is constant and acts only by shuffling the m slices. Conceptually,
our approach exploits this decomposition of the group, albeit in a very different way than
the work [11] exploits this product structure in their polynomial-time algorithm for the
null cone problem. The null cone algorithm for [11, Corollary 6.24] is based on the scaling
technique, and the key there is to bound the weight margins of the representation, and they
use the product structure of the group to obtain such a bound. On the other hand, we
manage to first obtain a degree bound for generating the invariant ring, and then utilize an
effective version of the Cayley’s Omega process to obtain a succinct encoding of the invariant
ring. Combining these with the polynomial identity lemma (also known as Schwartz-Zippel
lemma), the randomized polynomial-time algorithm follows.

1.2 Technical Overview

In this subsection we provide a proof overview of Theorem 3.

1.2.1 Geometric invariant theory

Consider the natural action of G := SL,,(K) x SL,(K) x SL,,(K) on the space of tensors
YV :=K"® K" ® K™. We are given two tensors u,v € K" ® K" ® K™, each given to us by
n?m many entries in K. Our goal is to decide if their orbit closures intersect (OCI).

We consider the ring K[V] of polynomial functions on V. This ring is isomorphic to the
polynomial ring with n?m variables with coefficients in K. A polynomial f € K[V] is called
an invariant if f(g-v) = f(v) for every g € G and v € V. The set of invariants forms a
K-subalgebra of K[V] that we denote by K[V].

The conceptual bridge between invariant theory and OCI is Mumford’s theorem: For
linearly reductive groups, orbit closures are disjoint if and only if there is an invariant

polynomial that separates them.

» Theorem 5 (Mumford's Theorem [43]). Let K be an algebraically closed field and let G be
a reductive group acting linearly on a vector space V. Given two elements u,v € V, we have
G-unG-v#0 < p(u)=p() for all p € KV]Y.

In an ideal world, Mumford’s theorem reduces OCI to computing and evaluating invariants.

In practice, however, this approach fails due to two phenomena: first, even when invariants
are generated in low degree for some special actions, the general upper bounds are exponential
and there are instances where they must be exponential [18]. Second, even if a generating
set exists in low degrees, it may be algorithmically infeasible to evaluate them all. We shall
now discuss how we address these two issues.

1.2.2 Degree bounds for the invariant ring

As the invariant ring is usually infinite, we can only hope to capture it by a finite generating

set. Indeed, the finite generation of this ring is ensured by Hilbert’s celebrated results [31, 32].

The first difficulty that one needs to overcome is to bound the degrees of generators. Our
first main contribution is a polynomial degree bound for the generators of the invariant ring.

» Theorem 6 (Theorem 21 — informal). Consider the action of G := SL,(K) x SL,,(K) x
SLn(K) on V := K" @ K" @ K™. When m = O(1), K[V]|¢ is generated by homogeneous
invariants of degree poly(n).

To the best of our knowledge, only an upper bound of the form O(exp(n?)) was known for
the degrees of the generators in this regime, see [15, Prop. 4.7.16] or [11, Prop. 7.2].

32:5
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1.2.3 Succinct encoding of invariant rings

Even though the invariant ring is finitely generated, the number of generators can be
exponential in size and they may be infeasible to evaluate.

To overcome this issue, Mulmuley proposed the notion of succinct encodings of invariant
rings [41]. The basic idea is to introduce auxiliary variables so a set of generators can be
obtained by interpolating over these auxiliary variables. This leads to the following definition
from [41], which we state in adapted form from [24, Definition 1.3].

» Definition 7. Let a group G act on a vector space V = KY. We say that an arithmetic
circuit C = C(z1,...,ZN,Y1,---,Yr) succinctly encodes K[V]%, if the set

{C(z1,...,zN,a1,...,a:) | (a1,...,a.) € K"}

generates K[V]C as a K-algebra. The size of a succinct encoding is defined to be the size of
the circuit C', measured by the number of gates and the bit-lengths of the constants used in
the computation of C. In particular, we require that the constants are rational numbers.

A succinct encoding for the action of G on V allows one to obtain a randomized algorithm
for the orbit closure problem of this action as follows. By Theorem 5, the orbit closures of
u,v € V intersect if and only if for any f € K[V]¥, f(u) = f(v). Therefore, once a succinct
encoding C(21,...,ZN,Y1,--.,Yr) Of K[V]G is given, testing whether the orbit closures of u
and v intersect reduces to testing if the two circuits in y-variables, C(u1, ..., UN, Y1, - - - Yr)
and C(v1,...,UN,Y1,---,Yr), compute the same polynomial. This is an instance of the
polynomial identity testing problem, which, by the polynomial identity testing lemma, admits
a randomized polynomial-time algorithm by specializing y1, yo, . .., y, randomly to integers
of bit-length poly(size(C)).

Thus, to reduce the OCI problem to an instance of PIT, we need to prove that we can
efficiently compute a succinct generator for K[V]. This is our second main contribution: an
efficient succinct encoding of the invariant ring K[V]°.

