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Abstract
We establish the first super-polynomial quantum advantage for the tolerant junta testing problem in
the adaptive setting. Specifically, we show that within a certain parameter regime, tolerant k-junta
testing with high precision can be solved using poly(k) quantum queries, whereas any classical
algorithm requires at least kΩ(log k) queries.

The problem of tolerant k-junta testing is as follows: given parameters (k, ε1, ε2), with
0 ≤ ε1 < ε2 ≤ 1/2, and black-box access to a Boolean function f (defined on n variables),
distinguish whether f is ε1-close to some k-junta or ε2-far from every k-junta.

We show the quantum advantage for a range of parameters close to 1/2, for example,
ε1 = 1/2 − 1/k and ε2 = 1/2 − 1/(2k2). (As such, the problem is more naturally captured
using the notion of correlation with closest k-junta.) The (non-adaptive) quantum tester we use
was given by a recent work of Bao, Liu, Yao, Ye, and Zhang (SOSA 2026). We slightly adapt their
analysis to show that it holds in the above parameter regime. On the other hand, our classical lower
bound requires substantial new ideas. Inspired by the lower bound techniques of Chen and Patel
(FOCS 2023), we introduce a new hard distribution of “yes” instances (i.e., instances with distance
at most ε1 to k-juntas) that is based on planting an “approximate-junta” as follows: we randomly
pick k out of n coordinates, and for each fixing of the k coordinates, the 2n−k values in the restricted
subcube are drawn randomly except for an error-correcting code on which we place the same random
bit. We show that this distribution is much closer to k-juntas than the uniform distribution, but on
the other hand, they are indistinguishable with respect to any classical algorithm making ko(log k)

queries.
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1 Introduction

A Boolean function f : {0, 1}n → {±1} is said to be a k-junta if it depends on only k

of n input variables. Despite representing a structurally simple class of functions, juntas
play a foundational role across various areas of theoretical computer science, including
computational learning theory [31, 21, 37], hardness amplification [9, 28], and property
testing (see references below), which is the focus of this study.

In the standard junta testing problem, we are given oracle access to a hidden Boolean
function f : {0, 1}n → {±1}. The objective is to determine whether f is a k-junta or ε-far
from all k-juntas. To be precise, a randomized algorithm Af is a (k, ε)-junta tester if it
accepts every k-junta f with probability at least 2/3, while rejecting with probability at least
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34:2 Quantum Advantage in Tolerant Junta Testing

2/3 every f that differs from every k-junta on at least an ε-fraction of inputs. We measure
the tester’s efficiency by its query complexity, namely, the number of oracle calls to f (while
the running time is not considered). Ideally, we want the tester’s query complexity to be as
small as possible in terms of k and ε, but independent of n (the input length of f).

In the seminal work of Fischer, Kindler, Ron, Safra, and Samorodnitsky [22], the authors
proposed the first junta tester with query complexity depending only polynomially on k and
1/ε. Since then, a long line of research [19, 25, 2, 6, 7, 36, 1, 35, 18, 8, 30, 29, 4, 10, 20,
27, 33, 15, 13, 32, 14, 16, 17] has been dedicated to developing more efficient testers and
sharper lower bounds, leading to a comprehensive understanding of the problem and its
variants. In the standard model, Blais [7] provided a tester using O(k log k + k/ε) queries,
which was later shown to be optimal for constant ε [35]. On the other hand, [18] shows that
any non-adaptive tester must make Ω̃(k3/2/ε) queries, nearly matching the Õ(k3/2/ε) upper
bound established by Blais [6].

Beyond the classical setting, quantum algorithms have been shown to achieve a quadratic
speedup: [1] provides a quantum tester making only Õ(

√
k/ε) queries, which is nearly

optimal [11]. Lastly, recent work has extended these results to more general models, such
as distribution-free testing [30, 10] and relative-error testing [17], demonstrating that junta
testing remains easy even under these broader distance measures. However, this efficiency
relies heavily on the assumption of perfect, noise-free inputs.

Tolerant Testing

A significant limitation of the standard testing model is that there is no guarantee on the
performance of the tester on functions close to satisfying the property. A more realistic
scenario is that given a black-box function f , one seeks to test whether there are k features
that explain the output in most cases, or f is far from it. This is because data in the wild
are often noisy and almost never perfect. To address this, Parnas, Ron, and Rubinfeld [34]
introduce a natural relaxation of the standard testing model called tolerant testing.

In the context of junta testing, a (k, ε1, ε2)-tolerant junta tester must decide whether a
Boolean function f is ε1-close to some k-junta or ε2-far from every k-junta by making oracle
calls to f . Standard junta testing naturally emerges as a special case where ε1 = 0.

In sharp contrast to the standard model, tolerant junta testing appears to be much harder.
In the non-adaptive setting, Chen et al. [14] proved that any classical tolerant junta tester
requires 2Ω(

√
k) queries. This lower bound was subsequently shown to be tight by Nadimpalli

and Patel [32] (building on [20, 27]), who provided a matching non-adaptive upper bound of
2Õ(
√

k log(1/(ε2−ε1))).
In the classical adaptive setting, despite significant effort, our understanding of tolerant

junta testing remains limited. The best-known adaptive (k, ε1, ε2)-tolerant junta tester has
query complexity 2Õ(k1/3) when ε2 − ε1 is constant [16], while the best-known lower bound
is kΩ(log(1/(ε2−ε1))) when ε1, ε2 are bounded away from 0 and 1/2 [15]. In short, even in the
parameter regime where ε1 = 0.01 and ε2 = 0.49, neither a tester with query complexity
exp(o(k1/3)) nor a superpolynomial lower bound is known.

