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Abstract
We study data structure lower bounds for the Approximate Matrix Powering (AMP) problem. Given
a substochastic, symmetric matrix M ∈ Rn×n and parameters k and α, the goal is to preprocess M
so as to answer entry queries (u, v) 7→ Mk[u, v] up to additive error 1/nα. We focus on AMP in the
succinct and systematic regime, in which the data structure stores M verbatim, uses an additional r

bits of redundancy, and must answer queries by probing only a small number of entries of M.
Our main conceptual contribution is a general framework for proving probe–redundancy trade-offs

for systematic data structures. We introduce the query-with-sketch model and develop a min-entropy-
based approach that lifts conditional min-entropy bounds in the absence of redundancy to probe
lower bounds in the presence of redundancy. We then establish these min-entropy bounds using
problem-specific analytic and algebraic tools, for the downstream applications to AMP and its
variants. As a consequence, our results provide new unconditional evidence toward a conjecture of
Pătraşcu and Roditty on the space required for constant-time set-disjointness queries [31].
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1 Introduction

Unconditional lower bounds are among the clearest windows we have into the limits of
computation. In the data structure world this promise is especially tangible: computation
is free, and the only scarce resources are information – how many bits one stores, and how
many locations one probes. A rich line of work has explored the tradeoff between these
two resources across a variety of models, including the standard cell-probe model [43], as
well as more restrictive frameworks such as succinct data structures [23] – under which the
space usage is close to the information-theoretic minimum. While the strongest known lower
bounds on the number of probes per query are logarithmic in the cell probe model [25], linear
lower bounds are known for succinct data structures (e.g., [13]). In this paper, we develop a
new framework for proving such tradeoffs in the succinct data structure regime, under an
additional restriction: the data structure stores the input in read-only memory, together
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41:2 Systematic Data Structure Lower Bounds via the Query-With-Sketch Model

with an auxiliary data structure of at most r bits. Data structures of this form are known as
systematic data structures1. Lower bounds in this model have been studied extensively in
prior work [27, 13, 18, 19, 20, 6, 7].

A guiding application of our lower-bound framework is the Approximate Matrix Powering
(AMP) problem. Given a substochastic, symmetric matrix M ∈ Rn×n and parameters α
and k, the goal is to preprocess M so as to answer entry queries (u, v) 7→ Mk[u, v] up to
additive error 1/nα. AMP is a fundamental computational task that arises in the analysis of
the long-term behavior of Markov chains [30], in iterative methods from numerical linear
algebra [17], and in PageRank and related random-walk-based algorithms [5]. AMP subsumes,
as special cases, the counting set intersection problem as well as its decision version, set
disjointness. These set problems are central throughout algorithms and complexity theory
(e.g., [8, 31, 14, 15, 24]). In this work, we obtain (to our knowledge) the first lower bounds
for set intersection and set disjointness in the systematic and static data structure model.

We model a static data structure problem as a function f : XN × Q → Y, where XN
denotes the space of possible inputs (data), Q denotes the set of queries, and f(X,ϕ) is the
answer to query ϕ ∈ Q on input X ∈ XN . The computation proceeds in two phases. In
the preprocessing phase, a systematic data structure with unbounded computational power,
given access to the input X, stores X verbatim together with an additional r = o(N) bits of
auxiliary information, called the redundancy. Subsequently, upon receiving a query ϕ ∈ Q,
the data structure is given the redundancy bits for free and must output f(X,ϕ) while
making only a bounded number of probes to the input X. After answering the query, the
data structure is allowed to update its redundancy bits2.

To prove general lower bounds for systematic data structures, we formalize and analyze
a query-with-sketch model using a novel min-entropy lemma (Lemma 8). The key power
of this lemma is that it shifts the quantifier in the analysis: instead of reasoning about the
information gained from a sequence of t probes conditioned on r bits of redundancy, we
reason about the entropy loss in output after the algorithm sees t arbitrary input elements
(without any redundancy). This reduction is the core of our framework, as it allows us to
set aside the data structure algorithm itself and focus purely on the problem’s inherent
properties, and it can be summarized as follows.

▶ Theorem 1 (Lifting min-entropy to data structure lower bounds). Fix a data structure
problem f : XN ×Q → Y. Fix the redundancy parameter r. If there exists a sequence of m
queries Q ∈ Qm, and an input distribution µ over XN such that:

For every partial assignment σ to at most o(N) elements of the input, the min-entropy
of the answers to these m queries remains high. That is, the probability of any single
answer vector y is exponentially small:

max
y∈Ym

Pr
X←µ

[
(f(X,Q1), . . . , f(X,Qm)) = y | σ

]
≤ 2−2r.

1 It is well known that data structure lower bounds have deep connections to other areas of theoretical
computer science, including rigidity bounds [10, 33], circuit lower bounds [41, 11], cryptography [16],
and fine-grained complexity [21, 9]. Importantly, [9] show that improving the state-of-the-art data
structure lower bounds for the function inversion problem – under systematic and non-adaptive data
structures – would also imply new circuit lower bounds in Valiant’s common-bits model [38, 39].

2 Previous works [13, 7] on succinct and systematic data structures assume probe access to the redundancy
bits, and do not explicitly allow the redundancy to be updated after each query. Consider the Prefix
Sum problem over a bitstring X ∈ {0, 1}N , where the data structure should support querying the parity
of a prefix

⊕k

i=1 Xi, given k. [13] proved that any succinct and systematic data structure with r bits
of redundancy requires q = Ω(N/(r + 1)) probes to answer parity queries. However, if we allow the
data structure to update its redundancy between queries, this trade-off disappears. For the sequential
query order k = 1, . . . , N , a data structure can simply maintain the running parity, achieving constant
costs even in the worst-case. This simple example demonstrates the separation between read-only and
read-write access to redundancy.



S. Garg, S. He, Y. Li, P. A. Papakonstantinou, and X. Yang 41:3

Then, any (possibly randomized) succinct and systematic data structure (with read-write access
to r bits of redundancy) that answers all queries in Q correctly with ≥ 99/100 probability,
must make Ω(N/m) probes per query on average. Here, a probe returns an element of X .

This theorem provides a unifying template for all of our results. For a given data structure
problem, we partition the query set Q into a sequence of blocks, each containing m queries.
Let t denote the amortized probe complexity of a systematic data structure D for answering
all the queries. To establish a tradeoff of the form r · t = Ω̃(N), we will show that the
problem satisfies the min-entropy condition with block size m = Θ̃(r). This approach yields
an amortized lower bound even when D knows the entire query sequence in advance and is
allowed to adaptively update its redundancy after each query. Note that the min-entropy
condition must hold for every partial assignment: even if a benevolent adversary reveals
the o(N) most informative input elements, knowing the m queries, there must still remain
sufficient entropy in the answers. This is a strong guarantee and is technically challenging to
establish for our downstream applications to AMP. See Figure 1 for outline of our results.

Comparison with previous works

Previous lower bounds for succinct and systematic data structures have been obtained for
problems such as rank and fully indexable dictionaries [27, 18, 19, 20], succinct sampling from
discrete distributions [6], online matrix–vector multiplication [7], and substring search, prefix
sum, polynomial evaluation, and related problems [13]. In particular, Gal and Miltersen [13]
established a general lower bound of the form (r + 1)t ≥ Ω(N) for problems satisfying a
list-decoding property: namely, that the entire list of answers can be recovered from any
sufficiently large subset. While this property holds for problems with strong global algebraic
structure – such as polynomial evaluation, which serves as the main example in [13] – it
fails for many natural problems in which answers are more local and largely independent,
including the approximate matrix powering problem studied in this work.

Our approach departs from these reconstruction-based arguments. Many previous bounds,
including those of [13, 7], proceed by encoding information about the input from the behavior
of a low-probe data structure on a carefully chosen sequence of queries, and then compare
the resulting encoding length with an entropy lower bound for the input distribution.
Such arguments naturally lead to inequalities on the total transcript length, and hence
to probe–redundancy tradeoffs after the query sequence is optimized. By contrast, our
query-with-sketch reduction does not attempt to reconstruct the input. Instead, it reduces
lower bounds to showing that the answer vector to a block of queries retains large conditional
min-entropy even after an arbitrary small set of input locations has been revealed. Thus
the information-theoretic object in our framework is the residual uncertainty of the answers
under partial information, rather than the entropy of the input itself.

1.1 Applications to Approximate Matrix Powering
In this section, we detail our results for the fundamental problem of Approximate Matrix
Powering.
▶ Definition 2 (Approximate Matrix Powering (AMP)). Fix parameters α > 0 (a large enough
constant) and an integer k (2 ≤ k ≤ n). The data structure must solve the following task:

Input: A substochastic and symmetric matrix M ∈ Rn×n.
Query: A pair of indices (u, v) ∈ [n]× [n].
Output: An estimation ŷ ∈ R that approximates the corresponding entry of the k-th
matrix power within a specified additive error:∣∣ŷ −Mk[u, v]

∣∣ ≤ 1
nα

CCC 2026
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Target data structure
problem (AMP on
n × n-sized matrix)

Query-with-sketch
lower bounds

High conditional
min-entropy

Lemma 3 (reduction)

Lemma 8 (min-entropy lemma)

AMP (r =
O(n logn)) (Thm 9)

AMP (r = Ω(n logn))
(Thm 34)

Set disjoint-
ness (Thm 36)

singular value bounds
on Jacobian rank-based min-entropy

combinatorial
“forcing” argument

Counting set inter-
section (Cor 35)

(2-ε)-approx.
APSP (Cor 43)

reduction reduction

Figure 1 Our proof strategy. We reduce data structure bounds to a query-with-sketch bound
(Lemma 3), which we then reduce to an information-theoretic min-entropy question (Lemma 8). We
solve the latter by applying a different analytical technique for each problem.

This problem is closely related to the online matrix-vector multiplication (OMV) problem
studied by [7]. That work establishes a tradeoff of r · t = Ω(n3) for any succinct or systematic
data structure with r bits of redundancy and amortized probe complexity t, for answering
Boolean matrix-vector multiplication queries. We emphasize that OMV and AMP are
incomparable problems. On the one hand, AMP can be viewed as potentially harder than
OMV, since it requires computing entries of higher powers of the matrix. On the other hand,
AMP is easier in the following aspect: in OMV, the vector is part of the query and is not
stored in the data structure, leading to 2n possible queries, whereas in AMP the queries
range over matrix entries and there are only n2 possible queries.

Our data structure lower bound for the AMP problem is as follows. Since AMP involves
real-valued matrices, to avoid discussion on word size, we assume that each probe returns an
entry of the matrix.

Theorem (Informal statement for Theorem 9 and Theorem 34)

Fix parameters α, k. Any (possibly randomized) succinct and systematic data structure
of r bits of redundancy that supports answering approximated elements of the k-th power
of a substochastic and symmetric matrix M should make Ω(n2/r) probes per query on
average. This holds for r ∈ [Ω(n logn), O(n2)] for k = 2, and r ∈ [Ω(log2 n), O(n2)] for every
k ∈ [3, n].

Since computing elements of a matrix square is a special case of matrix powering, can
always be performed using O(n) probes, the above lower bound holds for a full range of
probe complexity. Interestingly, the cases of sublinear-in-n (Theorem 9) and superlinear-in-n
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(Theorem 34) redundancy use different hard input distributions and proof techniques, where
either does not seem to extend to the full range. We give a proof overview in the next
subsection.

For general k, the naive algorithms give only straightforward upper bounds obtained by
reading enough entries of M to compute the requested entry. We are not aware of nontrivial
succinct systematic data structures for AMP that match the above probe–redundancy
tradeoff across the full parameter range. Thus our result should be viewed as a lower bound
establishing a new barrier for this problem, rather than as a tight characterization.

We next state our results for data structure problems on sets and graphs.

Set Intersection

First, our proof of Theorem 34 (AMP with superlinear-in-n redundancy) also yields an
identical lower bound for the set intersection problem and its counting variant. Set intersection
is a fundamental data structure problem, which has received significant attention in fine-
grained complexity [8, 31, 14, 15, 24]. In this problem, the input consists of n subsets of the
universe [n], and the goal is to answer queries asking for the size of the intersection between
the u-th and v-th sets. We show that, under the same parameter regime, answering each
query requires Ω(n2/r) probes on average. See Corollary 35 for the full statement.

To the best of our knowledge, data structure lower bounds for the set intersection problem
were previously known only for restricted data structures that are in comparable to the
succinct and systematic setting. For instance, in the pointer machine model [35], which
disallows random access and forces data to be accessed by traversing pointers stored in cells,
[1] showed tradeoff of S(N)Q(N) = Ω(N2−o(1)), where N is the total size of the input sets,
S(N) is the total space of the data structure, and Q(N) is the probe cost in pointers followed.

Set disjointness

In 2010, Pătraşcu and Roditty [31] conjectured that any cell-probe data structure which
preprocesses n sets A1, . . . , An ⊆ [polylog(n)] and answers set disjointness queries, that is,
whether the u-th and v-th sets intersect, using constant probe complexity must use Ω̃(n2)
space. We study a related version of the set disjointness problem in which the sets A1, . . . , An
are subsets of [n], and make the first progress toward this conjecture in the systematic data
structure setting. In particular, we prove a time–space tradeoff of the form r · t = Ω

(
n2

log3 n

)
,

for any succinct and systematic data structure solving set disjointness.

Theorem (Informal statement for Theorem 36)

Any (possibly randomized) succinct and systematic data structure using r bits of redundancy,
that answers set disjointness queries, should make Ω(n2/(r log3 n)) probes on average per
query. Here, r ∈ [Ω(n logn), O(n

√
n/ log3 n)].

We note that the range of r is optimal for our hard input distribution, in which the total
size of all sets is O(n

√
n). Moreover, the probe complexity is always at most O(n), since a

set disjointness query can be answered by probing only the two sets involved in the query.

All Pair Shortest Paths (APSP)

By a reduction from set disjointness, we also obtain a data structure lower bound for (2− ε)-
approximate all-pairs shortest paths (APSP). Specifically, any succinct and systematic data
structure that answers a sequence of distance queries within a multiplicative factor strictly

CCC 2026
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less than 2, must either use r bits of redundancy or incur an average probe complexity of
Ω(n2/(r log3 n)). This tradeoff holds for r ∈ [Ω(n logn), O(n

√
n/ log3 n)]. See Corollary 43

for the full statement.
Data structures for answering approximate distance queries are commonly referred to

as distance oracles. Thorup and Zwick [37] showed that there exists a distance oracle
with O(n3/2) space that answers distance queries within a factor of 3 in constant time.
Subsequently, Pătraşcu and Roditty [31] constructed an O(n5/3)-space data structure that
returns an estimate of at most 2d + 1 in constant time, where d is the true distance. On
the lower-bound side, [31] established a conditional result showing that any cell-probe data
structure achieving a 2-approximation in constant time must use Ω̃(n2) space. Our result
provides the first unconditional time-space tradeoff for approximate APSP. Moreover, the
tradeoff is tight: when r = Ω(n3/2), the distance oracles from prior work can be stored
entirely within the redundancy.

1.2 Proof Overview and Technical Contributions
In this section, we outline the proofs of our main results. We introduce the query-with-sketch
model, which captures data structures that store a short sketch of the input and answer a
fixed batch (or sequence) of queries using limited probes to the raw input. We then show
a general min-entropy lemma that reduces lower bounds in this model to a conditional
min-entropy bound. Finally, we instantiate this template for AMP using different analytic
tools for different parameter regimes, obtaining strong probe–redundancy trade-offs.

