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—— Abstract

We study the relationship between deterministic and randomized black-box reducibility between
problems in TFNP. Our main contribution is a general technique that establishes equivalence
between these reducibility types from specific TENP problems to any TFNP problem. In particular,
we show that this equivalence holds for reductions from complete problems in PPP, PPAD, PPA,
and ¢-PPP. In turn, it strengthens all known black-box separations, originating from these classes,
to randomized separations.

2012 ACM Subject Classification Theory of computation — Problems, reductions and completeness;
Theory of computation — Complexity classes

Keywords and phrases TFNP, Pigeonhole Principle

Digital Object Identifier 10.4230/LIPIcs.CCC.2026.42

1 Introduction

TFNP is the class of search problems such that for any input there is at least one correct
solution, and the correctness of solutions can be checked in polynomial time. It contains many
important problems, such as integer factorization and finding a Nash equilibrium. Being a
semantic class, TFNP is conjectured to have no complete problems [15]. Consequently, most
of the research is focused on studying subclasses of TFNP, defined by complete problems
in them. The most well-studied of these classes are PLS [10], PPP, PPA, PPAD, and
PPADS [15].

It is straightforward to show that PPAD C PPADS C PPP and PPAD C PPA [15], and
it is conjectured that there are no other inclusions between them. However, proving such
separations unconditionally would imply P # NP. Instead, we can look at black-box analogs
of these classes. Since all known inclusions between TFNP classes also hold for their black-
box analogs, separations between black-box classes rule out known techniques for showing
inclusion.

After years of progress, for every pair of the above mentioned classes, it has been
shown that either the inclusion holds unconditionally or it does not hold in the black-box
setting [1, 14, 2, 6]. Subsequently, this result was extended to all possible intersections of
these classes [7, 13]. Naturally, a question arises whether these black-box separations could
be further strengthened. One possible way to do this is to show that these separations persist
even if we consider randomized reductions between complete problems in classes instead of
deterministic ones. Such stronger separations were achieved for some pairs of classes: in [12]
it was shown that in the black-box setting there are no randomized reductions from any of
the above mentioned TFNP subclasses to PWPP (introduced in [9]), and in [8] it was shown
that there is no randomized reduction from PPP to the newly introduced class n-PWPP. In
addition, for most of the studied TFNP classes, it is easy to show that there is no randomized
reduction from them to FP. A notable exception is the problem Lossy, introduced in [11],
which admits a randomized reduction to FP but no deterministic one. It demonstrates that
these two relations do not always coincide. Overall, randomized reducibility in the black-box
TFNP remains largely unexplored.
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Randomized Separations in Black-Box TFNP

1.1 Our Results

We investigate the conditions under which it is possible in the black-box model to strengthen
a deterministic separation to a randomized one. Our main result, stated in Theorem 13,
shows that for certain well-structured problems, if there is no reduction to some S € TFENP,
there is also no randomized reduction to S. Notably, S is an arbitrary problem in TFNP
with no additional restrictions. The proof technique applies to highly symmetric problems.
In addition, it requires that, under particular restrictions, the problem can be reduced to a
smaller instance of the same problem. Many central TENP problems possess these required
structural properties.

We then demonstrate that all the requirements of Theorem 13 are met for certain complete
problems in classes PPP,PPA, PPAD [1], and ¢-PPP [8]. In particular, it automatically
strengthens all known separations originating from them to randomized separations.

1.2 Connection to Proof Complexity

Black-box TFNP has a very tight connection with proof complexity. For many TFNP
subclasses it has been shown that they are characterized by some proof system [6]. That
is, problem S € TFNP is in the subclass if and only if the totality of S has an easy proof
in the proof system corresponding to that subclass. Moreover, in [4] it was shown that
this connection can be extended to randomized reductions, using randomized versions of
proof systems. More specifically, problem S € TFNP is randomized-reducible to a complete
problem in some subclass if and only if the totality of S has an easy proof in the randomized
version of the corresponding proof system. This connection can be used to translate our
results to proof complexity. Let us call a proof system well-behaved if it has corresponding
proof system (see more on that in [3]). Then for any problem S such that it meets the
conditions of Theorem 13, if the totality of S is hard to prove in some well-behaved proof
system, then it is also hard to prove in its randomized version.

Finally, it should be mentioned that the result, similar to ours, was achieved in [16],
where it was essentially shown that PPP is not randomized-reducible to PLS.

1.3 Paper Organization

The remainder of the paper is structured as follows. In Section 2 we introduce most of the
required definitions. In Section 3 we prove our main theorem, as well as a few auxiliary
results. In Section 4 we define classes PPP, PPAD, PPA and ¢-PPP and demonstrate that the
main theorem is applicable to them. In Section 5 we briefly discuss limitations of the main
theorem and future directions.

2 Preliminaries

2.1 Black-Box TFNP

Black-box classes are usually distinguished from their white-box analogs by using superscript
“dt”, which stands for “decision tree”. Since our work is dedicated to black-box classes only,
we will omit this superscript.