» Theorem 8. Assume m = O(1). Then, there is a uniform family of poly(n)-sized arithmetic
circuit C' that succinctly encodes K[V]Y.

We prove Theorem 8 in Section 4. We now give an overview of how we prove degree
bounds and also on how we efficiently construct such a succinct generator.

1.2.4 The basic strategy to prove Theorems 6 and 8

Our basic strategy is to “split” the action of G = SL,(K) x SL,(K) x SL,,(K) into two
steps as G = H x K, where H = SL,, x SL,, and K = SL,,. This decomposition encodes the
invariant ring R = K[V]¢ as R = (K[V]¥)X. Note that K[V]¥ is the invariant ring for the
left-right action on matrix tuples, for which closed forms of invariant polynomials are known
(Theorem 14), and polynomial degree upper bounds are also known [16]. In particular, these
yield a succinct encoding of the invariant ring K[V]#.

Given these, going from K[V] to (K[V]¥)¥ still requires some work. Note that by the
polynomial degree bound of the H-action, we can focus on K acting only on those invariants
of polynomially bounded degrees, but the issue that we need to be careful about is that those
invariants span a vector space of exponential dimension. This creates obstacles for proving a
degree bound of the form poly(n, m)/(™) where a function just depending on m stands on
the exponent, as the generation degree bounds such as in [14] always depend polynomially in
the dimension of the base vector space. And on the succinct generation question, even from
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the succinct generation for the left-right action, we still need to obtain generators for the
tensor action, thus we cannot naively construct the succinct generator based on the vector
space of generators of the left-right action.

1.2.5 Addressing the technical difficulties

We overcome the above issues by (1) presenting a generation degree upper bound for the
invariant ring R in the form of poly(n,m)/("™), and (2) making an effective use of the Cayley
Omega process to produce a succinct encoding.

For the degree upper bounds, we mentioned the problem of K acting on an exponential-
dimension vector space. To get around this problem, the main idea is to resort to the
nullcone defining bound as much as possible rather than on the generation bound. Indeed,
in [14, Proposition 1.2], the nullcone defining bound has the intriguing property that it does
not depend on the ambient vector space dimension. This allows us to get around the issue
of working over a vector space of an exponentially large dimension by showing a suitable
nullcone defining bound first, and then using the relation between generation and nullcone
bounds [14, Theorem 1.1] to obtain the generation bound for the full invariant ring K[V]“.
Details on how we execute this approach are in Section 3.

Given the degree generation bound, we resort to the Cayley Omega process to obtain a
succinet generator of (K[V])X from the succinct generator of K[V]#. The Cayley Omega
process is a generic procedure to obtain a generating set, and we need to apply this process
to the succinct encoding setting where sequences of partial derivatives need to be computed
efficiently. At first sight, efficiently computing the partial derivative operator arising from the
Omega process seems to be an impossible task, due to the complexity of the Omega process.
However, the key here is to note that we are only applying the Omega process in constantly
many variables (when m € O(1)), which allows us to be inefficient in terms of m, while still
preserving the efficiency of the succinct generator for the left-right action, as we operate on
it to transform it into a succinct generator for the tensor action. This is analogous to how
Mulmuley was able to compute his succinct generator [41]. Our efficient construction of the
succinct generator appears in Section 4.

1.2.6 Generality of Our Techniques

While the above results are only stated in terms of the natural 3-tensor action, a quick look
into our techniques and our proofs show that our results apply in much more generality. In
particular, our degree bounds and efficient generation results need only the following general
assumptions on G and V: that the group G factors as a product of two groups G = H x K,
for which K is a product of special linear groups of constant total dimension — that is,
K= Hle SL,,, where Hle m; € O(1) — and H is any group such that the corresponding
action of H on V has polynomial degree bounds and an efficiently computable succinct
generator. For instance, this setup also captures more general tensor actions where we have
constantly many tensor factors where all but 2 of the factors have bounded dimension.

2 Preliminaries

Throughout this paper, we write [¢(] := {1,2,...,¢} for £ € N. We take K to be an
algebraically closed field of characteristic zero. For a K-vector space V, we denote by
K[V] the ring of polynomial functions on V. If dimV = N, then we have an isomorphism
K[V] = K|z1, z2, . .., xn] with the latter denoting the polynomial ring with IV variables over K.

32:7
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The zero locus of a set of polynomials hq, ha, ..., hy € K[V], denoted Z = Z(hy, ha, ..., h¢) =
{veV|h(@) =...=he(v) =0}, is called an affine algebraic set. The ring of regular
functions on Z is denoted by K[Z] := K[V]/I where I is the radical of the ideal generated by
hi,ha,...,he. If S C V is an arbitrary set, we denote by S its Zariski closure, the smallest
affine algebraic set that contains S.

2.1 Groups, Representations, and Invariant Theory

We will briefly introduce the main results in invariant theory that are relevant for the next
sections. We refer to [15, 39, 43] for a more detailed treatment of the subject.

