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—— Abstract
The size of Frege proofs can be characterized in terms of prover-adversary games of Pudlak and
Buss. We consider a generalization of prover-adversary games to many standard proof systems and
show that some of the major proof complexity lower bounds such as the constant-depth Frege lower
bound for the pigeonhole principle based on the method of k-evaluations, the Resolution lower bound
for the weak pigeonhole principle based on the method of pseudo-width and Razborov’s Res(k)
lower bound for Nisan-Wigderson generators based on expansion and a width lower bound (which is
used to derive the Res(k)-hardness of formulas expressing circuit lower bounds) are constructive
in the sense that they yield efficient algorithms computing winning strategies of adversaries in the
generalized games. This is in contrast with our second result saying that if (a) such a constructive
lower bound exists for Extended Frege system EF for formulas expressing succinct circuit lower
bounds for SAT and (b) EF is strong enough to prove efficiently the correctness of anticheckers for
SAT, then it is easy to separate the canonical pair of EF.
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1 Introduction

Proving circuit lower bounds for explicit Boolean functions is a central open problem in
complexity theory, underlying questions such as the P vs NP problem.

The notorious difficulty of the problem has led to the development of a theory of formal
barrier results. For example, already in the 80’s Razborov [57] showed that the approximation
method, used to derive monotone circuit lower bounds [55] and lower bounds against AC"[p]
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[56, 69], cannot yield superquadratic lower bounds for non-monotone circuits. In the 90s,
Razborov and Rudich [65] discovered the influential natural proofs barrier clarifying the
limitations of major lower bound methods such as the method of random restrictions or the
algebraic method of Razborov and Smolensky [56, 69]. More recently, the locality barrier
explained why a successful implementation of hardness magnification, an approach to strong
explicit circuit lower bounds sidestepping the natural proofs barrier, requires more substantial
new ideas [13]. Such barrier results could potentially guide us towards the solution of the
original problem, but it is also possible that they will eventually lead to the conclusion that
strong circuit lower bounds are practically impossible to establish or to the discovery of new
surprising algorithms, cf. [12].

The possibility that circuit lower bounds could lie beyond what can be achieved within
feasible logical reasoning was investigated extensively by Razborov who used natural proofs to
derive the unprovability of circuit lower bounds in certain theories of bounded arithmetic [59].
Such unprovability results can be typically interpreted as lower bounds on lengths of proofs
of tautologies expressing circuit lower bounds in propositional proof systems. Indeed,
after composing [59] Razborov switched to the more elegant and transparent framework of
propositional logic and formulated his subsequent results in this setting; including a degree
lower bound for deriving circuit lower bounds in Polynomial Calculus [60], a Resolution lower
bound for formulas expressing circuit lower bounds based on the pseudo-width method [61,
62, 63] (which simplified and strengthened the original result of Raz [54]), and the hardness
of circuit lower bounds for Res(k), an extension of Resolution operating with k-DNFs, for a
small parameter k [64]. The last result remains the strongest propositional lower bound for
tautologies encoding circuit lower bounds."

Ultimately, in [64] Razborov formulated intriguing conjectures about a conditional hard-
ness of Nisan-Wigderson (NW) generators for Frege and Extended Frege system EF: suitable
NW-generators should form good proof complexity generators in the sense that tautologies
postulating the existence of elements outside their range require super-polynomial-size proofs
in Frege systems, assuming P /poly is hard on average for NC!, and in EF, assuming NPNcoNP
is hard on average for P/poly. If true, these conjectures would present a dramatic barrier
establishing that feasibly-constructive logical reasoning (which can be defined in terms of
short EF proofs or as the provability in Cook’s theory PV; [29, 16]) cannot prove explicit
circuit lower bounds — P/poly lower bounds in the case of Frege and lower bounds for a
specific kind of (NP N coNP)/poly circuits in the case of EF.2 A similar earlier conjecture of
Krajicek [30, Conjecture 7.9], implying that, under the existence of strong pseudorandom
generators, subexponential circuit lower bounds are hard for EF was motivated by the role
of dual weak pigeonhole principle in bounded arithmetic. In [35], Krajicek formulated the
conjecture in an unconditional form.

The conjectures of Razborov and Kraji¢ek are interesting not only because of the potential
meta-mathematical consequences but also because they suggest the existence of a strong
connection between circuit complexity and proof complexity.

There are several related results about the impossibility of deriving strong circuit lower bounds in
bounded arithmetic [46, 49, 39, 26] which appear to be incomparable to the lower bounds for propositional
systems, but it seems that strengthening them in a more substantial way requires new propositional lower
bounds. In the propositional setting, Austrin and Risse [5] showed that Sum-of-Squares proof system,
which proves efficiently the pigeonhole principle, cannot prove efficiently circuit lower bounds for certain
functions f, but the lower bound does not hold for all functions f. An analogous meta-mathematical
theory is currently under development also in the algebraic setting [42].

A lot of contemporary complexity theory is formalizable within EF, e.g., the PCP theorem has short EF
proofs [47], see also [45]. Some candidates for PVi-unprovable theorems from computational complexity
are given in [14] but they exploit witnessing theorems which (under standard hardness assumptions)
cannot be used to get the PVi-unprovability of deterministic circuit lower bounds for SAT [46, 44].
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Proof complexity presents a logic-oriented approach to the separation of NP and coNP
which proceeds by proving lower bounds on lengths of proofs in increasingly more powerful
propositional proof systems. Unfortunately, Razborov’s unprovability results as well as other
existing proof complexity lower bounds work only for very weak proof systems. In fact, in
some sense proving proof complexity lower bounds has turned out to be harder than proving
circuit lower bounds: turning AC® lower bounds into constant-depth Frege lower bounds
required developing a substantially more involved adaptation of the method of random
restrictions in the form of k-evaluations [1, 38, 51] and it still remains an open problem to
derive lower bounds for Frege systems operating with AC0[2] circuits despite the existence
of explicit AC° [2] lower bounds [56, 69]. From the perspective of the attempts to derive
propositional lower bounds for tautologies expressing circuit lower bounds this is somewhat
ironic as it suggests that deriving such hardness results unconditionally might be harder than
proving circuit lower bounds themselves.

Generally, the relation between circuit complexity and proof complexity is rather mys-
terious. Formal connections between the two areas exist if we restrict ourselves to weak
computational models. For example, the method of feasible interpolation derives proof com-
plexity lower bounds for many weak proof systems from circuit lower bounds for monotone
circuits and related models [34]. In the opposite direction, lifting theorems yield lower bounds
for various monotone computational models from lower bounds for weak propositional proof
systems, see e.g. [66, 21]. In the algebraic setting, IPS lower bounds imply VP # VNP [22].
Unfortunately, these connections break when moving to strong proof systems and the Boolean
setting. Recently a conditional connection between lower bounds for strong proof systems
and strong circuit lower bounds such as NP € P/poly has been established [50, 3], but it
requires the assumption that the proof system proves efficiently some circuit lower bound
such as E being hard on average for subexponential-size circuits.

As a consequence of the lack of formal links between circuit and proof complexity, the
barrier results in circuit complexity do not seem to say much about the possibility of deriving
proof complexity lower bounds for strong proof systems. The question of identifying a
“natural proofs”-like barrier in proof complexity was raised already by Beame and Pitassi [6].
Given that some prominent proof complexity lower bounds are harder to derive than their
counterparts in circuit complexity, it might seem even more ironic that we have not been
able to identify such a barrier, see Section 1.2 for a discussion of earlier attempts. Is there an
explanation for our inability to prove Frege lower bounds like those in Razborov’s conjecture?
In this paper we introduce a notion that has a potential to answer this question.

1.1 Qur contribution

Following the paradigm of natural proofs, which turn constructive circuit lower bounds
into efficient algorithms, we want to find a way to interpret (sufficiently constructive) proof
complexity lower bounds as a construction of new surprising algorithms.

In order to get closer to such a conclusion we focus on prover-adversary games used by
Pudldk and Buss [53] to characterize the lengths of proofs in Frege systems. We outline a
slightly modified formulation of these games which is sufficiently general to capture uniformly
the existing lower bounds for many different proof systems.

An s-size lower bound for a formula ¢ in a proof system P is often obtained by defining
a strategy for an adversary who responds to queries of the prover in the following manner.
Given a supposed s-size P-refutation 7 of —¢, the prover sends to the adversary the last
formula 1) of 7 and the adversary responds with 1 or 0. After that, the prover sends formulas
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Y1, ..., from which ¢ was derived in 7 by a single application of a derivation rule and the
adversary responds with 1 or 0 to each of them. The prover then proceeds to a subproof of
7 which derives a formula ¢; € {¢1,...,¢y} assigned 0 by the adversary, if such a formula
exists. If such a formula does not exist and the adversary assigned 0 to v, the adversary
has been proven to be inconsistent (caught). The game continues in this way possibly until
the players reach the axioms or —¢. The adversary has to assign 0 to the contradiction
(which is the last formula ¢, if 7 is a refutation) and 1 to the axioms and —¢ (indicating
that the adversary posses an assignment falsifying ¢). If we can show that the adversary
maintains consistency, we can conclude that 7 was not a correct refutation of —¢. For a
more elaborated discussion of the prover-adversary games see Section 2.

Intuitively, we define a constructive proof complexity lower bound by the existence of an
“efficient adversary”; more precisely, by an efficient algorithm generating the responses of
the adversary on given formulas such that for each short P-refutation (not necessarily of
—¢) the adversary (who might not be given the entire refutation) stays consistent in the
game described above, cf. Definitions 8-9. The adversary always has to assign 1 to —¢
and the axioms of P but not necessarily to other initial formulas of a given P-refutation.
A randomized efficient adversary is allowed to use randomness so that for each short P-
refutation the adversary can choose a random string and use it to determine its responses.
To indicate that an adversary corresponds to a lower bound (for a formula ¢) in a proof
system P we speak of P-adversaries (claiming that —¢ is satisfiable).

Note that in order to make a proof complexity lower bound for a formula ¢ constructive,
we do not need to construct adversaries for short refutations of ¢ — such refutations do not
exist if the lower bound holds. In a sense, an efficient adversary rules out more than just
the existence of a short refutation of ¢, it could be said that it rules out the existence of a
short “pseudoproof” of ¢, cf. Proposition 10.

Our first theorem shows that constructive EF lower bounds for formulas |ba(SAT,n?)
(expressing that SAT is not computable by n2-size circuits on a set of inputs A C {0,1}")
given by randomized efficient EF-adversaries® claiming that —Ib4(SAT,n?) is satisfiable can
be used to break the canonical pair of EF assuming that EF is capable of efficiently deriving a
statement about anticheckers. Informally, the canonical pair of a proof system P consists of
two disjoint NP sets: the set of all satisfiable formulas and the set of all unsatisfiable formulas
whose unsatisfiability has a short P-proof. The canonical pair of P is hard to separate if
there is no small circuit accepting all inputs from the first set and rejecting all inputs from
the second set, cf. [58].

» Theorem 1 (From adversaries to algorithms — Informal, cf. Theorem 11).

Assume 1 - 2:

1. (The canonical pair of EF is hard.) For each poly(n)-size circuit D with n inputs, there is
z such that D(z) = 0 but z is a satisfiable formula or D(z) = 1 but there is a poly(n)-size
EF-refutation of z.

2. (Provably constructive anticheckers.) There is A C {0,1}", |A| = poly(n), and a poly(n)-
size circuit F' such that for each z € {0,1}"™ there is a poly(n)-size EF-proof of the
statement expressing that “if an n?-size circuit B solves SAT on A, then a poly(n)-size
circuit F(B) solves SAT on z”.

Then for each randomized poly(n)-time EF-adversary claiming that —lb4(SAT,n?) is satis-

fiable, there is a poly(n)-size EF-refutation (not necessarily of —lba(SAT,n?)) catching the

adversary with probability > 1/2 — 1/n over the randomness of the adversary.