» Definition 1. A search problem is a sequence R = {Rn}nen, where Ry C EIIG’ x Oy for
some finite alphabet X, a finite set of solutions Oy, and input length Iy. Any x € El]{}’
is called the input of Ry. A solution o is correct for an input x if (x,0) € Ry. A search
problem is considered total if, for any input, there is a correct solution. Search problem R
belongs to TENP if it is total and there is a family of decision trees T = {Tn o} NeNocoy Of
depth poly(log N') such that (z,0) € Ry < Tno(z) = 1.
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Note that this definition is more general than the commonly used one, where X = {0,1}
and [y = N. We believe that this generalization makes reasoning easier since it allows us to
omit the binary encoding of input. All problems defined in Section 4 can be transformed
into equivalent problems with ¥ = {0,1} and I; = N.

We will sometimes abuse the notation by calling Ry a search problem. Also, if there
are several search problems in the context, we will distinguish related objects by subscript
letters.

» Definition 2. Given search problems Ry and Sy, a pseudo-reduction from Ry to Sy is
a pair (f = {fiticun)> 9 = {9o}ocon ) of families of decision trees over inputs of Ry. Each
fi defines a mapping Eé{}’ — X5 each g, defines a mapping Eé{,v — Opn. We say that the
pseudo-reduction is successful on input x of Ry if:

Vo € On 2 [(2,90()) € Ry <= (f(x),0) € Sy,

where f(x) = fi(x)fa(z) ... fi,,(x). The depth d of the pseudo-reduction is the mazimum
depth of decision trees in f and g. The complezity of the pseudo-reduction is max(d,log M). A
reduction from R to S is a sequence of pseudo-reductions from Ry to Sy for M = M(N), such
that N-th pseudo-reduction is successful on all inputs of Ry and has complezity poly(log N).

Note that pseudo-reduction is not an established term. We introduce it to explicitly
distinguish the cases where we have no guarantee that (f,g) has small complexity and is
successful on all inputs.

» Definition 3. Given search problems Ry and Sy, a randomized pseudo-reduction from
Ry to Sy is a distribution D over some finite set of pseudo-reductions from Ry to Spy.
The success rate on input x is:

Pt g)~p[V0 € Opr : (2, 90(x)) € Ry <= (f(2),0) € Syl

The depth of randomized pseudo-reduction is equal to the maximum depth of pseudo-reductions
in D. Complexity is defined in the same way. A randomized reduction from R to S is a
sequence of randomized pseudo-reductions from Ry to Sy for M = M(N), such that N -
th randomized pseudo-reduction has a success rate of at least and complexity

poly(log N).

1
poly(log V)

This definition can be seen as one-round communication with an adversary, who, given
an arbitrary x and sampled (f, g), tries to provide worst possible solution for f(x). Note
that the adversary knows which (f, g) was sampled, which makes it similar to public coin
communication. As far as we know, this definition of randomized reduction between TFNP
problems is most common, so we are going to use it. Nonetheless, it would be interesting to
see if this result holds for private coin definition.

Also note that some definitions of randomized reductions require a higher success rate
threshold. We have chosen one with a weaker requirements. Since we are going to show that
there is no randomized reduction, our result will also work for more demanding definitions.

We are interested in proving that there is no randomized reduction. For this purpose, it
is more convenient to use an equivalence, which follows from Yao’s minimax principle [17].

» Lemma 4. There is a randomized reduction from a search problem R to a search problem
S if and only if there are p(N) = poly(log N) and M = M(N) such that for any N and
distribution X over input of Ry there is a pseudo-reduction (f,g) from Ry to Sy with
complezity at most p(N) and success rate at least T%V)'
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Finally, sometimes we limit our search problem R to some family of inputs X = {Xy C
YW ven. We denote it as (R, X). In that case, for any pseudo-reduction (f,g) from
(Rn, Xn) to (Sa, Yar) we require that € X = f(z) € Y; also, for a reduction, we require
success only on z € Xy.

2.2 Partial Assignment

» Definition 5. A partial assignment on inputs of the search problem Ry is any element
p € (XN U™, The size of p is |p| = |{i | pi # *}|. We say that p extends py (denoted
p1 3 p2) if they agree in all non-+ positions of pa. Partial assignments p1 and ps are
consistent (denoted p117p2) if there is an input that extends both of them; consistent relative

X
to Xy C EZI\’,V (p1 T'vapg) if such an input exists in Xy .

Partial assignments represent information we know about an input of a search problem.
They are particularly useful when we are working with decision trees. A partial assignment
naturally corresponds to every path from the root to a leaf in a decision tree. This partial
assignment consists of answers to all queries made on this path of the decision tree.

» Definition 6. Given the search problem Ry and a partial assignment p, we say that p
witnesses a solution o € Oy if (x,0) € Ry for all inputs x extending p. A partial assignment
p is called witnessing if it witnesses some solution.

2.3 Properties of Pseudo-Reductions

In this section, we introduce definitions for honest and perceptive pseudo-reductions. To the
best of our knowledge, we are the first to introduce these properties. They are useful for us
because they simultaneously are easy to enforce and guarantee a nice structure for a set of
inputs on which a pseudo-reduction is not successful.

Without loss of generality, we assume that all studied search problems contain a dedicated
always incorrect solution L. This allows a pseudo-reduction to explicitly show that it does
not know a correct solution.

» Definition 7. We call a pseudo-reduction (f,g) from Ry to Sy honest if, for all o' € Oy
and x € Zé{,v, either go (x) = L or the partial assignment corresponding to the computation
of gor on x witnesses the solution gy ().