For a natural number s € N, we denote by GL(K) (resp. SL4(K)) the set of invertible
(resp. with unit determinant) s x s-matrices with entries in K. A Zariski closed subgroup
G < GL4(K) is called an algebraic group. For simplicity of the presentation, we will assume
that G < SL4(K), since this is true for the groups that we will consider throughout the paper.
In this case, G is an affine algebraic set in Mat(s, K), the vector space of s x s matrices over
K, and it is the zero locus of some polynomials hy, ha,...,he € K[g1.1,-..,9s,s]-

Suppose V is an N-dimensional vector space over K. A group homomorphism 7 : G —
GL(V) is called a rational representation if matrix entries of 7(g) are regular functions on G.
That is,

a1,1(9) ai2(g) ... ain(9)
g = | gea &
an,1(9) an,n(g)
for some polynomials a1 1,...,an,n € K[g1,15- -, Gs.s)-

Let m : G — GL(V) be a rational representation. A subspace U C V is called G-stable
if 71(g)u € U for every g € G and u € Y. In this case, the map v : G — GL(U) defined by
v(g) = w(g)|u is also a rational representation of G. We call V irreducible if the only G-stable
subspaces are {0} and V. An algebraic subgroup G < GL,(K) is called reductive if V is a direct
sum of its irreducible G-stable subspaces for every rational representation 7 : G — GL(V).
Important examples of reductive algebraic groups are GL4(K), SL,(K), O4(K) (the group of
orthogonal matrices), Sp,(K) (the group of symplectic matrices), the tori (K*)*®, all finite
groups and their direct products.

A rational representation 7 : G — GL(V) naturally defines a group action of G on V via

g-v=mn(gv, geGve.
The action of G on V also induces an action on K[V] by defining

(g'f)(v):f(gil'v% gEG,’UGV,fEK[V].

A polynomial f is called an invariant if g - f = f for every g € G. We denote by K[V]¢ the
ring of invariants, which is a K-subalgebra of K[V]. A celebrated result due to Hilbert [31, 32]
states that the invariant ring K[V]¢ is finitely generated as a K-algebra for every rational
representation 7 : G — GL(V) of a reductive group G. We note that since polynomials are
continuous functions, invariant polynomials must take the same value on an orbit closure
G - u. In particular, the invariant polynomials cannot distinguish two orbit closures that
intersect. Mumford’s Theorem 5 provides a converse statement, namely, two orbit closures
G -u and G -v do not intersect if and only if there exists an invariant polynomial that
distinguishes them.
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Two important numerical invariants of a rational representation are: the minimum degree
of polynomials that generate the invariant ring, that we denote by (), and the minimum
degree o (V) of invariants f1, fo, ..., f¢ such that the invariant ring K[V]¢ is integral over
the K-algebra K[f1, fa, ..., f¢]. Namely,

Bx(V) :=min {d € N | K[V] is generated by invariants of degree < d} (2)
and
0x(V) :=min {d € N | K[V]® is integral over K[V]gd} . (3)

The null cone N(V) CV of « is defined as the zero locus of all homogeneous, non-constant
invariants. By [15, Remark 1.7.2], 0,(V) is also equal to the minimum degree of null cone
definers, i.e.,

or(V) =min {d | N(V) = Z(f1, fo, ..., fe) for some f1, fo,..., fr € KVIZ,}.

We note that by definition, 3, (V) and o, (V) only depend on the invariant ring K[V]¢, i.e., if
K[V]¢ =2 KW]H as filtered K-algebras for two rational representations 7 : G — GL(V) and
v : H — GL(W), then (V) = 8,(W) and 0(V) = o, (W).

The following important result appears in [14, Proposition 1.2]. An important consequence
of it is that o,()) admits an upper bound independent of the dimension of V.

» Proposition 9 ([14, Proposition 1.2]). In the setting above, define m := dim(G). Recall
that G < GL4(K) is an algebraic group. Additionally, let H := max{deg(h;) | i € [{]} and
A = max{deg(a;x) | 1 < j, k <dim(V)} where a;; are the defining polynomials of m, see
Equation (1). Then

or(V) < HS =™ A™.

Let’s consider the case G = SL;(K). The special linear group is cut out by the polynomial
det(g) — 1, which has degree H = s, and the dimension of SL4(K) is m = s? — 1.

» Corollary 10. Let m : SLs(K) — GL(V) be a rational representation with w(g) =
(ai,j(9))ijen) Set A = 1;_17?%(]\[ deg(a; ;). Then,
o-(V) < s AT

The above degree bounds on the null cone can be used to derive degree bounds for the
generators of the invariant ring, as the following remarkable result shows.

» Theorem 11 (Degree bounds for generators, [14, Theorem 1.1]). In the setting of Proposi-
tion 9,

B (V) < max { 2, % ~dim(K[V]9) - 0, (V)? } ,

where dim K[V]¢ is the Krull dimension of K[V]|¢, and thus dimK[V]¢ < dim V.

Suppose X C V and Z C W are two G-stable affine algebraic sets. A morphism f: X — Z
that satisfies f(g-x) = g - f(x) is called a G-equivariant map. There is an induced ring
homomorphism f* : K[Z2] — K[X] defined by f*(F)(x) = F(f(x)). We say that f has degree
at most D if

deg(f*(F)) < D -deg(F), for every F € K[Z].