3 The definition of EF-adversaries requires a careful treatment of the extension axioms, see Section 2.
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Reading it contrapositively, Theorem 1 says that efficient adversaries defining constructive
EF lower bounds for formulas Ib4(SAT, n?) yield efficient algorithms breaking the canonical
pair of EF (a condition similar to the weak automatability of EF), assuming Condition 2
holds. Condition 2, the second assumption of the theorem, is less standard. It postulates
the existence of a set of “anticheckers” A such that a small circuit which solves SAT on A
can be turned into a circuit which solves SAT on any other input. Such A is known to exist
unconditionally, cf. Section 2, but Condition 2 additionally says that this fact is efficiently
provable in EF. It can be shown that Condition 2 follows if, e.g., EF proves efficiently that
(a) E is hard on average for subexponential-size circuits and EF proves efficiently that (b) the
existence of one-way permutation can be based on NP Z P/poly. Both statements (a) and
(b) are considered to be more approachable than non-uniform circuit lower bounds for SAT.
The plausibility of Condition 2 can be further enhanced by replacing EF in Theorem 1 by
stronger systems such as (a propositional equivalent of) ZFC, the theorem remains valid in
this case as well. As pointed out by Noel Arteche (private communication), Condition 2
implies also that NP ¢ Circuit[n’], for each £. See Section 2 for a more detailed discussion.

The parameter 1/2 — 1/n in Theorem 1 is not essential for the purpose of a barrier result,
any constant would work equally well.

The proof of Theorem 1 is straightforward: Since the adversary claims that it has a circuit
solving SAT on A, using Condition 2 we can try to force it (with EF-queries) to claim that it
has a circuit C' which solves SAT everywhere and to simulate the computation of circuit C
on any input z. This almost works except that we only get an efficient algorithm breaking
the canonical pair of EF: If the adversary claims that C says that z is a satisfiable formula
and z is unsatisfiable, we need the additional assumption that z has a short EF-refutation to
reveal the inconsistency of the adversary (and force it to avoid such claims).

The proof works also for formulas —tt(SAT,n?) := =lbgg 13 (SAT,n?) instead of —1lb4, but
it crucially exploits the fact that the adversary is efficient w.r.t. the queries of the prover, not
w.r.t. the formula for which the lower bound is being proved (which is of size 2°(") in this
case). In fact, in the case of the tt-formulas we can avoid Condition 2 which can be replaced
by a formalization of the search-to-decision reduction for SAT. Further, the switch from
poly(n)-size to 20(")_gize formulas allows us to replace the first assumption in Theorem 2
with SAT ¢ P/poly. As a result we get

» Theorem 2 (Informal, cf. Theorem 11).

Assume that SAT ¢ P/poly. Then for each randomized p-time EF-adversary claiming that
—tt(SAT,n?) is satisfiable, there is a 20 -size EF-refutation catching the adversary with
probability > 1/2 — 1/n over the randomness of the adversary.

Constructive proof complexity lower bounds. We complement Theorem 1 by showing that
some of the major existing proof complexity lower bounds are indeed constructive.

As the first example we design efficient adversaries for the strongest known lower bound
for Ib-tautologies due to Razborov [64], who showed that there are no 21" size Res(Q(logt))-
refutations of —lby, (f,t), for n? <t < 2" and any W C {0,1}". More precisely, we design
efficient adversaries for “proof complexity generator” formulas 7y (A,b) (expressing that a
system of linear equations Az = b is solvable) instead of —lby, (f,¢). This is justified by the
fact that Razborov’s proof proceeds by reducing the lower bound for Iby (f,t) to a lower
bound for =7y (A, b) and Theorem 1 holds even if the formula —lby, (SAT, n?) is replaced by
any formula ¢ such that EF proves efficiently ¢ — —lby, (SAT,n?), cf. Remark 13. The focus
on the 7-formulas allows us to avoid the problem of encoding the reduction of lower bounds
for Iby (f,t) to lower bounds for =7y, (A, b) in the strategy of the adversary, see Section 3.1
for more details.

8:5
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» Theorem 3 (Constructive Res(k) lower bound of Razborov — Informal, cf. Theorem 14).
For each sufficiently small 6 > 0, there is € > 0 and a poly(tté)-size randomized Res(k)-
adversary C' claiming that Tw (A,b) is satisfiable, where k = elogt and |W| = poly(t), such
that for each 2t size Res(k)-refutation m of any set of clauses, with probability > 9/10
over the randomness of C', m does not catch C.

The complexity of the adversary in Theorem 3 is subexponential, but the formal version
of Theorem 1 (Theorem 11) captures this setting of parameters. Our proof of Theorem 3 does
not yield better than 2"-size adversaries for W = {0, 1}", which is the setting that would
correspond to a constructive Res(k)-adversary for —tt(f,t), so we can match Theorem 3 with
Theorem 1 but not with Theorem 2.

The proof of Theorem 3 requires a detailed analysis of Razborov’s original proof combined
with a different proof of the final width lower bound. We did not manage to exploit [64]
in a more black-box fashion. Verifying Theorem 3 thus requires reading the entire proof of
Razborov (with a more sparse restriction while keeping the original expansion parameters)
except the switching lemma which can be treated mostly as a black-box. As a result of this
our write-up becomes dense, with many references to the intricacies of the proof in [64]. We
replace the width lower bound in Razborov’s proof by an adaptation of a width lower bound
presented by Krajicek [34, Lemma 13.4.5]. In the adaptation, instead of using Krajicek’s
expansion, we use Razborov’s “lossless” expansion.

The second example we present is a constructive version of the method of pseudowidth,
a sophisticated analogue of the popular method of width [7], which was used to derive
Resolution (Res) lower bounds for the weak pigeonhole principle and for formulas encoding
circuit (or even DNF) lower bounds [54, 61, 62, 63, 20]. Pseudowidth and width are currently
incomparable: It is not known how to prove Res lower bounds for the weak (enough)
pigeonhole principle or for formulas encoding DNF lower bounds using width and it is not
known how to prove Res lower bounds for proof complexity generator formulas 7y (A, b)
considered in Theorem 3 using pseudowidth.

We present a constructive version of the lower bound for the weak pigeonhole principle
PHP™ mapping m pigeons to n holes.

» Theorem 4 (Constructive pseudowidth lower bound — Informal, cf. Theorem 20).

There is a poly(m)-size randomized Res-adversary C claiming that =PHP]" with m = on'
s satisfiable such that for each 200" gize Res-refutation m of any set of clauses, with
probability > 9/10 over the randomness of C, m does not catch C.

/5

Our proof of Theorem 4 differs substantially from the proofs in [54, 61, 62, 63, 20] and
might be of independent interest. The strategy of the adversary from Theorem 4 is guided
by random partial multi-matchings. The notion of pseudowidth arises here naturally from
the observation that the partial multi-matchings satisfy certain clauses with high probability
— these clauses can be thus treated as pseudo-axioms.

Finally, we look at the crown jewel of proof complexity, the lower bound on the length of
proofs of the pigeonhole principle PHP,, (mapping n + 1 pigeons to n holes) in depth d Frege
systems (ACY-Frege), which is obtained via k-evaluations [1, 38, 51].

Unfortunately, it is not known how to prove a lower bound for tt-tautologies in AC’-Frege.
The closest result of this kind was obtained in [27], where it was shown that a particular
kind of NP N coNP lower bounds (similar to formulas =7y, (A, b)), formalized in a suitable
way, does not admit short proofs in AC’-Frege. The lower bound from [27] proceeds by a
reduction to the PHP,, lower bound.
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» Theorem 5 (Constructive AC’-Frege lower bound — Informal, cf. Theorem 21).

Let € < 1/9%. There is a poly(n"f)—size randomized ACS-Frege—adversary C claiming that
—PHP,, is satisfiable such that for each 2™ -size ACS-Frege-refutation 7w of any set of clauses,
with probability > 9/10 over the randomness of C, ™ does not catch C.

The proof of Theorem 5 follows directly by inspection of the original proof. On high level,
the reason why the theorem holds is that a random partial matching “kills” short ACY-Frege
proofs of PHP,, with high probability.

Unification. Theorems 3-5 imply the corresponding proof complexity lower bounds for
Res(k), Res and AC°-Frege. Moreover, our presentation of lower bound methods of width,
pseudowidth and k-evaluation in terms of adversaries provides a more unifying perspective
on these methods by showing how they arise from natural choices of strategies of adversaries.

1.2 Related work

There are several results in proof complexity that could be interpreted as barriers for deriving
proof complexity lower bounds.

Incompleteness. Already Godel’s second incompleteness theorem implies that, e.g., if ZFC
is comnsistent, then ZFC cannot prove superlinear lower bounds for the propositional proof
system obtained from ZFC in a natural way (otherwise ZFC would prove its own soundness).
For similar reasons, a result of Krajicek [31, Corollary 3.2] implies that Buss’s theory S}
cannot prove superlinear lower bounds on the so called Implicit EF. These results, however,
do not present an actual barrier for proving proof complexity lower bounds because in proof
complexity we prove lower bounds under the assumption that the proof system in question
is sound.

Cook’s translation. A more substantial proof complexity barrier was obtained by Krajicek-
Pudlék [36], who showed that Cook’s theory PV; cannot prove that there exists a tautology
which requires superpolynomial, say n'°8 "-size, EF proofs (Buss [11] and Cook-Urquhart [18]
derived the same unprovability result for the intuitionistic PVy). The result crucially relies on
the formalization of the statement of the lower bound, which is unfortunately not natural from
the perspective of PVy in the sense that n'°8” is not the length of a number. Consequently,
PV, cannot use induction over the proofs of size n'°™. Informally, the theory cannot see
(and analyze) the whole n'°%"-size proof properly.

Nisan-Wigderson generators and the sum-check protocol. This drawback was eliminated
in a proof complexity barrier obtained in [49] (building on [32, 46] and extended in [39, 26]),
where it was shown that subexponential average-case lower bounds for nondeterministic
circuits are not provable in PV; (and certain extensions of PVy). In a related work using
completely different methods, Chen, Rothblum and Tell [15] constructed a non-deterministic
algorithm P such that under a derandomization assumption S} cannot prove that P is not a
p-bounded propositional proof system.* Both [49] and [15] use a formalization which allows
the theory to perform induction over objects of even exponential size 2°("). Unfortunately,
the complexity of these formalizations is 5 and while theories like PV; and S} can prove a

4 [15] presents the unprovability result for APC; but it works for S as well.
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lot of complexity theory and are generally very powerful when reasoning with P-time objects
and deriving coNP statements, they are not well-designed for reasoning with NP statements®,
which is why these results do not present a significant barrier in the practice of proving lower
bounds.

This issue was partially addressed in [28]. We believe that [28] implicitly shows that
there is a concrete MA proof system R such that, if it is hard to derive superpolynomial
circuit lower bounds in a sufficiently strong propositional proof system P, then the theory
Tp corresponding to P cannot prove that R does not admit p-size proofs of all tautologies of
length n. Here, the lower bound for R assumes that 2°(") is the length of a number and
it is formulated as a coNP statement, so the Tp-provability of the lower bound for R does
not necessarily imply that P simulates R and Tp should be in principle very powerful when
proving lower bounds for R. The result in [28] would therefore give us a remarkable proof
complexity barrier if we could only prove the assumption or at least replace it by a standard
complexity-theoretic conjecture.

Kraji¢ek [33] used the methods of [32] to show that under standard hardness assumptions,
there is no efficient algorithm which given an algorithm P (potentially defining a propositional
proof system) outputs a tautology hard for P or a witness that P does not define a consistent
proof system.

Natural properties. In an attempt to mimic the natural proofs barrier, [48] defined a version
of natural properties against proof systems roughly as the efficient provability of EF lower
bounds for formulas tt(f, n®™)), for many functions f, and showed that if super-bits exist (an
assumption about the existence of pseudorandom generators safe against nondeterministic
circuits), then such natural properties against EF do not exist or EF does not prove efficiently
any formula tt(f, no(l)). If we knew how to avoid the second disjunct about the EF-hardness
of tt(f,n?M), this would present a close analogue of the natural proofs barrier in proof
complexity.

A combination of the results in [28] and [48] shows that under the assumption of the
existence of super-bits, either there is no natural proof against P or P cannot prove proof
complexity lower bounds for a concrete MA system. The conclusion is interesting, but it
does not tell us much about the hardness of deriving lower bounds for systems like EF.

Self-provability. More recently it has been shown that EF lower bounds imply circuit lower
bounds such as SAT ¢ P/poly [50, 3] under various assumptions such as that EF proves
efficiently that E is hard on average for subexponential-size circuits. If we could avoid this
assumption, the resulting strong connection between EF lower bounds and circuit lower
bounds could explain a part of the difficulty of deriving EF lower bounds.