1.2.1 The query-with-sketch model and the min-entropy lemma
First, we introduce the query-with-sketch model. The final data structure lower bounds
consist of a reduction to this model, and a min-entropy lemma that transfers min-entropy
upper bounds to query-with-sketch lower bounds. These definitions and reductions are
formalized at Section 2.

The query-with-sketch model can be thought of as a succinct and systematic data structure
with its queries fixed beforehand3. An algorithm in the query-with-sketch model aims to
compute a multi-bit function f : {0, 1}N → {0, 1}M (or more generally, f : XN → Y ) on x

with the help of a short piece of information that we call “sketch”, and limited number of
coordinate probes to x. The sketch size should be smaller than N and M for the model to
make sense. A more detailed definition and some notation are deferred to Section 2.1.

Capabilities and limits of algorithms in the query-with-sketch

The query-with-sketch model, as a natural information-theoretic model, is of independent
interest. We use the Hamming weight problem to illustrate that sketch can help reduce the
query (probe) complexity in a non-trivial way. In the Hamming weight problem, the input is
a string from {0, 1}n and the output is the number of 1s. In the standard query model, n
probes are needed to compute, with high probability, the exact answer to this problem. But,
in the query-with-sketch, given a small sketch (shorter than logn bits) of the lower-order

3 We adopt this name from the query complexity literature, where a “query” typically refers to a low-level
read from the input. However, to maintain clarity and align with data structure conventions, this paper
will consistently use “probe” for a low-level read from the input X and “query” for the high-level request.
Thus, what the query complexity literature calls “query complexity” corresponds directly to what we
call “probe complexity” in this paper.
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digits in the hamming weight, it suffices to sample nε-many bits, ε < 1, to compute the
higher-order digits. The intuition is that the least significant digits are harder to compute
than the more significant ones.

Min-entropy lemma

All of our main results are built upon the following lemma, which provides a powerful
connection between probe complexity and information. This min-entropy lemma formalizes
a simple yet effective intuition: an r-bit sketch is useless if the answer would have remained
more than r bits uncertain, for any set of probes the algorithm could have made.

It translates the task of proving a time-space tradeoff into a more manageable, information-
theoretic question: how much uncertainty (min-entropy) about the answer f(X) remains,
even after we are given the values of any q locations in the input X?

Lemma (Informal statement of Lemma 8)

Let f : XN → Y be a function over an adversarial distribution µXN . Let ΠS be a deterministic
algorithm for f using an r-bit sketch S. If for some integer q, the min-entropy of f(X)
remains > r conditioned on any partial assignment on X of length q, then ΠS must make
> Ω(q) probes on average, even given sketch S.

Here is the high-level intuition of the min-entropy lemma. The proof (see Section 2.2)
views any query-with-sketch algorithm as a collection of 2r decision trees. The r-bit sketch
S(X) simply tells the algorithm which one of these trees to execute. A leaf at depth q in any
tree corresponds to the answers from q specific probes.

Our lemma’s condition says that for any such leaf, the final answer f(X) is still highly
ambiguous – there are more than 2r possible correct answers consistent with that probe
path. Since the r-bit sketch (which was fixed from the start) cannot possibly resolve this
ambiguity, the algorithm cannot halt and must make more probes.

This lemma is powerful, but our main results require a technical strengthening. We show
that the same lower bound holds even if the high min-entropy condition is only guaranteed
to apply to a large, high-probability set of “good inputs”. See Lemma 8 for the full, formal
statement.

Connection to succinct and systematic data structures

The query-with-sketch complexity was studied for the direct sum of parity problems [29, 2],
and was applied to obtain data structure lower bounds for the prefix sum problem [13].
However, the reduction in [13] was restricted to the prefix sum problem. We defer the
discussion on this reduction to Section 2.3. Below, we give a reduction that is generally
applicable to many data structure problems.

▶ Lemma 3 (Reduction from data structures to query-with-sketch algorithms). Fix a data
structure problem f : XN ×Q → Y. Suppose there is a (possibly randomized) succinct and
systematic data structure D with the following properties:

It has a redundancy of r bits that one can update for free.
For a fixed sequence of queries Q = (κ1, . . . , κl) ∈ Ql, it answers the entire sequence
correctly with probability at least 99/100.
The total number of probes made to answer the entire sequence Q is at most tl in the
worst case.

CCC 2026
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Then for any integer m ∈ [l] that divides l, there exists a starting index i ∈ {1,m+ 1, 2m+
1, . . . , l − m + 1} and a (randomized) query-with-sketch algorithm ΠS for answering the
subsequence (κi, . . . , κi+m−1) that has:

An r-bit sketch S.
An average-case probe complexity of at most tm.
A success probability of at least 99/100.

While our reduction applies to randomized data structures, our min-entropy lemma applies
to deterministic query-with-sketch algorithms. This gap can be fixed by applying Yao’s
minimax principle, while we are studying the distributional complexity of data structures
and query-with-sketch algorithms.

We note that our reduction applies to common variants of data structure problems in the
literature, including those where the goal is to answer a single query (e.g., [13]) and those
that answer, or are motivated by, a sequence of queries (e.g., [7]).

Furthermore, the lemma’s requirement for success on all queries simultaneously is not a
strong restriction. An algorithm that only guarantees to answer each of the l queries correctly
with high probability (e.g., ≥ 1 − o(1)) can be converted to one that satisfies our stricter
requirement. This is achieved via standard probability amplification, which increases the
total probe complexity by a multiplicative factor of O(log l).

We also note that, as a general lower bounding tool, our approach inherently cannot
prove time-space trade-offs stronger than r · t = Ω(N log |Y|). A nontrivial query-with-
sketch algorithm always has r ≤ m log |Y|, since m log |Y| bits are sufficient to encode
all the answers of the m consecutive queries. In addition, a nontrivial query-with-sketch
algorithm never makes more than N probes to the input, which implies that t ≤ N/m in
our reduction. The two facts together imply that there always exists query-with-sketch
algorithms achieving r · t ≤ N log |Y|, for every r ≥ 1. To the best of our knowledge, among
previous works [26, 19, 18, 13, 20, 6, 7], only a recent breakthrough [7] overcame this barrier
to achieve a stronger trade-off for the OuMv (online vector-matrix-vector multiplication)
problem. They achieved it by showing that any efficient algorithm for OuMv would implicitly
function as a compression scheme that violates Shannon’s source coding theorem. While
powerful, this argument is highly tailored to the algebraic properties of matrix multiplication,
and the massive 2n probe space. It does not provide a general template for breaking the r · t
trade-off barrier.

1.2.2 Approximate matrix powering with sublinear-in-n redundancy
Warm up: a lower bound to approximating the matrix square

Let us begin our proof outline for a restricted form of the full lower bound. Our lower bound
holds for symmetric matrices and for arbitrary matrix powers k > 2. In the proof outline we
will only discuss the lower bound for squaring, M2, not-necessarily symmetric matrices M.
These are the only simplifying assumptions made for this high-level exposition. Specifically,
in this proof overview we will show that every succinct and systematic data structure for
approximating the matrix square M2 either requires r = 0.5n bits of redundancy or t = Ω(n)
number of probes for every query. After that, we show how we extend it to an r · t = Ω(n2)
lower bound for general sublinear-in-n r, for computing Mk.

While we accept every possible output within an 1/nα additive error, we restrict the
AMP problem to a version where the output is fixed, which enables us to apply the query-
with-sketch reduction. Specifically, fix a large enough constant α′, we let the output to be
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[Mk]α′ , a rounded matrix power where each element is rounded to its nearest multiple of
1/nα′ . We will show in Lemma 13 that the reduction to this rounded version will only incur
negligible error probability, when α′ is large enough compared to α.

Our two-step reduction (Lemma 3 and Lemma 8) implies that, one only needs (i) a
nemesis input distribution M; (ii) a sequence Q of n2 queries; and (iii) to show that for
every m = r consecutive queries from Q, even when conditioned on knowing any 0.001n2

elements from M, the answers remain an Ω(r) min-entropy.
We construct a nemesis input distributionMβ,γ of the form M = n2−1

n2 I + 1
nβ MU, where

MU is a random matrix where each element is i.i.d. (independent and identically distributed)
uniformly random from the range [ 1

n −
1
nγ ,

1
n ]. For the reader’s convenience, we may consider

an instance where β = 2 and γ = 4. In the actual proof, MU is a uniformly random
symmetric matrix, and a similar proof applies. In addition, we construct the sequence of
queries Q in a way that every r consecutive queries span r different rows and columns. To
illustrate our technique in this warm-up, focus on an illustrative block of r diagonal queries
of approximating M2[1, 1],M2[2, 2], . . . ,M2[r, r].

Notice that M2 = (n
2−1
n2 )2I + 2

n2 · n
2−1
n2 MU + 1

n4 MU
2. We shall assume that the elements

M[1, 1],M[2, 2], . . . ,M[r, r] are revealed to the algorithm for free, since this will only decrease
the probe complexity. We will show that, however, the second-order term MU

2 remains
highly uncertain.

More formally, we use σ to denote an arbitrary partial assignment to 0.001n2 elements of
M. Our reductions (the reduction from data structure lower bounds to query-with-sketch
lower bounds, and the reduction to the min-entropy of the problem) help us get rid of
analyzing the algorithms, and reduce it to a task of showing that the output has a high
conditional min-entropy:

max
σ,(yi)i∈[r]

Pr
M←M

[[M2[1, 1]]α′ = y1, . . . , [M2[r, r]]α′ = yr|σ] < 2−2r. (1)

Our strategy is to select Ω(r) many input elements that are not fixed by σ, so that their
Jacobian matrix with the output elements is a diagonal matrix. That is, (if given all the other
n− Ω(r) elements fixed), each output element is an increasing function of its corresponding
input element, but does not depend on other elements. We call these selected elements core
elements. We can achieve it because each element of the matrix square only depends on
input elements of the same row or the same column.

More precisely, for each output element M2[u, u], we try to find an input element M[u, i]
such that i > r, and M[u, i] is not fixed by σ. That is, the element shares the same row or
column with M2[u, u], but does not share the same row or column with any other output
element. We use J to denote its Jacobian matrix with the output elements, where each
row corresponds to a core element M[ui, i], each column corresponds to an output element
M2[u, u], and each J[i, u] := ∂M2[u,u]

∂M[ui,i] quantifies how the rate M2[u, u] will increase if we
perturb M[ui, i] by a little bit. Intuitively, the higher the rate is, the less likely the output
will evaluate to a fixed value, which yields a min-entropy bound.

J =


Ω(1/n3) 0 . . . 0

0 Ω(1/n3)
...

...
. . .

...
0 . . . . . . Ω(1/n3)


We can always select r′ = Ω(r) core elements since a partial assignment σ of length

0.001n2 can only fix a small proportion of elements at the first r = 0.5n rows and the first r
columns.
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Given these core elements M[i1, j1], . . . ,M[ir′ , jr′ ], we may discard all the other elements
of M. Specifically, upper bounding the conditional probability in inequality (1) can be
reduced to upper bound

max
σ′,(yi)i∈[r]

Pr
M←M

[[M2[1, 1]]α′ = y1, . . . , [M2[r, r]]α′ = yr|σ′] (2)

where σ′ is any partial assignment for all the other elements of M except core elements, such
that σ′ is consistent with σ. This is because the previous probability is a weighted sum of
the latter one.4

The Jacobian matrix tells us that given σ′, the output elements are mutually independent.
For each core element M[i, j], its corresponding output element M2[u, u], and each possible
output yu, given that ∂M2[u,u]

∂M[i,j] = Ω(1/n3), we have

Pr
M←M

[[M2[u, u]]α′ = yu|σ′] ≤ O(1/nα
′+9)

which is obtained by dividing the output length (1/nα′) by the partial derivative (Ω(1/n3))
and the range length that the core element is uniformly selected from (1/nγ+β = 1/n6).

Therefore, the probability in (2) is upper bounded by O((1/nα′+9)r′) = O(1/2Ω(r logn)),
which implies a desired Ω(r logn) conditional min-entropy.

From k = 2 to k ≥ 3: singular value bounds to the Jacobian matrix

While each element of the matrix square only depends on 2n−1 elements of the input matrix,
one cannot get a stronger probe lower bound for a smaller redundancy r. Therefore, we
generalize the above arguments to 3 ≤ k ≤ n, where an r · t = Ω(n2) lower bound still holds.

We use the same input distributionM and the sequence of queriesQ as above. When k ≥ 3,
the expansion Mk =

∑k
l=0

(
k
l

)
(n

2−1
n2 )k−l( 1

nβ )lMU
l is still dominated by the terms where t

are small. Again, we fix and focus on a sequence of output elements Mk[1, 1], . . . ,Mk[r, r]
for some r = o(n).

Given a partial assignment of length ≤ 0.001n2, unlike the previous case, all the elements
of the first r rows and columns may be fixed by σ. However, we are still going to show that
the output remains a high min-entropy. Our proof aligns with the proof outline above, but
with the following edits:

First, we partition the set of input elements of M from the last n− r columns and n− r
rows into disjoint subsets of size r, such that each pair of elements from the same subset
does not share the same row or the same column. In this way, given a partial assignment σ
of length ≤ 0.001n2, there will be at least one subset where r′ = Ω(r) elements in it are not
fixed by σ. We choose these elements as our core elements.

Then, denote by (i1, j1), . . . , (ir′ , jr′) the core elements. We look into the Jacobian matrix
between the core elements and the output elements again. Since the r output elements and
r′ core (input) elements span different rows and columns, their Jacobian matrix is of the
following form for K :=

(
k
3
) (n2−1)k−3

n2k−6+2β .

4 For a discrete probability space and two events A, B, Pr[A|B] =
∑

B′ Pr[A|B′ ∩ B] · Pr[B′|B], where
the summation runs over a partition of B space; and thus, Pr[A|B] ≤ Pr[A|B′], for some B′ ⊆ B.
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J =


KMU[1, i1]MU[j1, 1] +O(k5/n2+3β) . . . . . . KMU[r, i1]MU[j1, r] +O(k5/n2+3β)

...
. . .

...
...

. . .
...

KMU[1, ir′ ]MU[jr′ , 1] +O(k5/n2+3β) . . . . . . KMU[r, ir′ ]MU[jr′ , r] +O(k5/n2+3β)


This matrix J is a perturbed random matrix. The dominant term for each entry is a product
of two random MU elements, while the O(k5/n2+3β) term is a small, deterministic-like
perturbation. Critically, because all r + r′ input and output indices are distinct, each MU
element appears at most once in the dominant terms of J. This makes the dominant terms
i.i.d. random variables.

We apply a concentration bound on its singular values [42] to show that the largest 0.9r′
singular values of J are high with high probability. Intuitively, the singular values of a matrix
measure the “stretch” it applies to its input vectors. A matrix with Ω(r′) large singular
values is robustly high-rank.

This high-rank property is the key to our min-entropy bound. We use it to bound the
pre-image of a fixed output. If the map “stretches” the input space in Ω(r′) dimensions, then
to map to a tiny output region (our rounded answer box of side length 1/nα′), the input
must originate from an exponentially small-volume region. This small volume, under our
uniform distribution M, translates directly to an exponentially small probability, which is
the high conditional min-entropy we need.

By a union bound over the (polynomially many) possible choices for the core element
set, we can define our “good input set” M for which the conditional min-entropy can be
bounded as the set where this high-rank property holds for all relevant Jacobians.

More specifically, given σ′, we show that if two core element assignments x,x′ map to
the same output y (within precision 1/nα′), they must be geometrically close, if a constant
proportion of singular values of J are large.