If f* is surjective, then we say that f is an embedding.
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» Proposition 12 ([15, Corollary 2.2.9]). Let f : X — Z be a G-equivariant embedding. Then
FHK[Z]9) = K[X]°.
Proposition 12 allows us to pull-back the degree bounds for K[Z]¢ to K[X]¢.

» Corollary 13. Let 7 : G — GL(V), v : G — GL(W) be rational representations, X C
V,Z C W be G-stable algebraic sets and f : X — Z be a G-equivariant embedding of
degree D. Then,

Bx(X)<D-B,(Z) and o(X)<D-0,(2).

2.2 The Left-Right Action on Matrix Tuples

For certain families of actions, we have more structure on the set of generators for the
invariant ring, as well as a better control on the degree bounds for the null cone and for the
generators of the invariant ring. An important example is the left-right action, which we
now define.

Let m,n € N, H := SL,, x SL,, and V := Mat(n, K)™ where Mat(n,K) denotes the space
of n x n-matrices over K. The left-right action of H on V is given by

WH(X,Y) . (Al,...7Am) = (XAlyt,...,XAth).

The following theorem on the generators of the ring of invariants for the left-right action
appears in [19, Corollary 3], [20] and [46].

» Theorem 14. The space K[V is spanned as a vector space by all the forms

fr (A) := det <§: T ® Al> (4)

i=1
where T = (Ty,...,Ty) € Mat(d,K)™ and d € N.

If we apply the general bounds in Proposition 9 and Theorem 11 from [14], we would get
a degree bound for K[V]# that is exponential in n, see also [11, Prop. 7.2]. The result [16,
Theorem 1.8] (see also [36, Theorem 1]), which we now state, gives much sharper degree
bounds for equations defining the null cone of the left-right action.

» Theorem 15 ([16, Theorem 1.8]). The following bound holds: o, (V) < n(n —1).

We note that since fr(X) has degree dn, Theorem 15 implies that the null cone is cut out
by the polynomials fr(X) for T = (T, ...,T;n) € Mat(d, K)™ with d < n — 1. This bound,
when combined with Popov’s theorem [44, 45] yields the following generating degree bounds
for the left-right action, obtained in [16, Theorem 1.2].

» Theorem 16 ([16, Theorem 1.2]). The following bound holds: B, (V) < m - n?.

2.3 Reynolds Operator & Cayley’s Omega Process

In the general setting of a rational representation 7 : G — GL(V) of a reductive group G,
there exists a linear operator R : K[V] — K[V]¢ with the following properties

1. R(f) = f for all invariants f € K[V]9.

2. R(g-h)=R(h) for all h € K[V] and g € G.
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This operator is uniquely determined by the properties above and is called the Reynolds
operator [15, Theorem 2.2.5]. The following lemma gives an important factoring property of
the Reynolds operator, and appears in [15, Lemma 4.5.4].

» Lemma 17. Consider a rational representation m : G — GL(V) and suppose that G has
a normal subgroup H. Let Rg : K[V] — K[V]Y be the Reynolds operator with respect to G,
Ry : K[V] = K[V the Reynolds operator with respect to H and Rg/p : KV]H — K[V]¢
be the Reynolds operator with respect to G/H. Then Rg = Rg/m o Ru.

For homogeneous actions of G = SL,, (K), there is an explicit algebraic construction of
the Reynolds operator, given by Cayley’s Omega process, which we now briefly present. We
will use this construction in Section 4 together with other results from algebraic complexity
theory to give uniform succinct circuits that compute generators for the invariant ring of
the tensor action. For more background and proofs of the results that we invoke in this
subsection, we refer the reader to [15, 11] and references therein.

Consider a homogeneous degree D representation 7 : SL, (K) — GL(W), along with its

induced action on the polynomials in K[W], denoted by #. That is, (7(g)f)(x) := f(7~(g9)x).

After fixing a basis (e;) of W, the entries of 7(Z) are homogeneous degree D polynomials
in the variables Z := (Z; ;), je(m) and the entries of &, when acting on the space KW], of

degree r forms, are homogeneous polynomials of degree D, := rD(m —1).3 Our goal is to
describe the invariant ring K[W]3L corresponding to the above action.

Define 0 := (9z, ;)i je[m) to be the m x m matrix of partial derivatives of Z. Let K[J]
be the ring of differential operators on K[Z]. For any p € K[Z], let 0, := p(0). Cayley’s
Q-operator is defined as follows

Q:K[Z] »K[Z], Q:=0w= Y sgn(o) ][]0z .. (5)
0ESm k=1

Applying 2 to a homogeneous polynomial ¢ reduces its degree by m, thus if ¢ has degree
rm, Q7(q) is a constant. In order to state the invariance properties of the Q-operator we
introduce the left and right multiplication maps for A € Mat(m, K).

R4 : Mat(m,K) — Mat(m,K), X +— XA
L4 : Mat(m,K) — Mat(m,K), X — AX.