Intuitively, this property means that whenever the pseudo-reduction is unable to find
a correct solution, it says so instead of trying to guess it. Any pseudo-reduction can be
transformed into an honest one with an overhead of poly(log N) in depth. To achieve this,
for every o' € Oy and for every leaf in g/, we modify g, so that it additionally checks if the
solution in this leaf is correct, and if not, it returns L instead. Since R € TFNP, this check
can be made by a decision tree of poly(log N) depth. Note that if the pseudo-reduction was
successful on an input z, it will remain so.

» Definition 8. Let (f,g) be a pseudo-reduction from Ry to Spr, where R, S € TENP. Let

us fix some family of decision trees Tar = {Ti0toco,, that checks the correctness of solutions

for Syr. We call a pseudo-reduction (f,g) perceptive (with respect to Tar) if:

1. For any leaf | in g,, if the corresponding partial assignment is witnessing, then l returns
any witnessed solution.

2. Let T, be the decision tree over the inputs of Ry, constructed from Ty, by substituting
every query to i-th position of an input of Sp; with the tree f;. We require that g, contains
T o in the sense that any path in g, as a partial assignment extends some path in T .
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This is complementary to the honesty property, which intuitively means that if a pseudo-
reduction has enough information to give a correct solution, it does so.

We will usually omit the choice of the family of decision trees that checks the correctness
of a solution. All we want from it is to check accurately and to have polylogarithmic depth.
With respect to such a family, any pseudo-reduction can be transformed into a perceptive
one with at most a polylogarithmic blowup in size. To achieve this, we apply the following
operations:

1. We extend every g, by replacing all leaves with the decision tree T'ys,,. New leaves inherit
the value of the replaced leaf.

2. In every leaf in the new decision trees, if the corresponding path is witnessing, we replace
the leaf’s value with any witnessed solution.

Note that if the pseudo-reduction was successful on an input z, it will remain so. Moreover,

this operation preserves honesty.

Now we are ready to show why these properties are useful. For a pseudo-reduction
of Ry to Sy, we call an input of Ry bad if the pseudo-reduction is not successful on it.
The following lemma shows how such inputs are distributed for an honest and perceptive
pseudo-reduction.

» Lemma 9. Let (f, g) be an honest and perceptive pseudo-reduction of Ry to Sy of depth d.
Then, for any bad input x, there is a non-witnessing partial assignment p such that:

Ip| < d,

pLx,

Any x' such that p C x’ is also bad.

Proof. Since x is bad, there is 0 € Oy such that (f(z),0) € Sy, but (z, go(z)) ¢ Rn. Let
p be the partial assignment corresponding to the execution of g, on z. It is clear to see
that |p| < d and p C x. Since the pseudo-reduction is perceptive and (z, go(z)) ¢ Rn, p
must be non-witnessing. Also, since our pseudo-reduction is honest, g,(x) = L. Then, for
any ' 3 p, we have (2, g,(2')) = (2/, L) ¢ Rn. Lastly, (f(2'),0) € Sn since T o(f(2')) =
Th.o(f(z)) =1 due to perceptiveness. <

» Corollary 10. We can apply this lemma to every bad input and combine the resulting p
into one set B. Then B is a set of non-witnessing partial assignments with sizes at most d
such that x is bad if and only if it extends some p € B.

2.4 Search Problem Restriction

» Definition 11. Given a search problem Ry, a set of inputs Xy, and a partial assignment
p, a restriction of the pair (Rn,Xn) by p (denoted as (Rn,Xn)[p) is a pair (Ry,XN),
where Xy = Xy, Iy = In — |p|, Oy = On, Xy C Eé{,v is a set of strings such that their
substitution in p in place of all * gives an element of Xn, Ry = {(2/,0) | substituting =’ into
p gives © such that (z,0) € Ry}.

If we have a pseudo-reduction (f,g) from (Ry,Xxy) to a search problem Sy, then we
can also apply the restriction to (f, g) (denoted as (f,g)[p) to get a pseudo-reduction from
(Rn,XN)[p to Sy It is achieved simply by resolving in (f, g) all queries that are already
specified in p. Moreover, the following relation holds:

» Lemma 12. Given a pseudo-reduction (f,g) from (Ry,Xn) to a search problem Sy and a
partial assignment p, if x' € Xy [p is a bad input for pseudo-reduction (f,g)[p, then x € Xy,
obtained by substituting ' into p, is bad for pseudo-reduction (f,g).

42:5
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Proof. Since 2’ is bad, there is o such that ((f[p)(z'),0) € Sm, (2, (go[p)(2")) & Rn[p.
But (flp)(z") = f(z), which means (f(z),0) € Sa; and (go[p)(2') = go(x), which means
(2',90(z)) ¢ Bnlp & (2,90(2)) & Rn. <

3 Main Theorem

» Theorem 13 (Main theorem). Let R, S € TFNP, X = {Xxn C S }nen. Let the following

conditions be met:

1. There is no reduction from (R, X) to S.

2. For any p(N) = poly(log N) and for any sufficiently large N, there are sets Py = P1(N)
and Py = Po(N) of partial assignments over inputs of Ry such that:

a. For any non-witnessing partial assignment p over inputs of Ry with |p| < p(N) and
such that p is extendable to some x € X, there is A, C Py such that Vx € Xy
(pCaredrecd,:TC2).

b. For any sequence {kn € P2(N)}n, (R, X) is reducible to {(Rn, Xn)[kN}N.

c. For k taken uniformly from P2, and then x taken uniformly from {x € Xn : x J K},
the resulting distribution of x is uniform on Xy.

d. There is § > 0 such that for any T C Py:

HkePy|3reT ka7l > (1—o(N){keP:|3IreT: kir}.
Then there is no randomized reduction from (R, X) to S.