A problem with interpreting the results from [48] or [50, 3] as proof complexity barriers is
that they require the assumption that EF proves efficiently a sufficiently strong circuit lower
bound, which is the very statement we are trying to refute when proving proof complexity
lower bounds (in Razborov’s conjecture).

TFNP, automatability & algebraic complexity. Li, Li and Ren [40] initiated a systematic
investigation of proof complexity of proof complexity lower bounds through the lens of TFNP,
but they restrict their attention to Resolution lower bounds, see also [19]. Similarly, the

5 For example, it follows from Buss’s witnessing theorem [10] that S} cannot prove that a TENP problem
is total unless the problem is in P.
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NP-hardness results for the automatability of various weak proof systems are based on the
hardness of deriving proof complexity lower bounds in systems such as Resolution [4, 2].
Lu, Santhanam and Tzameret [42] showed that certain lower bounds for a constant-depth
version of IPS are hard to prove in AC’[2]-Frege. The result builds on a work of Santhanam
and Tzameret [67] where IPS lower bounds for formulas expressing IPS lower bounds for
VP = VNP were shown to follow from VP # VNP. A drawback of [67] when interpreted as a
barrier result is that the conclusion holds only for infinitely many input lengths, [67] does
not rule out the possibility that IPS proves efficiently lower bounds for IPS for VP # VNP
on an infinite and dense set of input lengths. Nevertheless, the potential sensitivity to the
input length is a valuable information about the possibility of deriving proof complexity
lower bounds for strong proof systems.

Upper bounds. Ultimately, the prospect of proving proof complexity lower bounds is limited
by the possible existence of surprising upper bounds. In this context, it is worth mentioning
an MA protocol of Williams which breaks a version of SETH for MA [70]. A recent result of
Mazor and Pass [43] and Hirahara, Ilango and Williams [24] constructs subexponentials-size
(deterministic) circuits for more specific problems like MCSP, but so far all these upper
bounds remain in the regime of SETH.

All in all, while there have been several previous results that can be seen as some kind of
proof complexity barriers, they are significantly less impactful than natural proofs in circuit
complexity. In our view, the concept of efficient adversaries introduced in the present paper
comes the closest to the potential “natural proofs barrier” in proof complexity so far despite
the fact that the second assumption in Theorem 1 is similar to the assumption that EF
proves efficiently some circuit lower bound. Theorem 2 could turn out as the main barrier,
if the existing lower bounds such as the Res(k) lower bound for tt(f,¢) can be made more
constructive by designing adversaries who are efficient w.r.t. the queries of the prover, not
w.r.t. the formula for which the lower bound is proved.

1.3 Open problems

Constructivity of proof complexity lower bounds. The main problem we leave open is the
question of constructing efficient adversaries for all the remaining major proof complexity lower
bounds. As the proofs of Theorems 3-4 show, it is not always obvious how to constructivize
an existing lower bound. For example, in Theorem 4 we only obtained efficient adversaries
for the weak pigeonhole principle, but the question of constructing such adversaries for Res
lower bounds for the functional weak pigeonhole principle [62, 63] remains open. Further,
it is not clear how to get efficient adversaries from lower bounds exploiting “deterministic”
restrictions such as the recent super-linear lower bound for constant-depth Frege systems
by Gryaznov and Talebanfard [23]. In general, lower bounds obtained via the width-size
relation of Ben-Sasson and Wigderson [7] use deterministic restrictions as well and we do
not know how to make them constructive. That is, we do not have a general strategy for
replacing deterministic restricitions whose existence is shown non-constructively by random
restrictions which would work with high probability. A prominent example we leave as an
open problem is the constructivization of lower bounds based on feasible interpolation such
as Pudlék’s lower bound for Cutting Planes CP [52] — notably, it is still an open problem to
show that tt(f, s) tautologies are hard for CP. Nevertheless, a significant barrier for using
feasible interpolation to derive lower bounds for strong proof systems has been established
already in [37, 9, 8].
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» Problem 6. Does the CP lower bound of Pudldk [52] admit efficient adversaries?

If there are lower bounds which cannot be made constructive, can we rule out the possibility
of a more substantial proof complexity barrier by showing at least that under a standard
complexity-theoretic assumption some proof complexity lower bound does not admit an
efficient adversary?

If we cannot construct an efficient adversary for some lower bound, if for each efficient
P-adversary claiming that —¢ is satisfiable, there is a short P-refutation (not necessarily of
—¢) catching the adversary, we can say that the refutations constitute a short P-pseudo-proof
of ¢. Is there a proof system P with p-size pseudo-proofs of all tautologies? To formulate
the question more formally we consider only proof systems EFp obtained by extending EF
with axioms postulating the soundness of a proof system P. EFp simulates P [34]. An
EF p-adversary is an EF-adversary who is additionaly required to assign 1s to all instantiations
of the axiom postulating the soundness of P.

» Problem 7 (NP = coNP w.r.t. efficient adversaries). Is there a proof system P such that
for each tautology ¢, for each (|¢| + n)3-size EF p-adversary claiming that —¢ is satisfiable
there is a poly(|¢p|)-size EF p-refutation catching the adversary?

Avoiding anticheckers. Is it possible to remove the assumption about the provably con-
structive anticheckers from Theorem 17 In order to do so, it might be helpful to interpret
efficient adversaries as algorithms for the search problems of finding errors in supposed short
refutations of hard formulas, cf. [40].

Efficient adversaries w.r.t. tt-tautologies and other formulas. Theorem 2 does not rule out
the possibility of proving constructively EF lower bounds for tt(f, s) formulas with adversaries
which are efficient (not w.r.t. the queries of the prover but) w.r.t. the size of the tt(f,s)
formula, i.e. with adversaries of size 2°("). Is it possible to make Theorem 2 work in this
case as well? Can we further extend the theorem to all formulas instead of just formulas
expressing circuit lower bounds? The latter question is related to the problem of proving
that MCSP is NP-complete. Another relevant problem in this direction is to make Theorem 3
work for tt(f,t) with better than 2°(")_size adversaries, i.e. to construct Res(k)-adversaries
for —tt(f,¢) which are efficient w.r.t. the queries of the prover.

Simulations preserving efficient adversaries. The notion of efficient adversaries appears
to be sensitive to the specific choice of proof system in question. Do p-simulations preserve
efficient adversaries? That is, is it possible to show that if there is an efficient P-adversary
for ® and the proof system P is p-equivalent to a proof system R, then there is an efficient
R-adversary for ®? Is there another natural notion of simulation between proof systems
which preserves efficient adversaries?

Connection to automatability. Automatability of a proof system P should yield a close-to-
optimal P-adversary because the optimal strategy for the adversary proceeds by deciding
in each step if a given query has a short derivation from formulas that have been already
assigned 1. Is it possible to use this connection to shed new light on the question of
automatability of standard proof systems?

2  From efficient adversaries to algorithms

In this section we formally introduce efficient adversaries and prove Theorem 1.
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Standard proof systems. We define adversaries for standard propositional proof systems
from the set SYS consisting of:

Extended Frege EF, Frege, ACS—F‘rege and Circuit Frege CF systems;

Resolution Res; Cutting Planes CP; k-DNF Resolution Res(k);

tree-like versions of the systems listed above.5
The definitions of these systems can be found in [34], but we will use the definition of Res(k)
from [64, Definition 2.6] and the definition of CF from [25]. Each instantiation of EF, Frege,
ACS—Frege and CF system is represented in SYS separately. This is because we do not know
whether the existence of an efficient adversary for a system P guarantees the existence of an
efficient adversary for a system P’ if P’ is p-equivalent to P. We consider Frege, EF and CF
systems for all finite and complete languages for propositional logic. SYS™ will stand for
SYS without EF systems.

We denote by O(P) the set of “objects” a proof system P € SYS operates with. EF and

Frege systems operate with formulas built from the connectives in the respective language.

ACY-Frege operates with formulas of depth d defined as in [34, Chapter 15], CF systems
operate with circuits in the respective language, Res operates with disjunctions of literals
(clauses), CP operates with integer inequalities, Res(k) with k-DNFs.

In order to unify the presentation, we treat all systems P € SYS as refutational systems,
refer to the objects of O(P) as formulas (in the case of CF this is an abuse of terminology
but it should not cause any confusion) and denote by 0 the last formula of a refutation.

Pudlak-Buss game. Our definition of efficient adversaries is inspired by the Pudlak-Buss
game [53], which can be used to characterize short Frege proofs. The game is played
between Prover and Liar. In each round Prover sends a formula to Liar who responds by
0 or 1. Denote the response of Liar on formula ¢ by C(¢), not displaying the history of
the game for simplicity. Intuitively, we interpret C'(¢)) = 0/1 as claims that Liar possesses
a falsifying/satisfying assignment of ¢. In each round, Liar has to satisfy C(0) = 0 and
C(¢) = 1, if we want to estimate the size of the refutation of a formula ¢.

Given an s-size Frege-refutation of ¢, there is a strategy of Prover “catching” Liar in
K log s rounds by querying formulas of size < Ks®, where K € N depends only on the
Frege system: Using binary search Prover can find in K log s rounds formulas ¢1, ..., ¢pr41
such that C(¢;) =1, for i € [k], C(¢g+1) = 0 and ¢y follows from ¢, ..., ¢, by a single
application of a Frege-rule.

In the opposite direction, such a strategy of Prover that catches Liar in r rounds with
queries of size < 290" yields a 29" -size tree-like Frege-refutation of ¢, if the logical
connectives in the language of the system include 0,1, -, V, A, cf. [34, Lemma 2.2.3].

» Definition 8 (Efficient adversary). For P € SYS™, an s-size P-adversary is a sequence
C :={C;}52,, where C; computes the responses of the adversary in the i-th round as follows.
Each C; is a sequence of s-size circuits C; :={C; ;} which for each {a1,...,a;) € N' contains
a single circuit C; ; with @ blocks of inputs partitioned so that the k-th block, k < i—1, consists
of ax + 1 inputs and the i-th block consists of a; inputs. Given a history of the adversary’s
responses h = {(¢x, by) }i_, where ¢ € O(P) and by, € {0,1} is a response of the adversary
to ¢i in the k-th round, the response of the adversary to ¢; € O(P) in the i-th round is

Ci(h,¢;) == C, j(h, ¢;), where C; ; is the circuit in C; with inputs partitioned in accord with

6 Strictly speaking, it does not make much sense to consider tree-like EF as we want to allow the system
to reuse extension axioms.
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h,¢;. The P-adversary is honest if it responds consistently with its responses in previous
rounds, i.e. for each ¢ € O(P) and each history h = {{¢y, bx)}i ', Ci(h,d) = by if ¢ = ¢y
for some {¢g,bg) € h with £ < i.

If the adversary responds to ¢ € O(P) with a fized b € {0,1} in each round independently
of the history, we write C(¢) =b. If the P-adversary satisfies C(0) =0 and C(¢) =1, for
all p € @ C O(P), we say that the adversary is for ®. We will consider only finite sets ®.

A randomized s-size P-adversary (for ®) is an s-size P-adversary {C;}32, (for ®) such
that for each i, each C; ; € C; has access to < s bits of a finite random string of bits shared
among all circuits C; ;, for all i,j. The random strings are distributed according to some
arbitrary distribution.

The definition of EF-adversaries requires a small twist which will become apparent after
Definition 9. For P € SYS™, a P-prover is a function mapping histories {(¢y, bx)}%_;, where
¢r € O(P), b, € {0,1}, i € N, to new formulas (queries) in O(P).

Switching quantifiers and the role of randomness. If for a given prover with < s-size
queries, there is an adversary who stays consistent for r rounds, then there is a poly(sr)-size
adversary who achieves that as well. To make the notion of efficient adversaries interesting
we will thus switch quantifiers and consider s-size adversaries staying consistent for r rounds
against all possible provers. A randomized adversary will be slightly more flexible: for each
prover, the randomized adversary will choose a random string and then proceed as the
deterministic adversary specified by the random string. The definition ensures that circuits in
C5 responding in the second round can access the random bits used by circuits C; responding
in the first round.

Next we introduce a notion that allows us to generalize the characterization of proof-size
from Pudléak-Buss games to all systems in SYS™.