With the above definitions, we have the following properties:

» Lemma 18 ([11, Proposition 7.8]). In the setting above, the following properties hold:
1. For any q € K[Z] and A € Mat(m,K) we have

Q(goLa)=det(A)-(2(g)oLa), Q(goRa) =det(A4) - (2(q) o Ra).

2. If g € K[Z]ym and A € SL,,, then Q" (q) € K and Q"(q) = Q"(qgo La) = Q" (qo Ry).
3. ¢ = Q7 (det(2)7) € KX, that is, ¢, s a nonzero element of K.

3 We note that for g € SLy,,(K) we have g~! = Adj(g) where Adj(g) denotes the adjugate matriz, which
has degree m — 1 as a polynomial function of g.
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We are now ready to define the Reynolds operator R : K)W] — K[W] for the representa-
tion 7 : SL,,(K) — GL(W). For f € K[W],., we have:

Qﬁr/m (7)) - B
o - °7(2)-f if m| D,,
R(f) B CDr/ﬂ@,m, (6)
0 otherwise,

where D, = rD(m — 1), Ch, jm,m is defined in Lemma 18 (3), and QP+/m o 7(Z) - f means
applying ODP+/m t0 the Z coefficients of 7(Z)- f.

The following implies that R indeed has the properties characterizing the Reynolds
operator.

» Proposition 19 ([11, Proposition 7.9 and Corollary 7.10]). The map R : K{W] — K[W]
defined in Equation (6) satisfies the following conditions.

1. If f e KIW]Y, then R(f) = f.

2. If f e K[W] and g € G, then R(g - f) = R(f).

3. R(KWV)) = KW)C.

3 Fixed-Parameter Polynomial Degree Bounds

In this section we prove our first main technical theorem: Theorem 21, which is the formal
statement of Theorem 6.

3.1 Setup

Let n,m € N be natural numbers and consider the natural action of the product group
G := SL,, x SL,, X SL,,, on the tensor space V := K" ® K” ® K", when m is fixed and n
becomes large. In the following, we will identify a tensor T' € V with the matrix tuple
(A1, Ag, ..., Ay, where A; € Mat(n,K) is the i*" 3-slice of T.

The action of G on V is given by the rational representation n¢ : G — GL(V), which
defines the action of G on V as

(X,Y,2)-(Ay,..., Apn) =
<X (D 2045) ', X (3 255) V' ooy X (Y ZunsAy) Yt>.
j=1 j=1 j=1
In other words, SL,, x SL,, acts on V by the left-right action and SL,, acts by shuffling the
3-slices. In representation theoretic terms, we have
1¢(X,Y,Z2)=X®Y ®ZcGLEK"®K"®K™).

The group G is a direct product of its subgroups H := SL,, x SL,, and K := SL,,. We
denote the restriction of g to H (resp. K) by mg (resp. 7). Then, the induced action of
H and K on V are given by

(X,Y) - (Aq,...,Ay) = (XA Y . XA,YY,

m

Z~(A17...,Am): ZZIjAj;“-aZijAj ’
Jj=1 j=1

and we have 7y (X, Y) =X QY I, and 7 (Z) =1, 1, ® Z.
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Since H and K commute, we have the following identification of the invariant rings:
K
K[V)% = (KV]) (7)

In the following, we will obtain degree bounds on K-algebra generators of K[V]¢ by making
use of this identification. As my is simply the left-right action, by Theorem 16, the invariant
ring K[V]# is generated by invariants of degree 3y < mn?*, where we denote B := B, (V)
from now on and similarly for Sz and Sg.

3.2 Using the left-right action

Consider the vector space W := @gil K[V c K[V]®. In plain English, W is the space of
non-constant H-invariants up to degree Sg. We denote the dimension of W by N := dim W
and we choose a linear basis {f1,..., fxv} of W consisting of homogeneous invariants. Note
that f;’s may be of different degrees.

We now show that there is a polynomial ring K[y, y2, ..., yn], on which K acts, such
that K[y, ...,yn]¥ surjects onto K[V]¥. We define the categorical quotient V J| H of V

by the action of H as the affine variety maxSpec(K[V]f), corresponding to the ring K[V]#.

Explicitly, we may assume that V // H is the image of the polynomial map V — KV, v
(f1(v), f2(v),..., fn(v)). We denote the image of a vector v € V under this map by [v]. Since
the actions of K and H commute, there is a natural K-action on V J/ H via

k- [v] = [k-v].

Note that this is well-defined since K sends H-invariants to H-invariants.
There is a map from the categorical quotient V // H to the dual vector space W*, defined by

O:V /) H— W, ® ([v]) = ev, where ev,(f) = f(v).

The corresponding ring map is the K-algebra homomorphism ®F : K[W*] — K[V]#, defined
by F — F o ®. Since W is N-dimensional, we can identify KIW*] = K[y1, y2,. .., yn] and
®* becomes

O Klyr, ya,....yn] = KV, ®*(y;) = f; fori=1,2,...,N.

We note that if F(y1,...,yn) € K[yi,-..,yn] is a polynomial of degree D, then ®¢(F) has
degree at most D - max; deg(f;) = D - Bg.

