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Abstract
This work develops a suitable data type for plane graph embeddings in Agda. Graphs are used
as combinatorial representations for string diagrams, a graphical calculus for monoidal categories.
Whenever a monoidal theory does not include any symmetry or braiding operations, it describes
processes that are sensitive to their topology. To encode this information in the graphical language,
we have to consider surface-embeddings of graphs. We study the simplest case, plane graphs, and
present their implementation in Agda. We overcome issues like the cyclic nature of a graph by using
one of its spanning trees as an underlying inductive structure. The graphs we implement are plane
by construction and any operation on them is guaranteed to preserve this planarity. Additionally,
we present a notion of focussing on a certain subgraph within a graph. This operation is crucial for
the application of local rewrite rules which themselves are at the centre of diagrammatic reasoning
in monoidal categories.
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1 Introduction

To model diagrammatic reasoning for string diagrams [26], a combinatorial representation is
needed that can accommodate diagram rewriting. In the standard case of symmetric monoidal
categories this is typically achieved by using (hyper-)graphs and their rewriting [22, 9, 7].
Here, only the connectivity information between edges and vertices matter. Non-symmetric
monoidal categories have received little attention to date, even though they have important
applications. Theories without symmetry are crucial for modelling of quantum circuits [10, 8]
in which swapping two qubits is an expensive operation and thus cannot be represented by
an implicit changing of wires. They also describe a larger class of theories as they contain
the braided and symmetric cases. String diagrams for non-symmetric monoidal categories
have to encode an additional topological component as the arrangement of edges matters.
Consequently, for their combinatorial presentation we have to consider graphs embedded on
surfaces. For this work, we are interested in plane graphs which are those that can be drawn
onto the surface of a sphere without any edges crossing.

We present a library for plane graphs and their rewriting in Agda. We will use Agda’s
rich type system to encode the planarity property as part of a graph’s type. A graph of this
type is guaranteed to be plane and any operation on graphs must preserve the planarity
property. We solve the challenge of graphs being a cyclic structure by using one of their
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13:2 A Data Type of Intrinsically Plane Graphs in Agda

spanning trees as underlying inductive structure and store the remaining information on top.
Instead of a standard definition of a surface-embeddings as additional information on top of
a graph, we work with intrinsically plane graphs directly.

Surface-embedded graphs. We start by recalling some definitions and terminology on
graphs and their surface-embeddings. More details can be found in the literature [16, 24].

▶ Definition 1. A directed graph G consists of a set V of vertices, a set E of edges, and two
functions s, t : E → V , source and target, respectively. A graph is called total (or closed), if
s and t are total functions, and partial (or open) otherwise. An edge e is called incident to
both its source and target vertices, and vice versa.

A planar graph can be embedded into the surface of a sphere (and, equivalently, into the
plane), and the corresponding concrete embedding is called a plane graph.

▶ Definition 2. The embedding of a graph G into a surface S is a drawing of G onto S:
Vertices are mapped to points of the surface, and edges to simple arcs, connecting two vertices
each. As no two arcs share any point other than their endpoints, there are no crossing edges
in a graph embedding. The faces of a graph embedding are regions of the surface enclosed by
edge cycles of the graph.

(a) Plane embedding. (b) Toroidal embedding.

Figure 1 Two different surface embeddings of the same graph.

Surface-embeddings of graphs are determined by the arrangement of their faces on the
surface. We will use a traversal of a graph’s spanning tree to encode this information, but
the following alternative presentation provides useful intuition:

▶ Definition 3. A rotation for a vertex v in a graph G is a cyclic lists inc(v) of its incident
edges of type E × {src, tgt}. (e, src) occurs in v’s rotation if and only if src(e) = v (and
respectively for tgt). A rotation system for G consists of a rotation for each of its vertices.

Every rotation system for a connected graph G induces a unique (up to surface homeo-
morphism and orientation-preserving topological equivalence) embedding of G into an oriented
surface, and vice versa [19, 11, 16].
▶ Remark 4. Throughout the formalisation we consider all graphs to be closed, meaning
that both ends of every edge are connected to a vertex. We can represent open graphs by
using boundary vertices which are auxiliary structures that represent the “outside” face of a
graph [3, 2] and all input and output edges of an open graph are attached to its boundary
vertex, see Figure 2. We can add topological information to these interface edges via the
rotation at the boundary vertex.

▶ Remark 5. All graphs are considered finite and connected in this work. Additionally, we
formalise undirected graphs only as directed edges do not affect topological considerations.
Thus, instead of two different functions src and tgt as the data of a graph, we consider a
function end : E → V × V which encodes the two endpoints for each edge.
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Figure 2 Introduction of an auxiliary boundary vertex to capture input and output edges of a
graph G. The interface edges together form the rotation inc(G) at the boundary vertex.