» Definition 9 (Evaluation of adversary). Given a refutation © of ® C O(P) in a proof system
P € SYS™ and an (s-size) P-adversary C for some ® C O(P), define the evaluation of C' on
m by the following process. In round 0, let hg := 0 and start at the last formula of 7, i.e. 0.
If in the i-th round, the current formula ¢ ¢ ® is derived in w by applying a single derivation
rule on (a possibly empty set of) formulas ¢;,j € [k], proceed to the first ¢;:, 5" € [k], such
that Cit1(hs, ¢j:) =0 and let hiy1 :=h; U (¢j/,0). If there is no such ¢;, j' € [k], output 0.
If ¢ € ® is reached, output 1. If m evaluated C to 0, we say that w caught C'. Otherwise, C
stayed consistent on .

Obviously, there is an s-size refutation of ® in a proof system P € SYS™ if and only if
there is an s-size P-refutation of ® which catches all P-adversaries for ®.

EF adversaries. Definitions 8-9 can be straightforwardly adapted to the case of EF systems,
but the extension axioms need to be treated carefully: It would be unfair to ask an EF
adversary to assign a value to an extension variable e and only subsequently reveal that e is
equivalent to 1 or 0 — the adversary would be caught immediately. The issue does not appear
in the case of the p-equivalent CF systems. This also suggests the right way to define EF
adversaries: We adapt Definitions 8-9 so that whenever an EF adversary evaluated on an EF
refutation 7 receives a formula ¢, they receive also all extension axioms in 7 defining the
extension variables appearing in ¢ and the extension axioms of all the extension variables in
the received extension axioms. In other words, the adversary gets to know the whole circuit
defining the extension variables in ¢.
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To justify the definition, following the proof of the simulation of EF by CF [25, Lemma 2.4],
it can be shown that for each EF system P and each CF system R such that P and R have
the same language and Frege rules, if each poly(s)-size P-adversary is caught by some t-size
P-refutation, then each s-size R-adversary is caught by some poly(t)-size R-refutation.

Proposition 10 points out that for Frege systems, an honest adversary for ® stays
consistent against all provers with poly(n)-size queries for O(logn) rounds if and only if it
stays consistent on all poly(n)-size O(logn)-height refutations (not necessarily of ®). (Note
that an s-size Frege proof can be transformed to a poly(s)-size O(log s)-height Frege proof of
the same formula [34].) A height of a Frege derivation is the maximal number of edges on a
directed path in the derivation graph.

» Proposition 10. Let P be a Frege system containing modus ponens rule (which derives 1)

from ¢ and =V ).

1. If an s-size r-height P-refutation (not necessarily of ®) catches a P-adversary for ®, then
some P-prover with s-size queries catches the adversary in O(r) rounds.

2. If a P-prover with s-size queries catches an honest P-adversary for ® in r rounds,
then some poly(s,r)-size (r + 2)-height P-refutation (not necessarily of ®) catches the
adversary.

Proof. To prove Item 1, we define a strategy of the prover by querying formulas on the path
in the P-refutation going from 0 to an axiom where the adversary assigns Os.

Item 2 is obtained by treating each query as a resolvent ¢ in the modus ponens rule
deriving ¥ from ¢ and —¢ V ¢. The formula ¥ is initially 0. If ¢ is assigned 0, we proceed
with extending the refutation we have built so far by building a derivation of ¢ and leaving
—¢ V 1 as an additional axiom. Otherwise, we proceed with building a derivation of —¢ V ¥
and leaving ¢ is an axiom. The evaluation of the adversary on the resulting refutation
ends up in one of the following two cases. In Case 1, the last queried formula ¢, is assigned
0 but ¢, follows by a single application of a Frege rule from formulas assigned 1. In Case 2,
the last queried formula is assigned 1 and again a “direct contradiction” is found in which
some formula ¢, is assigned 0. In Case 1, we extend 7 by a single derivation step deriving
¢, from the formulas assigned 1. In Case 2, we extend 7 by a modus ponens rule resolving
on ¢, and then adding the derivation rule deriving ¢, from the formulas assigned 1. Since
the adversary has to stay consistent with its previous responses, in both cases, we obtain an
< (r + 2)-height P-refutation of size poly(s,r) which catches them. <

Proposition 10 holds also for ACS—Frege systems with a minor adjustment of parameters.

We do not know how to improve the conclusion in Proposition 10 (Item 2) into a P-refutation
of ® catching the adversary, but we will show that a typical proof complexity lower bound
for a formula @ yields a randomized efficient (possibly dishonest) adversary for ® who stays
consistent on all small refutations (not necessarily of ®) with probability > 9/10 over the
randomness of the adversary, if the adversary is not required to assign 1s to formulas outside
®. This should be contrasted with the next theorem showing that under certain assumptions
it is not possible to construct such EF-adversaries for formulas encoding circuit lower bounds
for SAT.

In order to state the theorem we need to introduce some notation. Let —lb4 (SAT, s)[B] be
a propositional formula encoding the poly(s, | A|)-size predicate Ry (B) := “variables B encode
an s-size circuit with n inputs computing SAT on inputs from A C {0,1}"”. The formula can
use other hidden auxiliary variables as well and is satisfiable iff 3B, Ry (B) = 1. The values of
SAT on A are “hardwired” bits. Sometimes we write |b4(SAT, s) without displaying [B]. We
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define tt(SAT, s) as Ibgp 13 (SAT, s). The notation SAT should not be confused with SAT (z)
which we use as a shortcut for saying that “x is a satisfiable formula” and with SAT (x, y)
used to denote a propositional formula encoding the predicate Rs(z,y):= “z encodes a
propositional formula satisfied by assignment y”. For concreteness, we assume that SAT (x, y)
uses extension variables encoding the gates of a poly(|x|, |y|)-size circuit computing Ra(x,y)
and is a tautology for an assignment a, b of z,y iff Re(a,b) = 1. Similarly, given a circuit F'
with inputs y, the predicate R3(x,y) := “z is a propositional formula satisfied by F(y)” can
be encoded by a propositional formula SAT (z, F'(y)) using extension variables for the gates
of a poly(|F|, |x|)-size circuit computing R3(z,y) and is a tautology for an assignment a, b of
x,y iff R3(a,b) =1. We do not specify the encoding of these formulas further as the results
in this section work for any natural encoding.

» Theorem 11.

For each EF system P there is K € N such that the following holds.
Let v : N— N, n,s, t,u,w € N be such that n < s <t < u and assume 1 - 2:

1. (The canonical pair of P is hard.) For each (n - v(t¥))X-size circuit D with n inputs,
there is z such that SAT(z) A D(z) =0 or D(z) = 1 while there is a w-size P-refutation
of (the formula encoded by) z.

2. (Provably constructive anticheckers.) There is a t-size set A C {0,1}" and a t-size circuit
F such that for each z € {0,1}™ there is a u-size P-proof of

—lb s (SAT, s)[B] ASAT(z,y) — SAT(z, F(z, B)).

Then,

a) For each (possibly dishonest) randomized v-size P-adversary C' = {C;}52, for —lbs(SAT, s),
there is a (w + u)¥X -size P-refutation catching C with probability > 1/2 — 1/n over the
randomness of C.

b) For each randomized v-size P-adversary C for —tt(SAT,s), there is a (2" 4+ w + u)¥ -size
P-refutation catching C with probability > 1/2 — 1/n over the randomness of C.

Moreover, Item b) holds even without the assumption in Item 2, if s < 2",

Typical parameters of interest in Theorem 11 are s, ¢, u = poly(n) and v being a polynomial
function in n and the size of the input, where the size of the input might be < n or > n. In
Item a), we typically consider w = poly(n) while in Ttem b) it is best to set w = 20,

» Remark 12. For w = 29 which is the setting suitable for the “moreover” part of
Theorem 11, Ttem 1 in the assumptions can be replaced by SAT ¢ Circuit[(n - v(t%))X]
because each unsatisfiable z has a 292D _size EF-refutation.

Proof of Theorem 11.

Item a). Assume that the modus ponens rule is available in P and let D" be the n-input
v(poly(t))-size randomized circuit

D" (x) := C1;(SAT(z, F(z, B))),

where (' ; is the randomized circuit in C; with the appropriate input size, F' is the circuit
from the second assumption and B are the variables from the displayed formula in the second
assumption. In more detail, D" maps = € {0,1}" to SAT(z, F(x, B)) and sends the formula
to C1,; together with the extension axioms of the extension variables in SAT (x, F'(z, B)).
Intuitively, D" attempts to use C to solve SAT. However, there is an input z of D"
on which D" fails to separate the canonical pair of P (for the given w) with probability
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> 1/2—1/n. Otherwise, by an amplification employing Chernoff’s bound and the subsequent
derandomization, a circuit of size poly(n) - |D"| + poly(n) would separate the canonical pair
of P, contradicting Item 1.

The last step of the refutation catching C' derives 0 from SAT(z, F'(z, B)) and its negation
(using modus ponens).” By the choice of z, with probability > 1/2—1/n over the randomness
of C, one of the following two cases happens.

Case I: D"(z) = 1 and there is a w-size P-refutation of z. A w-size P-refutation of z
yields a poly(w + t)-size P-derivation my of =SAT(z, F(z, B)) from empty assumptions,
cf. [34, Chapter 12.4]. Since extension variables cannot appear in the initial formulas
of a P-refutation containing 7y (they would not be allowed to be introduced in ), we
also need to use a poly(t)-size P-derivation 72 of SAT(z, F(z, B)) from 0. The refutation
catching C' is then constructed by composing mg, 7o with the application of modus ponens
on SAT(z, F(z, B)) and its negation. It is a refutation of 0.

Case Il: D"(z) = 0 A SAT(z). Since SAT(z) and we assume Item 2, there is a poly(u)-size
P-derivation m of SAT(z, F(z, B)) from —lb4(SAT, s). Again, in order to deal with the
extension axioms, we construct a poly(t)-size P-derivation 7} of =SAT(z, F(z, B)) from
0 and then the P-refutation catching C analogously as in Case 1. It is a refutation of
—lb 4 (SAT, s) and 0.

Since only one of the cases I and II can happen, this yields the desired refutation.

If modus ponens is not available in P, we proceed similarly. Given z € {0,1}", D"
constructs a poly(t)-size P-derivation 7, of 0 from SAT (z, F(x, B)) and its negation (expressed
in the language of the system). Then, D" simulates the evaluation of C on m, (it suffices
to store finitely many v(poly(t))-size circuits from C' to simulate the evaluation for all
x € {0,1}™). If the evaluation ends up in the formula SAT(z, F(z, B)), D" outputs 0. If
the evaluation ends up in the formula —SAT(z, F(z, B)), D" outputs 1. Otherwise, D"
outputs an arbitrary bit, say, 0. The size of D"(z) is poly(v(poly(t))). The existence of
z € {0,1}™ such that Case I or Case II happens follows as before. The refutation catching C
is constructed as before but the final application of modus ponens, i.e. the last step of the
refutation, is replaced by 7,. The refutation catches C because in Case I, the evaluation of
C on 7, cannot end up in SAT(z, F(z, B)) — in such case D" would output 0 on z — and in
Case II the evaluation on 7, cannot end up in =SAT(z, F(z, B)) — in such case D" would
output 1 on z. This completes the proof of Item a).

Item b). We proceed as in Item a) but instead of the assumption from Item 2 we use
a formalization of the search-to-decision reduction for SAT. In more detail, let F' be a
poly(s)-size circuit which solves the search version of SAT given an s-size circuit B witnessing
that —tt(SAT, s). As before, the last step of the refutation resolves on SAT(z, F(z, B)), for a
suitable z (or this step is simulated). The only difference from Item a) is that in Case II
we use a 29(")_gize P-derivation of SAT(z, F(z, B)) from —tt(SAT,s). The existence of the
P-derivation follows from the S3-formalization of the search-to-decision reduction for SAT,
see [46, Proposition 3.1] or [17], and the fact that I1%-consequences of S} have p-size proofs
in EF [29]. |

While the assumption in Item 1 in Theorem 11 is standard (roughly corresponding to the
non-automatability of P), Item 2 deserves a discussion.