In the quantum world, however, the landscape changes dramatically. Recent work by
Bao, Liu, Yao, Ye, and Zhang [3] introduces an elegant, non-adaptive quantum tester with
query complexity O(k log k), provided that 4ε1 < ε2. To evaluate this advantage, Bao et
al. [3] complement their algorithm with a classical non-adaptive lower bound, demonstrating
a surprising exponential quantum speedup over classical non-adaptive tolerant junta testers.
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This provable advantage highlights the power of quantum in tolerant junta testing.
However, [3]’s results do not establish any super-polynomial quantum speedup over classical
adaptive tolerant junta testers, since the quantum tester in [3] works only in a parameter
regime that is mutually exclusive of that of the superpolynomial lower bound by [15].1 This
leads to the following natural question:

Do adaptive quantum tolerant junta testers significantly outperform their classical
counterparts?

1.1 Main Result
In this paper, we give an affirmative answer to the above question by showing a
superpolynomial quantum speedup against classical adaptive tolerant junta testers.

▶ Theorem 1 (Main Result). For every k ∈ N and ε > 2−k.99 , there exist 0 < ε1 < ε2 < 1/2
such that ε = ε2 − ε1 and the following holds:

There exists a non-adaptive quantum (k, ε1, ε2)-tolerant junta tester with query complexity
O(poly(k, 1/ε)).
Any adaptive classical (k, ε1, ε2)-tolerant junta tester must make at least kΩ(log(1/ε)) queries.

The key to the proof of Theorem 1 is a stronger classical adaptive lower bound, inspired
by [15], which applies to a wider range of parameters for which the quantum tester in [3] is
valid. The quantum advantage is perhaps better captured by the notion of correlation with
the closest k-junta, which is equivalent to the distance up to a linear transformation. In this
notation, we show that for any τ > 2−k.99 ,
Quantum Tester (Theorem 23) There exists a non-adaptive quantum algorithm, making

poly(k/τ) queries, that distinguishes between functions with at least τ1 = τ correlation
and at most τ2 = τ2/2 correlation to k-juntas.

Classical Lower Bound (Theorem 16) On the other hand, we show that distinguishing
τ1 = τ from τ2 = τ2/2 correlation with k-juntas (and even τ1 = τ versus τ2 = τ c for any
constant c > 1) requires kΩ(log(1/τ)) classical queries, even adaptively.

By picking τ = 1/poly(k), we obtain a quantum algorithm with poly(k) queries, compared
to a quasi-polynomial classical lower bound of kΩ(log k) queries.

Prior to our work, superpolynomial lower bound for tolerant junta testing was only known
for much closer parameters τ1, τ2, i.e., with τ1 = τ2 · (1 + o(1)) [15].

We view this as a quantum advantage to a natural tolerant property testing problem:
distinguish whether there exist k features that explain at least τ or at most τ2/2 fraction of
the outputs.

1.2 Proof Overview

1.2.1 Quantum Tester
Our quantum tolerant junta tester is a simple adaptation of the one provided in [3].

1 More precisely, the quantum tester is efficient if either the gap ε2 −ε1 is constant, or both ε1, ε2 are close
to 0, while the only known super-polynomial classical adaptive lower bound [15] requires a sub-constant
gap between ε1, ε2 and that both ε1, ε2 are bounded away from 0 and 1/2, which we will discuss in
more detail in Section 1.2.2.

CCC 2026
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▶ Theorem 2 ([3, Theorem 1.3]). Let 0 < ε1 < ε2 < 1/2 be constants such that 4ε1 < ε2.
Then, there exists a non-adaptive quantum (k, ε1, ε2)-junta tester with query complexity
O(k log k).

To demonstrate this, Bao et al. [3] first approximate the minimum distance of a Boolean
function f and T -juntas by InfT [f ], where InfT (f) is expressed in terms of the Fourier
expansion of f as

∑
S⊆[n]:S∩T ̸=∅ f̂2

S . Specifically, they show

InfT [f ]/4 ≤ dist(f,JT ) ≤ InfT [f ],

where dist(f,JT ) denotes the minimum distance of a Boolean function f from JT , the class
of juntas on T . Then, they design an “influence tester” that distinguishes between the
following two cases:

Yes: InfT [f ] ≤ γ1 for some T ⊆ [n] with size |T | = k

No: InfT [f ] ≥ γ2 for all T ⊆ [n] with size |T | = k

for any γ1 < γ2 with query complexity poly(k, (γ2 − γ1)−1).
The quantum tester in Theorem 1 follows directly from combining their influence tester

with the following improved characterization of corr(f,JT ) in terms of infT [f ]:

1− InfT (f) ≤ corr(f,JT ) ≤
√

1− InfT (f).

We emphasize that this characterization is not new: the upper bound was shown in [3,
Lemma 29] as an intermediate step, while the lower bound was provided in [22].

In what follows, we briefly discuss the main idea of the quantum influence tester in [3].
Its efficiency stems from the fact that a single quantum query suffices to sample S ⊆ [n]
from the Fourier distribution of f . With a sufficient number of such samples, we are able to
estimate InfT [f ] for any T ⊆ [n] up to some small error. We emphasize here that while the
query complexity is poly(k), the running time of the algorithm is exponential in k – although
this is not the focus of this paper.

As our goal is to determine if minT :|T |=k InfT [f ] is smaller than γ1 or greater than γ2,
we may want a good approximation of InfT [f ] for all T with |T | = k. However, since there
are

(
n
k

)
choices of subsets of [n] with size k, a naive union bound over all these subsets will

incur a log n factor to the number of queries, which is intolerable.
De, Mossel, and Neeman [20] provide a solution by showing that the tolerant junta testing

problem for functions with an arbitrarily large input length n can be reduced to the case
where n = poly(k). Subsequently, Iyer, Tal, and Whitmeyer [27] further reduce n to O(k),
while barely changing the distance to the closest k-junta. Bao et al. [3] use Fourier samples
to get an even simpler and more efficient reduction, using only O(k log k) quantum queries.