Agda implementation. We use Agda’s literate mode to display type checked code throughout
this document: all code blocks are extracts from an active buffer. In addition, we include
links to the corresponding blocks in the source code with the Ó symbol, clickable in the PDF
version of the document. When a bound variable is not explicitly quantified by a function
definition, it assumed to be brought into scope as a module parameter or variable statement.

1.1 Related work

Graphs in functional languages. Representing cyclic and shared structures in a functional
programming language has been the subject of various research. A number of projects use
the technique of splitting a structure into a non-cyclic, inductive part and the remaining,
potentially cyclic, information on top [6, 13, 27, 18], a similar approach to our work on plane
graphs. Another approach focus on detecting cycles when defining operations on graphs,
for example by marking nodes during an operation [12] or by using the features of a lazy
functional language to unroll cycles a finite number of times only [21]. A different line of
work suggests certain algebraic structures to represent graphs with a small set of generators
and combinators [25], which are used to express properties of graphs and algorithms on them.

Implementations of plane graphs. The particular case of a representation of plane graphs
is an important feature in the Rocq [5] proof of the Four Colour Theorem [15, 14]. This
proof uses hypermaps in which the connection points between edges and vertices in the
original graph are encoded as vertices and their relative position is encoded by relations on
them. This presentation specifies an spatial arrangement of the faces of the graph embedding,
similar to the information in a rotation system from which planarity can be checked. In our
implementation we present the spatial arrangement of the graph more directly as an ordered
traversal. We are therefore able to specify a data type of graphs that is intrinsically plane,
thus the planarity property never has to be checked explicitly but holds by definition.

2 Plane Graphs in Agda

Typically, graph embeddings are defined as graphs together with additional structure,
specifying a certain surface-embedding. This approach is unsuitable in the environment
of Agda: Graphs are unordered data structures represented by sets and functions, but
implementing unordered sets in Agda is a non-trivial task. It involves explicitly quotienting
an inductive type, adding a layer of complexity. In contrast, surface-embeddings of graphs
already come with an ordering on vertices and edges. In fact, it is exactly this order that
turns a graph into a graph embedding. Therefore, instead of equipping graphs with their
surface embedding, we will use graph embeddings as the first class objects straight away.
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https://maltenmuller.github.io/thesis/src/Index.html


13:4 A Data Type of Intrinsically Plane Graphs in Agda

2.1 Graphs are cyclic structures
Another challenge for implementing graphs in Agda is their cyclic nature. Iterating a graph
may unroll its cycles and continue indefinitely. In finite graphs we may encounter cycles, too,
but we will eventually revisit nodes and edges in a traversal. These structures are on the one
hand finite (as their closed representation contains finite sets only) but also infinite (as their
traversal may continue forever). Infinite data types which have a finite representation have
been studied as rational fixpoints of functors [23]. We would like to compare this approach
to our work more formally in the future.

For our construction of a suitable representation of plane graphs, we will split a graph
into two parts. The inductive part is a finite, cycle-free, connected, maximal subgraph which
we can represent and manipulate in Agda easily. Alongside this structure, we store a graph’s
looping edges which form its cycles.

▶ Observation 6. We observe the following properties about trees and graphs:
1. A tree is a connected, cycle-free graph, together with a choice of root.
2. Any maximal subtree of a graph G is a spanning tree of G.

We take a graph G’s spanning tree as suitable maximal, non-cyclic subgraph. Any
spanning tree includes all of G’s vertices, and some of its edges which we call spanning edges.
The remaining information are all other edges of G, which we call looping edges. This leads
to our encoding of graphs as over-connected trees. A tree is very straight-forward to represent
as an inductive type in Agda. We then add the additional edges to the spanning tree at the
relevant positions, see Figure 4a for an example.
▶ Remark 7. Throughout this work, we assume a choice of spanning tree and root for
any given graph, which can be calculated for a given graph by standard graph algorithms.
In traditional diagram rewriting, we have a canonical choice of root by taking the first
input parameter of a system as its root. A potential extension to our implementation are
equivalence classes of spanning trees for the same graph.
▶ Remark 8. The development of graphs as overconnected trees is similar to the notion
of blossoming trees [1], which are trees equipped with additional half-edges at some ver-
tices. Connecting these half-edges in a non-crossing manner constructs the faces of a plane
graph embedding. A related structure are shuffles of parenthesis systems [4], a standard
representation of plane graphs in combinatorics.