In fact, for any fixed output y, the set of all consistent core inputs x is concentrated into an
exponentially small-volume region. Under our uniform input distribution, this small volume
implies an exponentially small probability, which confirms the high conditional min-entropy.

We omitted some details that will be clarified in the full proof.

1.2.3 Approximate matrix powering with superlinear-in-n redundancy
The above arguments do not easily extend to the case r = ω(n logn), since the Jacobian
matrix is no longer controlled when there are more than n core elements and more than
n output elements. The singular value concentration bound [42] only works for random
matrices whose elements are independent. To that end, we construct and study the following
combinatorial distribution of matrices.

To better illustrate the distribution, we describe its transition graph G = (V,E,W )
instead, which is an undirected graph with edge weight to be its transition probability from
both sides. Consider a vertex set [n] that is partitioned to three parts V1, V2, V3, each of size
exactly n/3. For every pair of vertices from V1 × V2 or V2 × V3, we connect them by an edge
of weight 1/n3 with independent probability 1/2. In addition, we connect each vertex to
itself by an edge of weight 1− 1/n2. Note that as a substochastic matrix, we do not require
each row sum of the matrix to be 1, but less than or equal to 1.

We construct our sequence of queries as the sequence of all pairs of vertices between V1
and V3. The sequence is constructed in a way that among every r consecutive queries, each
vertex is mentioned by Θ(r/n) times.
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Intuitively, the graph is a 3-layered graph with heavy lazy transitions. We will show
in Observation 29 that approximating the matrix power of the transition graph reduces to
counting the number of length-2 walks from each u ∈ V1 to v ∈ V3. Due to the heavy lazy
transitions, the matrix power is dominated by the length-2 walks. In fact, we will show that
even computing the parity of the number of walks is hard.

Although the nemesis input distribution is combinatorial, the analysis remains linear-
algebraic in spirit. We will try to find a basis of the input to the output that preserves the
min-entropy.

Given a partial assignment of length ≤ 0.001n2, we remove those vertices whose ≥ 0.01n
neighbors are revealed. For each of the remaining vertices v from V3, there are O(r/n) queries
on v. We denote by (u1, v), . . . , (um, v) ∈ V1 × V3 the queries on v, for m = O(r/n). We
select m corresponding vertices w1, . . . , wm ∈ V2 such that none of the edges ∀i ∈ [m], (wi, v)
are revealed by σ.

As above, we fix a partial assignment σ′ that reveals all the input edges other than the
selected edges above, and is consistent with σ. Lower-bounding the min-entropy conditioned
on σ reduces to bounding the min-entropy conditioned on every such σ′. Given that the
whole subgraph between V1 and V2 is revealed by σ′, queries on different vertices v ∈ V3 are
independent, and the min-entropy is the sum of min-entropy on each individual v.

Fix a vertex v ∈ V3, denote by M̂ ∈ Fm×m2 the indicator matrix of whether each ui ∈ V1
is connected to wj . Denote by x ∈ Fm2 the indicator vector of whether each (wi, v) ∈ E or
not, which is a uniformly random vector conditioned on σ′. The parity of the output (the
number of length-2 paths between each ui and v) is exactly M̂x. Using a classic result that
a random binary matrix has a high rank with high probability ([3]), we show that with high
probability every M̂ with m ≥ 10 logn has a high rank, which implies a high min-entropy of
the output.

1.2.4 Lower bounds to (2 − ε)-approximate APSP
In APSP, we study the existence instead of the parity of the number of length-2 paths
between pairs of vertices. The graph distribution defined above is too dense, forcing
the distance between vertices from V1 and V3 to be 2 almost surely. To that end, we
work on its sparse variant instead. We still consider a graph G = (V,E) of three layers
V1, V2, V3 with n/3 vertices each. However, for each pair of vertices (u,w) ∈ V1 × V2 or
(w, v) ∈ V2 × V3, we connect them with independent probability 1/

√
n logn. For each pair of

vertices (u, v) ∈ V1× V3, they have a length-2 path if and only if there exists a vertex w ∈ V2
such that (u,w), (w, v) ∈ E, i.e., whether the neighbor sets of u and v intersect. Since the
entropy of the graph is Θ(n

√
n/ logn), we prove an Ω(n2/ log3 n) time-space trade-off for

every Ω(n log2 n) ≤ r ≤ O(n
√
n/ log3 n), where the range of r is nearly tight.

A similar proof to the above can no longer apply here. While the output can still be
formulated as a matrix-vector product of the form M̂x, the arithmetic is over semirings (i.e.,
ANDs and ORs). There does not exist a natural notion of a “basis” in this setting.

Instead, we introduce a combinatorial forcing argument. We show that for a sparse
graph, a single “disjoint” (0) answer for a query (u, v) forces a large number of potential
edges to be non-existent (0). The high min-entropy comes from two facts: (i) with high
probability a large proportion (1− 1/polylog(n)) of answers are 0 (Lemma 42); and (ii) only
with exponentially small probability that many such forcing events (from a block of queries)
can be simultaneously satisfied by a random graph.

We omitted details on how to apply the forcing argument to the input graph conditioned
on a partial assignment σ, and how we deal with partial assignments that reveal too much
information about the answer. We deal with these problems formally in Section 5.
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2 Query-with-sketch model and the min-entropy lemma

In this section we give the two abstract ingredients used throughout the paper: the query-
with-sketch model and a min-entropy lemma for proving lower bounds in this model. We
then show how lower bounds in the query-with-sketch model imply lower bounds for succinct
and systematic data structures.

Because the query-with-sketch model will serve as the target of our lower bounds, we
make its execution model explicit: the sketch is fixed from the input, subsequent probes may
be chosen adaptively from the transcript, and the algorithm eventually halts with an output.

2.1 Query-with-sketch model

We define the query-with-sketch (QwS) model for a fixed function f : XN → Y; in contrast,
a data structure is typically specified by a query problem f : XN ×Q → Y , where the query
Q ∈ Q determines which value f(X,Q) must be returned.

▶ Definition 4 (Query-with-sketch algorithms). Let f : XN → Y be a function. A deterministic
query-with-sketch algorithm ΠS with sketch length r consists of two objects.

A sketching map S : XN → {0, 1}r. On input X, the algorithm is given the sketch S(X).
A deterministic transition rule Π. For every l ≥ 0, given a transcript

Cℓ =
(
S(X), (i1, a1), . . . , (iℓ, aℓ)

)
,

where ij ∈ [N ] is a probed coordinate and aj ∈ X is the value returned by the probe, the
rule Π either outputs a new probe iℓ+1 ∈ [N ] or halts with an answer y ∈ Y.

The computation on input X starts from C0 = (S(X)). If Π(Cℓ) = iℓ+1 ∈ [N ], the
algorithm probes coordinate iℓ+1, receives aℓ+1 = Xiℓ+1 , and continues with Cℓ+1. If Π(Cℓ) =
y ∈ Y, the algorithm halts and outputs y.

We allow repeated probes, and count them with multiplicity. A transcript of length ℓ

induces a partial assignment to at most ℓ distinct input coordinates. Let TΠS (X) denote the
number of probes made before halting, with TΠS (X) =∞ if the computation does not halt.
The worst-case and average-case probe complexities are

Cost(ΠS) := sup
X∈XN

TΠS (X), Avg-Costµ(ΠS) := EX∼µ
[
TΠS (X)

]
.

▶ Definition 5 (Randomized query-with-sketch algorithms). A randomized query-with-sketch
algorithm is a distribution over deterministic query-with-sketch algorithms. Equivalently,
a random tape ρ is sampled before the sketch is formed, and the algorithm then uses the
deterministic pair (Sρ,Πρ) throughout the computation.

The worst-case sketch length and worst-case probe complexity are the maximum over all
random tapes and all inputs. The average-case probe complexity with respect to an input
distribution µ is

EρEX∼µ
[
TΠSρ

ρ
(X)

]
.

The success probability is taken over both X ∼ µ and the random tape ρ.
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Query-with-sketch and related models

As a natural information-theoretic model of computation, variants of the query-with-sketch
model have been introduced and studied in different scenarios. The query-with-sketch model
is a direct generalization of the decision tree model with help bits [29, 2]. In that model,
algorithms compute the direct sum of k instances of a boolean function using k− 1 help bits,
which can be viewed as a sketch of length k − 1. In addition, each output bit is computed
using an individual decision tree in their case, whereas in our setting, all the output bits
are decided in a single decision tree. The lower bound to succinct but unrestricted data
structures for the partial sums problem [32] also reduces to lower bounds to data structures
with published bits. However, the model used in this work is substantially different from ours.
The queries are made to a data structure instead of the input elements.

2.2 The min-entropy lemma

We show that lower bounds to query-with-sketch algorithms can be reduced to lower bounding
the conditional joint min-entropy of the output.

▶ Definition 6 (joint min-entropy). Let X be a random variable and Y an event. The joint
min-entropy of X and Y is defined as Hmin(X,Y ) := minx− log Pr[X = x ∧ Y ]. When
Pr[Y ] = 0, Hmin(X,Y ) is defined as +∞.

We relate the complexity of query-with-sketch algorithms with a special form of conditional
joint min-entropy of the output. To formally state our result, let us give necessary definitions.

▶ Definition 7. A partial assignment to a function f : XN → Y of length q is an event of the
form (Xi1 = xi1 , . . . , Xiq = xiq ), where i1, . . . , iq ∈ [N ] are distinct coordinates and xij ∈ X
for every j ∈ [q]. We use E≤q to denote the set of all partial assignments of length at most q.

It is important to note that a partial assignment is an event about the function itself and
is irrelevant to the algorithm.

▶ Lemma 8. Let f : XN → Y be an arbitrary function, and µXN an distribution over
XN . Fix ΠS to be a deterministic query-with-sketch algorithm for f with average-case probe
complexity ≤ 0.1q.

In addition, suppose there exists a set X ⊆ XN of “good” inputs such that

Pr
X←µX N

[X ∈ X] ≥ 99/100.

Furthermore, assume there is a positive integer r ≥ 2 such that for every partial assignment
σ ∈ E≤q of length ≤ q, there exists a subset of inputs Xσ ⊆ XN such that

Pr
X←µX N

[X ∈ X\Xσ|σ] ≤ 2−2r

and the output of f remains highly uncertain:

Hmin(f(X), X ∈ X ∩ Xσ|σ) > 2r

Then, for ΠS to achieve ≥ 99/100 success probability given a random input from µXN , its
sketch length must be |S| > r.
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For our purpose of proving a query-with-sketch lower bound for randomized algorithms
given a fixed sequence of queries, we could prove distributional lower bounds for deterministic
query-with-sketch algorithms instead, by the standard Yao’s minimax principle.

The sets X,Xσ describe good inputs where the min-entropy can be well-bounded. We
note that X and Xσ are optional. If we set X = Xσ = XN for every σ, there is no constraint
on the inputs.

Proof of Lemma 8. Assume for the sake of contradiction that the sketch length is ≤ r.
Without loss of generality, we let the sketch length be r. We will show that the success
probability of ΠS cannot achieve ≥ 99/100, which is a contradiction.

We characterize ΠS as a set of 2r decision trees. Each input X is assigned to a decision
tree TS indexed by its sketch S. f(X) is computed correctly if TS given input X produces
the correct answer f(X). Each leaf of TS can be characterized by a pair (y, σ), corresponding
to the output at the leaf and the probe history. Let ES denote the event that “X is assigned
with sketch S”, and Eq the event that “ΠS given input X makes no more than q probes”.
Then Pr[Eq] ≥ 0.9, or the average probe complexity would exceed 0.1q. We have

Pr
X←µX N

[ΠS(X) = f(X)]

=
∑

S∈{0,1}r

∑
(y,σ) is a leaf of TS

Pr[ES and σ and f(X) = y]

≤0.11 +
∑

S∈{0,1}r

∑
(y,σ) is a leaf of TS

of depth ≤q

Pr[ES and σ and f(X) = y and X ∈ X and Eq]

≤0.11 +
∑

S∈{0,1}r

∑
(y,σ) is a leaf of TS

of depth ≤q

Pr[σ] · Pr[f(X) = y and X ∈ X and Eq|σ]

≤0.11 +
∑

S∈{0,1}r

∑
(y,σ) is a leaf of TS

of depth ≤q

Pr[σ] · (Pr[f(X) = y and X ∈ X ∩ Xσ and Eq|σ] + 2−2r)

<0.11 +
∑

S∈{0,1}r

∑
(y,σ) is a leaf of TS

of depth ≤q

Pr[σ] · 2−2r+1

≤0.11 +
∑

S∈{0,1}r

2−2r+1

≤2−r+1 + 0.11 < 0.99

The second line follows our assumption that X ∈ X with ≥ 99/100 probability. The fourth
and the fifth line follow our assumption to the conditional joint min-entropy and Pr[X ∈ Xσ|σ].
The sixth line follows from the fact that the partial assignments σ of different leaves of the
same decision tree are disjoint events of the input. ◀

2.3 Reduction from data structures
We prove Lemma 3, which reduces data structure lower bounds to query-with-sketch lower
bounds.

Proof to Lemma 3. The data structure D can be characterized as a sequence of l/m query-
with-sketch algorithms for computing each block of m queries. The sketch to each algorithm
is the (updated) redundancy after the end of its previous algorithm. The probe made by
all the query-with-sketch algorithms are exactly the probe made by D to answer Q. In
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addition, the error probability of each query-with-sketch algorithm is at most the error
probability of the data structure D. Besides, in both algorithms, the succinct space (sketch)
exclusively depends on the input X ∈ Xn. Among these algorithms, at least one of them has
average-case probe complexity below average ≤ tm. ◀

Through the above reduction and min-entropy lemma, to obtain a data structure lower
bound one only need to (i) construct an input distribution µXn , a subset X of XN , and
subsets Xσ for every σ; (ii) show that for every partial assignment σ ∈ E≤q, Hmin(f(X), X ∈
X ∩ Xσ|σ) > 2r; and (iii) show that with high probability a random input falls in X (resp.,
falls in Xσ conditioned on σ, for every σ).

Comparison to a previous reduction

The query-with-sketch complexity of the direct sum of boolean problems was introduced and
studied in [29, 2]. They showed that any l decision trees for computing the direct sum of the
parity of m bits each, with l − 1 help bits (i.e., the sketch), at least one of the decision trees
must have a depth ≥ m. Later, [13] got a data structure lower bound for prefix sum by a
reduction from the help-bits lower bound for direct-sum parity. However, their reduction is
specific to the prefix sum problem. Our reduction goes in a different way and is generally
applicable to succinct and systematic data structures whose min-entropy can be bounded.
In addition, our reduction is applicable to every problem f whose conditional min-entropy is
bounded. The remainder of this paper will be devoted to showing the min-entropy bounds on
the aforementioned problems. To compare our approach with the previous work, we explain
the lower bound in [13] below.

In the prefix sum problem, the input is a length-n bit string X. The data structure, given
an arbitrary index k ∈ [n], should output the parity of

∑k
i=1 Xi. In [13], they showed that

every succinct and systematic data structure for the prefix sum with r bits of redundancy
requires Ω(n/(r + 1)) probes to the input bits. Their proof idea is as follows. Assume
for contradiction that there exists a data structure with r bits of redundancy that makes
< n

2(r+1) bit probes for every given index k ∈ [n]. Split the input string X into r + 1 blocks
of about equal length, the parity of each block can be determined using < n/(r + 1) probes.
However, [29] shows that even with r help bits (i.e., the sketch), to compute r + 1 instances
of parity of n/(r + 1) bits, at least one of the r + 1 decision trees has depth ≥ n/(r + 1).