7 If we formulated the proof in terms of prover-adversary games, SAT(z, F(z, B)) would be the first
formula sent by the prover.
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Plausibility of provably constructive anticheckers. A theorem of Lipton and Young [41]
about “anti-checkers” guarantees that if SAT is hard for circuits of size poly(s), there is a
set A of size poly(s) such that Ibs(SAT,s) is a tautology. In fact, a simple case analysis
(considering the cases that SAT € Circuit[poly(s)] and SAT ¢ Circuit[poly(s)]) yields a circuit
F with t = poly(s) such that the displayed formulas in Item 2 are tautologies, but we do not
have the guarantee that the tautologies are efficiently provable. The existence of such F' with
the efficiently provable property from Item 2 follows, if we assume that EF proves efficiently
that a concrete Boolean function is hard on average and that EF proves efficiently that a
concrete efficient circuit given a circuit breaking a one-way permutation (OWP) produces a
circuit for SAT, see [50, Lemma 2]. In other words, if EF can prove a circuit lower bound and
reduce OWPs to SAT ¢ P/poly, Item 2 holds. In fact, it holds with z being a free variable in
the displayed formula.

Item 2 is similar to the assumption used in [50] to establish the implication that lower
bounds on lengths of proofs in concrete propositional proof systems imply explicit circuit
lower bounds. Indeed, as pointed out to us by Noel Arteche, Item 2 (with s,¢,u = poly(n))
implies that NP ¢ Circuit[n’], for each £ € N — SAT € P/poly combined with Item 2 implies
that EF is p-bounded and NP = coNP implies the desired lower bound using Kannan’s lower
bound. It is possible that Ttem 2 implies that EF proves efficiently tt(f, n®™)) for some f, but
it is not immediate: The outlined proof of NP ¢ Circuit[n’] involves a case analysis yielding
tt(SAT,.x,n’) or tt(f’, n*) where f’ has inputs of length n. Such disjunctions have, however,
trivial proofs of polynomial size in the size of the formula (i.e. in 20("k)). Nevertheless,
Ttem 2 implies poly(u)-size EF-proofs of Ib 4 (SAT, s) V tt(h, ), for each h ¢ Circuit[s'], where
the truth-table of h has length < n. Further, by truncating the inputs from A we get
poly(u)-size EF-proofs of tt(h',s) V tt(h, s’), for some h’ with the truth-table of size ~ ¢.8

Importantly, our theorem holds for stronger systems than EF as well — specifically, for
systems EFp from Section 1.3 — in case these are needed to satisfy Item 2. One way to
interpret Theorem 11 is thus to say that if we can construct efficient adversaries for lower
bounds in a sufficiently strong proof system which can prove constructively the existence of
anti-checkers (e.g. by proving some circuit lower bound and reducing OWPs to SAT ¢ P/poly),
then we can separate the canonical pair of the system efficiently.

» Remark 13. Theorem 11 remains valid if the formula —lb4(SAT,s) in its conclusion is
replaced by an arbitrary formula ¢ such that P has a poly(u)-size derivation of —lb4(SAT, s)|,
from ¢, where 9|, is a formula obtained from ¢ by applying a substitution p which replaces
some (possibly all) variables of 1 by poly(s)-size formulas built on variables of ¢. In this case,
the P-refutation is constructed as in the proof of Theorem 11 but applying p on formulas
Iba(SAT,s), SAT(x, F(x, B)) and using the fact that the assumption from Item 2 remains
valid under p. Moreover, in Case II, we use the short P-derivation of —lb(SAT, s)|, from ¢.
Similarly, —tt(SAT, s) in Theorem 11 can be replaced by an arbitrary formula ¢ such that P
has a 2°0(")_size derivation of —tt(SAT,s)| p from ¢, where p substitutes some variables by
poly(s)-size (not 2°(")_size) formulas built on variables of ¢.

As noted by Moritz Miiller, Theorem 11 holds also if we substitute —lb4(SAT, s) both in
the conclusion and in the assumption by an arbitrary formula.

8 If we assume the existence of efficient EF-proofs of tt(h’,s) V tt(h, s'), for some h’, h and suitable t, s, s’
then a version of EF-natural proofs from [48] (defined as the existence of efficient EF-proofs of the
formulas encoding that “EF does not prove efficiently tt(h’, s) v tt(f, s’ /3)”, for many functions f) breaks
superbits. In order to see this, note that short EF-proofs of tt(h’, s) V tt(h, s") yield short EF-proofs of
tt(h',s) Vtt(h @ f,s'/3), for every f € Circuit[s'/3].
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3 Efficient adversaries for known lower bounds

3.1 Width and expansion

The strongest known lower bound on the length of proofs of tt-tautologies is due to
Razborov [64, Theorem 2.13|, who showed that (a concrete natural encoding of) tt(f,,t),
n? <t < 2" and in fact also lby (fy,t), for any W C {0,1}" and any f,,, requires Res(k)-
proofs of size 2tn(1), if k = elogt and € > 0 is a sufficiently small constant. The lower bound
combines a small-restriction switching lemma, which turns short proofs into narrow ones,
with a width lower bound which is obtained using expansion properties of the Ib-formula
(similarly as in the influential work of Ben-Sasson and Wigderson [7]). We show how to
adapt the proof so that it yields efficient adversaries for formulas 7y (A, b) described below.
On the way, we will refer to the details of the proof (and definitions) from [64].

The reason why we focus on formulas 7 instead of Ib is that Razborov’s lower bound for
Ibyw (fn,t) is obtained by showing that every S-size Res(k)-refutation of —lby (f,,t) can be
turned into an S2°*)_size Res(2k)-refutation of 7y (A,b) and then proving that 7y (A, b)
does not have such refutations. In fact, as we will observe, Res(2) admits poly(|W|, t)-size
derivations of each clause of —lby(fy,t)|, from 7y (A, b), where p substitutes some variables
of =lbw (fn,t) by a function of at most two variables of 7/ (A4,b). On the other hand, by
Remark 13, Theorem 11 holds even if —lby, (SAT, s) is replaced by an arbitrary formula ¢ such
that EF has a poly(s)-size derivation of —Iby (SAT,s)|, from ¢.° The focus on 7-formulas
allows us to avoid the problem of encoding the transformation of refutations of —lb to
refutations of 7 in the strategy of the adversary.

In the following paragraphs defining formulas Ty (A, b) we refer mainly to [64, Sections 6
and 8], where the reduction of lower bounds for =lby (f,,t)|, to lower bounds for Ty (A, b)
is described for the case W := {0, 1}". We start with specifying formulas

’TS (A, b) = T{O,l}" (A, b)

from [64], for A,b such that the desired short derivation of —tt(f,,t)|, from 7<(A,b) exists.

Formulas 7< (A, b) are defined generally in [64, Definition 2.2] but we will consider only their

particular instantiations obtained from T(C’ZE, b) in [64, Section 8] with two caveats:

1. We adopt the convention from the beginning of [64, Section 5] introducing axioms =)
and yij} V oy, —\yij} V z; (instead of identifying =; with yf{j});

2. A,bin our 7<(A,b) is not the same as A, b in T(C’K’;l, b) from [64, Section 8]. In order to
specify our A, b in 7<(A,b), we need to express T(C_K—Zl, b) from [64, Section 8] as in the
proof of [64, Theorem 2.12] which in turn refers to thé})roof of [64, Theorem 2.10], where
T(CZE7 b) is interpreted as a linear system AX = b with constant right-hand side — this
A,bis our A,bin 7<(A,b) and our formula 7< (A, b) is the formula 7 (A, b) in the proof
of [64, Theorem 2.10] obtained from T(CXE, b) considered in [64, Section 8].

The formulas —7<(A,b) express that a bit-string b of the length |b] = 2¢o(2"*! — 1),
to = Q((t/n)/?), is not in the range of an NW-generator based on a |b| x to(2"*! — 1)
matrix A and the parity function. In other words, 7<(A,b) is a set of clauses asserting
that AT = b is a system of linear equations solved by a (]b|/2)-bit vector Z. The matrix

9 If —¢ is to be hard for a strong proof system, it should be different from —ry (A, b), because systems
simulating Gaussian elimination can prove =7y (A4, b) efficiently.
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Ais an (r,d + 1)-lossless expander, with r = ¢° for an arbitrary sufficiently small § > 0
and a sufficiently big d = O(1), corresponding to an iterated composition of a function
H : {0,1} s {0, 1}%%0 (iteratively applied on the first ¢y and the last t of its output bits)
as described in [64, Section 6] (H denotes a different object in [64]). Additionally, A (is
constructed from an (r, d)-lossless expander in [64, Section 8] and so it) satisfies |.J;(A)| > t°
for all i € [|b]].1% The iterated composition of functions H forms a tree Ty of 2”71 — 1 copies
of H. The indices of b are in one-to-one correspondence with outputs of the copies of H in
Ty . The string b has Os on all positions corresponding to outputs of the “inner” copies of H.
In order to get a short derivation of —tt(f,,t)|, from 7<(A,b) one defines b, ; := f,(a), for
a € {0,1}",j € [2ty], where b, ; corresponds to the jth output of the ath “outer” copy of
H, i.e. the copy of H forming the ath leaf in Tjy. As explained in [64, Section 8], there is a
.z, (@) computing by1 = fy(a) on a € {0,1}". The circuit Dy, 4, ..z, (a)
gradually computes all copies of H in Ty that lead to b, 1. In particular, the ath outer copy
of H is computed by Dy, 4, ... a,, (a) as well.

Given W C {0,1}", the formula 7y (A, b) is obtained from restricting 7< (A4, b) to (the ax-
ioms encoding) the equations from AZ = b which are used by the computation of D,, », .. z,(a),
for a € W. Consequently, the size of Ty (A, b) is poly(t, |W]).

By inspecting the reduction in [64, Section 8], it can be verified that each clause of formula
=lbyw (frn,t)|, has a Res(2) derivation of size O(1) from 1w (A, b), where p substitutes some
variables of —lby (f,,,t) by a function of at most two variables of 7y (A, b) and b is defined
from f,, as above.

t-size circuit D,, 4, ..

In the rest of this section we give a proof of the following theorem in which we construct
S
a poly(tt,m’)-size (randomized circuits defining the responses of an) adversary for Ty (4, b).

» Theorem 14 (Efficient adversary for Razborov's Res(k) lower bound).

Let v <1,a €N, let § >0 be sufficiently small, d € N be sufficiently big and ¢ > 0. There is
no such that for all m > ng the following holds. Suppose A,b,t are as above (i.e. n?> <t < 2",
fn specifying b is arbitrary, A is an (r,d + 1)-lossless expander with r = t° and dimensions
b x to(271 — 1)), k = elogt and W C {0,1}" has size |W| < t*. There is a poly(t"*?,m’)-
size randomized Res(k)-adversary C for Tw(A,b) such that for each 1_T’Y2T/(2o(k(d+l>))—sz'ze
Res(k)-refutation m of any set of clauses ©, with probability > -y over the randomness of C,
7 does not catch C. Here, m’ refers to the input length of circuits from C.

Let A~Z = b~ be the system of m := |b~| equations encoded by T (A,b). That is, A~
results from A by erasing some rows and b~ is the corresponding restriction of b. Since
m < |tw (A, b)| = poly(t, |W|) and |W| < t%, such A~ satisfies

|J; (A7) =° > C(d+1)(k +logm), for all i € [m], (1)
for arbitrary constant C?, if n is sufficiently big.

On high level, the strategy of our adversary is to transform 7 using a transformation R
and a random restriction p into a new Res(O(k))-refutation which is practically equivalent to
m restricted by p, but which contains only DNFs with small height and thus can be simulated
by a Res-refutation of a small width. The small height /width will allow the adversary to
find a partial solution of A™Z = b~ and respond to any formula from the original proof 7
so that each axiom of 7y, (A4,b) is assigned 1 and the consistency w.r.t. Res(k)-derivation
rules is maintained (implying that 7 will not catch the adversary). We proceed with a more
formal description.

10The existence of such A follows from the proof of [64, Theorem 2.5] and an application of Chernoff’s
bound, if ¢ > ng for some ng depending on § and d.
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Moving to protected DNFs. Given a k-DNF F from 7, the adversary first sets all variables
in F which do not appear in Ty (4,b) to 0 and applies the transformation R from the proof
of [64, Claim 5.8] which produces a “protected” O(k(d + 1))-DNF R(F). However, our
adversary adjusts the parameters in order to accommodate a more “sparse” p. Specifically,
in [64, Definition 5.3] in Item 2, 3d is increased to 5d and in Item 3, 20kd is increased to
32kd.*! Further, in [64, Definition 5.4], 6d is increased to 10d.'? Consequently, 14kd in [64,
Claim 5.5 a)] becomes 22kd. In the proof of [64, Claim 5.7], 3d becomes 5d and 6kd becomes
10kd. Recall also that d in [64, Definitions 5.3 & 5.4] is d 4+ 1 in our setting of parameters.