Before we proceed with the proof, let us informally explain what sets P; and P represent
and how this proof works.

The set P; consists of “small” partial assignments. Usually we want to choose P; so that
all its elements are non-witnessing and have the same size and structure. The purpose of this
set is to refine the set of partial assignments, resulting from the application of Corollary 10,
into the set T' C P; with the same properties. This allows us to work with small partial
assignments of the same size and structure, which is convenient.

The set Po consists of “big” partial assignments. As with P;, we usually want to choose
P2 so that all its elements are non-witnessing and have the same size and structure. Moreover,
from k € Py we expect that restricting (Ry, Xn) by & turns it into essentially the same
problem, but smaller.

For a quick example of such Py, P, and Xy we refer to Figure 1.

In general, the proof is structured as follows:

We are given (f,g) with small complexity and we want to show that it performs poorly

under the uniform distribution over X .

Assuming (f, g) is honest and perceptive, apply Corollary 10 to obtain the set B of partial

assignments. For B holds that x € Xy is bad iff 3p € B:x Jp.

Use condition 2a to refine B into T' C P; with the same property as B.

Show that (for infinitely many N) any x € P2 must be consistent (relative to Xy ) with

some 7 € T. Indeed, otherwise, we can restrict our pseudo-reduction by & to kill all

7 € T, which means that the resulting pseudo-reduction is always successful. But that

would contradict condition 1, since a restriction by k turns our problem into essentially

the same problem, but smaller.

Use condition 2d to show that almost all K € P, must extend some 7 € T.

Use condition 2c¢ to show that the same holds for almost all x € X, which due to the

property of T means that almost all x € X are bad. This concludes the proof.
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Proof. Let us fix any p(IN) = poly(log N). For arbitrary N let (f, g) be any pseudo-reduction
of Ry to Sy with complexity p(N). Our goal is to show that this pseudo-reduction performs
poorly on z, taken uniformly from X . We can assume (f, g) to be honest and perceptive:
as shown in Subsection 2.3, these properties can be achieved with polynomial blowup in
complexity. Moreover, if the pseudo-reduction was successful on an input, it will remain so.
Then, from Corollary 10, there is a set of non-witnessing partial assignments B such that
x € Xy is bad if and only if it extends some p € B. We exclude from B all p that are not
extendable to any z € X . Since all p € B have a size at most p(N), we can use condition
2a to construct T = UpEB A, C Pi. By design, for such T' we also have that € X is bad
if and only if it extends some 7 € T.

Now, we proceed to show that for infinitely many N, any « € Py is consistent relative to
Xn with at least one 7 € T. Assume that there is x such that it is not consistent relative to
Xy with any 7 € T. Then the pseudo-reduction (fn,gn)[x from (Ry,Xn)[kNn to Sas is
successful on all inputs of (Ry, Xn)[ky. Indeed, if 2’ is a bad input, from Lemma 12 we
have that z, obtained by substituting z’ into , is also bad. But it is impossible, since a bad
input must extend some 7 € T, which would contradict inconsistency of x. Now, if such &
exists for all sufficiently large N, then {(Ry, Xn)[xn}n is reducible to S, which together
with conditions 2b and 1 leads to a contradiction.

Finally, from condition 2d we can conclude that for some § > 0 for infinitely many NV
at least 1 — o(N7%) of all K € P are not just consistent, but even extend some 7 € T.
Since from condition 2c¢ random x can be generated by extending random k € Ps, at least
1- o(N_‘S) of all x € Xy also extend some 7 € T, which means that they are bad. So, at
most o( N %) of all inputs are good. But in Lemma 4 for randomized reduction to exist we
require a success rate of at least m. <

Auxiliary Results

The following results are useful for showing that the premise of the main theorem holds.
In particular, the following lemma shows that under certain conditions on R € TFNP and
its inputs X; and Xo, for any S € TFNP, (R, X;) is reducible to S if and only if (R, X») is
reducible to S. This is useful to get condition 1 of the theorem.

» Lemma 14. Let R = (Ry) be any search problem from TENP, let X and X' be inputs of R
such that Xn C X} for all N. Assume that for any p(N) = poly(log N) for all sufficiently
large N for any non-witnessing partial assignment p of size at most p(N) it holds that if p
can be extended to x' € X, it can also be extended to x € Xn. Then, for any S € TFNP,
(R, X) is reducible to S if and only if (R, X") is reducible to S.

Proof. It suffices to show that if (R, X’) is not reducible to S, then (R,X) is also not

reducible to S. In addition, we can consider only honest and perceptive pseudo-reductions.

Let p(N) = poly(log N), let (f,g) be an arbitrary honest and perceptive pseudo-reduction
from (Ry,X’) to Sy with the complexity at most p(IN). For infinitely many N, there is a
bad input =’ € X}, for any such pseudo-reduction. Then we can take the partial assignment
p C 2’ from Lemma 9. For sufficiently large N, p can be extended to z € X, which means
that x is also bad. That concludes the proof. <

If we take Po and Xy as in Theorem 13, we can associate with them graph G with

V(G) = P, and E(G) being pairs of elements from Py that are consistent relative to Xy .