Since the subgroups H and K commute, K acts on W by a restriction of its action on
K[V]. More concretely, k € K acts by (k- f)(v) = f(k71-v) = (forg (k™)) (v) for f € W and
v € V. This action induces an action of K on W* by (k- )(f) = @(k™! - f) = ¢(f o mk (k).
More concretely W* = @gil S4(V)H as representations of K, where S%(-) denotes the d-th
symmetric power. Hence, for v € V we have (k-ev,)(f) =ev, (k™! f) = f(k-v) = evi.(f).
This implies that

k-ev, = evi., (8)
» Lemma 20. The map ® is a K -equivariant embedding and we have ®*(K[yy, ..., yn]¥) =
K[V)©.
Proof. For [v] € V // H and k € K we have

O(k-[w]) =P(k-v]) =evg, =k-ev, =k - D([v]),

where we use Equation (8) in the third equality. This shows that ® is K-equivariant.

The ring map ®¢ : KW*] — K[V /J H] = K[V]¥ is surjective since ®*(y;) = f; and
f1, fa, -, fn generate the invariant ring K[V]#. Thus, ® is an embedding, and the second
claims follows from Proposition 12. <
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We are now ready to prove our main technical theorem: a fixed-parameter degree bound for
Ba (V).

» Theorem 21 (Fixed-parameter degree bounds). In the setup of this section, we have
3
O'G(V) <m- (ﬁH)m2 and ﬂg(v) < g .m3n2 . (5H)2m2,

In particular, Se(V) = poly(n) when m is a constant.

Proof. Note that the ring map ®f has degree max; deg(f;) = By since ®f(y;) = f; and
KW*] = K]y, -..,yn]. Hence, Lemma 20 and Corollary 13 imply that

oa(V) < Bu - ox(W").

We now claim that ox(W*) < m - (8)™ ~L. Let p : K — GL(W*) denote the
representation of K = SL,, that is induced from its action on W*. The action of K
on W is a restriction of its action on K[V] = @, S*(V*). Since W consists of polynomials

of degree at most Sy, W* is a K-stable subspace of @5;’1 S%(V). In particular, as matrices
we have for £k € K = SL,,

Br
o) = (ea s«wK(k») \ | o
/=1

W*

where S*(7x (k)) denotes the (-th symmetric matrix power. By the definition of 7x, the
degrees of the matrix coefficients 7 (k) have degree 1. Hence, the degrees of the matrix
coefficients of @fjl S (mr(k)) are bounded by Bp. Since restriction does not increase the
degree, we deduce that the degrees of the matrix coefficients of p(k) are bounded by Sg.

Now, by Corollary 10 we have

2

ox(W*) <m-(Bu)™ .
Here a key property of Corollary 10 is that dim()V*), which is exponential in n, does not
play a role in this bound. This finishes the proof of the first claim. The second claim simply
follows from Theorem 11 using the upper bound for o (V). <

» Remark 22. In the above theorem, it is important to upper bound ok (W) first and use it
to upper bound o¢ (V) and then deduce an upper bound for 8¢ (V) using Theorem 11. If we
instead upper bound Sx (W) first and then pull-back the bound along ®* to get an upper
bound for B¢ (V), we get the worse upper bound Sg(V) < %N -m? . (/BH)sz_l, which is
exponentially large in n.

4  Efficient Succinct Computation of Generating Invariants

In this section we will show that, in the setting where m = O(1), we can efficiently compute
a succinct circuit that computes the generating invariants for the tensor action of G :=
SL,, x SL,, X SL,, on V := K" ® K" ® K". Once we have this succinct circuit, we will be
able to give a randomized algorithm for the Orbit Closure Intersection problem. Before we
show this, we will need some elementary results which are folklore in the literature, and
thus we present them here with full proofs. For a vector u € K¢, let V(u) € Mat(¢,K) be
the (square) Vandermonde matrix given by V(u); ; := uf, where j € {0,...,t — 1}. The
Vandermonde matrix is invertible whenever the entries of u are pairwise distinct. In this
section, given a tuple of variables y := (y1,...,ym) and e € Z™, we define

B ||i€[m] yit, if e e N™,
y =
0, otherwise.
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» Proposition 23 (Multivariate Vandermonde). Let m,D € N and S :={0,...,D}. In the
space of square matrices Mat((D + 1)™,K), index the rows and columns by tuples from S™.
Lastly, let Ms € Mat((D + 1)™,K) be the matriz defined as Ms(a,b) := aP for a,b € S™.
Then, Ms =V (0,...,D)®™, and thus, Ms is invertible.

Proof. Let V := V(0,...,D) and M := V¥™_ Since M € Mat((D +1)™,K), let us compute
M (a,b). By definition, we have M(a,b) = Hie[m] Vai b; = Hie[m] albi =aP = Ms(a,b), as
we wanted. |

» Proposition 24 (Coefficients and evaluations). Let D € N, § := {0,1,...,D}, R be a
graded K-algebra with Ry = K, y := (y1,...,ym) and P € R[y] be such that deg,, P < D
for alli € [m]. Thus, we can write P =73, gm Pa-y® for some Pa € R. Let vp € RS™ be
defined as (Vp)a := Pa and wp € RS" be defined as (Wp)a := P(a). Then, we have that
wp = Mg - vp, where Mg is the matriz from Proposition 23.