1.2.2 Classical Lower Bound
Our classical lower bound is inspired by the work of Chen and Patel [15], where they give
the first superpolynomial adaptive lower bound for tolerant junta testing. Specifically, they
prove the following.

▶ Theorem 3 (Theorem 1 in [15]). Let 0.01 ≤ ε1 < ε2 ≤ 0.49 be two parameters such
that ε2 − ε1 ≥ 2−O(k.99). Then any (k, ε1, ε2)-tolerant junta tester requires kΩ(log(1/(ε2−ε1)))

queries.
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Unfortunately, their result together with the quantum tester from [3] does not directly
imply Theorem 1. When ε2 − ε1 → 0, the quantum tester requires that 1

2 − ε < ε1 < ε2;
while [15]’s lower bound requires ε1, ε2 to be bounded away from 1/2. To further clarify why
the lower bound in [15] does not apply to our setting, we provide a brief overview of the key
ideas of their proof – some of which also play important roles in our proof.

Chen-Patel’s Proof

The key of [15]’s proof is the construction of two hard distributions DY and DN , which
are mostly supported on yes and no instances, respectively. By Yao’s minimax lemma, it
suffices to show that any deterministic tester making a polynomial number of queries cannot
distinguish between the two distributions. Below, we will only focus on the core of the
construction in [15], which corresponds to the parameter regime where

n = k + ℓ, ℓ < k0.99, τ2 = τ0 + 2−4ℓ, τ1 = τ0 + 2−2ℓ − 2−4ℓ,

where τ1 := 1−2ε1, τ2 := 1−2ε2 are the correlations between DY ,DN and the closest k-junta,
and τ0 := E

a∼{±1}2ℓ [|
∑2ℓ

i=1 ai|/2ℓ] ≈
√

2/π · 2−ℓ/2.
The hard distributions DY and DN are specified as follows:
DN : The uniform distribution over all n-bit Boolean functions.
DY : Sample S ∼

([n]
k

)
. Then, for each y ∈ {0, 1}S , sample the values {f(y, z)}

z∈{0,1}S

uniformly at random from {±1}, conditioned on the product of these values being −1:∏
z∈{0,1}S

f(y, z) = −1.

A straightforward application of Hoeffding’s inequality shows corr(g,Jk) is concentrated
around τ0 over g ∼ DN , hence at most τ2 with high probability. On the other hand, by a
coupling argument, [15] shows that

Ea[|
2ℓ∑

i=1
ai|/2ℓ] ≥ τ0 + 2−2ℓ,

where a is uniformly sampled from {±1}2ℓ conditioned on
∏2ℓ

i=1 ai = −1. Using the same
reasoning, we confirm that corr(f ,Jk) is at least τ1 with high probability over f ∼ DY .2

To show the two distributions are indistinguishable, Chen and Patel [15] observe the
following: conditioned on any fixed S = S ∈

(
n
k

)
, an algorithm can distinguish the two

distributions only if for some y ∈ {0, 1}S , all the points in {y, z}
z∈{0,1}S are queried. In

particular, after querying x(1), . . . , x(m), the algorithm can achieve non-zero advantage only if
there exists a pair of indices 1 ≤ i < j ≤ m, such that x(i) = (x(j))⊕S . Since the probability
that x(i) = (x(j))⊕S for random S ∼

([n]
k

)
is at most 1/

(
n
k

)
, by union bound, the algorithm

distinguishes two distributions with advantage at most m2/
(

n
k

)
. Therefore, any tester that

distinguishes between the two distributions with constant advantage requires Ω
(√(

n
k

))
queries.

2 In [15], the authors did not manage to optimize the bound for the gap τ1 − τ2 under this construction.
Indeed, we conjecture that the right answer here is Θ(2−3ℓ/2). However, since we can transform the
odd-parity distribution into the uniform distribution by flipping at most one bit, the gap cannot exceed
2−ℓ, thus, does not suffice for our purpose.
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In the above construction, Eg∼DN
[corr(g,Jk)] equals (1 − o(1)) · Ef∼DY

[corr(f ,Jk)],
whereas we require the former to be quadratic in the latter. Although [15] extends their
construction to a wider class of parameters by padding and planting biased output bits,
unfortunately, any straightforward adaptation of their proof remains incompatible with the
parameter regime required for our quantum tester.

An Unsuccessful Attempt

Let DN remain the uniform distribution. Our objective is to find a “pseudorandom”
distribution DY with correlation at least 2−ℓ/4 to k-juntas. To achieve this, we still first
sample S ∼

([n]
k

)
, which is presumed to be the support of the nearest k-junta. Then, for

any fixed assignment y ∈ {0, 1}S , we aim to ensure that E[|
∑

z∈{0,1}S f(y, z)|] ≥ 23ℓ/4. This
allows us to apply Hoeffding’s inequality to show that corr(f,JS) = Ω(2−ℓ/4) holds with high
probability. A natural way to implement this is to first sample a uniform sign by ∼ {±1}.
Then generate {f(y, z)}

z∈{0,1}S from an independent biased distribution towards by, that
is, for each z ∈ {0, 1}S , let f(y, z) = by with probability 1/2 + 2−ℓ/4, and f(y, z) = −by

otherwise.
Unfortunately, this strategy is vulnerable to a simple, efficient distinguisher based on

estimating influences. While a function g ∼ DN satisfies Infi[g] ≥ 1/2−Θ(2−n/2 ·
√

log n)
for all i ∈ [n] with high probability, a function f ∼ DY exhibits significantly lower influence:
for any i ∈ S, Infi[f ] ≤ 1/2−Θ(2−ℓ/2) with high probability. Consequently, an algorithm
can distinguish the two distributions by estimating Infi[f ] for each i ∈ [n] with precision
O(2−ℓ/2) using Θ(2ℓ) = Θ(1/ε) samples, and then simply checking if the minimum of the
estimations over i ∈ [n] is below a threshold of 1/2−Θ(2−ℓ/2).