If P, and Xy are very symmetric, this graph has useful properties. These properties are
demonstrated in the following lemma:
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» Lemma 15. Let G be a graph, Vo U ... UV, C V(G). Let there be do—x,dg—o > 0 for all
k € [n] such that:

YveV: |N( )ﬂ Vkl =dy_k;

Vo € Vi : [N (v) N Vo] = di—0-
There N(-) is the neighborhood function. Also, let N(Vy) C Vo U ... UV,. Then for any
nonempty V' C Vy, it holds:

INOVI) \ Vol o [N(Vo) \ Vol

V'] B Vol
Proof.
d0—>k d0—>k
> / /
INWO\Vol = 3 INOV) VA= D VIZ=2 = V'] 3 o=
k€[n] k€[n) ke[n]
dO*}k do—,
N\ Vol = D IN() Vel = 3 Vol = Vel D o=
k€[n) k€[n) ke[n]
IN(VO\ Vol -~ dosk _ IN(V) \ Vol
- - . 4
VI T A doe T Wl

For nonempty T° C P; let us look at the ratio between the number of kK € Py that are
consistent with some 7 € T relative to X and the number of kK € P, that extend some
7 € T. The condition 2d of Theorem 13 requires this ratio to be sufficiently close to 1. The
following lemma uses the previous result to show that under certain conditions, if we already
showed that this ratio is close to 1 for |T| = 1, the same holds for arbitrary 7.

» Lemma 16. Let Xy C Eé{,\[, let P1 and Py be sets of partial assignments over X . Let it
be true for some v > 1 that for every T € Py, it holds:
1. For every x € Xy such that T C x, there is kK € Py such that T C kK C x.

X
2. {rePy |kt =v{s€Ps| DT}
X
3. For graph G with V(G) = Pa, E(G) = {(k1,k2) | k1 T ka}, Vo = {k € Po | & T 7},
Vi ={rk € Py | ﬁ)%VT, k and T have |T| — k common non-* positions}, all conditions of

Lemma 15 are met.
Then, for any T C Py, it holds that:

X
e ePy|3reT k7Y <A{keP:|IreT:xaT}.
Proof. The first condition gives us the following equivalence:

> Claim 17. For any 7 € P; and k € Pa: /QTTT<:>E|I€ € Py KjT/\/QTTIQ

Now, let us prove the claim of the lemma by induction on the size of T'. For |T| = 1, we
already know that the equality holds. Let T' = TyU{7} and for Ty the required inequality holds.

Define F(r) = {x € Py | k T 7}, Fu(r) = {k € Pa | 6117}, N(x') = {k € Py | £ 11'x'}. For
sets of T or k definitions are similar. Note that F;, = N o F' due to Claim 17. In these terms,
we need to prove that:

[Fu(T)| < 7|F(T)].
First, assume the case F(Ty) N F(7) = @. Then:

[Fo(T)| < [Fou(To)| + [Fu(7)| < A(|F(To)| + |F (7)) = 7| F(T)].
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Now assume that F(To) N F(r) =V’ # @, F(r) \ V' = V”. Then we have:

[Fu(T)| =
|Fuw(To)| + | Fuw(m) \ Fu(To)| < (splitting F,,(T) into 2 parts)
YIF(To)| + | Fu(7) \ Fu(To)| = (applying induction)
AF(Ty)| + |Fu(r) \ N(F(To))] < (using that F, = N o F)
YIF(To)| + |Fyp(T) \ N(V')| = (using that V' C F(Tp))
YNE(To)| + [Fu(r)| = IN(V')| = (Fu(r) = N(F(r)) > N(V'))
YIE(To)| +~|F(T)| — IN(V")| = (applying the second condition)
VNE(To)| + AV + 4V = [IN(V')| = (F(r)=Vv"uVv”)
YNE (D) + V| = IN(V). (F(T) = F(To) UV")

Finally, v|F(T)| +~|V'| — IN(V")| < ~v|F(T)|, since:
IN(V')| =
V| +|N(V')\ F(1)| > (V' c N(V') and V' C F(7))
V| + |1|V‘Ev |)| IN(F(r)\ F(r)| = (using Lemma 15 with Vy = F(7))
NG ] ]

i) V= (F(r) € N(F(r)))

V7. (applying the second condition) <

4  Applications of the Main Theorem

4.1 PPP

» Definition 18. PPP is a class of TENP problems that are reducible to the search problem
PI1GEON.

P1GEON = {PIGEONN C X5 x On'}, where:

Sy =[N-1U{l},in =N, Oy = [NJU{(i,j) € [N]* | i # j}.

Positions i € [N] are called pigeons, and values j € [N — 1] are called holes, x; = j represents
pigeon 1 being mapped to hole j.

Correct solutions for input x: any i such that x; = L (homeless pigeon) or (i,j) such that
x; = x; (collision).

Our goal is to show that there is no randomized reduction from PIGEON to S € TFNP,
given that there is no deterministic reduction from PIGEON to S € TFNP. To apply
Theorem 13, we first need to come up with a set of inputs Xy for each N. We take Xy to
be the set of all bijections from [N] to [N —1JU {L}. Now we can apply Lemma 14 (with
X' being all inputs) to show that (PIGEON, X) is also not reducible to S. The conditions of
the lemma hold, since any non-witnessing partial assignment contains neither a homeless
pigeon nor a collision, which means it can be extended to x € Xy.