Proof. Since (Wp)a = P(a) = Y pcgm Po-a® = Y, cgm Ms(a,b) - Py, which is the a”
entry of the matrix-vector product Msvp, this proves the above proposition. |

With the above facts, we can give a uniform algorithm to compute any homogeneous
partial derivative operator (of a given individual degree) of a given circuit.

» Proposition 25. Let x := (x1,...,2,) and z := (21,...,2m) be tuples of variables and let
P € K[x,2] be a polynomial with deg, (P) < D for alli € [m]. Let 0, := (0.,,...,0.,,) and
Q € K[0,] be a partial differential operator with degy. (Q) < D for alli € [m]. If P can be
computed by a uniform algebraic circuit ¥ of size s > ;n, then (Q o P) |,=0 can be computed
by a uniform algebraic circuit ® of size O((D + 1)3m+3 . 5).

Proof. Take S := {0,..., D} and M := Ms as in Proposition 23. Since deg, (P) < D for
all i € [m], we can write P = ) _sm Pa(x) - 2* where P, € K[x]. Similarly, we can write

Q(02) = Y pesm Qb - 02 with Q, € K. Thus, we get that

(QoP)lamo= D Pa(x)-(Q(3;) 02%) a0 = Y Pa(x)- (95 ©Q(2)) ls=o

acsS™ acsS™

where Q(z) := Y pcgm Qb - 2°.

Let v, wg € KS” and vp,wp € K[x]®" be defined as in Proposition 24. With these
definitions, Proposition 24 and the fact that (02 o Q(2z)) |z.—0 = Qa tell us that the above
equation can be written in matrix-vector product format as:

Qo P)ls=o=vp-vo=(M"'wp)" vg=wp (M T vq.

Since (wp)p = ¥(b), we can compute wp by (D + 1)™ distinct evaluations to ¥. As @) is a
(D +1)™-sparse polynomial, we can (uniformly) compute v simply by writing all coefficients
of @ in its sparse representation. By the definition of M we can (uniformly) compute it with
(D+1)™- D3.m algebraic operations. In particular, we can (uniformly) compute (M ~1)T by
the naive algorithm using O((D + 1)3™) algebraic operations. This implies that (Q o P)|,—o
can be computed by O((D + 1)3™%3 . 5) operations. <

We can now construct an efficient succinct circuit for a generating set of invariants for
the tensor action. We recall the setting of Section 4, that is, V := K" ® K" ® K™, with
G :=SL, x SL,, x SL,, acting on V via the natural tensor action. We denote H := SL,, x SL,,
and K := SL,, so G is the direct product of its subgroups H and K.
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» Theorem 26 (Efficient Succinct Generation of Invariants). There is a universal constant
¢ > 0 such that the following holds. Given any D € N, there exists a uniform algebraic circuit
® of size < c- (Dnm3)3m2+6 that computes a succinct generator for the vector space K[V|< .
Moreover, the circuit ® has 1 +m - D? auziliary variables and computes a polynomial with
individual degree upper bounded by D.

Proof. By Equation (7), we have K[V]¢ = (K[V]#)¥ as graded K-algebras. Thus, we have
K[V]g D= (K[V] g D)K. By Theorem 14, we have that K[V] is spanned by the homogeneous
polynomials

fT(X) := det <§:E ®X1> s

=1

where T = (T4, ..., T,) € Mat(d, K)™ and d € N. In particular, if N := dim K[V]I;D, there
are N tuples of matrices {T°(¢) }ee[N], where T(¢) € Mat(d,, K)™ for some d, < D such that,
denoting by fo(X) := fr (X), we have that K[V]Z}, = spany {fe}een)- Thus, we have

K[V]gD = Spallg {RG(fE)}eG[N] = Spang {RK(fe)}ee[N] ) (10)

where the last equality above comes from the fact that Rg = Rx o Ry, by Lemma 17,
together with the fact that Ry (fe) = fe since f. is an H-invariant.

Now, let Y := (Y7,...,Y},,) be a tuple of symbolic D x D matrices, and for each r € [D]
and i € [m], let Y%m = (Y3)[s)x[r) be the top-left r x r principal submatrix of Y;. Define

F.(Y, X) = fy» (X) = det <Z v, ®Xi> :

=1

Letting u be a formal variable and using the Lagrange interpolation polynomials L, (u) :=

[Liein) %‘;, we have that the following polynomial is a succinct generator for the non-constant
i#ET
polynomials in K[V]%,

D
Fu, Y, X) = 3 Lo(u) - Fo(Y, X). (1)

r=1

To see that the above polynomial is a succinct generator, note that for any e € [INV], if we set
u=d,and Y; = T(® ©0p_,4_, we have that F(d.,Y,X) = La_(d.)- Fa,(Y,X) = fr(X) =
fe.