R (together with assigning 0’s outside 7) transforms 7 into a set of O(k(d + 1))-DNFs
which can be completed into a |7|20*(@+1)_size Res(O(k(d + 1)))-refutation of some @’
such that each axiom of Ty (A4,b) gets converted to a DNF which logically follows from
Tw(A4,b). The completion exists by the proof of [64, Claim 5.8] and by the proof of [64,
Claim 5.7] (which guarantees that for each axiom F’ in 7y (A,b), we have F' < R(F”)
assuming 7y (A, b)), but our adversary will construct only a part of it — we postpone the
details. The definition of R exploits the property (1), which as we already explained can be
assumed to hold for the relevant submatrix A~ of A.

The transformation R can be implemented by poly(t, 284+ |W |, m’)-size circuits. This
follows straightforwardly by inspection of its definition. We provide A~ as a non-uniform
advice of the adversary. The occurrence of |W| is enforced by the necessity of generating
literals (y?. ( A))bi (referred to as “cosmetic”) as the only way for our adversary to access bits

b; is to have the bits b, ; with u € W stored in a non-uniform advice.!3

Applying a random restriction. Next, the adversary applies the random restriction p
from [64, Definition 5.9], but the parameter 2d in [64, Definition 5.9] is increased to 4d —
again, note that in our setting d in [64, Definition 5.9] becomes d + 1. In more detail, if R(F)
contains a variable y&, the adversary constructs Y; and a poly(to)-size part of J needed to
determine Y; (the part of J in J;(A)). After determining Y;, the adversary constructs the part
of p needed to determine R(F')|, (using bits b, 1 again to assign the cosmetic variable yf]i( a))-
Similarly, if R(F') contains a variable x;. The fact that circuits C; ; from our adversary share
a random string is used to ensure that in future rounds our adversary will re-produce the
same p which was used in previous rounds.

In the definition of sparsity, [64, Definition 5.1], 2d is increased to 4d. Then, by [64,
Claim 5.10], the probability that p is sparse is > 1/2, but the same proof shows that the
probability is > 1—(1-+)/2, if C’, is big enough. Here we use (1) again. To see that the proof
of [64, Claim 5.10] goes through even with our adjusted parameters, it suffices to implement
the following changes in it: 9d becomes 18d, s > C'logm/9 becomes s > C! logm/18, 4d
becomes 8d and |AS| = d becomes |AS| = 2d.

As explained in the proof of [64, Claim 5.2|, for any sparse p, 7w (A, b)|, can be transformed
using a variable substitution p’ into clauses encoding a linear system of equations ATZ = b,
where A™ is an (r,d + 1)-lossless expander with |J;(AT)| > 4(d + 1). (If we did not adjust
the parameters above, we would get only |J;(AT)| > 2(d + 1), which would not suffice to
prove Lemma 15 guarantying the existence of suitable partial solutions of ATZ = bT.)

1 For clarification, we remark that L; 1, R;1 in Item 1 of [64, Definition 5.3] denote L;i, R;1 and
Conv(L;y, Riy) in Item 3 is a subset of J;(A).

2Again7 in order to avoid a potential ambiguity, we stress that intervals (7i,.,74,,+1] in [64, Definition
5.4] are subsets of J;(A).

13 For this reason we would get at best only poly(tté,2",m')—size Res(k)-adversaries for —tt(fn,t) =
—lbw (fn,t), ift W ={0,1}".
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[64, Claim 5.14] remains valid for our adjusted parameters as well. To see that, it
suffices to increase 6d to 10d in the proof of [64, Claim 5.12] and 2d to 4d in the proof
of [64, Claim 5.13]. Therefore, by [64, Claim 5.14], p collapses the height of R(F') with high
probability,

Pr[h(R(F)|p) Z h] S 1/€h/20(k(d+1)),
P

where h:=r/(C}k(d+1)), for a big enough constant C;. Since 4|7| < (1 — 7)2’1/2O(k(d+1>>/2,
with probability > 1 — (1 —)/2, every F € m U7’ was transformed to a formula R(F)|,
with height < h. Here, 7’ is a set of k-DNFs of size |n’| < 3|x| which will be specified
later. The adversary will produce formulas in 7’ from the formulas in 7 it receives and the
transformation R will be defined on 7.

The last three paragraphs imply that with probability > ~, the applications of R (with
assigning Os outside 7) and p transform 7 into (a set of formulas that can be completed to)
a Res(O(k(d + 1)))-refutation of some ®” such that each axiom of Ty (A,b)|, is converted
to a DNF which follows from axioms which can be further interpreted (using p’) as axioms
encoding ATZ = b*, where AT is an (r, d+ 1)-lossless expander satisfying |J;(A1)| > 4(d+1),
for all i € [|b™]]. Additionally, VF € 7 Ux’, h(R(F)|,) < h.

In the rest of the proof we define the responses of the adversary in the case that R and p
ensured the properties above. If this does not happen and the adversary is led to respond to
an axiom of 7y (4,b) by 0, it recognizes that the transformation failed and (despite failing
in this case) overwrites its response to 1 in order to ensure that it is for Ty (A, b).

Finding partial solutions. Our adversary already produced R(F')|,, for a given k-DNF F.
To complete the proof of Theorem 14 it remains to explain how the adversary solves the
system of equations corresponding to R(F')|, in a consistent fashion (so that it responds to
each axiom of 1y (4, b) by 1 and preserves the Res(k)-derivation rules). For this purpose
we adapt a proof of a width lower bound presented by Krajicek [34, Lemma 13.4.5]. Our
proof differs from Krajicek’s presentation in that instead of using (r,-)-expansion we use
(r,d + 1)-lossless expansion.

For a set of rows I C [|b*]], let AT be the matrix obtained from A* by deleting all rows

in I and all columns in |J,_; J;, where J; := J;(A™T).

el

» Lemma 15. Let AT be an (r,d + 1)-lossless expander as above satisfying |J;| > 4(d + 1),
for all i € [|b|]. For any set of rows I C [|bT|] of size |I| < r/2, there is I D I, |I| < 2|I|
such that

For each i ¢ I, |J\ | Ju| > |7i] — 2(d +1). (2)

uel
Moreover, for any I satisfying (2), for any nonempty set K of <r rows in AIT, |04+ (K)| > 0.
I

Proof. Assume |I| <r/2. Put Iy :=1I. Add in consecutive steps t = 0,... to I; any one row
i as long as

Jin Y Ju

u€el;

> 2(d +1). (3)




E. Khaniki, J. Pich, and D. Sokolov

We claim that the process stops before ¢ reaches |I]. Assume not, and let I":=1;. Then by (3),

Dol =0as (1) > D 1l - (Z|JZ—|+ > (il —2(d + 1))) = > 2(d+1) = (d+1)|I'].

iel’ iel’ iel iel’'\I iel’\I

This contradicts the expansion property of AT.
Let I be the last I; in the process, so t < r/2, |I| < 2|I| and I has the property (2).
For the “moreover” part, note that

04+ (K) = O+ (K)\ U7
iel

As for all i € K\I we have |.J; N Uuei Jul < 2(d + 1), this implies that

104+ (K)| >[04+ (K)[ = Y 2(d+1) = Y |Ji| = (d+ D|K| = 2(d + 1)|K| > 0.
! i€k i€k
The last inequality uses |J;| > 4(d + 1). <

Any I C [|b"|] satisfying (2) from Lemma 15 will be referred to as a safe set of rows. A
partial assignment « to T assigning to 0 or 1 variables from a set dom(«) is safe with support
I'if {j | z; € dom(a)} C U,y Ji for some safe I. A safe partial assignment o with support
I is a safe partial solution of Atz = bt with support I if and only if EBjeJi a(x;) = b, for
all i € I.

» Lemma 16. Assume I C I' C [|b"|] are safe sets and |I'\I| < r. Assume further that « is
a safe assignment with support I, and that ¢; € {0,1}, for i € I'\I.
Then the assignment o can be extended to a safe assignment o with support I' such that

P /() = e,

JEJ;
forallie I'\I.

Proof. By Lemma 15, each subset of I'\I has a non-empty border in A;‘. In particular, no
subset of I'\I can be a linearly dependent set of rows of A}L. Hence the system

@ zj=1¢ @ @ a(zj), for i € I'\I,
j€Ji\dom () jeJ;Ndom ()

has a solution 8. Put o/ :=a U#. <

The last lemma we need is a result of Segerlind, Buss and Impagliazzo [68, Theorem 5.1]

which translates Res(k)-derivations with lines of small height to Res-derivations of small width.

Our formulation is slightly more general but it follows directly from the proof presented
in [68]. Given a k'-DNF M of height h(M) < b/, denote by M%, the set of clauses M’ of
width A’ built on variables of M such that =M’ falsifies all terms in M.

» Lemma 17 ([68]). If there is a Res(k')-derivation of a k'-DNF My that has height
h(My) < I from a set of k'-DNFs M such that each My € M has height h(My) < h' and
each k'-DNF M in the derivation has height h(M) < h"”, where b’ > h', then every clause
M € M%O can be derived from Uy, e M%1 by a Res-derivation of width < bk’ (possibly
using the weakening rule).
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We are finally ready to finish the proof of Theorem 14.
In each round j > 1, given the jth k-DNF F', our adversary will construct an A-CNF
F = M}If‘i(F)lp equivalent to R(F')|, by going through all possible clauses M of width i and

adding M to F if =M falsifies all terms in R(F)|,. The h-CNF exists and the construction
succeeds because h(R(F')|,) < h. Since there are only poly(t, |W|) variables in R(F)|, (recall
that all variables outside Ty (4, b) are automatically set to 0), F' can be constructed by a
poly((t + [W|)", |R(F)|,|)-size circuit. Further, the adversary will produce oy, I, ..., a;, I},
where ar, j' € [j], is a safe partial solution of ATZ = b* with support I, of size |I;/| < 2h.
The partial solution «; will be used to evaluate F: either a clause in F will be falsified by
p oy, in which case the response of the adversary to F' is 0, or otherwise the response to
F is 1. Here (and in the rest of the proof) we abuse the notation and use p’ to identify
variables of R(F') with variables encoding A™Z = b™ — note that the relevant part of p’ can be
computed by poly(t, |R(F)|,|W|, m’)-size circuits from R(F') (the access to m’ ensures that
the adversary can use new random bits when constructing p). The partial assignment po a;
is the extension of p o a; which assigns also the variables y& whose values are determined by
poaj and ATT =bT.

Response to axioms. Let us first observe that the response of such an adversary to each
axiom F' in Ty (A,b) in each round j > 1 will be 1. Denote the system of equations of
ATT = bT corresponding to rows from a set I C [|bT|] by ATZ = b*|;. Let I'™ be a minimal
set of rows in [|b™|] such that all variables of R(F')|, are in the clauses encoding the equations
ATT =bT|;+. As F has a constant width, [64, Claim 5.7 a)] implies that || < O(k(d + 1))
and |I; UIT| <2h+ O(k(d+1)) <r/2. By Lemma 15, there is thus an extension of [; U It
to a safe set of size < r and by Lemma 16 there is a solution a 2 «a; of ATZ = b+|1jU1+. A
closer look at the definition reveals that R(F') results from rewriting some variables yizg in
F' by linear forms in x,’s which these variables y’Z represent according to the i’th equation
in 7w (4, b) and the sign of the “anchor” variable. It is not hard to check that A+7 = bt |+
implies that the yizjl’s (whose assignment is now determined by p o «) are equivalent to these

linear forms. More precisely, if y,, is the anchor variable and v > v;3, then ATz = b™|+
Vi

implies
v ® D w=pln ) =0l )@ D pa)® D 0o
JETL L JE(E, \BE_ )N (p) ve(v— ]
:y%i.ﬁ@ @ L
JEDL NS,

where X3}, C 3} is the minimal initial segment of J;(A) such that yi, € sup(p) and
Vi
Ei

v_

- Ef,m is the maximal initial segment of J;(A) such that ygi, € sup(p), so yZEV =
ygiw @ @jez'f/\z'f/w zj. If v < v, we get the same equations but Ef,+ is defined so that
¥y, €%, and X so that ¥, C X, which yields y%i = yiﬁim ® @1625“5\25 xj. Since
poa satisfies I, R(F)|5sa; is satisfiable and the adversary responds to F' by 1.