3 Lower bounds to approximate matrix powering with sublinear-in-n
redundancy

In this section, we study the approximate matrix powering problem. For this problem,
we establish an r · t = Ω(n2) trade-off for data structures with redundancy r < 0.25n lnn
and amortized probe complexity t. The subsequent section addresses the case where r ∈
[10n logn, n2/1000], proving the same trade-off with a different technique. Let us begin by
defining our rounding notation and then formally state the problem.

Approximate matrix powering (AMP) problem

Fix a constant α > 0 and a number k ≥ 2. The input is a substochastic symmetric
matrix M ∈ Rn×n. The succinct and systematic data structure, given a pair of indices
(u, v) ∈ [n]× [n], must produce a value ans such that |Mk[u, v]− ans| ≤ 1/nα.
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▶ Theorem 9 (Lower bound to AMP with sublinear-in-n redundancy). Fix 3 ≤ k ≤ n and a
sufficiently large constant α. For every (possibly randomized) succinct and systematic data
structure with r ∈ (c log2 n, 0.25n lnn) bits of redundancy that answers the whole approximated
matrix power Mk with additive error 1/nα with ≥ 9/10 probability, its total number of probes
to M is Ω(n4/r) at the worst case, where c is a large enough constant.

We note that we prove a strong statement where in average, answering each query requires
Ω(n2/r) probes.

We give a distributional lower bound to the following nemesis input distribution.

Nemesis input distribution

Fix a large enough integer n ≥ 1, and β, γ large enough constant parameters that depends on
α. LetMβ,γ be a distribution of n×n matrices M = n2−1

n2 I+ 1
nβ MU, where MU is a random

symmetric matrix whose upper triangle elements M[i, j] are independent and identically
distributed (i.i.d.) uniformly from [ 1

n −
1
nγ ,

1
n ], for every i ≤ j. We write M ←Mβ,γ (or

simply M←M) for M sampled from distribution Mβ,γ .
To apply Lemma 3, we also need to fix a sequence of queries (i.e., a permutation to the

set of possible queries to the data structure [n]× [n]). We will show that to answer each of
the consecutive 3m := 3r/ lnn queries, a query-with-sketch algorithm either requires r bits
of redundancy or Ω(n2) probes to the input matrix.

Specifically, we fix the following sequence of queries, which is a concatenation of (n− 1)
shifted main diagonals of Mk (excluding the main diagonal itself):

Q = ((1, 2), (2, 3), . . . , (n, 1)︸ ︷︷ ︸
Shift 1: v=u+1

, (1, 3), (2, 4), . . . , (n, 2)︸ ︷︷ ︸
Shift 2: v=u+2

, . . . , (1, n), (2, 1), . . . , (n, n− 1)︸ ︷︷ ︸
Shift n−1: v=u−1

)

Formally, the sequence Q consists of n− 1 blocks, where for every i ∈ [n− 1], the i-th
block contains n queries (u, v) defined by:

u ∈ [n];
v = ((u+ i− 1) mod n) + 1.

All we need from the construction is the following property.

▶ Observation 10. For any window of 3j consecutive queries from Q (where 3j < n), one
can select a subset of j queries from this window such that all the 2j indices (that is, both
the row u and column v from each selected query) are pairwise distinct.

Proof. First, we show that any 3j consecutive queries span 3j different rows and 3j different
columns.

Since 3j < n, the 3j consecutive queries must belong to at most 2 different shifted main
diagonals. For queries belong to the same diagonal, they clearly belong to different rows and
columns.

Given two queries (u, v), (u′, v′) that respectively belong to the i-th and the (i+ 1)-th
diagonals. If they belong to a window of length 3j < n, we have u′ ≤ u− 2. They do not
share the same row. In addition,

(v − v′) mod n = (u− u′ − 1) mod n ̸= 0

when u′ ≤ u− 2. They do not share the same column as well.
The existence of the j queries follows from a greedy construction: we greedily pick

unselected queries that have distinct rows and columns, until we cannot pick any more
queries. Since the 3j elements belong to different rows and columns, picking one query (u, v)
from it will disable at most 2 other queries from the window: at most one from column u,
and at most one from row v. Therefore, one can always pick j many queries. ◀
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Our query-with-sketch framework is built for exact problems. To apply it to AMP, which
is an approximate problem (allowing additive error), we first prove our lower bound on an
exact variant we call rounded AMP. In this problem, the algorithm must output the true
value rounded to a precision of 1/nα′ .

A lower bound for this rounded problem implies a lower bound for the original AMP
problem because the two problems are almost identical. They only differ on a small set
of “boundary” inputs–inputs where the true value is too close to a rounding point to be
distinguished. We formalize this by first showing that this property holds in each dimension.
Then we apply a union bound over all the dimensions.

▶ Definition 11 (rounding notation). Fix a rounding parameter α′ > 0. For a real number
x ∈ R, we denote its rounded value to its nearest multiple of 1/nα′ as [x]α′ . For a real matrix
M ∈ Rn×n, we use [M]α′ to denote the matrix where this rounding is applied element-wise.

Rounded AMP problem

Fix a rounding constant α′ > 0 and a number k ≥ 2. The input is a substochastic symmetric
matrix M ∈ Rn×n. The succinct and systematic data structure, given a pair of indices
(u, v) ∈ [n]× [n], must output [Mk[u, v]]α′ .

Given Lemma 3, we only need to show that for every 3m = 3r/ lnn consecutive queries,
every query-with-sketch algorithm with r bits of sketch that computes the 3m queries with
probability ≥ 99/100, the algorithm makes Ω(n2) probes in the worst case.

By Lemma 8, proving such a lower bound reduces to lower bounding the conditional
min-entropy of the m query answers by 2r, conditioned on assignments to the input matrix
M of length q := 10−4n2. For this input distribution, we will construct a nontrivial good
input set M ⊆ Rn×n. And we will trivially set Mσ = Rn×n for every σ. Formally, the
remainder of this section will be devoted to proving the following technical lemma.

▶ Lemma 12. Fix k ≥ 3 and constants α′, β, γ such that γ ≥ 2, β ≥ γ + 2 and α′ ≥
3β + 2γ + 3.6. For every large enough integer n, there exists a set of “good” matrices
M ⊆ Rn×n such that

Pr
M←µX n

[M ∈ M] ≥ 1− o(1).

In addition, fix r ∈ (c log2 n, n lnn/2), for every 3m = 3r/ lnn consecutive queries
(u1, v1), . . . , (u3m, v3m) from Q, and every partial assignment σ of length q = 10−4n2

to M, we have

Hmin(([Mk[u1, v1]]α′ , . . . , [Mk[u3m, v3m]]α′),M ∈ M|σ) > 2r

where c is a constant that depends only on α′, β, γ.

In addition, the following lemma shows that the outputs close to the boundary has a
negligible measure. Its proof is deferred to Appendix A.

▶ Lemma 13. Fix k ≥ 3 and constants α, α′, β, γ such that γ ≥ 2, β ≥ γ+2, α′ ≥ 3β+2γ+3.6
and α > α′ + 2. For every large enough integer n, we have

Pr
M←M

[
∃u, v ∈ [n], a ∈ N,

∣∣∣Mk[u, v]− a/2nα
′
∣∣∣ ≤ 1/nα

]
< o(1)

Given Lemma 12 and Lemma 13, our lower bound to approximate matrix powering
follows.
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Proof to Theorem 9. Let us first show that any data structure for rounded AMP with
success probability ≥ 99/100 either requires ≥ r redundancy or ≥ Ω(n4/r) worst-case probe
complexity to answer queries in Q.

By Lemma 3, given the constructed sequence Q of queries, we only need to show that
for every 3m consecutive queries from Q, every randomized query-with-sketch algorithm
that computes the 3m queries with probability ≥ 99/100 must pay ≥ r bits of sketch or
≥ 0.1q = 0.3tm average-case probe complexity.

By Yao’s minimax principle, given our input distribution M, we instead show that for
every m queries and every deterministic query-with-sketch algorithm with success probability
≥ 99/100 given a random input fromM, either r bits of sketch or 0.1q = 0.3tm average-case
probe complexity is required. The lower bound follows from Lemma 8 and Lemma 12.

Now, we show that the same lower bound applies to the original AMP. We achieve it by
a reduction from the rounded AMP. That is, we design a data structure D′ for the rounded
AMP given a data structure D for the AMP, with the same redundancy, probe complexity,
and only an o(1) increase in fail probability.

D′ simply outputs the output of D rounded to the nearest multiple of 1/nα′ . By the
correctness of D, for every query (u, v),

|Mk[u, v]−D(u, v)| ≤ 1/nα.

Mk[u, v] rounds to another value only if there exists a number a ∈ N such that one of the
following two cases happen:

D(u, v) ≤ a/2nα
′
≤Mk[u, v]

or

D(u, v) ≥ a/2nα
′
≥Mk[u, v],

which happens only if

|Mk[u, v]− a/2nα
′
| ≤ |Mk[u, v]−D(u, v)| ≤ 1/nα.

However, by Lemma 13, this happens with < o(1) probability. Therefore, the success
probability of D′ is at most o(1) worse than the probability of D. The above lower bound
also applies to AMP. ◀

3.1 Partial derivatives between the inputs and outputs
We are going to show that, for every 3m = 3r/ lnn consecutive queries ((u1, v1), . . . , (um, vm))
that span m different rows and columns, and every partial assignment σ of length q = 0.001n2,
the query answers conditioned on the partial assignment remain a high min-entropy for good
inputs from M. At a high level, every partial assignment fixes a proportion of input elements.
We will show that, given every partial assignment, one can always pick Θ(r/ logn) elements
from the unfixed input elements that form a “basis” to the output elements. That is, each
fixed and possible output only corresponds to a small subset of inputs. We capture this by
studying the Jacobian matrix between the output elements and the input elements. Note
that such a basis does not always exist, where we construct a large enough good input set M
that guarantees the existence of the basis.
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To start with, we regard each output element Mk[u, v] as a function of n2 input elements
M[i, j], and study their partial derivatives ∂Mk[u,v]

∂M[i,j] . Recall that M = n2−1
n2 I + 1

nβ MU where
each element MU[i, j] = MU[j, i] of MU is uniformly random from [ 1

n −
1
nγ ,

1
n ]. We ignore

for now the fact that M is a symmetric matrix. The partial derivative under the symmetric
constraint is simply ∂Mk[u,v]

∂M[i,j] + ∂Mk[u,v]
∂M[j,i] when i ̸= j.

We will use the following observation multiple times in the proof.

▶ Observation 14. For every integer n > 1,(
1− 1

n

)n

≤ e−1 ≤
(

1− 1
n

)n−1

Proof. For simplicity, we let f(n) = (1− 1
n )n, g(n) = (1− 1

n )n−1 for now. It is known that

lim
n→∞

f(n) = lim
n→∞

g(n) = e−1.

Given this fact, to show the inequalities hold whenever n > 1, we show that (i) the inequalities
hold true when n = 2, and (ii) f(n) is an increasing function and g(n) is a decreasing function.

One can verify that the inequalities hold for the case n = 2. To show the monotonicity of
f(n) and g(n),

f ′(n) =
(
en ln(1−1/n)

)′
=

(
1− 1

n

)n (
ln(1− 1/n) + 1

n− 1

)
=

(
1− 1

n

)n ((
− 1
n
− 1

2n2 −
1

3n3 − ...
)

+ 1
n− 1

)
> 0

when n ≥ 2.

g′(n) =
(
e(n−1) ln(1−1/n)

)′
=

(
1− 1

n

)n−1 (
ln(1− 1/n) + 1

n

)
=

(
1− 1

n

)n ((
− 1
n
− 1

2n2 −
1

3n3 − ...
)

+ 1
n

)
< 0

when n ≥ 2. ◀

To bound the partial derivatives ∂Mk[u,v]
∂M[i,j] , we bound ∂MU

k[u,v]
∂MU[i,j] first.

▶ Lemma 15. Let γ ≥ 2, and the values of elements of MU range from [ 1
n −

1
nγ ,

1
n ]. For

every positive integer 3 ≤ k ≤ n, for every element [i, j] of MU and every element [u, v] of
MU

k such that u ̸= i and j ̸= v. When k ≥ 3, we have:

∂MU
k[u, v]

∂MU[i, j] = Θ
(
k − 2
n2

)
Specifically, when k = 3,

∂MU
k[u, v]

∂MU[i, j] = MU[u, i]MU[j, v]

Proof of Lemma 15. Note that

MU
k[u, v] =

∑
u=h0,h1,...,hk−1,hk=v

k−1∏
t=0

MU[ht, ht+1]
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When u ̸= i and j ̸= v, the partial derivative is

∂MU
k[u, v]

∂MU[i, j] =
k−2∑
g=1

 ∑
u=h0,h1,...,hg=i,hg+1=j,...,hk−1,hk=v

 k−1∏
t=0,t̸=g

MU[ht, ht+1]


In this equation the appearance of MU[i, j] is canceled at position g in the summation
of the product. This directly gives the expression for k = 3. Since for all i, j ∈ [n],
MU[i, j] = MU[j, i] ∈ [ 1

n −
1
nγ ,

1
n ], which is a quite small range,

∏k−1
t=0,t̸=g MU[ht, ht+1] can

be lower-bounded by setting all elements in MU equal to 1
n −

1
nγ and upper bounded by

setting all elements in MU equal to 1
n . We only need to count the number of sequences

u = h0, h1, ..., hk−1, hk = v in which two adjacent indices are i and j, while in both the lower
and upper bounds all elements are equivalent. Since g can only be picked from {1, 2, ..., k−2},
there are (k − 2)nk−3 distinct sequences h0, . . . , hk. We get

(k − 2)n−2 = (k − 2)nk−3
(

1
n

)k−1
≥ ∂MU

k[u, v]
∂MU[i, j]

≥(k − 2)nk−3
(

1
n
− 1
nγ

)k−1
≥ e−

k−1
nγ−1−1 (k − 2)n−2.

Recall that γ ≥ 2, so ∂MU
k[u,v]

∂MU[i,j] = Θ(k−2
n2 ). ◀

▶ Lemma 16. Let γ, β ≥ 2, and the values of elements of MU range from [ 1
n −

1
nγ ,

1
n ]. For

every positive integer 3 ≤ k ≤ n, every element (i, j) of M and every element (u, v) of Mk

such that u, v, i, j are pairwise distinct, we have

∂Mk[u, v]
∂M[i, j] =

(
k

3

)
(n2 − 1)k−3

n2k−6+2β (MU[u, i]MU[j, v] + MU[u, j]MU[i, v]) +O(k5/n2+3β).

Proof. Notice that

Mk =
k∑
t=0

(
k

t

) (
n2 − 1
n2

)k−t (
1
nβ

MU

)t

and

∂Mk[u, v]
∂M[i, j] =

k∑
t=0

(
k

t

) (
n2 − 1
n2

)k−t (
1
nβ

)t
∂MU

t[u, v]
∂M[i, j]

=
k∑
t=0

(
k

t

) (
n2 − 1
n2

)k−t (
1
nβ

)t−1
∂MU

t[u, v]
∂MU[i, j]

While u, v, i, j are pairwise distinct, ∂MU
t[u,v]

∂MU[i,j] is 0 when t ≤ 2. Therefore,

∂Mk[u, v]
∂M[i, j] =

(
k

3

)
(n2 − 1)k−3

n2k−6+2β MU[u, i]MU[j, v] +O(k5/n2+3β). ◀

3.2 Jacobian matrix and singular value concentration bounds
While the previous section studies the partial derivatives between individual input elements
and output elements of different rows and columns. We extend it to the interplay between
multiple input elements and multiple output elements, which formalizes as the Jacobian
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matrix. We will show that, fix a number m ≤ n/4, for every m input elements and m

output elements whose column indices and row indices are pairwise distinct, the largest 0.9m
singular values of their Jacobian matrix are controlled with high probability. We use a recent
work [42] on singular values concentration bounds to achieve it.