Our Strategy

The fundamental flaw in the previous construction is that it introduces local correlations
between the values of f at adjacent points. More generally, DY remains distinguishable
from DN if the marginal distribution of f on any Hamming ball of constant radius deviates
from being uniform. To circumvent this, we propose a construction based on error-correcting
codes. By planting the bias only on the codewords of a high-distance code, we ensure that
correlations only emerge between inputs with large Hamming distance; hence, f is locally
uniform.

Formally, our “yes” distribution DY is generated as follows:
1. Sample a support S ∼

([n]
k

)
.

2. Let C ⊆ {0, 1}S be an arbitrary error-correcting code with rate R = 3/4 and relative
distance δ = 0.01, as guaranteed by the Gilbert-Varshamov bound.

3. For each assignment y ∈ {0, 1}S , sample a uniform sign by ∼ {±1}.
4. For each z ∈ {0, 1}S , let

f(y, z)
{

:= by if z ∈ C,

∼ {±1} if z /∈ C.

Since Ef [|
∑

z∈{0,1}S f(y, z)|] ≥ |C| − 2ℓ/2 = Ω(23ℓ/4), a standard application of
Hoeffding’s inequality confirms that corr(f ,Jk) ≥ Ω(2−ℓ/4) happens with high probability.
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Indistinguishability

Next, we present the main idea of showing the indistinguishability of DY and DN generated
as described above. Let Af be an arbitrary algorithm making m queries to f , and consider
any path P in its decision tree representation. Let x(1), x(2), . . . , x(m) denote the set of points
queried along P. Under the uniform distribution g ∼ DN , Ag follows P with probability
exactly 2−m. We show that under f ∼ DY , this probability remains (1± o(1))2−m as long
as m = kO(ℓ). The indistinguishability of DY and DN follows from a standard coupling
argument. Below, we briefly discuss how to show Af follows P with probability close to 2−m

over f ∼ DY .
We say S ∈

([n]
k

)
is good if for every distinct pair of query points x(i), x(j), at least one of

the following holds:
x(i) and x(j) are inconsistent on at least one of the coordinates in S,
x(i) and x(j) has Hamming distance less than ℓ/100.

We claim that conditioned on S = S for a good S, the queried values f(x(1)), . . . , f(x(m))
are independent and uniform. To see this, fix any y ∈ {0, 1}S . The “good” property ensures
that the subcube {x ∈ {0, 1}n | xS = y} contains at most one queried point x(i) whose
projection on S is a codeword in C, because if there were two such points, they must agree
on S while having a Hamming distance of at least ℓ/100, which contradicts the assumption
that S is good. Since each query hits at most one codeword per subcube, and the signs
(by)y∈{0,1}S associated with the codewords are independent and uniform, we deduce that
f(x(1)), . . . , f(x(m)) are independent and uniform. Therefore, conditioned on S being good,
Af traverses P with probability exactly 2−m.

It remains to show that a random S ∼
([n]

k

)
is good with high probability. For any

two queried points x(i), x(j) with Hamming distance at least ℓ/100, the probability that
they coincide on coordinates in S is at most

(
n−ℓ/100

k

)
/
(

n
k

)
= k−Ω(ℓ). By applying a union

bound over all m2 pairs of queries, we conclude that S is good with probability at least
1−m2 · k−Ω(ℓ).

1.3 Organization
The remainder of this paper is structured as follows: In Section 2, we provide the necessary
notation and recall the standard tools in Boolean function analysis, coding theory, and
concentration inequalities. In Section 3, we establish our new classical lower bound. Finally,
in Section 4, we describe our quantum tester and analyze its query complexity and correctness.

2 Preliminaries

Throughout the paper, we use log to denote the base-2 logarithm, and ln to denote the natural
logarithm. For any distribution D over a finite space Ω, we use D(x) to denote Prx∼D[x = x]
for every x ∈ Ω. Given two distributions µ, ν over the same space, we use dTV(µ, ν) to
denote the total variation distance between µ and ν. Given S ⊆ [n], we use S := [n] ∖ S to
denote the complement of S when n is clear from the context. Given x ∈ {0, 1}n, we use
x⊕S := x⊕ 1S0S to denote the string obtained by flipping all the coordinates in S of x.

Boolean Functions

Every n-bit Boolean function f : {0, 1}n → {±1} can be uniquely written as a polynomial in
the Fourier basis: f(x) =

∑
S⊆[n] f̂SχS(x), where χS(x) := (−1)

∑
i∈S

xi , and {f̂S}S⊆[n] are
the Fourier coefficients of f .

CCC 2026
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Parseval’s identity states that the sum of the squares of the Fourier coefficients
of any Boolean function is exactly 1, that is,

∑
S⊆[n] f̂2

S = 1. Plancherel’s theorem
generalizes Parseval’s identity. It states that for any two functions f, g : {0, 1}n → R,
Ex[f(x)g(x)] =

∑
S⊆[n] f̂S ĝS .

We recall the standard notion of influence for Boolean functions.

▶ Definition 4 (Influence). Let f : {0, 1}n → {±1} be a Boolean function and i ∈ [n]. The
influence of i on f is defined as

Infi[f ] := Pr
x∼{0,1}n

[f(x) ̸= f(x⊕{i})] =
∑
S∋i

f̂2
S .