Round 1 and Weakening. The first k-DNF our adversary receives is the empty clause and
ay :=0,1; :==0. Recall the derivation rules of Res(k) from [64, Definition 2.6]. If the jth
DNF F is a premise of an application of the weakening rule whose conclusion is a DNF F}/
to which the adversary responded by 0 in round j' < j, the adversary recognizes that Fj/
is derived using the weakening rule or the CUT-rule. Even if the rule is CUT, it pretends
that it is Weakening and sets o :=ayjr, I := 1. As E C F, this guarantees the consistency
w.r.t. the rule.
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Round j7 > 1 for CUT, AND-elimination and AND-introduction. Suppose that the jth
k-DNF F Vv T is a premise of the CUT-rule, AND-elimination or AND-introduction whose
conclusion is a DNF F'V G to which the adversary responded by 0 in round j’ < j. Further,
assume that the situation is not consistent with an application of the weakening rule. If
the situation is consistent with an application of AND-elimination, the adversary pretends
that the rule is AND-elimination. If this is not the case and T = G is a single literal,
the adversary pretends that the rule is AND-introduction with a single premise. In the
remaining cases, the adversary does not necessarily recognize if F'V G is derived using CUT
or AND-introduction. If this happens, it simulates both alternatives. For AND-introduction,
the adversary knows all premises of the derivation step, which is not necessarily the case for
CUT. When simulating CUT, the adversary pretends that the premises are F'V G VT and
FVvGV-T. The formulas FVGVT and FV GV =T — which are such that the transformation
R is defined on them — are added to 7’. This adds to 7’ at most two new formulas for each
CUT in 7, i.e. < 2|x| formulas in total. Denote the set of the premises of the simulated rule
(as pretended by the adversary) by T'.

As explained in the proof of [64, Claim 5.8], the R-image of the Res(k)-derivation step
concluding F'V G can be completed to a Res(O(k(d + 1)))-derivation IT using the axioms of
w (A, ). 1* Now we finish the specification of 7’ by including in it also the non-principal
formulas of each derivation step in 7 except CUTs (the non-principal formulas of simulated
CUTs are already in 7’). Here, a non-principal formula of a derivation step is the biggest
subformula in its conclusion not intersecting the principal formula. This adds to 7’ at most
|| formulas, making the total size of ©’ at most |7’| < 3|7|. Given that the height of the
R|,-image of the non-principal formula of the simulated rule is < h, it is easy to check that
height of each formula in II|, is < h + O(k(d + 1)). Hence, by Lemma 17, the clause in
F VG falsified by poajs can be derived from ®r’s, for @ € T, and from my (4,b)|, by a
Res-derivation II' of width w < O(k(d + 1)h + (k(d + 1))?) < O(k(d + 1)h). The adversary
can construct II' by listing all possible clauses of width < w (there are poly((t + |W|)*) of
them) and gradually deriving every clause of width < w that can be derived from ®r’s, for
Or €T, and from 7w (A, b)|, in poly((t + |W|)™) steps.

Next, the adversary simulates its evaluation on IT'. In each step i of the evaluation, it
stands on a clause M; € II' of width < w and holds a safe partial solution « ; of ATT = b*
with a support I ; of size |1 ;| < 2w such that poay, falsifies M;. Initially o o == oy,
I 0:=1; and My is the clause in F'V G falsified by poajr. If the adversary wants to move
to a predecessor of M; in I, it identifies the variable ¢ which was resolved in the step in
II' concluding M; and a row 79 in ATZ = b* such that £ occurs in the clauses encoding
AYT =0Ty, Since [Ij ;| + 1 < 7/2, for a sufficiently big C}, by Lemma 15, there exists a
safe set of rows Ijs; D Iji; U {ro} of size |Iji ;| < 7. As |[J,(AT) N Jw (A1) > 1 only if u, u’
are from the same copy of Ag (in the construction of A1), the algorithm from the proof of
Lemma 15 producing fj/ﬂ- can be implemented by a circuit of size poly(tys). By Lemma 16
there exists a solution &,/ ; 2 ajr; of ATT = b+|ij/ . Our adversary finds &;; efficiently

i

using Gaussian elimination (and the bits b, ; with u € W stored in the non-uniform advice).

The adversary then proceeds to the predecessor M; 1 € II' of M; falsified by po &;r ;.

14 Note that terms R((yfh(A))b‘), which are by definition empty (by the proof of [64, Claim 5.8] R is defined
on literals and by the proof of [64, Claim 5.7 a)] cosmetic literals are removed even if they appeared in the
original term), are treated as valid and efficiently derivable. We prefer to set R((yfli(A))b") = (y;l]Z(A))bl
and R(ﬁyé) = ﬁyé. Formally, this is a new transformation R’ which might not output a protected DNF,
but whenever R(F) # R'(F), R'(F)|, is trivialized because p((yf],L(A))b’f) = p(~yh) = 1.
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Since M; 1 has width < w, there exists a set Ij“iz - fjr,i of w rows such that po 5’
falsifies M, 1, where 3’ is the restriction of & ; to the variables with indices in Uiel?i J;.
The adversary can find I}/ ; efficiently. Finally, the adversary constructs the safe set of Tows
L1 2 1075, L iva C IAj/J-, of size |Ij/ ;41| < 2w using the algorithm from the proof of
Lemma 15 again and sets ;s ;11 to be the restriction of &; ; to the variables with indices in
Uie[j/,i+1 Ji. If M;yq is an initial clause of Il', it sets o := ajs ;41 and I; := I ;41. Note
that in such case, |I;| < 2h can be ensured.

The adversary cannot arrive in an axiom of 7yy-(4,b), it arrives in a clause of ®r, for
some @ € I'. Hence, if the simulated rule was AND-elimination or AND-introduction with
a single premise, the adversary responds by 0 to F'V T and remains consistent. If the rule
was CUT (but not Weakening) or AND-introduction with more premises and in at least one
of these cases the simulation ended up in a clause of F'V T, the adversary outputs 0. The
simulation of a rule is independent of the premise received by the adversary and in the case
of CUT we have FV GV T C FV T. Therefore, the adversary responds by 0 to at least one
of the premises and remains consistent w.r.t. every rule.

Efficiency. The least inefficient part of the algorithm implemented by our adversary was
the construction of the Res-derivation IT" which took poly(t"®¢, m’) steps. In each round j,
the adversary uses a circuit of size j - poly(t"¢,m’) < m’ - poly(t"*, m’) to produce a;, I,
for all j' € [j]. The complexity of the adversary is thus poly(t"®¢,m’) and the proof of
Theorem 14 is completed.

3.2 Pseudowidth

We present a constructive version of the lower bound for the weak pigeonhole principle PHP
based on the method of pseudowidth, cf. [54, 61, 62, 63, 20]. The lower bound proceeds in
two steps. In the first step, a supposed short Res refutation of PHP]" is transformed into a
Res refutation of small pseudowidth. In the second step, it is shown that the resulting small
pseudowidth Res refutation cannot exist. In order to make the lower bound constructive, we
modify the second step.

—PHP;" is a CNF formula using variables z; ;, i € [m], j € [n]. The intended meaning of
x; ; is that the pigeon i is mapped to the hole j. =PHP]" consists of the following clauses:

(pigeon axioms) V¢, %ij, for i € [m];

(hole axioms) —z; ; V —xy ;, for i # i’ € [m], j € [n].

For a clause C' and pigeon 1,

Ne(i):={j € [n] | C is satisfied if z; ; = 1 A /\ z; ;= 0}.

J'#3
Further, define Ax (i) := |Neg(9)].
Let d = (d1,...,dm) be a vector such that d; € N\ {0},0 € R and d; > ¢ for all i € [m].
Then

Pi(C):={i e [m]| Ac(i) > d;},
Pys(C):={i€[m][|Ac(i) = di — 6}
The pseudowidth of C is wg,s(C) := |Py4,5(C)|. For a set of clauses A and a Res refutation ,

the pseudowidth of 7\ A is wgs(7m \ A) = marcerrcgawas(C). A clause C such that
|P4(C)| > woq is referred to as a (wp, d)-subaziom.
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In this section, we include the weakening rule in Res, i.e. a clause C' can be derived from
a clause D if D C C. We denote the number of clauses in a Res refutation © by L.

The first step of the lower bound based on the pseudowidth method is captured in the
following lemma. We formulate it in a stronger way than usual: Instead of concluding the
existence of a vector d, we claim that a random vector has the desired properties. This is, in
fact, what the standard proof of the lemma shows, cf. [20, Lemma 4.2].

» Lemma 18 (Pseudowidth reduction). Let ¢ :=n/logm, 3 < m,n € N. There is a
distribution of m-dimensional integer vectors d depending only on m,n such that each vector
d=(dy,...,dn) sampled according to d satisfies § < d; <mn, for alli € [n], and such that
for each Res refutation  of a set of clauses ® built on variables of PHPI' | for each wy € [m]
and a random vector d = (dy,...,d,,) sampled according to d, with probability >1—1/L,,
we have a set A of (wo, d)-subazioms with |A| < L, and a Res refutation 7’ C 7 of DU A
satisfying

wa,s(m" \ A) = O(wo +log Lr).

» Lemma 19 (Pseudowidth lower bound). Let m,n,r € N\ {0} and 4 < J € R. Suppose that
d=(dy,...,dn) is an integer vector such that § < d; < n, for all i € [m]. Further, let A be
an arbitrary set of (1, d)-subaxzioms such that AN—-PHP!" = (). Then for every Res refutation
7 of -PHP™ U A satisfying L, < 2"%/%" we have

wq,s(m\ A) > J§/6r.

Proof. For the sake of contradiction assume that 7 is a Res refutation of =PHP;" U A with

wq,s(m\A) < §/6r. W.lo.g. |A| < L, since all unused (1, d)-subaxioms can be erased from A.

For the simplification of the notation we assume that for all C' € A we have Py 5(C) = P4(C)
and P4(C) consists of a single pigeon. (If there are more pigeons in P, 5(C), we choose one
from P;(C) in an arbitrary way.)

To reach a contradiction we trace 7 from its last clause to an axiom. During the trace,
when we are at a clause C, we maintain a partial multi-matching pc on Py 5(C) which does
not satisfy C'. For each pigeon 7 from the domain of pc, pc sets x; ; = 1 for r not necessarily
different j’s and z; ; = 0 for all the remaining j’s. Additionally, for all i # i’ in the domain
of pc, for all j, pc sets z; j = 0 or zy ; = 0. Each pc will be generated using a randomized
procedure.

If we reach an axiom C, we are in one of the following three cases:

1. Cis a hole axiom —x; ; V —x; ;: Then ¢,i’ € Py 5(C), so pc maps both ¢, into different
holes and C' is satisfied.

2. C is a pigeon axiom \/j x;;: Then i € Py5(C), so pc maps i into some hole and C' is
satisfied.

3. Ce A

The desired contradiction will be obtained by showing that with high probability over the

randomness used to generate po, C' € A is satisfied by pc.

Denote the assignment that we have at the th step by py. Initially, p; is empty. Assume
that in step £ > 1 we have py = pc and that Cy, C; are the predecessors of C' in 7, i.e. C'is
derived by resolving on Cy, Cy. First, we extend p; to pj, in the following way:

For each i € (Py,5(Co) U Py s(C1)) \ Pas(C), choose r (not necessarily different) holes

Ji, .-+, Jr uniformly at random from [n]\ (N¢(i) U R), map i to ji,...,J (i.e. set

Tijys---,%ij, to 1 and the remaining x; ;’s to 0) and add ji,...,j, to R. Here, R is

initially the set of holes occupied by pigeons assigned by py.
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During the construction of pj, the size of R does not exceed 3wr < §/2, where w =
was(m\ A) > 1.1° Moreover, as i ¢ Py s(C), we have Ac(i) < d; — &, which leaves at least
n —3wr —d; + 9 > 1 free holes for each pigeon. So the construction of p) is well-defined.
Since 7 was mapped to j’s such that j ¢ N (i), the resulting pj, does not satisfy C' and thus
it does not satisfy at least one of the clauses Cy, C7. We proceed to the clause which is not
satisfied, w.Lo.g. it is Cp, and define pyy1 = pc, as pj restricted to Py s(Co). If C is derived
via the weakening rule, the construction of pg41 is analogous. The partial multi-matchings
pc satisfy the required properties except that we need to show that with high probability,
C € A is satisfied by py = po for £ < L.