▶ Definition 17. Fix m ≤ n/4, m input indices (i1, j1), . . . , (im, jm), and m output indices
(u1, v1), . . . , (um, vm). When i1 ̸= j1, . . . , im ̸= jm, their Jacobian matrix is defined as

J =


∂Mk[u1,v1]
∂M[i1,j1] + ∂Mk[u1,v1]

∂M[j1,i1] . . . . . . ∂Mk[um,vm]
∂M[i1,j1] + ∂Mk[um,vm]

∂M[j1,i1]
...

. . .
...

...
. . .

...
∂Mk[u1,v1]
∂M[im,jm] + ∂Mk[u1,v1]

∂M[jm,im] . . . . . . ∂Mk[um,vm]
∂M[im,jm] + ∂Mk[um,vm]

∂M[jm,im]


Given an m × m Hermitian matrix A ∈ Rm×m, we denote by λ1(A) ≥ · · · ≥ λm(A)

eigenvalues of A.
The singular values σ1(A), . . . , σm(A) of a (possibly non-Hermitian) matrix A ∈ Rm×m,

are the eigenvalues of
√

ATA arranged in non-increasing order.

We will use the following standard tools from matrix analysis.

▶ Proposition 18 (Weyl’s inequality for singular values [22]). Let A,B ∈ Rm×m be general
matrices. For every k ∈ [m],

|σk(A + B)− σk(A)| ≤ ∥B∥op

where ∥B∥op = σ1(B) is the operator norm.

▶ Proposition 19 ([36]). Let A,B ∈ Rm×m where rank(B) = 1. For every k ∈ [m],

σk+1(A) ≤ σk(A + B) ≤ σk−1(A)

where we denote σ0(A) = +∞ and σm+1(A) = 0.

▶ Proposition 20 (Geršgorin circle theorem [22]). Let A ∈ Cm×m. Let Ri(A) =
∑
j ̸=i |A[i, j]|

denote the absolute row sums of A other than A[i, i]. And consider the m Geršgorin discs

{z ∈ C : |z −A[i, i]| ≤ Ri(A)}

for i ∈ [m]. The eigenvalues of A are in the union of Geršgorin discs

G(A) =
m⋃
i=1
{z ∈ C : |z −A[i, i]| ≤ Ri(A)|}.

We will use the following concentration bound on the intermediate singular values of
a random matrix [34, 42]. We adapt their result in our setting and show the following in
Appendix B.

▶ Lemma 21. For i ∈ {1, 2}, let Xi, Yi, Zi,Wi be i.i.d. uniform on some symmetric interval
(the interval may depend on i). Define

U1 := X1 + Y1 + Z1 +W1, U2 := X2Y2 + Z2W2.

Let µi be the distribution of Ui.
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Fix µ to be either µ1 or µ2. Let m a large enough number, and A ∈ Rm×m be a matrix
whose elements are i.i.d. drawn from µ. There exists constants 0 < C1 < C2 and C3 > 0
such that for all ℓ between 1 and m,

Pr
[
C1ℓ√
m
≤ σm+1−ℓ(A) ≤ C2ℓ√

m

]
≥ 1− exp(−C3ℓ)

Basically, a random matrix of the above form has high singular values to a large proportion
of its dimensions with high probability. Our Jacobian matrix is a combination of scaled,
shifted and perturbed random matrices of the above form. Formally, we give the following
concentration bound on our Jacobian matrix.

▶ Lemma 22. Let β, γ ≥ 2 be constants such that β ≥ γ + 2. For every large enough n

and every m ≤ n/4. Fix a sequence of indices (i1, j1), . . . , (im, jm) of M and a sequence of
indices (u1, v1), . . . (um, vm) ∈ [n]× [n] of Mk such that i1, j1, . . . , im, jm, u1, v1, . . . , um, vm
are 4m pairwise distinct numbers. With probability ≥ 1− exp(−Ω(m)), we have σ0.9m(J) =
Ω(k3√m/n2β+γ+1).

In addition, the above holds true even if each element of J is perturbed additively by at
most O(k5/n2+3β).

Proof. Let K :=
(
k
3
) (n2−1)k−3

n2k−6+2β = Θ(k3/n2β). We define four auxiliary matrices whose singu-
lar values are bounded, and their combination is exactly J. Notice that the expectation of each
element of MU is exactly E := 1

n−
1

2nγ . Let A1,A2,B ∈ Rm×m such that for every a, b ∈ [m],

A1[a, b] := 6
√

2n2γ ((MU[ub, ia]− E) (MU[ja, vb]− E) + (MU[ub, ja]− E) (MU[ia, vb]− E)) ,

A2[a, b] :=
√

3nγ (MU[ub, ia] + MU[ja, vb] + MU[ub, ja] + MU[ia, vb]− 4E) ,

B[a, b] := ∂Mk[ub, vb]
∂M[ia, ja] + ∂Mk[ub, vb]

∂M[ja, ia] −K(MU[ub, ia]MU[ja, vb] + MU[ub, ja]MU[ia, vb]).

By Lemma 16, we can rewrite the Jacobian matrix as

J = K

6
√

2n2γ
A1 + K√

3nγ
EA2 + 2KE211T + B

where 1 denotes the all-1 vector of length m. One can verify that both A1,A2 are random
matrices satisfying the condition in Lemma 21. Both A1,A2 have i.i.d. random elements
because MU is a uniformly random symmetric matrix, and the indices i, j, u, v do not repeat.

By Geršgorin circle theorem (Proposition 20), for every i ∈ [m], we have

σi(B) =
√
λi(BTB) ≤ O(mk5/n2+3β). (3)

We know from Lemma 21 that for every A = A1,A2.

Pr
[
C1
√
m ≤ σ1(A) ≤ C2

√
m

]
≥ 1− exp(−C3m)

and for every l ∈ [m],

Pr
[
C1l/
√
m ≤ σm+1−l(A) ≤ C2l/

√
m

]
≥ 1− exp(−C3l).

By Proposition 19,

σ0.9m

(
K√
3nγ

EA2 + 2KE211T
)
≥ K√

3nγ
Eσ0.9m+1(A2)
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By Weyl’s inequality (Proposition 18) and triangle inequality, we have

σ0.9m(J) ≥ K√
3nγ

E · σ0.9m+1(A2)− K

6
√

2n2γ
· σ1(A1)− σ1(B).

By inequality (3) and the concentration bounds on the singular values of A1,A2, the following
holds with high probability

σ0.9m(J) ≥ K√
3nγ

E · 0.1C1
√
m− K

6
√

2n2γ
· C2
√
m−O(mk5/n2+3β)

which implies that σ0.9m(J) = Ω(K
√
m/nγ+1) = Ω(k3√m/n2β+γ+1) when β ≥ γ + 2.

The above holds true even if each element of J is perturbed additively by at most
O(k5/n2+3β), since the absolute values of elements of B remains O(k5/n2+3β). ◀

3.3 From singular values to the min-entropy: proof to Lemma 12
We have prepared to prove our technical lemma, which is to show that there exists a good
input set M such that the joint min-entropy conditioned on any partial assignment of length
≤ q = 10−4n2 is high. Our good input set M will be defined as inputs where the Jacobian
matrices have well-controlled singular values. Before that, we partition the set of input
elements into groups of core elements of size m, so that for every partial assignment σ, we
can always pick one such group of core elements that form a basis of the output elements.

▶ Definition 23. For every window of 3m consecutive queries from Q, fix once and for all
one subset of m queries whose 2m row and column indices are pairwise distinct. Such a
subset exists by Observation 10. Let (u1, v1), . . . , (um, vm) denote this fixed subset for the
window. We define C to be an arbitrary collection of disjoint sequences from

([n] \ {u1, . . . , um, v1, . . . , vm})× ([n] \ {u1, . . . , um, v1, . . . , vm})

such that, for every ((i1, j1), . . . , (im, jm)) ∈ C, the indices i1, j1, . . . , im, jm are pairwise
distinct. Moreover, we choose C so that

|C| ≥
⌊

(n− 2m)(n− 2m− 1)
3m

⌋
.

We call C the candidate core set associated with this window.

The existence of such a partition is guaranteed by the same construction as the query
sequence Q, where by Observation 10, the permutation of indices we defined as Q guarantees
that no m consecutive elements share the same column or the same row. Given C, we can
define our good input set M.

▶ Definition 24. We define M as the set of inputs satisfying the following condition. For
every window of 3m consecutive queries from Q, let (u1, v1), . . . , (um, vm) be the fixed subset
of queries chosen in Definition 23, and let C be its candidate core set. Then for every
sequence ((i1, j1), . . . , (im, jm)) ∈ C, the Jacobian matrix between M[i1, j1], . . . ,M[im, jm]
and Mk[u1, v1], . . . ,Mk[um, vm] satisfies

σ0.9m(J) = Ω
(

k3√m
n2β+γ+1

)
.

▶ Lemma 25. There exists a constant c such that for every m ∈ [c logn, n/4], PrM←M[M ∈
M] > 1− o(1).
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Proof. Fix a window of 3m consecutive queries from Q, and consider the fixed subset of
m queries and the candidate core set C from Definition 23. By Lemma 22, for every fixed
sequence in C, the corresponding Jacobian matrix has the desired singular-value bound with
probability at least 1− exp(−Ω(m)).

It remains to union bound over all events that appear in the definition of M. There are
O(n2) windows of 3m consecutive queries in Q. For each such window, the candidate core set
C contains at most O(n2/m) disjoint sequences. Hence the total number of Jacobian matrices
over which we union bound is at most O(n4/m), which is polynomial in n. Therefore,

Pr[M /∈M] ≤ O(n4/m) · exp(−Ω(m)) = o(1),

provided m ≥ c logn for a sufficiently large constant c. ◀

Given guarantees that the Jacobian matrices have high singular values, given an arbitrary
partial assignment σ of length ≤ q = 10−4n2, there always exists a sequence of input indices
from C where a large proportion of these input elements are unfixed by σ. Those elements,
due to their nice properties in their Jacobian matrix with the output, form a basis to the
output. In this way, the entropy of the input preserves to the output. Before proving
Lemma 12, we need the following definition and basic tools.

▶ Definition 26. Given an arbitrary partial assignment σ, the core indices of M is a
length-(m′ := 0.9m) subsequence ((i1, j1), . . . , (im′ , jm′)) of an arbitrary sequence from C,
such that M[i1, j1], . . . ,M[im′ , jm′ ] and M[j1, i1], . . . ,M[jm′ , im′ ] are not fixed by σ. We use
(M)core := (M[i1, j1], . . . ,M[im′ , jm′ ]) to denote the vector representation of core elements. In
addition, we use (Mk)out := (Mk[u1, v1], . . . ,Mk[um, vm]) to denote the vector representation
of the selected output elements. Also, we always use [v]α′ to denote the vector where each
element is rounded to its nearest multiple of 1/nα′ .

We will show that, for every fixed (and rounded) output, the large singular values of the
Jacobian matrix between core elements and output elements forces Ω(m) dimensions of the
input to be concentrated. The min-entropy will be reduced to measuring the volume of a
hyperrectangle in the uniform input space.

▶ Proposition 27 (Cauchy interlacing theorem for singular values [22]). Let J ∈ Rm×n a matrix
where m ≤ n, and J′ a matrix obtained by deleting one row from it. Then

σ1(J) ≥ σ1(J′) ≥ σ2(J) ≥ σ2(J′) ≥ · · · ≥ σm−1(J) ≥ σm−1(J′).

▶ Proposition 28 (Lagrange’s mean value theorem). Let f : Rn → R be a continuous and
differentiable function. For every two vectors a,b ∈ Rn, there exists c = (1− t0)a + t0b for
some t0 ∈ (0, 1) such that

f(b)− f(a) = ∇f(c) · (b− a)

where ∇f(c) is the gradient of f evaluated at the point c.

Proof to Lemma 12. We have shown in Lemma 25 that a random input drawn from M
is a good input with high probability. What remains is to show that the conditional joint
min-entropy of the output is high for every partial assignment σ of bounded length.

Given a partial assignment σ of length ≤ q = 10−4n2, there exists a sequence ((i1, j1), . . . ,
(im, jm)) ∈ C where at most 0.1m elements of M or their symmetric elements are revealed by
σ. Otherwise there would be > 1

2 · ⌊
(n−2m)(n−2m−1)

3m ⌋ · 0.1m > q elements revealed by σ. We
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fix an arbitrary such sequence, and the core indices (i1, j1), . . . , (im′ , jm′) be its subsequence
obtained by removing all the elements and the symmetric elements fixed by σ. For every
possible output vector y, we have

Pr
M←M

[
[(Mk)out]α′ = y and M ∈ M

∣∣σ]
≤ max

σ′
Pr

M←M

[
[(Mk)out]α′ = y and M ∈ M

∣∣σ′] (4)

where the maximum is taken over all partial assignments σ′ on all the input elements other
than core elements and their symmetric elements, such that σ′ is consistent with σ. We
denote f : Rm′ → Rm as the function of (Mk)out given core elements, and all the other input
elements fixed by σ′. And we denote by fi(·) the i-th element of the output vector.

Let ∥ · ∥∞ denote max norm, i.e., the maximum absolute value of all elements. Fix an
arbitrary instance M′ that is consistent σ′ such that [(M′k)out]α′ = y. Then, for matrices M
consistent with σ′ and with the same output, we have

∥f((M)core)− f((M′)core)∥∞ ≤ 1/nα
′
.

By the mean value theorem, there exists m vectors c1, . . . , cm, such that for every ℓ ∈ [m],

fℓ((M)core)− fℓ((M′)core) = ∇fℓ(cℓ) · ((M)core − (M′)core)

where ∇fℓ(cℓ) is exactly the ℓ-th column of the Jacobian matrix evaluated at cℓ. We let
J ∈ Rm′×m be the matrix where the ℓ-th column is exactly ∇fℓ(cℓ) for each ℓ ∈ [m]. Then
we have

1/nα
′
≥ ∥f((M)core)− f((M′)core)∥∞ = ∥JT ((M)core − (M′)core)∥∞. (5)

Because by Lemma 16, when given σ′ fixed, the Jacobian matrix is almost fixed but the
O(k5/n2+3β) term. We have

∥J− J(M)∥∞, ∥J− J(M′)∥∞ ≤ O(k5/n2+3β)

for J(M),J(M′) respectively the Jacobian matrix evaluated at M and M′. The singular
value bounds given in Lemma 21 also apply to J, since, the as stated in Lemma 21, the
bound applies even when J is a matrix obtained by perturbing every element of a Jacobian
matrix by at most O(k5/n2+3β).