Now, given p(N) = poly(log V), we need to come up with P; and P, for every sufficiently
large N. As P; and P, we take sets of all non-witnessing partial assignments of size r and k,
respectively (see Figure 1). There r = p(N), k= N — |[N¢| for e = i. Let us go through the
sub-items of Theorem 13:
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2a: For any non-witnessing partial assignment p with |p| < p(N) we can take A, = {p’ €
Pi1 | p 3 p}. It is clear that o extends p if and only if it extends some p’ € A,,.

2b: Note that for every N there is N = O(N<) such that |[N°| = N. Also, for any
K € Py(N), the search problem (PIGEON g, X ;) [k is equivalent to (PIGEONy, X ) up to
an alphabet renaming, which means there is a trivial always successful pseudo-reduction
from (PIGEONy, Xy) to (PIGEON g, X ) [k, with complexity log N = O(log N). From
this follows the required reducibility.

2¢: By the symmetry of Py and Xy .

2d: For this one, we can use Lemma 16. Note that due to symmetry the value v := |{x €

Py | /@)%VTH/H/@ € Py | k O 7}| does not depend on the choice of 7 € P;. Other conditions
of the lemma also hold. Finally, simple combinatorial estimates (see Appendix A) show
that v = (14+ O(N~%)) = y~1 = (1 — o(N~5)), which concludes the proof.

N—-1—-r N-1—-k
* * Ok * * % 1
r N—r k N —k N -1
(a) The structure of 7 € P;. (b) The structure of k € Po. (c) The structure of z € Xn.

Figure 1 The structure of elements in Pi, P2 and Xy for PIGEONy up to a permutation of
pigeons and holes. Here squares represent pigeons, circles represent holes, and arrows show how
pigeons are mapped to holes.

4.2 PPAD and PPADS

» Definition 19. PPAD and PPADS are classes of TENP problems that are reducible to search
problems INJPIGEON (Injective Pigeon) and BIJPIGEON (Bijective Pigeon), respectively.
INJPIGEON = {INJPIGEONyN C B} x On}, where:

Yy =[NJU{Ll}, in =2N -1, Oy = [N].

Any x € Eé{,v can be interpreted as a pair (s,p) € BY x Z%_l. We count i € [N] as the
correct solution for x = (s,p) if either s; € {L, N} or ps, #i.

BIJPIGEON is defined in the same way, except that we also count i € [N] as the correct
solution for x = (s,p) if i < N and either p; = L or sp, # 1.

The search problems INJPIGEON and B1JPIGEON are introduced and shown to be complete
in the corresponding classes in [5]. For original definitions of PPAD and PPADS, see [15].
These problems are similar to PIGEON: there are N pigeons and N — 1 holes. The difference
is that there is mapping not only from pigeons to holes but also from holes to pigeons. We
say that pigeon ¢ is homeless, if s; € {IN, L}; hole j is empty if p; = L, and pigeon-hole pair
is a pair (4, j) such that s, = j, p; = 1.

As with PIGEON, our goal is to show the equivalence of deterministic and randomized
reducibility from these problems to any S € TFNP. First, we restrict our attention to
consistent inputs: Xy ={x = (s,p) | (Vi€ [N]Vje[N—-1]:s, =7 p;=i)A (Vi€ [N]:
si # N)}. Tt is easy to see that both of these problems are reducible to themselves, restricted
to such inputs. From now on, we proceed with each problem separately.
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4.2.1 PPAD

First, we can further refine X} to Xy so that there are no empty holes: Xy = {(s,p) €
XN | Vj:pj # L}. As with PIGEON, Lemma 14 can be applied here: any non-witnessing p,
extendable to 2’ € X', consists only of pigeon-hole pairs, which means it is extendable to
r € Xn.

Similarly to PIGEON, as P; and P, we take sets of all non-witnessing partial assignments
of size 2r and 2k, respectively, with the additional requirement on partial assignments:
si =j < p; =1i. There r = p(N), k = N — |[N¢] for ¢ = i. Just like for PIGEON, the
elements of these sets represent partially defined injections from [N] to [N — 1] with domain
sizes r and k, respectively. As it can be seen from Figure 1 and Figure 2, Py, P2 and Xy for
PIGEONy and for BIJPIGEONy look very similar. From now on, the proof almost exactly
repeats the proof for PIGEON, including combinatorial calculations.

N—-1-—r N-1—-k
* * * *
%} %} * * % * * ok %} %}J_
r N—r k N —k N -1
(a) The structure of 7 € P;. (b) The structure of k € Po. (c) The structure of z € Xn.

Figure 2 The structure of elements in P1, P2 and Xy for BUPIGEONN up to a permutation of
pigeons and holes. Here squares represent pigeons, circles represent holes, and arrows show how
pigeons and holes are mapped to each other.

4.2.2 Obstacles with PPADS

It may seem that INJPIGEON can be handled in the same way as BIJPIGEON. However,
unlike BIWPIGEON, for INJPIGEON, partial assignments with empty holes do not witness an
answer. From this it follows that if we want to apply Theorem 13, we require that elements
of sets Py, P2 and X contain empty holes. It seems that this difference is significant, since
we were unable to come up with such Py, Py and X that all conditions of Theorem 13 hold.

4.3 t-PPP

» Definition 20. For nondecreasing t = t(N), 2 < t < poly(log N), t-PPP is a class of
TENP problems that are reducible to the search problem t-PIGEON = {t(N)-PIGEONN} N .
t-PIGEONy is defined as follows:

Yy = [NJU{L}, Iy = (t—1)N+1, On = [IN]U{(i1,...,is) € [In]" | is are pairwise distinct}.
Correct solution for input x: any i such that x; = L or (i1,...,1) such that x;) = ... = x;,.