Suppose D € A. We want to bound the probability that 3t < ¢, EP and D is not satisfied
by pe = pc at a step £ < L,, where EP is the event that the pigeon i € Py(D) is assigned in
the process of generating py41 from p;.

Consider p; such that EP takes place. During the construction of p; 1, while assigning
the pigeon i the r’th hole j.., v < r, we have at least n — 3wr — d; + 0 possible choices
among the free holes. Denote the set of free holes by H};/ee On the other hand, since
i € Py(D), there are at least d; — 1 different holes such that sending 7 to one of these holes
will satisfy D (If sending ¢ to a hole j; satisfies D because x; j» = 0 for some j’ # j;, the hole
7i becomes “blocked” and sending ¢ to the remaining free holes will still satisfy D even as a
multi-matching). Denote the set by Hs”;t. Therefore, the probability of the event Bp[i that
assigning the pigeon i in the process of generating p;11 from p; does not satisfy any literal
in D is

Hr NH| |HE |+ |H | —n
P BD _ 1— | free X sat < 1— free sat
I‘[ Pt] H < |HT ‘ - H n

r'<r free r'<r

<<1_5—3wr—1> <<1_5> )
- n - 4n

The estimation of Pr[Bg | is independent of p; and the assignment of other pigeons than
1 in the process of constructing p;y1 from p;. Hence, for each ¢ < L,

5\ s\
Pr (3t < ¢ EP nBP] < E 1—— <L.(1- < Lﬂ_2—ré/4n
I'[ <L, t t ] — ( ) ~ ( 4 ) S s

4n n
<t

where BP is defined like BPEZ but in the probability space of all p,’s, and

Pr[C € AN C is not satisfied by pc] < Z Pr[3t < ¢, EP N BP] < |A|L, /27" < 1. <
DeA

Lemmas 18-19, with m = L2”1/5J, r = |n'/?] and ® = -PHP!", imply that there is no
Res refutation of PHP]" of size 20" for a sufficiently small e.

Notably, our pseudowidth lower bound from Lemma 19 crucially relies on the assumption
that the refutation 7 is short, unlike the lower bounds from [61, 62, 63, 20]. An advantage
of our Res lower bound in comparison to [54, 61, 62, 63, 20] is that it constructs efficient
Res-adversaries for -PHP}".

15We have w > 1 because either a cluase of =PHP" is in 7 or every axiom in 7 is in A and there is a
clause in 7 derived from clauses in .4 by weakening or by cut. In all cases it follows that w > 1.
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We remark that PH PLW| is closely related to the statement that a Boolean function f,, with
n inputs cannot be computed by a perfect DNF (PDNF) of size s on inputs from W C {0, 1}".
Here, a PDNF of size s is a disjunction \/ ., K, where each K is a conjunction of n literals
such that each variable from {z1,...,2,} appears in K in the positive or negative form.

j<s

To see the connection, interpret the variable z, ; of PHPI"I as the statement K. i(a) =1
for a € W= f~1(1). If we wanted to construct efficient adversaries for the encoding of
PDNF lower bounds from [63], we would need to make our lower bound work for the “onto”
version of the “functional” PHP}".

» Theorem 20 (Efficient adversary for the pseudowidth lower bound).

Let v < 1 be an arbitrary constant. There is € > 0 and ng € N such that for all n > ng
there is a poly(m,m’)-size randomized Res-adversary C for —=PHPI" m = L2”1/5J, such that
for each 27" _size Res refutation w of any set of clauses, with probability > ~ over the
randomness of C, w does not catch C. Here, m’ is the input length of circuits in C.

The proof of Theorem 20 follows by combining Lemma 18 with the proof of Lemma 19.

A complication is that when the adversary possesses po and receives a predecessor Cy of
C, it might not know what C} is. In such case the adversary pretends that C; is C'V—(Cp\ C).
More precisely, the adversary will automatically replace each clause C; € 7, which was used
in 7 to derive C from Cy and Cy, by C'V —=(C;_; \ C). The transformation maps 7 into a
sequence of clauses which can be completed into a valid Res refutation p!(7) of axioms of
7: For each clause C'V =(Cy_; \ C) replacing a clause C;, p'(7) contains a weakening step
deriving C'V =(Cy_; \ C) from C;. Since p!(7) introduces at most two new clauses for each
derivation step in 7, we have Lji(r) < 3Ly

Given a clause C € p*(7), the adversary sets all variables that do not appear in ~PHP!"
to 0. This substitution, denoted p?, transforms p!(7) into p?(p!(7)). Next, the adversary
chooses a random vector d according to the distribution d from Lemma 18. Since the circuits
defining the adversary share a random string, the adversary can reproduce the same d in each
round. By Lemma 18, with probability > 1 — 1/L,1 (s, p*(p' (7)) contains a Res-refutation
7' of ® U A such that wqs(7" \ A) < O(n'/*), where A is a set of (1, d)-subaxioms and ® is
a subset of axioms of p?(p'(m)). W.lo.g. 1 —1/L,i(x) >~ + (1 —)/2 as otherwise we can
extend 7 using the weakening rule on the last clause sufficiently many times.

The adversary then simulates the construction of partial multi-matchings po from the
proof of Lemma 19 on 7/, with » = |n'/2|, and responds to C' € 7 by 0 if and only if it ends
up in C when traversing 7’. Since there might be axioms in 7’ which are not in =PHP}' U A,
we might not have w > 1, but the size of R is still bounded by 3r - maxz{1,w} < §/2, for
our setting of parameters. The transformation p! and the shared randomness of the circuits
defining the adversary ensure that independently of whether the adversary received a premise
Cy or Cy of a cut in 7, the adversary constructs the same pj, when tracing the corresponding
cut in 7’ and responds consistently on the cut in 7. The property that the adversary responds
1 to the axioms of =PHP]" is preserved and the probability of responding 0 to the clauses in
Ais < (1—+)/2, if n is big enough.

This completes the proof of Theorem 20.

3.3 k-evaluations

One of the most beautiful lower bound methods in proof complexity is the method of k-
evaluations which was used to prove a lower bound on the length of proofs of the pigeonhole
principle PHP,, (mapping n+ 1 pigeons to n holes) in constant-depth Frege systems [1, 38, 51].
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In the rest of the subsection we prove the following theorem constructing efficient AC-
Frege-adversaries for =PHP,,.

» Theorem 21 (Efficient adversary for AC®-Frege lower bound).

Let P be an ACg—Frege system in the language consisting of V,—,0,1. Further let § < 1/9¢
and v < 1. There is ng € N such that for all n > ng there is a poly(n"é,m’)—size randomized
P-adversary C for =PHP,, such that for each 2"’ _size P-refutation ™ of any set of formulas,
with probability > ~ over the randomness of C, m does not catch C. Here m’ is the input
length of circuits in C'.

We will refer to the presentation of the AC)-Frege lower bound for PHP,, in [34, Chapter 15].
For a sequence of formulas {6;}, denote by T'4{6;}, the set of all depth d formulas in {6;}
and all their subformulas.

In each round j > 1, our adversary will produce a k-evaluation (57, H?) of Ta{¢i|y/0p, Yieli)s
where ¢; € 7 is the formula received by the adversary in round i and k = n°. The partial
restriction p’ sets all variables that do not appear in PHP,, to 0. In order to simplify the
notation, we will ignore p’ in the rest of our proof. The restriction pg will be the restriction
pa from the sequence of restrictions py C --- C pg in the proof of [34, Lemma 15.2.3] but
with €@ = € < 1/9¢ instead of € < 1/5¢. We assume § < e. Since the circuits defining the
adversary share a random string, the adversary can re-produce the same py in each round.
The response of the adversary to the j-th formula ¢; from a 2"’ size P-refutation 7 is 1 if
Sf%'\pd (Hé)j‘pd) = Héjlpd and 0 otherwise.

The construction will ensure that there exists a k-evaluation (S, H) of I'y7|,, such that
for each j, (57, H7) is (S, H) restricted to Dg{¢;|,,}icf;- In fact, (S, H) will not depend on
{¢i}iery), i-e., independently of whether the adversary traces 7 along the path ¢y,...,¢; or
along a different path ¢/, ... ,qu;-, it constructs a restriction of a single “global” k-evaluation
(S, H). Therefore, by [34, Lemma 15.1.7], the adversary will be consistent w.r.t. all derivation
steps in m. Moreover, since pq is a partial bijection, =PHP,|,, is an instance of =PHP,,.
(possibly with some tautological clauses), so by [34, Lemma 15.1.6] the adversary will assign
1 to each clause of =PHP,,. This means that « will not catch the adversary.

It remains to show how the adversary constructs (S7, H7).

The adversary will construct gradually (S7¢, H?), for each t € [d], where (S7¢, HI') is a
k-evaluation of I'y{¢;|,, }ic(;), and set (57, H7) := (S74, HI9). Recall that p; comes from [34,
Lemma 15.2.3] with the adjusted parameter.

The definition of k-evaluation gives an explicit algorithm constructing (S7-*, H7!), if ¢ is
the depth of constants 1,0 or atoms p; ;.

Suppose our adversary already constructed (S7¢=1 H7t=1) (83t HIt) is obtained from
(89t=1 HIt=1) as follows. First, p; is applied on (S%'=1 H7*~1) which by [34, Lemma
15.2.1] results in a k-evaluation (S', H') of I';_1{¢i|,, }ic[j)- Then all formulas in the set
Li{bilp, Yiej)\Le—110ilp, Fic) are gradually “k-evaluated” (i.e. added to the domain of
(S',H’)) in an arbitrary order. The k-evaluation obtained at the end of this process is
(St HI't).

If the adversary wants to k-evaluate —1) for some ¥ that has been k-evaluated already, the
construction of the corresponding k-tree and its subset follows directly from the definition
of k-evaluation. The only case which requires a more sophisticated treatment is when the
adversary needs to k-evaluate ¢ :=\/, v;, for 1;’s that have been already k-evaluated.
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In the remaining case, the adversary already possesses ( 1/#1:’ H 1’/)1) given by the k-evaluation
of 1;’s. The adversary constructs an n°*)-size k-tree Sg such that J; Hj, <5, by fixing a
strategy Iy on |J; H,, and simulating all possible moves of player 1] in the proof of [34,
Lemma 15.2.2]. The set H is defined as the projection of |J; H;,, on S.

[34, Lemma 15.2.2], for € < 1/9, does not only show the existence of some p such that the
desired trees S; exist, but in fact it shows that these trees exist for a random p (chosen from
a set of partial matchings) with probability at least 1 — (1 — )/d. In more detail, in the
proof of the claim that for some p, the number of critical pairs is < k/2, we could assume
that for (1 —«y)/d of all p’s there is a play with at least k/2 critical pairs. This would lead
to the inequality (1 —v)a < dsb(2k/?n)* which contradicts the setting of the parameters.
As a consequence, the probability that the restrictions p1,..., pq guarantee that for each
relevant ¢ the desired k-tree S, exists (and the probability that the adversary will not be
caught) is > .

W.l.o.g. the construction of the k-evaluation of a formula depends only on the formula
itself and on pg C --- C pg. Since the circuits defining the adversary share randomness, it
can be guaranteed that in each round the adversary uses the same py, ..., pg4, independently
of how it traces the proof =, i.e., independently of ¢i,...,¢;. Therefore, there exists a
k-evaluation (S, H) such that for every path ¢1,...,¢; in 7, the adversary constructs (S, H)
restricted to Ta{eil,, }ic[j]-

Finally, generating (57!, H%') requires to k-evaluate < || formulas and for each relevant
subformula ¢, the construction of (Sj’t,Hg;’t) can be done by a circuit of size n®*). The

complexity of the adversary is thus poly(n"s,m’ ). This completes the proof of Theorem 21.
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