Let m′′ := 0.8m, by Lemma 21 and Cauchy interlacing theorem, J ∈ Rm′×m between the
core elements in M and (Mk)out satisfies: for every ℓ ∈ [0.8m],

σℓ(J) = Ω(k3√m/n2β+γ+1). (6)

Consider the singular value decomposition J = UΣVT for orthogonal matrices U ∈
Rm′×m′

,V ∈ Rm×m and a diagonal matrix Σ where Σ[ℓ, ℓ] = σℓ(J) for every ℓ ∈ [m′]. Denote
by u1, . . . ,um′ the columns of U, which are orthonormal vectors. Let ((M)core− (M′)core) =∑m′

ℓ=1 αℓuℓ for some α1, . . . , αm′ ∈ R. Then we have

∥JT ((M)core − (M′)core)∥∞ ≥
1√
m
∥JT ((M)core − (M′)core)∥2

= 1√
m
∥VΣTUT (

m′∑
ℓ=1

αℓuℓ)∥2

= 1√
m
∥ΣTUT (

m′∑
ℓ=1

αℓuℓ)∥2

=

√∑m′

ℓ=1 σℓ(J)2α2
ℓ

m
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where the first inequality is by Cauchy-Schwarz, the third line is because the L2 norm remains
the same under orthogonal transformations.

Notice that for every ℓ ∈ [m′], αℓ = uℓ · ((M)core − (M′)core). Combining the above with
inequality (5) and equation (6), for every ℓ ∈ [m′′], we have

((M)core − (M′)core)Tuℓ ≤
√
m

nα′σℓ(J) ≤ O(n2β+γ−α′+1/k3).

Therefore, given y and σ′, the possible input set is contained in the solution set of the
above m′′ inequalities, whose volume is proportional to the volume of the hyperrectangle
with m′′ dimensions concentrated in the uniform input space.

Notice that the total volume of possible inputs M given σ′ is 1/n(β+γ)m′ . For every
pair of different possible matrices consistent to σ′, their maximum L2 distance is at most√
m′/nβ+γ . Therefore, the maximum volume of the hyperrectangle is upper-bounded by

(O(n2β+γ−α′+1/k3))m
′′
· (
√
m′/nβ+γ)m

′−m′′
.

Recall that m′′ = 0.8m, and m′ = 0.9m. By inequality (4),

Pr
M←M

[
[(Mk)out]α′ = y and M ∈ M

∣∣σ]
≤(O(n2β+γ−α′+1/k3))m

′′
· (
√
m/nβ+γ)m

′−m′′
· n(β+γ)m′

≤ exp(m′′(2β + γ − α′ + 1) lnn) · exp((m′ −m′′)(0.5− β − γ) lnn) · exp(m′(β + γ) lnn)
≤ exp((2.4β + 1.6γ − 0.8α′ + 0.85)m lnn)
≤ exp(−2r)

while α′ ≥ 3β + 2γ + 3.6 and m = r
lnn < n.

Since the conditional min-entropy of m selected output elements is at least 2r, the
conditional min-entropy of all the 3m output elements is also at least 2r. ◀

4 Lower bounds to approximate matrix powering with superlinear-in-n
redundancy

The above approach does not easily extend to proofs to r · t = Ω(n2) lower bounds for
r = ω(n lnn) because the Jacobian matrix of ω(n) core elements and output elements can
not be easily controlled. Our analysis above relies on the fact that the core elements, output
elements, and their symmetric elements do not share rows and columns. To that end, we use
a different input distribution which leads to the same trade-off for r ∈ [10n logn, n2/1000].
Notably, the lower bound derived using this distribution also implies a lower bound for the
fundamental counting set intersection problem in data structures.

Nemesis input distribution

Fix n ≥ 1 a large enough integer. Fix a partition V1 := {1, 2, . . . , n/3}, V2 := {n/3 +
1, . . . , 2n/3}, V3 := {2n/3 + 1, . . . , n} to [n]. Let M be a distribution of n × n symmetric
matrices M with the following conditions.
1. For every (u, v) ∈ (V1 × V2) ∪ (V2 × V3),

M[u, v] = M[v, u] =
{

1/n3 with independent probability 1/2
0 with independent probability 1/2.
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2. For every u ∈ [n], M[u, u] = 1− 1/n2.
3. For every other (u, v) ∈ [n]× [n], M[u, v] = 0.

In other words, its underlying graph is a three-layered undirected graph with heavy lazy
transitions. For each pair of vertices of consecutive layers, we connect them with independent
probability 1/2. We have the following observation.

▶ Observation 29. For every pair of vertices (u, v) ∈ V1 × V3 and every 2 ≤ k ≤ n, if there
are exactly a length-2 simple paths from u to v,

Mk[u, v] =
(
k

2

) (
n2 − 1
n2

)k−2
a

n6 +O(k4/n9).

Proof. Let a2, . . . , ak respectively denote the number of length-2, . . . , k walks from u to v
without self loops. Then each ai = O(ni−1). Specifically, for every odd i, ai = 0. Because
the underlying graph of M without self-loops is a bipartite graph where u, v belong to the
same part. We get

Mk[u, v] =
(
k

2

) (
n2 − 1
n2

)k−2
a2

n6 +
k∑
i=4

(
k

i

) (
n2 − 1
n2

)k−i
ai
n3i

where the summation is upper bounded by the sum of a geometric series, and is dominated
by the case i = 4. ◀

Since k4/n9 = o(k2/n6), approximating the power of M can be used to answer the
number of length-2 paths between vertices from V1 and V3 exactly. In this way, we get rid of
the matrix, and are able to focus on a clean combinatorial task. In fact, we will show that
even computing the parity of Mk[u, v] requires high data structure complexity.

This problem can also be rephrased in terms of counting set intersection: for every pair
of vertices (u, v) ∈ V1 × V3, the number of length-2 paths from u to v is exactly the size of
the intersection of their neighbor sets.

The sequence of queries that we construct is similar to the above. We let it to be a
concatenation of n/3 disjoint bijections between V1 and V3:

Q = ((1, 2n/3 + 1), (2, 2n/3 + 2), . . . , (n/3, n)︸ ︷︷ ︸
identity bijection

, . . . , (1, n), (2, 2n/3 + 1), . . . , (n/3, n− 1)︸ ︷︷ ︸
shifted bijection

)

Formally, for every i ∈ [n/3], the i-th bijection is exactly a sequence of pairs (u, v) where
u ∈ V1;
v = (u+ i− 2) mod (n/3) + 2n/3 + 1.

The following observation is immediate from our construction.

▶ Observation 30. For every consecutive m ≥ n queries in Q, there does not exist an index
v ∈ [n] that is covered more than ⌈ mn/3⌉ times.

Even though the input distribution is a clean uniform distribution, the conditional min-
entropy remains non-trivial to analyze. Our strategy, analogous to the previous section, is
to find a “basis” from the input elements to the outputs. We show that we can always find
such a basis for a large set M of “good inputs”.
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▶ Definition 31. Let M̂ ∈ Fn×n2 denote the binary matrix where each element M̂[i, j] = 1 if
and only if M[i, j] ̸= 0.

Let M ⊆ Rn×n be a set of “good” input matrices M such that for every d ∈ [10 logn, n/3],
and every V ′1 ⊆ V1, V

′
2 ⊆ V2, |V ′1 | = |V ′2 | = d, the submatrix has a high rank:

rank(M̂[V ′1 , V ′2 ]) ≥ d/2.

Notice that the submatrix is a uniformly random square matrix, where there are classic
results bounding its rank.

▶ Proposition 32 (page 38 of [3]; see also page 1 of [12]). Let M̂ be a uniformly random
n× n matrix over F2. For every k ∈ {0, . . . , n},

Pr[rank(M̂) = n− k] = 1
2k2

∏n
i=1(1− 1/2i)

∏n
i=k+1(1− 1/2i)∏n−k

i=1 (1− 1/2i)
∏k
i=1(1− 1/2i)

.

Formally, the following lemma shows that the input matrix is good with high probability.

▶ Lemma 33. With probability ≥ 1− o(1), a random input matrix from M is good.

Proof. For every d ∈ [10 logn, n/3], there are
(
n/3
d

)2
≤ ( en/3

d )2d submatrices of dimension
d × d. For each submatrix M̂[V ′1 , V ′2 ], and every k ∈ [d/2 + 1, . . . , d], by Proposition 32
we have

Pr[rank(M̂[V ′1 , V ′2 ]) = d− k] = 1
2k2

∏d
i=1(1− 1/2i)

∏d
i=k+1(1− 1/2i)∏d−k

i=1 (1− 1/2i)
∏k
i=1(1− 1/2i)

≤ 2d−d
2/4.

Therefore,

Pr[rank(M̂[V ′1 , V ′2 ]) ≤ d/2] ≤ (d/2)2d−d
2/4.

By union bound, the probability that at least one of the submatrices have a low rank is

Pr[M is bad] ≤
n/3∑

d=10 logn
(en/3
d

)2d(d/2)2d−d
2/4 ≤

n/3∑
d=10 logn

2−5 log2 n = o(1). ◀

Equipped with the above tools, we are ready to prove the lower bound to AMP with high
redundancy.

▶ Theorem 34 (Lower bound to AMP with superlinear-in-n redundancy). Fix 2 ≤ k ≤ n and
a constant α > 6. For every (possibly randomized) succinct and systematic data structure
with r ∈ [10n logn, n2/1000] bits of redundancy that answers the whole approximated matrix
power [Mk]α correctly with ≥ 99/100 probability, its total number of probes is Ω(n4/r) in the
worst case.

Proof. For each (u, v) ∈ V1 × V3, to approximate [Mk]α for α > 6, by Observation 29, the
algorithm should also be able to answer exactly the number of length-2 paths from u to v.

By Yao’s minimax principle, there is a randomized data structure that answer the fixed
sequence of queries Q with high probability efficiently for every possible input only if there
exists a deterministic data structure that with the same success probability and the same
complexity given a random input drawn from M. In below, we focus on deterministic data
structures and query-with-sketch algorithms.
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By Lemma 3 and Lemma 8, the lower bound reduces to showing that for every block of
m = 20r consecutive queries from Q, and for every partial assignment σ of length at most
q := 0.001n2 to M, the joint min-entropy of the output conditioned on σ is ≥ 2r. We will
focus on the min-entropy of the unrounded elements of Mk in below, as it is equivalent to the
min-entropy of the rounded elements of [Mk]α, given our input distribution M. Besides, in
applying Lemma 8, we only pick a good input set M constructed above, and set Mσ = Rn×n
for every σ.

By our construction, the input matrix M is fixed other than two submatrices, M[V1×V2]
and M[V2 × V3]. Given a partial assignment of length at most q, there are at most 0.1n
vertices from V1 ∪ V3, where each of their corresponding rows (if in V1) or columns (if in V3)
has ≥ 0.01n elements revealed from σ. We call these vertices “bad vertices”, and other
vertices “good vertices”. Let Q′ = ((u1, v1), . . . , (um′ , vm′)) be the subsequence of the m
consecutive queries containing only pairs of good vertices. By Observation 30, we have

m′ ≥ m− 0.1n · ( m
n/3 + 1) ≥ 0.69m

There exists a sequence (w1, . . . , wm′) such that the sequence of triples (u1, v1, w1), . . . ,
(um′ , vm′ , wm′) are edge-disjoint triples where none of the edges (ui, wi), (wi, vi) are revealed
by σ, which means that none of pairs of indices (u, v), (v, w), or (u,w) belong to multiple
triples. Its existence directly follows from a construction: we decide each wi one by one. For
each (ui, vi), given w<i fixed, among n/3 indices from V2, at least n/3−2⌈ mn/3⌉−0.02n ≥ 0.19n
elements of M[ui, ·] and M[·, vi] are unfixed by σ and w<i, which means there always exists
an wi that satisfies our condition.

Observe that for every partial assignment σ of length ≤ q,

Hmin(Mk[u1, v1], . . . ,Mk[um′ , vm′ ],M ∈ M|σ)
≥min

σ′
Hmin(Mk[u1, v1], . . . ,Mk[um′ , vm′ ],M ∈ M|σ′])

where σ′ is selected from all possible partial assignments to M that is consistent to σ and
reveals all the elements other than the m′ elements M[w1, v1], . . . ,M[wm′ , vm′ ].

Fix a vertex v ∈ V3 such that there are ≥ 10 logn queries on v in Q′. Since m′ ≥ 0.69m ≥
13.8r ≥ 138n logn, at least ≥ 202m′/207 queries from Q′ are made on such vertices v ∈ V3.
Or otherwise there will be less than

n

3 · 10 logn+ 202m′

207 ≤ m′

queries in Q′.
Let d ≥ 10 logn be the number of queries on v in Q′, and (u′1, v, w′1), . . . , (u′d, v, w′d) the

triples. By our construction of w and Q, none of the vertices u′i ∈ V1 and w′i ∈ V2 repeat
in the d triples. In addition, conditioned on σ′, different columns of the matrix power
Mk[·, v] are independent. The outputs Mk[u′1, v], . . . ,Mk[u′d, v] only depend on variables
M[w′1, v], . . . ,M[w′d, v]. More precisely, each Mk[u′i, v] is a linear combination of the variables:
for every i ∈ [d],

Mk[u′i, v] =
∑

w:∀j,w ̸=w′
j

M[u′i, w]M[w, v]

︸ ︷︷ ︸
fixed given σ′

+
d∑
j=1

M[u′i, w′j ]M[w′j , v]

We only need to show that the set of vectors {(M̂[u′i, w′j ])j∈[d]}i∈[d] form a basis of rank
at least d/2. If it is true, the parity of the output elements, which can always be presented
as a linear combination of these vectors, will have ≥ d/2 min-entropy.
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Formally, let y ∈ Fd2 be the vector where y(i) = M̂k[u′i, v]. Let x ∈ Fd2 be the vector
where x(i) = M̂[wi, v]. Let V ′1 = {u′1, . . . , u′d} and V ′2 = {w′1, . . . , w′d} Then for every σ′,
there exists a vector w ∈ Fd2 such that

y = w + M̂[V ′1 , V ′2 ]x

where x is a uniformly random vector over Fd2, given σ′. Therefore,

Hmin(Mk[u′1, v], . . . ,Mk[u′d, v],M ∈ M|σ′)
≥min

σ′
Hmin(y|σ′)

= min
σ′

Hmin(M̂[V ′1 , V ′2 ]x|σ′)

= min
σ′

rank(M̂[V ′1 , V ′2 ])

≥d/2.

Here, the min-entropy of the output is greater than or equal to the min-entropy of y because
by Observation 29, Mk[u, v] determines the number of length-2 walks from u to v, and hence
its parity.

Therefore, each vertex v of d queries contribute ≥ d/2 min-entropy. In addition, different
columns Mk[·, v] of the output are independent given σ′. The total min-entropy of the output
is at least 1

2 ·
202m′

207 , where 202m′

207 is the least number of queries from Q′ that are made on
these vertices v. We conclude that

Hmin(Mk[u1, v1], . . . ,Mk[um′ , vm′ ],M ∈ M|σ) ≥ 101m′

207 ≥ 6.7r > 2r

By Lemma 3 and Lemma 8, the lower bound follows. ◀

The lower bound to the counting set intersection follows through a reduction from AMP.

▶ Corollary 35 (Lower bound to counting set intersection). Given a (possibly randomized)
succinct and systematic data structure with r ∈ [10n logn, n2/1000] bits of redundancy that
given as input 2n/3 subsets of [n/3] answers their pairwise set intersection size correctly with
≥ 99/100 probability, its total number of probes is Ω(n4/r) at the worst case.

We note that no super-linear-in-n amortized probe lower bound for counting set intersec-
tion can be obtained. Because the intersection size of every pair of sets can be answered in
O(n) probes.