In this paper, we also work with the following two variants of influence.

▶ Definition 5 (Level-k Influence). Let f : {0, 1}n → {±1} be a Boolean function and
k, i ∈ [n]. The level-k influence of i on f is defined as

Inf≤k
i [f ] :=

∑
S∋i:|S|≤k

f̂2
S .

▶ Definition 6 (Generalized Influence). Let f : {0, 1}n → {±1} be a Boolean function and
T ⊆ [n] be an arbitrary set. The influence of T on f is defined as

InfT (f) :=
∑

S:S∩T ̸=∅
f̂2

S = 1−
∑

S:S⊆T

f̂2
S .

Juntas

For any set S ⊆ [n], we say a Boolean function f : {0, 1}n → {±1} is an S-junta if it only
depends on variables in S. We denote the set of S-juntas on n variables by J n

S . Moreover,
for any integer k ∈ [n], we say f is a k-junta if it depends on at most k variables. We denote
the set of k-juntas on n variables by J n

k . Note that J n
k =

⋃
S⊆[n]:|S|=k J n

S . We will write
J n

S and J n
k simply as JS and Jk when n is clear from the context.

For any two Boolean functions f, g : {0, 1}n → {±1}, we use dist(f, g) := Prx[f(x) ̸=
g(x)] to denote the distance between f and g. We also define corr(f, g) := Ex[f(x)g(x)] =
1− 2dist(f, g) to denote the correlation between f and g. Let F be a set of n-bit Boolean
functions. We use dist(f,F) := ming∈F dist(f, g) to denote the distance between f and the
closest function in F . Similarly, we use corr(f,F) := maxg∈F corr(f, g) = 1− 2dist(f,F) to
denote the maximum correlation between f and any function in F .

Given T ⊆ [n], the correlation between f and the closest T -junta can be calculated as
follows.

▷ Claim 7 ([27]). Let f : {0, 1}n → {±1} be a Boolean function and T ⊆ [n]. Define
favg,T : {0, 1}n → [−1, 1] where

favg,T (x) := Ey∼{0,1}n [f(y) | yT = xT ].

It holds that

corr(f,JT ) = Ex∼{0,1}n [|favg,T (x)|].

The following lemma states that corr(f,Jk) can be approximated by the maximum
correlation between f and k-juntas supported only on coordinates with high level-k influence.
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▶ Lemma 8 ([27]). Let f : {0, 1}n → {±1} be any Boolean function and τ > 0 be any
parameter. Let C := {i ∈ [n] | Inf≤k

i [f ] ≥ τ2/k}. Then |C| ≤ k2/τ2. Moreover,

max
S⊆C:|S|≤k

corr(f,JS) ≥ corr(f,Jk)− τ.

Quantum Query Algorithms

Let f : {0, 1}n → {±1} be a Boolean function with Fourier representation f(x) =∑
S⊆[n] f̂SχS(x). By Parseval’s theorem, one can define a natural distribution Sf over

2[n] where Sf (S) = f̂2
S . The following folklore states that Sf can be sampled by an algorithm

that makes a single quantum query to f .

▷ Claim 9 ([5]). There is an algorithm FourierSamplef that makes one quantum query
to f : {0, 1}n → {±1}, and for every S ⊆ [n], it outputs S with probability f̂2

S .

Error-correcting Codes

Given two n-bit strings x, y ∈ {0, 1}n, let ∆(x, y) := {i | xi ̸= yi} denote the Hamming
distance between x and y. Moreover, the relative distance between x and y is defined as
δ(x, y) := ∆(x, y)/n.

▶ Definition 10. A binary code of block length n is a subset C ⊆ {0, 1}n. The rate of C is
defined as log |C|/n, and the relative distance of C is defined as minc1 ̸=c2∈C δ(c1, c2). We
say C is an (n, R, δ)-code if it has block length n, rate R, and relative distance δ.

The following textbook result states that as long as R + H2(δ) ≤ 1, there exists an
(n, R, δ)-code, where H2(x) := x log(1/x) + (1 − x) log(1/(1 − x)) is the binary entropy
function, extended continuously to the boundaries so that H2(0) = H2(1) = 0.

▶ Theorem 11 (Gilbert–Varshamov bound [23, 38]). Let δ ∈ (0, 1/2) and R ∈ (0, 1) be
parameters such that R + H2(δ) ≤ 1. Then there exists an (n, R, δ)-code for every n ∈ N.

We also use H−1
2 : [0, 1]→ [0, 1/2] to denote the inverse binary entropy function, where

given x ∈ [0, 1], H−1
2 (x) is defined as the unique y ∈ [0, 1/2] such that H2(y) = x.

▶ Fact 12 ([12, Theorem 2.2]). For every x ∈ [0, 1], it holds that H−1
2 (x) ≥ x

2 log(6/x) .

Concentration Bounds

We recall the following standard concentration inequalities.

▶ Lemma 13 (Hoeffding’s inequality [26]). Let X1, . . . , Xn ∈ [0, 1] be independent random
variables and S =

∑n
i=1 Xi. Then for every t > 0,

Pr[|S − E[S]| ≥ t] ≤ 2 exp(−2t2/n).

▶ Fact 14 ([24]). Let n be even and a1, . . . , an ∼ {±1} be n independent Rademacher
variables. Then Ea[|

∑n
i=1 ai|] ≤

√
2n/π.

We will also use the following simple inequality.

▶ Fact 15. Let 0 ≤ k, m ≤ n be integers such that m + k ≤ n. Then(
n−m

k

) /(
n

k

)
≤

(
n− k

n

)m

.
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Proof. Let ℓ := n− k. Then,(
n−m

k

)
/

(
n

k

)
=

(
n−m

ℓ−m

)
/

(
n

ℓ

)
=

m−1∏
i=0

ℓ− i

n− i
≤ (ℓ/n)m. ◀

3 Classical Lower Bound

In this section, we demonstrate our new classical lower bound for tolerant junta testing.