The above, together with Equation (10) implies that R (F(u,Y, X)) is a succinct
generator for K[V]g p- Using Equation (6) to express Ry in terms of £, we have that the
action of R on F(u,Y, X) is given by

D D
Ric(F(u,Y, X)) =Y Lo(u) - Re(F (Y, X)) = 3 Ly (u) - Ric(fyr (X))
r=1 r=1
=3 Le(w) iy - XTI Fic(Z) 0 frn (X))
( )/m,

D
=3 L) ety - X (o (R 2) T 0 X)) (12)
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By definition of the Q-process (see Equation (5)), we have that Q""(m=1/™ ig a polynomial
derivative operator over m? variables, with integral coefficients, and of individual degree
< rn(m — 1)/m. In particular, its sparse representation has < (rn(m — 1)/m)m2 terms,
each monomial having an integral coefficient, and they can all be simultaneously computed
uniformly with (rn(m —1)/ m)2m2 algebraic operations by the naive algorithm. Note that
fy o (T (Z)~1o X) can be computed by a (uniform) circuit ¥,. of size O((rn-m?3)?), as fym
is the determinant of size rn X rn symbolic matrix whose entries involve determinants of size
m matrices.* By Proposition 25 there is a universal constant C' > 0 and a (uniform) circuit ®,.
of size C - (rn)®>™*+3 . (rnm®)3 such that ®, computes Qm(m=1)/m (fym (rx(Z)7' 0 X))).5
Note that the Q-process constants can also be computed by a uniform circuit with the same
upper bound as above.

Combining the circuits ®,. with L,(u) and the Q-process constants, we obtain a uniform
circuit @ of size < 3- C - (Dnm3)3™ +6 computing R (F(u,Y, X)). Taking ¢ := 3C finishes
the proof. It is easy to see from the above construction the bound on the number of auxiliary
variables as well as on the individual degree of the succinct generator. |

We can now prove our second main result: Theorem 8, which gives a uniform, polynomial-
sized succinct generating circuit for the natural tensor action, whenever the third tensor
factor is of constant dimension.

» Theorem 8. Assume m = O(1). Then, there is a uniform family of poly(n)-sized arithmetic
circuit C that succinctly encodes K[V]Y.

Proof of Theorem 8. By Theorem 21, the invariant ring K[V]“ is generated by invariants of
degree at most D := % -m3n? - (BH)2m2 < % - m2mi+3 n4m2+2, where the inequality follows
from the bound By < m - n* (Theorem 16).

By Theorem 26, there is an algebraic circuit of size

0 ((Dnm3)3m2+6> — O(mOm"+30m*+36 n12m4+33m2+18)
that succinctly encodes the invariants up to degree D. Since K[V]% is generated by forms of
degree at most D, this circuit is a succinct encoding of the invariant ring. When m = O(1),
the size of the circuit is poly(n) and this finishes the proof. <

Given the above results, we can now prove our main application: a randomized, polynomial-
time algorithm for the Orbit Closure Intersection problem for the natural tensor action,
whenever the third factor is of constant dimension.

» Theorem 3. The orbit closure intersection problem for the tensor action of G := SLy, (K) x
SL,,(K) x SL,,,(K) on V := K" @ K" @ K™ with m = O(1) is in coRP. More explicitly, given
n and two vectors u,v € Q[i|" @ Q[i]" ® Q[i|™, there exists a randomized algorithm with
one-sided bounded error that decides whether the orbit closures of u and v intersect in time
polynomial in n and the bit-lengths of u and v.

4 As Z is from SLy,, i (Z) ™! can be computed by taking the adjugate matrix.
5 We can apply Proposition 25, since the derivative operator has the same Z-degree as the polynomial
fyo (T (Z)7 0 X)), and thus

QDI (fy 0 (i (2) 7 0 X)) = (Y (fy (7 (2) T 0 X)) ) |2=0
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Proof. By Theorem 8, there is a uniform algebraic circuit C(x1,Z2, ..., Tn2m, Y1, Y25 - - Yr)
of size poly(n) that succinctly encodes K[V]¥. In particular, the number of auxiliary variables
r and the bit-lengths of the constants used in C' are bounded by poly(n). By Theorem 26,
the degree of C, i.e., the degree of the polynomial that C' computes, is also bounded by
poly(n).

Mumford’s Theorem 5 implies that

G unNG-v#g <=  CUul, - ,Up2m, 01y, 0p) = C(V1, .., Vn2m, A1, .-, Cr)

for every a € K". The latter is an instance of polynomial identity testing. By the Polynomial
Identity Lemma, choosing each ay,as, ..., a, uniformly at random from [3 deg C] and return-
ing the result of the equality check C'(uy,...,up2m,a1,...,0.) = C(V1,...,Vp2m,a01,-..,0r)
gives us an algorithm with error probability bounded by 1/3. Since size(C), deg C' € poly(n),
we can compute C(u,a) and C(v,a) and test whether they are equal in poly(n, (u), (v))-time
where (-) denotes the number of bits in the binary expansion of a vector. This finishes the
proof. <
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