Proof. Let the input sets follow i.i.d. uniform distribution from {0, 1}n/3. Counting set
intersection is exactly counting the number of length-2 paths given an input from M, which
we have established a lower bound above. ◀

5 Lower bounds to set disjointness and (2 − ε)-approximate APSP

In this section, we study the lower bound to the set disjointness, which is the decision version
of counting set intersection. The same nemesis distribution and analysis also implies the
same probe-redundancy trade-off for the (2− ε)-approximation of APSP. We state our proof
in the context of set disjointness.
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Set disjointness problem

Given as input n sets A1, . . . , An ⊆ [n]. The succinct and systematic data structure, given
a pair of indices (u, v) ∈ [n]× [n], must answer whether |Au ∩ Av| = 0. For simplicity, we
denote the answer as Ansu,v, which is a binary bit that is 1 iff the answer is NO.

For the convenience of our analysis, each Au also denotes a binary vector of length n,
where the w-th bit denotes whether w ∈ Au.

The uniform input distribution is no longer hard for this problem: when each vector is
i.i.d. uniformly from {0, 1}n, with high probability for every u, v, |Au ∩ Av| ≠ 0. To that
end, we construct the following nemesis distribution where 1s are sparse in the input vectors.

Nemesis input distribution

Let A denote the input distribution that, for every u, i ∈ [n], Au(i) = 1 with independent
probability 1/

√
n logn.

One can see that Pr[Ansu,v = 1] = Θ(1/ log2 n) for every u ̸= v.
We use a similar sequence Q of queries as above. Let V1 := {1, . . . , n/2} and V2 :=

{n/2 + 1, . . . , n}. We let Q to be a concatenation of n/2 disjoint bijections between V1
and V2:

Q = ((1, n/2 + 1), (2, n/2 + 2), . . . , (n/2, n)︸ ︷︷ ︸
identity bijection

, . . . , (1, n), (2, n/2 + 1), . . . , (n/2, n− 1)︸ ︷︷ ︸
shifted bijection

)

Formally, for every i ∈ [n/2], the i-th bijection is exactly a sequence of pairs (u, v) where
u ∈ V1;
v = (u+ i− 2) mod (n/2) + n/2 + 1.

The main result in this section is the following lower bound.

▶ Theorem 36 (Lower bound to set disjointness). Given a (possibly randomized) succinct
and systematic data structure with r ∈ [10n log2 n, n

√
n/1000 log3 n] bits of redundancy that

given as input n subsets of [n] answers the sequence of queries Q correctly with ≥ 99/100
probability, its total number of probes is Ω(n4/(r log3 n)) in the worst case.

Different from the previous lower bounds to AMP, the answers cannot be formulated as
(nearly-)linear combinations of selected input elements, where analytic or linear algebraic
tools may apply. However, the sparsity of the sets still enables us to lower bounding the
min-entropy. Formally, we define the following set of “good inputs”.

▶ Definition 37. Let A be the set of good inputs {A = (A1, . . . , An)} satisfying the following
conditions
(1) For every u ∈ [n],

0.99
√
n

logn ≤ |Au| ≤ 1.01
√
n

logn.

(2) For every k ∈ [log2 n,
√
n], u ∈ V1 and v ∈ V2,

k−1∑
i=0

Ansu+i,v ≤
2k

logn

where Ansu+i,v denotes Ansu+i−n/2,v if u+ i > n/2.
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(3) For every k ∈ [log2 n,
√
n], every u ∈ V1 and every w ∈ [n],

k−1∑
i=0

Au+i(w) ≤ 2 logn

where Au+i(w) denotes Au+i−n/2(w) if u+ i > n/2.

We will show that, for most of indices v ∈ V2, for a fixed assignment to all the A1, . . . , An/2,
and for a fixed sequence of answers Ans·,v, a large proportion of bits in Av are forced to be
0 if the input is good, which results in a high conditional min-entropy.

We use the following form of Chernoff bound to show that a random input is good with
high probability.

▶ Proposition 38 (simplified Chernoff bound). Let X1, X2, . . . , Xn be independent random
variables such that Xi ∈ [0, 1]. Let X =

∑n
i=1 Xi. Then, for every δ > 0,

Pr[|X − E[X]| ≥ δ · E[X]] ≤ 2 · exp
(
− δ2

2 + δ
· E[X]

)
.

▶ Lemma 39. For every large enough n, a random input from A is good with probability at
least 99/100.

Proof. We will show that each condition holds with low probability. The desired probability
bound follows from the union bound.

For condition (1), we know from our input construction that E[|Au|] =
√
n

logn . By Chernoff
bound,

Pr
[∣∣∣∣Au − √nlogn

∣∣∣∣ ≥ 0.01
√
n

logn

]
≤ exp(−Ω(

√
n/ logn)).

By union bound over all u, with ≥ 1− o(1) probability condition (1) holds.
Then, we show that condition (2) holds with high probability conditioned on (1) is true.

Fix an index v ∈ V2 and an assignment α to Av where |α| ∈ [0.99
√
n

logn , 1.01
√
n

logn ]. Conditioned
on a fixed Av = α, for every u and i, Ansu+i,v are independent random variables where

Pr[Ansu+i,v = 0|Av = α] =
(

1− 1√
n logn

)|α|
.

By Observation 14 and the Taylor expansion exp(−x) = 1− x+ x2

2 − . . . , we have

Pr[Ansu,v = 1|Av = α] ≥ 1− exp
(
− |α|√

n logn

)
≥ |α|√

n logn
− |α|2

2n log2 n
≥ 0.98

log2 n

and

Pr[Ansu,v = 1|Av = α] ≤ 1− exp
(
− |α|√

n logn− 1

)
≤ |α|√

n logn− 1
≤ 1.02

log2 n
.

By Chernoff bound,

Pr
[
k−1∑
i=0

Ansu+i,v >
2k

logn

∣∣∣∣∣Av = α

]
≤ exp(−1.9k/ logn) ≤ O(n−2.7)

By union bound over u, v, and k, with ≥ 1− o(1) probability condition (2) holds.
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For condition (3), notice that E[
∑k−1
i=0 Au+i(w)] = k√

n logn . By Chernoff bound, for every
k, u, w,

Pr
[
k−1∑
i=0

Au+i(w) > 5 logn
]
≤ O(n−2.7).

Again, by union bound, condition (3) holds with ≥ 1− o(1) probability. ◀

However, the above set of good inputs still does not guarantee a high conditional min-
entropy. Imagine a magical algorithm that finds all the 1s in all the strings in O(n

√
n/ logn)

probes. No entropy would remain in the input. To that end, we construct good input sets
Aσ for every partial assignment σ of length ≤ q. Intuitively, the good input sets Aσ ensures
that high uncertainty remains in the unprobed part of the input.

▶ Definition 40. For every partial assignment σ of length ≤ 10−4n2, let Aσ be the set of
good inputs {A = (A1, . . . , An)} such that for every shifted bijection (1, v1), . . . , (n/2, vn/2) in
the sequence of queries Q, no more than 0.15n indices vi in V2 satisfy the following condition:
let Wi,vi

⊆ [n] denote the set of indices w such that Ai(w) = 1 and Avi
(w) is revealed by σ;

then |Wi,vi
| > 0.5

√
n/ logn.

To show that a random input falls in Aσ with high probability conditioned on σ, we will
use the following standard Chernoff bound.

▶ Proposition 41 (standard Chernoff bound [28]). Let X1, . . . , Xn be independent random
variables with Xi ∈ {0, 1} and Pr[Xi = 1] ∈ (0, 1) for i ∈ [n]. Then, for X =

∑n
i=1 Xi, µ =

E[X], and any δ > 0,

Pr[X > (1 + δ)µ] <
(

eδ

(1 + δ)(1+δ)

)µ

.

▶ Lemma 42. For every partial assignment σ of length ≤ 10−4n2, we have

Pr
A←A

[A ∈ A− Aσ|σ] ≤ exp(−0.0048n
√
n/ logn).

Proof. We show that for every fixed shifted bijection (1, v1), . . . , (n/2, vn/2), the condition is
satisfied with high probability. And we conclude with a union bound over all the n shifted
bijections.

Given σ of length at most q, there are at most 0.01n vectors in which ≥ 0.01n bits
are revealed from σ. Without loss of generality, we assume that the first 0.49n pairs
(1, v1), . . . , (0.49n, v0.49n) do not contain such vectors.

For each of these pairs (i, vi) for i ∈ [0.49n], there are ≥ 0.98n indices w ∈ [n] such
that neither of Ai(w) nor Avi

(w) are revealed by σ. Without loss of generality, we assume
these indices are w = 1, . . . , 0.98n. When A ∈ A and |Wi,vi

| > 0.5
√
n/ logn, we should have∑0.98n

w=1 Ai(w) < 0.51
√
n/ logn, by |Ai| ≤ 1.01

√
n/logn. We apply the simplified Chernoff

bound (Proposition 38) with E[
∑0.98n
w=1 Ai(w)|σ] = 0.98

√
n/ logn, and obtain

Pr[
0.98n∑
w=1

Ai(w) < 0.51
√
n/ logn|σ] ≤ 2·exp(− 47

243 ·0.51
√
n/ logn) ≤ 2·exp(−0.098

√
n/ logn).

Let X1, . . . , X0.49n ∈ {0, 1} be the indicators of whether |Wi,vi
| > 0.5

√
n/ logn. Then,

conditioned on σ, these indicators are independent random bits, each evaluating to 1 with
probability ≤ 2 · exp(−0.098

√
n/ logn). A ∈ A − Aσ only if X :=

∑0.49n
i=1 Xi > 0.05n.
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By applying the standard Chernoff bound (Proposition 41) with (1 + δ)µ = 0.05n and
µ ≤ 0.98n exp(−0.098

√
n/ logn), we get

Pr[X > 0.05n] < exp(−0.0048n
√
n/ logn).

The desired inequality follows by a union bound over all n/2 shifted bijections. ◀

Given an input with the above conditions, we are able to prove the lower bound.

Proof to Theorem 36. Again, by Yao’s minimax principle, we may focus on proving lower
bounds for data structures given a random input from A. By Lemma 3 and Lemma 8,
the lower bound reduces to showing that for every m := 120r log3 n consecutive queries
(u1, v1), . . . , (um, vm) fromQ, and for every partial assignment σ of length at most q := 10−4n2

to M, the joint min-entropy of the output conditioned on σ is ≥ 2r. We may always assume
that m is a multiple of n/2, as this will only increase m by at most n/2 = o(r log3 n). In
addition, this ensures that the consecutive m queries is a concatenation of shifted bijections.
As shown in Lemma 39 and Lemma 42, the input falls in A with high probability, and falls
in Aσ with high probability for every σ.

Observe that for every partial assignment σ of length ≤ q,

Hmin(Ansu1,v1 , . . . , Ansum,vm
, A ∈ A ∩ Aσ|σ)

≥min
σ′

Hmin(Ansu1,v1 , . . . , Ansum,vm
, A ∈ A ∩ Aσ|σ′)

where σ′ is selected from all possible partial assignments to A = (A1, . . . , An) that is consistent
to σ and reveals all the A1, . . . , An/2. We will show that the min-entropy remains high even
conditioned on σ′.

Before bounding the min-entropy, let us further pick an analyzable part from the remaining
input. Given σ of length at most q, there are at most 0.01n vectors in which ≥ 0.01n bits
are revealed from σ. We call these vectors “bad vectors”, and other vectors “good vectors”.

By our construction to Q, for every m consecutive queries, each Au for u ∈ [n] is involved
in exactly m/(n/2) queries. Therefore, at least 0.98m queries are among good vectors. In
addition, at most 0.3m queries (u, v) has |Wu,v| > 0.5

√
n logn. Denote by m′ ≥ 0.68m the

number of remaining queries, and the sequence of remaining queries Q′.
Fix an index v ∈ V2 such that it is contained in at least m′/3n queries in Q′. There are

at least ≥ 0.31n many such vertices, otherwise the total number of queries in Q′ is

< 0.31n · 2m
n

+
(n

2 − 0.31n
)
· m
′

3n ≤ m
′

where 2m/n is the maximum number of queries that involve a vertex v ∈ V2 in m consecutive
queries.

We denote by d ≥ m′/3n > log2 n the number of queries that contain v, and (u′1, v), . . . ,
(u′d, v) ∈ Q′ these queries. Given all the vectors in V1 fixed by σ′, these queries are independent
of other queries in Q′.

Assuming a good input, by the condition (2) of Definition 37, at most 2·2m/n
logn = 4m

n logn
out of d queries have answers of 1. Recall that condition (2) gives an upper bound to the sum
of answers of a consecutive sequence of queries to every fixed v. Note from the construction
to Q that the m consecutive queries contain exactly 2m/n ≤

√
n consecutive queries on

v. While Q′ is obtained by removing elements from the m queries, the sum of answers of
queries in Q′ is smaller than or equal to the consecutive sum in Q, and is also bounded by
condition (2).
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Without loss of generality, we assume that they are the first d′ ≤ 4m
n logn queries:

Ansu′
1,v

= · · · = Ansu′
d′ ,v

= 1.

For each u ∈ [n], we use A′u to denote the vector Au removed all the indices w where Av(w)
is revealed by σ. We will show that the Hamming weight of A′u′

d′+1
∨ · · · ∨A′u′

d
is high. That

is, given σ′, for every fixed and possible answer to good inputs, a large enough proportion of
bits of A′v are forced to be 0, to avoid intersecting with any A′u′

d′+1
, . . . , A′u′

d
. Therefore, the

conditional probability this happens is always small.
Notice that by condition (1) of Definition 37 and Definition 40,

d∑
i=d′+1

|A′u′
i
| ≥ (d− d′) · 0.49

√
n

logn >
9.7r log2 n√

n

where for each index w ∈ [n], by condition (3) of Definition 37,
d∑

i=d′+1
|A′u′

i
(w)| ≤ 2 logn.

Therefore, for the Hamming weight of the OR of these binary strings,∣∣∣A′ud′+1
∨ · · · ∨A′ud

∣∣∣ ≥ 9.7r log2 n√
n

· 1
2 logn = 4.8r logn√

n
.

Since given σ, A′v is a random vector where each bit is 1 with independent probability
1/
√
n logn, we have

Pr[A′v∧(A′ud′+1
∨· · ·∨A′ud

) = 0 and A ∈ A∩Aσ|σ′] ≤ (1−1/
√
n logn)

4.8r log n√
n ≤ exp(−4.8r/n).

That means that the min-entropy of queries on v is at least

4.8 log(e)r/n ≥ 6.92r/n.

Since the min-entropy on different v ∈ V2 conditioned on σ′ are independent, the total
min-entropy is lower bounded by their sum:

Hmin(Ansu1,v1 , . . . , Ansul,vl
, A ∈ A ∩ Aσ|σ) ≥ 0.31n · 6.92r

n
> 2r

Therefore, the lower bound holds for set disjointness. ◀

The above lower bound also applies for the (2− ε)-approximate APSP, for every ε > 0.
We obtain it via a reduction to set disjointness under the nemesis distribution A.

(2 − ε)-approximate all-pairs shortest paths (APSP)

Fix a parameter ε > 0, Given as input an undirected graph G = (V,E). The succinct and
systematic data structure, given a sequence of all pairs of vertices (u, v) ∈

(
V
2
)
, must answer

a value d ∈ [dG(u, v), (2 − ε)dG(u, v)] for each (u, v), where dG(u, v) denotes the shortest
distance between u and v in G.