▶ Theorem 16. Let k ∈ N, τ2 ∈ (2−k0.99
, 1/2), and τ2 < τ1 = τ c

2 and for some
c ∈ ( log log(1/τ2)

log(1/τ2) , 1). Then any adaptive classical algorithm which
accepts f with probability at least 2/3 if f has correlation at least τ1 to some k-junta;
rejects f with probability at least 2/3 if f has correlation at most τ2 to every k-junta

must make kΩ( log(1/τ1)
log(2/c) ) queries to f .

To prove the theorem, we follow the standard approach for establishing testing lower
bound: Using Yao’s minimax lemma, it suffices to find two hard distributions DY and DN –
supported mostly on yes instances and no instances respectively – and prove that they are
indistinguishable by any classical algorithm making a polynomial number of queries.

The rest of the section is organized as follows: In Section 3.1, we define the hard
distributions DY and DN and verify that they satisfy the required correlation properties.
Then in Section 3.2, we show the indistinguishability of these two distributions. Finally,
in Section 3.3 we put everything together to show Theorem 16.

3.1 Hard Distributions
Given any k ∈ N, τ2 ∈ (2−k0.99

, 1/2), and τ2 < τ1 = τ c
2 and for some c ∈ ( log log(1/τ2)

log(1/τ2) , 1),
let ℓ := 2 log(1/τ2). We will focus only on the special case where n = k + ℓ. The proof for
arbitrary large n follows from a simple padding argument, namely, adding dummy input bits
to f .

The two hard distributions DN and DY are described as follows.

▶ Definition 17. Let R := 1 − c/2 + 2/ℓ. For every S ∈
([n]

k

)
, let CS ⊆ {0, 1}S be a fixed

arbitrary (ℓ, R, δ)-code with δ := H−1
2 (1−R). The distributions DY and DN are defined as

follows:
DN : The uniform distribution over all n-bit Boolean functions.
DY : Draw S ∼

([n]
k

)
. For each y ∈ {0, 1}S, draw by ∼ {±1}. Then for each z ∈ {0, 1}S,

let

f(y, z)
{

:= by z ∈ CS

∼ {±1} z /∈ CS

.

We first show DN is mostly supported on functions with correlation at most τ2 with every
k-junta.

▷ Claim 18. Let f ∼ DN . With probability at least 1−exp(−2k/3), corr(f ,Jk) ≤ 2−ℓ/2 = τ2.

Proof. Fix any S ∈
([n]

k

)
. For any assignment y ∈ {0, 1}S over coordinates in S, define

ay := 2−ℓ · |
∑

z∈{0,1}S f(y, z)|. By Claim 7, it holds that corr(f ,JS) = 2−k ·
∑

y∈{0,1}S ay.
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We first bound the expected value of each individual ay: Since {f(y, z)}
z∈{0,1}S are

independent Rademacher variables, by Fact 14, we have E[ay] ≤
√

2/π · 2−ℓ/2. Then
using Hoeffding’s inequality, we have corr(f ,JS) = 2−k ·

∑
y∈{0,1}S ay ≥ 2−ℓ/2 = τ2 with

probability 1− exp(−2k/2). Finally, by applying union bound over all S ∈
([n]

k

)
, we obtain

Pr[corr(f ,Jk) ≥ τ2] ≤
∑

S:|S|=k

Pr[corr(f ,JS) ≥ τ2] ≤
(

n

k

)
· exp(−2k/2) ≤ exp(−2k/3). ◁

Then we demonstrate that DY is mostly supported on functions with correlation at least
τ1 with some k-juntas.

▷ Claim 19. Let f ∼ DY . With probability at least 1− exp(−2k/2), corr(f ,Jk) ≥ τ1.

Proof. Fix any S ∈
([n]

k

)
. Sample a uniform f ∼ DY conditioned on S = S. We

similarly define ay := 2−ℓ · |
∑

z∈{0,1}S f(y, z)| for each assignment y ∈ {0, 1}S . By Claim 7,
corr(f ,JS) = 2−k ·

∑
y∈{0,1}S ay. However, for this time, we have

ay = 2−ℓ ·

∣∣∣∣∣∣|CS | · by +
∑

z /∈C
S

f(y, z)

∣∣∣∣∣∣ .

Using the fact that {f(y, z)}z /∈C
S

are independent, an application of Fact 14 yields

E[ay] ≥ |CS |/2ℓ − 2−ℓ/2 ≥ 2−(1−R)·ℓ−1.

Consequently, by Hoeffding’s inequality, with probability at least 1− exp(−2k/2), we have

corr(f ,JS) = 2−k ·
∑

y∈{0,1}S

ay ≥ 2−(1−R)·ℓ−2 = 2−c·ℓ/2 = τ c
2 = τ1,

where the second equality follows from the definition of R := 1 − c/2 + 2/ℓ. The desired
claim follows by averaging over S ∼

([n]
k

)
. ◁

3.2 Indistinguishability
Next, we show that DY and DN are indistinguishable by classical algorithms making a
polynomial number of queries.

▶ Lemma 20. Let DY and DN be defined as in Definition 17. Then for any classical
algorithm Af that makes m queries to f ,∣∣∣∣ Pr

f∼DY

[Af = 1]− Pr
g∼DN

[Ag = 1]
∣∣∣∣ ≤ m2 · k−Ω(δ·ℓ). (1)

Proof of Lemma 20. Consider Af as a depth-m decision tree. Without loss of generality,
we can assume that every root-to-leaf path in the tree has length exactly m. Let P denote
an arbitrary path. It is straightforward to observe that Af follows path P with probability
exactly 2−m when f is drawn from the uniform distribution DN . Our primary task is to
show that when f ∼ DY , Af follows P with probability close to 2−m.