These problems were introduced in [8]. There, it was shown that for n = log N,
t1(n),ta(n) = poly(n), if t1(n) < ta(n) and ta2(n) < t1(n°) for some ¢ and all sufficiently
large N, then t1-PIGEON and t3-PIGEON are reducible to each other. Using that, we may
consider only t(N) < /log N. Indeed, since t(n) < n¢ for some ¢ and sufficiently large N,
i(n) = t(|n2]) < VIog N, and #(n) < t(n) < f(n2e+1).

As a hard set of inputs for t-PIGEONy we take Xy ¢, which is a set of such inputs z that
x equals L in exactly one position, and for any a € [N], there are exactly ¢ — 1 positions
of x with that value. For such inputs, the only correct solution is the position of L. Any
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non-witnessing partial assignment can be extended to such z, so we can apply Lemma 14
(with X’ being all inputs). Now we are ready to apply the main theorem with X = Xy ;(n)-
Given p(N) = poly(log N), as P; and P2 we take sets of partial assignments of size r(t — 1)
and k(t — 1), respectively, with the condition that these partial assignments do not contain
1, and every other value occurs either 0 or ¢t — 1 times (see Figure 3). Here r = p(N),

k=N —|N¢| fors:g(N):i.

Fofies

Nor
*
]
t—1 =1 (N—nit-1)+1

(a) The structure of 7 € Py.

k N -k N
t—1 t=1 (N—k)(t—1)+1 -1 i1
(b) The structure of k € Ps. (c) The structure of € Xy.

Figure 3 The structure of elements in P;, P2 and Xy for t-PIGEONN up to a permutation of
pigeons and holes. Here squares represent pigeons, circles represent holes, and arrows show how
pigeons are mapped to holes.

Let us go through the sub-items of Theorem 13:

2a: For any non-witnessing partial assignment p with |p| < p(N) we can take A, = {p’ €
Pi | p" 3 p}. It is clear that x extends p if and only if it extends some p' € A,,.

2b: Note that for every N there is N such that [ N*(*) | = N. Moreover:

N > Nrfm > Ns\/iligzv -9 Vieg v = N< 964(log N)* _ 9O((log N)?)

Also, for any x € Py(N), the search problem (t(N)-PIGEON g, Xy 4(8)) 5 is equivalent
to (t(N)—PIGEONMXN’t(N)) up to an alphabet renaming. Now, there is an always
successful pseudo-reduction from (¢(N)-PIGEONN, Xy ¢(n)) to (¢(N)-PIGEONy, XN,t(N))’
achieved by introducing for each of N holes (t(N) — t(IN)) new pigeons, pointing to it.
Then, there is an always successful pseudo-reduction from (¢(NV)-PIGEONy, Xy 4 (n)) to
(t(N)—PIGEONN, X5 4(s)) I with complexity O(log N) = O((log N)?). From this follows

the required reducibility.
2¢: By the symmetry of Py and Xy .

2d: For this one we can use Lemma 16. Note that due to symmetry the value v =

H{r € P2 | /ﬁ)%VTH/‘{H € Py | £ O 7}| does not depend on choice of 7 € P;. Other
conditions of lemma also follow from symmetry. Finally, simple combinatorial estimates
(see Appendix B) show that v = (1 + O(N~2)) = v~ = (1 — o(N %)), which concludes
the proof.
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4.4 PPA

» Definition 21. PPA is a class of TENP problems that are reducible to the search problem
LONELY = {LONELYN } . LONELYy is defined as follows:

Yy =[2N+1U{L}, Iy =2N +1, Oy = [2N + 1]. Correct solution for input x: any i
such that x; € {i, L} or x,, # 1.

First, we restrict our attention to consistent inputs: Xy ={z | (Vi,j € 2N +1]:2;, =5 &
xj =1) A (Vi € 2N + 1] : z; # 1)}. It is easy to see that PPA is reducible to itself, restricted
to such inputs. Now all inputs represent graph, consisting of pairs and lonely nodes. We can
further refine X’ to X C X’ such that there is exactly one lonely node. Lemma 14 shows
that X is sufficient for checking reducibility from PPA.

Now we move to the second part of Theorem 13. We need to specify P; and P, given
p(N) = poly(log N). We take sets of partial assignments, extendable to inputs in X, that
reveal exactly r and k pairs, respectively (see Figure 4). There r = p(N), k = N — | N¢]| for
€= i. Now we are ready to apply Theorem 13. Let us go through the sub-items:

2a: For any non-witnessing partial assignment p with |p| < p(IV) and which is extendable

to x € Xy, we can take A, = {p’ € Py | p’ 3 p}. It is clear that = extends p if and only

if it extends some p’ € A,,.

2b: Note that for every N there is N = O(N<) such that [N¢| = N. Also, for any

Kk € Po(N), search problem (LONELY g, X ) [k is equivalent to (LONELYy, Xy) up to

renaming the alphabet, which means there is a trivial always successful pseudo-reduction

from (LONELY N, Xy) to (LONELY g, X )[x with complexity log N = O(log N). From
this follows the required reducibility.

2c¢: By the symmetry of Py and Xy .