▶ Theorem 43 (Lower bound to (2− ε)-approximate APSP). Fix ε > 0. Given a (possibly
randomized) succinct and systematic data structure with r ∈ [5n log2 n, n

√
n/4000 log3 n] bits

of redundancy that given as input a graph G on n vertices (2 − ε)-approximates all pairs
shortest paths distances correctly with ≥ 99/100 probability, its total number of probes is
Ω(n4/(r log3 n)) at the worst case.
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Proof. We prove the lower bound through a reduction from set disjointness. For every
instance of set disjointness, we construct an input to APSP, such that data structures to
APSP, through the reduction, can be revised into data structures for set disjointness with
the same success probability and complexity.

Suppose for the sake of contradiction that there exists a data structure D of bounded
complexity for (2− ε)-APSP. Given an input from A. We construct a graph G = (V,E) of
2n vertices, where V = V1 ∪W ∪ V2 and 2|V1| = |W | = 2|V2| = n. For every u ∈ V1 and
w ∈ [n], u connects to the w-th vertex in W if and only if Au(w) = 1. Analogously, for every
v ∈ V2 and w ∈ [n], v connects to the w-th vertex in W if and only if Av(w) = 1.

For each query (u, v) from Q, we ask D about the shortest path length between u ∈ V1
and v ∈ V2 in G. If the answer d ∈ [2, 4), we answer that |Au∩Av| ≥ 1; otherwise, we answer
|Au ∩Av| = 0.

To see the correctness, by our construction, dG(u, v) = 2 if and only if |Au ∩ Av| ≥ 1;
otherwise dG(u, v) ≥ 4. The constructed graph is a bipartite graph on two parts V1 ∪ V2 and
W , and there cannot be paths of length 3 between u and v. We get a data structure for set
disjointness with the same redundancy and the same probe complexity. Therefore, the same
lower bound holds for (2− ε)-approximate APSP. ◀
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A Missing proof to Lemma 13

The probability we are going to bound is the probability that any of the dimension of the
Mk[u, v] is not close to a/2nα′ , for integers a. It is non-trivial to bound since Mk does not
follow a uniform distribution.
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Specifically, we will show that each dimension of Mk is close to such a value with
probability ≤ 1/poly(n). The desired probability bound follows by a union bound. For each
dimension [u, v] of Mk, we are going to show that, even when all the other elements of MU
are fixed by an arbitrarily partial assignment σ, the function ϕk,σ : R→ R that maps from
MU[u, v] to Mk[u, v] evaluates to a value that is close to a/2nα′ with low probability. This
is because ϕk,σ is an increasing function with its derivative well-controlled everywhere.

First, we need the following partial derivative bounds that generalizes Lemma 15 and
Lemma 16, and works for every pair of indices [u, v], [i, j]. Recall that we assume that
each MU

k[u, v] is a function on n2 variables MU[i, j]. For simplicity, we study for now
their partial derivatives without the constraint of being a symmetric matrix. Given the
symmetric constraint, their partial derivative is exactly ∂MU

k[u,v]
∂MU[i,j] + ∂MU

k[u,v]
∂MU[j,i] when i ̸= j,

and is ∂MU
k[u,v]

∂MU[i,j] otherwise.

▶ Lemma 44. Let γ > 2, and the values of elements of MU range from [ 1
n −

1
nγ ,

1
n ]. For

every integer 2 ≤ k ≤ n, for every element [i, j] of MU and every element [u, v] of MU
k, we

have the following bounds of ∂MU
k[u,v]

∂MU[i,j] :

∂MU
k[u, v]

∂MU[i, j] =
{

Θ( nn2 ), u = i or v = j

Θ(k−2
n2 ), otherwise

If k = 1, we have:

∂MU
k[u, v]

∂MU[i, j] =
{

1, u = i and v = j

0, otherwise

Proof. We generalize Lemma 15 to every pair of vertices [u, v] and [i, j]. Recall that

∂MU
k[u, v]

∂MU[i, j] =
k−1∑
g=0

 ∑
u=h0,h1,...,hg=i,hg+1=j,...,hk−1,hk=v

 k−1∏
t=0,t̸=g

MU[ht, ht+1]


Again,

∏k−1
t=0,t̸=g MU[ht, ht+1] can be lower-bounded by setting all elements in MU equal

to 1
n −

1
nγ and upper bounded by setting all elements in MU equal to 1

n . We only need to
count the number of sequences u = h0, h1, ..., hk−1, hk = v in which two adjacent indices
are i and j, while in both the lower and upper bounds all elements are equivalent. When g

is picked from {1, 2, ..., k − 2}, there are (k − 2)nk−3 distinct sequences h0, . . . , hk for each
summation. g can be 0 (resp., k − 1) only if u (resp., v) coincides with i (resp., j). More
precisely, the number of extra and distinct sequences for both cases u = i and j = v are
exactly nk−2.

Therefore, when u ̸= i and v ̸= j,

∂MU
k[u, v]

∂MU[i, j] ≤ (k − 2)nk−3 1
nk−1 = k − 2

n2

and

∂MU
k[u, v]

∂MU[i, j] ≥ (k − 2)nk−3
(

1
n
− 1
nγ

)k−1
≥ e−

k−1
nγ−1−1 · k − 2

n2 ≥ (1− o(1)) · k − 2
n2 .

by Observation 14 and γ > 2.
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Similarly, for u = i or v = j but not both,

(1− o(1))n+ k − 2
n2 ≤ ∂MU

k[u, v]
∂MU[i, j] ≤

n+ k − 2
n2

When u = i and v = j,

(1− o(1))2n+ k − 2
n2 ≤ ∂MU

k[u, v]
∂MU[i, j] ≤

2n+ k − 2
n2 ◀

The following lemma generalizes Lemma 16.

▶ Lemma 45. Let γ > 2 and β ≥ γ + 2, and the values of elements of MU range from
[ 1
n −

1
nγ ,

1
n ]. For every integer 3 ≤ k ≤ n, for every element [i, j] of M and every element

[u, v] of Mk, we have the following bound of ∂Mk[u,v]
∂M[i,j] :

∂Mk[u, v]
∂M[i, j] =


Θ(k), u = i and v = j

Θ( k2

n1+β ), u = i or v = j, but not both
Θ( k3

n1+2β ), otherwise
.

Proof. We generalize Lemma 16 to every pair of indices [u, v] and [i, j]. Recall that

∂Mk[u, v]
∂M[i, j] =

k∑
t=0

(
k

t

) (
n2 − 1
n2

)k−t (
1
nβ

)t−1
∂MU

t[u, v]
∂MU[i, j]

which is dominated by t = 1 when u = i, v = j; dominated by t = 2 when u = i or v = j,
but not both; and dominated by the term of t = 3 otherwise.

Combined with Lemma 44, we have the following bounds. When u = i, v = j,

Ω(k) ≤ ∂Mk[u, v]
∂M[i, j] ≤ k

When u = i or v = j, but not both,

Ω
(

k2

n1+β

)
≤ ∂Mk[u, v]

∂M[i, j] ≤
k2(n+ k − 2)

n2+β

When u ̸= i and v ̸= j,

Ω
(

k3

n1+2β

)
≤ ∂Mk[u, v]

∂M[i, j] ≤
k3(2n+ k − 2)

n2+2β ◀

Now, we are ready to prove Lemma 13.

Proof to Lemma 13. Recall that we are going to show that the following happens with high
probability: for every a ∈ N and every u, v ∈ [n], |Mk[u, v]− a/2nα′ | > 1/nα. We bound its
fail probability for every fixed u, v. The desired bound follows by a union bound.

Let σ denote a partial assignment to all the other elements of MU except
MU[u, v],MU[v, u]. And we let ϕk,σ : R→ R a function that maps MU[u, v] = MU[v, u] to
Mk[u, v]. We have

Pr
M←M

[∃a ∈ N, |Mk[u, v]− a/2nα
′
| ≤ 1/nα] ≤ max

σ
Pr

x∈[ 1
n−

1
nγ ,

1
n ]

[∃a ∈ N, |ϕk,σ(x)− a/2nα
′
| ≤ 1/nα].
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There are two cases. When u = v,

∂ϕk,σ
∂x

= ∂Mk[u, v]
∂MU[u, v] = 1

nβ
· ∂Mk[u, v]
∂M[u, v] = Θ(k/nβ).

When u ̸= v,

∂ϕk,σ
∂x

= ∂Mk[u, v]
∂MU[u, v] + ∂Mk[u, v]

∂MU[v, u] = 1
nβ
·
(
∂Mk[u, v]
∂M[u, v] + ∂Mk[u, v]

∂M[v, u]

)
= Θ(k/nβ).

Let us call D(a/2nα′
, 1/nα) a disc, which is the set of real numbers that is within 1/nα

distance from a/2nα′ . We also need to lower bound the range length of Mk[u, v], which gives
the lower bound of how many discs centered at a/2nα′ that f will meet. Since the range
length of MU[u, v] is 1/nγ , the range length of Mk[u, v] is Θ(k/nγ+β). Therefore, there will
be Θ(knα′−γ−β) discs.

For each disc, the range length of MU[u, v] such that ϕk,σ evaluates to this disc is at
most Θ(nβ/knα). Therefore, the total volume of MU[u, v] such that ϕk,σ falls in at least
one discs is at most Θ(nα′−γ−α). Therefore, by union bound,

Pr
M←M

[∃u, v ∈ [n],∃a ∈ N, |Mk[u, v]− a/2nα
′
| ≤ 1/nα]

≤n2 max
σ

Pr
x∈[ 1

n−
1

nγ ,
1
n ]

[∃a ∈ N, |ϕk,σ(x)− a/2nα
′
| ≤ 1/nα]

≤n2 ·Θ(nα
′−γ−α)/(1/nγ)

=Θ(nα
′−α+2)

which is o(1) when α > 2 + α′. ◀

B Missing proof to Lemma 21

We prove Lemma 21 in this section, which is a direct application of the concentration bound
on intermediate singular values given in [34, 42]. Below are definitions used in presenting the
concentration bound.

▶ Definition 46. Let Z be a random variable. Then the ψ2-norm (subgaussian norm) of Z
is defined as

∥Z∥ψ2 := inf
{
λ > 0 : E

[
exp

(
|Z|2

λ2

)]
≤ 2

}
▶ Lemma 47 (Corollary 1.11. of [42]). Let A an m×m random matrix with i.i.d. entries that
have mean 0, variance 1 and ψ2-norm K. Assume also that there exist a constant c(K) > 0
that depends only on K, and positive numbers p > 0, s ≤ c(K) min(1/p, 1) such that for
every i, j ∈ [m],

sup
u∈C

Pr[|A[i, j]− u| ≤ s] ≤ ps. (7)

Then there exist 0 < C1 < C2 and C3 > 0 that depend only on K and p such that for all
ℓ ∈ [m],

Pr
[
C1ℓ√
m
≤ σm+1−ℓ(A) ≤ C2ℓ√

m

]
≥ 1− exp(−C3ℓ).
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Lemma 21 follows by showing that both p and K are constants in our distribution. We
also use the following inequality.

▶ Proposition 48 (Young’s convolution inequality [4]). Suppose f is in the Lebesgue space
Lp(R) and g is in Lq(R) and 1/p+ 1/q = 1/r + 1 with 1 ≤ p, q, r ≤ ∞. Then

∥f ∗ g∥r ≤ ∥f∥p∥g∥q

where (f ∗ g)(t) :=
∫∞
−∞ f(τ)g(t− τ)dτ is the convolution of f and g.

Proof to Lemma 21. Recall that µ is either µ1 or µ2, the distributions of X1 +Y1 +Z1 +W1
or X2Y2 + Z2W2, where Xi, Yi, Zi,Wi are i.i.d. uniform on some symmetric intervals chosen
so that the resulting distribution has variance 1. Concretely,

X1, Y1, Z1,W1 ← Unif
[
−
√

3
2 ,

√
3

2

]
X2, Y2, Z2,W2 ← Unif

[
−

(
9
2

)1/4
,

(
9
2

)1/4
]

We will apply Lemma 47 to A and show that C1, C2, C3 are constants, i.e., in both cases
µ = µ1 or µ = µ2, p,K are constants.

To show that the ψ2-norm K of A[i, j] is a constant, note that µ is supported on a
constant-bounded interval in both cases. K = Θ(1) follows directly from the fact that
bounded random variables are subgaussian [40].

What remains is to show that there exists p such that for a possibly small constant c(K),
inequality (7) holds. To that end, we give upper bounds to the probability density functions
(PDF) fµ1 and fµ2 . Specifically, ∥fµ∥∞ ≤M for an absolute constant M implies that

sup
u∈R

Pr[|A[i, j]− u| ≤ s] = sup
u∈R

∫ u+s

u−s
fµ(t)dt ≤ 2s∥fµ∥∞ ≤ (2M)s (8)

where it suffices to take u ∈ R since A[i, j] is real-valued. Thus (7) holds with p := 2M .

Case µ = µ1. Let a :=
√

3/2. The uniform density on [−a, a] is f0(t) = 1
2a1{|t|≤a},

hence ∥f0∥∞ = 1
2a = 1√

3 . The density of X1 + Y1 + Z1 + W1 is the 4-fold convolution
fµ1 = f0 ∗f0 ∗f0 ∗f0. Note that ∥f0∥1 = 1 since f0 is a PDF. By repeatedly applying Young’s
convolution inequality ∥f ∗ g∥∞ ≤ ∥f∥∞ · ∥g∥1,

∥fµ1∥∞ = ∥(f0 ∗ f0 ∗ f0) ∗ f0∥∞ ≤ ∥f0 ∗ f0 ∗ f0∥∞ · ∥f0∥1 ≤ ∥f0∥∞ · 1 = 1√
3
.

Case µ = µ2. Let b :=
( 9

2
)1/4 and define U := X2Y2. Let fX,Y (x, y) = 1

4b2 be the joint
PDF of X2, Y2, for |x|, |y| ≤ b.

To obtain a clean formula of the PDF fU (u), we use a change of variables. Let (U, V ) =
(X2Y2, X2). Then x = v, y = u/v. Notice the following Jacobian∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ =
∣∣∣∣∂x/∂u ∂x/∂v

∂y/∂u ∂y/∂v

∣∣∣∣ =
∣∣∣∣ 0 1
1/v −u/v2

∣∣∣∣ = 1
|v|
,

which implies that fU,V (u, v) = fX,Y (x, y) ·
∣∣∣∂(x,y)
∂(u,v)

∣∣∣ = fX,Y (v, uv ) · 1
|v| . Hence,

fU (u) =
∫
|v|≤b, |u/v|≤b

fU,V (u, v)dv =
∫
|v|≤b, |u/v|≤b

fX,Y

(
v,
u

v

) 1
|v|
dv

=
∫
|v|∈[|u|/b,b]

1
4b2

1
|v|
dv = 1

2b2 ln b2

|u|
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for 0 < |u| ≤ b2, and

∥fU∥2
2 =

∫ b2

−b2
|fU (u)|2du = 1

2b4

∫ b2

0
ln2

(
b2

u

)
du = 1

2b2

∫ ∞
0

t2e−tdt = 1
b2

where we substitute u = b2e−t and use the fact that Γ(3) =
∫∞

0 t2e−tdt = 2.
Let U ′ := Z2W2. Note that U and U ′ are i.i.d. By applying Young’s convolution

inequality, we have

∥fµ2∥∞ = ∥fU ∗ fU ′∥∞ ≤ ∥fU∥2 · ∥fU ′∥2 = 1
b2 =

√
2

3

In both cases, M :=
√

3
3 ≥ ∥fµ∥∞. By (8), we have

sup
u∈R

Pr[|A[i, j]− u| ≤ s] ≤ ps

for p = 2
√

3
3 and s ≤ c(K)/p. By Lemma 47, C1, C2, C3 are constants. ◀
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