Let x(1), . . . , x(m) denote the points queried on P. We say S ∈
([n]

k

)
is good (w.r.t. P) if

for every 1 ≤ i < j ≤ n, either x
(i)
S ̸= x

(j)
S , or ∆(x(i), x(j)) < δ · ℓ. We first show that when

S is good, the probability that Af follows P is exactly 2−m over f ∼ DY conditioned on
S = S.
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▷ Claim 21. Let r(1), . . . , r(m) ∈ {±1} be m arbitrary signs. Suppose S is good, then

Pr
f∼DY |S=S

[f(x(i)) = r(i),∀i ∈ [m]] = 2−m.

In particular, Af follows P with probability exactly 2−m over f ∼ DY conditioned on
S = S.

Proof. For every i ∈ [m], we can write x(i) = (y(i), z(i)) where y(i) ∈ {0, 1}S , z(i) ∈ {0, 1}S .
Since S is good, for any pair of distinct indices i, j such that y(i) = y(j), we must have
∆(z(i), z(j)) < δ · ℓ. This implies either z(i) /∈ CS , or z(j) /∈ CS . Moreover, since the
signs (by)y∈{0,1}S associated with the codewords are independent and uniform, we deduce
that f(y(1), z(1)), . . . , f(y(m), z(m)) are independent uniform bits, from which the desired
statement follows. ◁

Next, we show S is good with high probability over S ∼
([n]

k

)
.

▷ Claim 22. With probability 1−m2 · n−Ω(δ·ℓ) over S ∼
([n]

k

)
, S is good.

Proof. For any fixed 1 ≤ i < j ≤ m, let T := {r ∈ [n] | x(i)
r ̸= x

(j)
r }. Observe that whenever

|T | ≥ δ · ℓ,

Pr
S∼(n

k)
[S ∩ T = ∅] ≤

(
n− δ · ℓ

k

) /(
n

k

)
≤ (ℓ/n)δ·ℓ ≤ k0.01δ·ℓ,

where the second inequality follows from Fact 15, and the last inequality follows from the
assumption that ℓ ≤ k0.99. Therefore,

Pr
S∼(n

k)
[x(i)

S = x
(j)
S ∧∆(x(i), x(j)) ≥ δ · ℓ] ≤ n−Ω(δ·ℓ).

Finally, by union bound over all pairs (i, j),

Pr
S

[S is not good] ≤
∑

1≤i<j≤m

Pr
S

[x(i)
S = x

(j)
S ∧∆(x(i), x(j)) ≥ δ · ℓ] ≤ m2 · k−Ω(δ·ℓ). ◁

With the above two claims in hand, we are ready to show (1). Let µY , µN denote the
distributions of the path which Af follows for f ∼ DY and f ∼ DN respectively. Claims 21
and 22 together imply that for every path P , µY (P) ≥ (1−m2 · k−Ω(δ·ℓ)) · 2−m. Hence, the
total variation distance between µY and µN is

dTV(µY , µN ) =
∑

P
max(0, µN (P)−µY (P)) ≤

∑
P

µN (P) · (m2 · k−Ω(δ·ℓ)) = m2 · k−Ω(δ·ℓ).

It follows that∣∣∣∣ Pr
f∼DY

[Af = 1]− Pr
g∼DN

[Ag = 1]
∣∣∣∣ ≤ dTV(µY , µN ) ≤ m2 · k−Ω(δ·ℓ). ◀

3.3 Putting Everything Together

We are now ready to prove Theorem 16.
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Proof of Theorem 16. Let DY and DN be defined as in Definition 17. Let D′
Y denote the

distribution of f ∼ DY conditioned on corr(f ,Jk) ≥ τ1, and D′
N denote the distribution of

g ∼ D′
N conditioned on corr(g,Jk) ≤ τ2. Note that D′

Y is fully supported on yes instances,
and D′

N is fully supported on no instances. Moreover, Claim 19 implies that dTV(DY ,D′
Y ) ≤

exp(−2k/2), and similarly, Claim 18 implies that dTV(DN ,D′
N ) ≤ exp(−2k/3). Combing

with Lemma 20, for any m-query algorithm Af , it holds that∣∣∣∣ Pr
f∼D′

Y

[Af = 1]− Pr
g∼D′

N

[Ag = 1]
∣∣∣∣

≤dTV(D′
Y ,DY ) +

∣∣∣∣ Pr
f∼DY

[Af = 1]− Pr
g∼DN

[Ag = 1]
∣∣∣∣ + dTV(DN ,D′

N )

≤2m2 · k−Ω(δ·ℓ).

Since

δ · ℓ = H−1
2 (c/2− 2/ℓ) · ℓ ≥ Ω( c

log(2/c) log τ2) = Ω(log(1/τ1)
log(2/c) ).

By Yao’s principle, we conclude that any algorithm must make k
log(1/τ1)
log(2/c) queries. ◀

4 Quantum Tolerant Junta Tester

In this section, we introduce the quantum tolerant junta tester.

▶ Theorem 23. Let k ∈ N and 0 < τ2 < τ2
1 < 1 be parameters. Then there exists a

non-adaptive quantum algorithm with query complexity poly(k, 1/τ) which
accepts f with probability at least 2/3 if f has correlation at least τ1 to some k-junta;
rejects f with probability at least 2/3 if f has correlation at most τ2 to every k-junta.