2d: Here we can use Lemma 16. Note that due to symmetry the value v == |[{x € Pz |

,%J%VTH/H/{ € P2 | kK O 7}| does not depend on choice of 7 € P;. Other conditions

of lemma also follow from symmetry. Finally, simple combinatorial estimates (see

Appendix C) show that v = (1+O(N~13)) = ! = (1 — o(N~5)), which concludes the

proof.

* * * * 1
Dlse  ddes L,
r 2N —2r+1 k 2N — 2k +1 N

(a) The structure of 7 € Py. (b) The structure of k € Po. (c) The structure of x € Xx.

Figure 4 The structure of elements in P;, P2 and Xn for LONELYny up to a permutation of
nodes. Here circles represent nodes, and arrows show how they are matched.

5 Future Directions

In addition to all these classes, we also attempted to apply this method to complete problems
in classes PLS, PPADS, and PWPP. In most cases, our method fails in combinatorial estimates
(condition 2d of Theorem 13). We hope that this method can be generalized to also work
for these classes. But it is quite possible that for some of these classes, similarly to LosSY,
randomized reducibility from them does not imply deterministic reducibility.
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A Estimate on the number of consistent x for Pigeon

For definitions of Py, Py and Xy refer to Figure 1. There r = poly(log N), k = N — s,

s = |N¢], e = 1. For an arbitrary 7 € Py, let a; = |{x € P2 | H)%VT, x and 7 have r — [
common non-* positions}. Let us write an exact formula for this value. To choose such k,
we need to:

1. Choose r — [ pigeons that are common with 7.

2. Choose the remaining k — (r — [) pigeons among N — r not used in 7.

3. Choose the remaining k — (r — [) holes among N — 1 — r not used in 7.

4. Choose bijection from k — (r — ) pigeons to k — (r — 1) holes.

To put it into combinatorial terms:

r N—r N—-1—-r
= k—(r=10)=
o= (20 (Do L) (e )t
™ (N—-r\/N—-—1—-1r
s —(r—=D)
(l)(.s—z)(s—l—l)(]v s=(r=D)
Now, let us show that a; gets progressively smaller as [ goes from 0 to r:

%2 00-0(3)-0{) 00D

Note that this estimate is uniform over [ € {0,...,r — 1}. Finally:
Xn B r B r ﬂ B
|{/€€P2|/€TTT}\fZalfao <1+Za0> =
1=0 1=1
{x €Pa|kIT} <1+0<ZN51>> =

=1
{k € Py | kI7H(1+o(N"H)).

B Estimate on the number of consistent « for t-Pigeon

For definitions of P;, P2 and Xy refer to Figure 3. There r = poly(log N), k = N — s,

X
s:=|N¢|,e=4,t<IogN. For arbitrary 7 € Py, let a; = [{x € P2 | K 17, k and 7 have
exactly  — | common non-x symbols}|. To choose such k, we need to:
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1. Choose r — [ “t — 1 pigeons pointing to one hole” groups that are common with 7.

2. Choose the remaining k — (r — [) holes among N — r not used in 7.

3. Choose the remaining (t — 1)(k — (r — 1)) pigeons among (¢t — 1)(N —r) 4+ 1 not used in 7.

4. Choose how to map (t — 1)(k — (r — 1)) pigeons to k — (r — ) holes so that at each hole
point exactly ¢ — 1 pigeons.

To put it into combinatorial terms:

= (20 (2 o) (i o) e -
(D (i_;) <(Zt_11))((f\sf_l1;)j11> (¢ ((tl)_(];[)y);—s_(;«_l)l)))!.

Now, let us show that a; gets progressively smaller as [ goes from 0 to r:
aiy1 s ((t—1)s)"* ((t =N
2 _omry-of(2) o ) =
ar ) (N) (((t —1)N)-! (t— 1)
rst(t—1)tt rst (t—1)t-1 rstet=1
O _— = O —_— = O - N7
( N(t-1)! ) N (g)t—l ( N ) ol
Note that this estimate is uniform over [ € {0,...,r — 1}. Finally:
X . " a
{x e Py | K117} =Zal :a0<1+zl> =
1=0 1=1 0
{kePy |k T}|<1 +O(ZN—é>> =

=1
{k € Py | kO7H(1+o0o(N"2)).

=

).

C Estimate on the number of consistent « for Lonely

For definitions of P;, Py and Xy refer to Figure 4. There r = poly(log N), k = N — s,

b's
s = |N¢], e = 1. For arbitrary 7 € Py, let a; = [{k € P2 | & 17, k and 7 have 7 — [ common
pairs}|. To choose such &, we need to:

1. Choose r — [ pairs that are common with 7.

2. Choose the remaining 2(k — (r — [)) nodes among 2N — 1 — 2r not used in 7.
3. Choose how to divide those 2(k — (r — 1)) nodes into pairs.

To put it into combinatorial terms:

B ey
(;) (22]Z_21l_21T> 2N —s—r+1)—1)!

Now, let us show that a; gets progressively smaller as [ goes from 0 to r:

9L _ o). o(fé) LO(N) = 0<va2) = o(N~

ai

Al

).
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Note that this estimate is uniform over [ € {0,...,r — 1}. Finally:
X 4 " a
N
Hk € P | K117} :Zal:ao<1+z%> =
1=0 =1
[{x € Py | K:T}|<1+O<ZN—5>> -

=1
{k €Pa |k 7} +o(N"3)).
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