The quantum tolerant junta tester described in Theorem 23 is implemented by Algorithm 1.
It is essentially an adaptation of the tester from [3], tailored to the following refined trade-off
between advantage and influence:

▶ Lemma 24. Let f : {0, 1}n → {±1} be a Boolean function and T ⊆ [n] be an arbitrary set.
Then

1− InfT (f) ≤ corr(f,JT ) ≤
√

1− InfT (f).

The upper bound was shown in [3] as an intermediate step, and the lower bound was shown
in [22].

We reprove this lemma here for completeness.

Proof. Let favg,T be as given in Claim 7. It holds that corr(f,JT ) = Ex[|favg,T (x)|].
Moreover,

favg,T (x) =
∑

S⊆[n]

f̂SEy∼{0,1}n [χS(y) | yS = xS ] =
∑
S⊆T

f̂SχS(x).

Using Parseval’s identity, we have Ex[favg,T (x)2] =
∑

S⊆T f̂2
S = 1− InfT (f). Finally, since

favg,T (x) ∈ [−1, 1] for all x ∈ {0, 1}n, we get

Ex[favg,T (x)2] ≤ Ex[|favg,T (x)|] ≤
√

Ex[favg,T (x)2].

This completes the proof. ◀
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Algorithm 1 Quantum tolerant junta tester.

Input: Quantum oracle access to f , an integer k, and parameters ε1, ε2 with (1− 2ε1)2 >

1− 2ε2
Output: “Yes” or “No”

1: ε← ((1− 2ε1)2 − (1− 2ε2))/2
2: τ ← ε/3
3: M ← 100k log k·log(1/τ)

τ2

4: Run FourierSamplef M times to obtain S(1), . . . , S(M) ∼ Sf .
5: pj ← 0 for all j ∈ [n]
6: for i ∈ [M ] do
7: if |S(i)| ≤ k then
8: pj ← pj + 1/M for all j ∈ S(i)

9: end if
10: end for
11: C̃ ← {j ∈ [n] : pj ≥ τ2

2k}
12: qR = 0 for all R ⊆ C̃ with |R| ≤ k

13: for i ∈ [M ] do
14: qR ← qR + 1/M for all S(i) ⊆ R ⊆ C̃ with |R| ≤ k

15: end for
16: c̃orr← max

R⊆C̃:|R|≤k
qR

17: if c̃orr > ((1− 2ε1)2 + (1− 2ε2))/2 then
18: return “Yes”
19: else
20: return “No”
21: end if

Regarding query complexity, the tester only queries f during the execution of
FourierSamplef at line 4. Consequently, it makes M = 100k log k·log(1/τ)

τ2 quantum queries
in total, as desired. The remainder of this section is dedicated to proving the correctness of
the algorithm.

Before presenting the formal proof, we provide a brief overview of how the algorithm
proceeds. First, the algorithm draws M random subsets S(1), . . . , S(M) ∼ Sf . Then from
line 5 to 11, the tester utilizes these samples to compute pj as an estimate Inf≤k

j [f ], and
identifies a set C̃ of coordinates with high estimated level-k influence.

Next, from line 12 to 15, the tester uses the sampled subsets to compute qR as an
estimate 1− InfR[f ] for all R ⊆ C with size |R| = k. Finally, the algorithm computes ˜corr
to approximate corr(f,Jk) and compares this value with a certain threshold to determine
whether to accept or reject f .

▶ Lemma 25. Fix any k, ε1, ε2 with (1− 2ε1)2 > 1− 2ε2. Let Af denote Algorithm 1. Then:
for every f with corr(f,Jk) > 1− 2ε1, with high probability Af outputs “YES”; and
for every f with corr(f,Jk) < 1− 2ε2, with high probability Af outputs “NO”.

Proof. Fix any Boolean function f : {0, 1}n → {±1}. Recall that Algorithm 1 computes c̃orr
as an estimation of corr(f,Jk) at line 16. It suffices to show that for any Boolean function f ,
with high probability corr2(f,Jk)−ε < c̃orr < corr(f,Jk)+ε for ε := ((1−2ε1)2−(1−2ε2))/2.

Let C := {j ∈ [n] | Inf≤k
j [f ] ≥ τ2/k} denote the set of coordinates with level-k influence

at least τ2/k. We show that Algorithm 1 computes a superset C̃ ⊇ C with high probability
at line 11.
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▷ Claim 26. It always holds that |C̃| ≤ 2k2

τ2 . Moreover, with probability at least 1− k−2,
C ⊆ C̃.

Proof. The first statement holds because
∑

j∈[n] pj ≤ k.
For the second statement, observe that for each j ∈ [n], pj is the average of M independent

random bits with mean PrS∼Sf
[j ∈ S ∧ |S| ≤ k] = Inf≤k

j [f ]. By Chernoff bound, with
probability 1− exp(log k · log τ), we have pj ≥ τ2

2k . The desired statement then follows from
a union bound over all j ∈ C. ◁

Next, we observe that for each R ⊆ C̃ with size |R| ≤ k, qR is the average of M

independent random bits with mean PrS∼Sf
[S ⊆ R] = 1− InfR[f ]. By Hoeffding’s inequality,

with probability at least 1− exp(100k log k · log τ) we have |qR− (1− InfR[f ])| ≤ τ . In which
case, we can further apply Lemma 24 to obtain

corr2(f,JR)− τ < qR < corr(f,JR) + τ.

Then by applying union bound over all R ⊆ C̃ with size |R| = k, with probability at least
1− exp(−Ω(k log k)),

max
R⊆C̃:|R|≤k

corr2(f,JR)− τ < c̃orr < max
R⊆C̃:|R|≤k

corr(f,JR) + τ.

When C ⊆ C̃, by Lemma 8, we further have

corr2(f,Jk)− ε = corr2(f,Jk)− 2τ − τ < c̃orr < corr(f,Jk) + ε. ◀
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