2.2 The order of edges matters
We now explain why careful inspection of the looping edges in a graph is enough to determine
one of its surface-embeddings. Even though we do not implement rotation systems directly in
this work, the ordering of edges is still a key characteristic of our construction. The translation
from the spanning tree representation to rotation systems is straight-forward, which we
demonstrate in Section 2.5. We observe the following properties about surface-embedded
graphs and their plane subgraphs.

▶ Definition 9. Given a graph G = (V, E, s, t) and an edge e ∈ E with s(e) = u and t(e) = v,
v ̸= u, edge contraction is a function that maps G to G′ = (V ′, E′, s′, t′) where:

V ′ = V \ {u}, E′ = E \ {e},

s′(e′) =
{

v if s(e′) = u

s(e′) otherwise
, t′(e′) =

{
v if t(e′) = u

t(e′) otherwise
.

We write G/e for the graph obtained by contracting e; if H is a subgraph of G then G/H is
the graph obtained by contracting all the edges of H.
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(a) before contracting edge e. (b) result of edge contraction.

Figure 3 Edge contraction of edge e identifies its source and target vertices.

▶ Example 10. If the graph G contains another edge e′ with the same source and target
vertices as e, s(e′) = u, t(e′) = v, then e′ forms a self-loop at v after the contraction of e.

▶ Lemma 11. Let G be a surface-embedded graph; then:
The order of repeated edge contractions does not matter: for any edges e1, e2 ∈ EG, we
have G/e1/e2 ∼= G/e2/e1.
For any edge e, the edge contraction G/e embeds in the same surface.
The edge contraction of any plane subgraph of G embeds in the same surface.

As a tree is trivially a plane graph, we can apply Lemma 11 and observe that contracting
a graph’s entire spanning tree does not change its genus. Correspondingly, a graph’s genus is
encoded by its looping edges alone.

▶ Corollary 12. The structure of a graph’s looping edges alone determine its genus.

As a graph’s spanning tree contains all vertices of a graph, its contraction yields a graph
containing a single vertex, with all the looping edges attached to it:

▶ Definition 13. A bouquet graph is a graph consisting of one vertex v and a set of edges
E with s(e) = t(e) = v for all edges e ∈ E. A rotation system for a bouquet graph is a single
list in which each edge appears exactly twice.

We have observed that the structure of looping edges is key for specifying a graph’s
embedding. We therefore have record them in a certain order in our data type of plane
graphs. This order corresponds to the rotation at the central vertex of the bouquet graph
when contracting the graph’s entire spanning tree.

Traversing a graph’s spanning tree. We will record the occurrence of looping edges
alongside a clockwise traversal of the graph’s spanning tree. An example of this traversal
operation is shown in Figure 4c. A spanning tree traversal moves through the entire graph
and visits all possible positions inside it. Positions in a graph are assigned to its vertices and
occur between any two adjacent edges. They are called corners, see Figure 4b.

(a) Spanning tree (thicker edges). (b) All corners in the graph. (c) Traversal of the spanning tree.

Figure 4 Spanning tree representation of an example graph.

TYPES 2025
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▶ Definition 14. The corners of a vertex v ∈ V of graph G = (V, E) are subdivisions of its
neighbourhood, separated by the edges incident at v. The corners of all vertices v ∈ V are the
corners of the whole graph G. The root of a graph’s spanning tree is a distinguished corner.

▶ Remark 15. In case a vertex v has no incident edges, v’s only corner represents its entire
neighbourhood. Otherwise, a corner specifies a triple (e1, v, e2) of a vertex v ∈ V and two
adjacent edges e1, e2 ∈ E at v.

We now specify a graph traversal operation as a traversal of the spanning tree in
Algorithm 1, see Figure 4c for an illustration. The algorithm visits all the corners in the
graph in a specific order, defined by the structure of the spanning tree. Note that only one
of the potential steps moves the traversal along a spanning edge. The other two options of
steps in the algorithm record additional information, either a corner or a looping edge.

Algorithm 1 Graph traversal.
This procedure defines the traversal of a graph by using its spanning tree. Starting from the
root corner, the traversal steps through elements around vertices (edges and corners) in a
clockwise order until it reaches the root again. Assume the current position of the traversal
to be the corner c1 at vertex v1. The traversal can progress by one of three possible steps:
1. Following a spanning edge e: this operation progresses the traversal from vertex v1 to

vertex v2 which is adjacent to v1 by e. The traversal then continues recursively at v2.
2. Passing a corner: this operation recognises a corner and progresses the traversal at the

same vertex v1 to the next element in clockwise order.
3. Recording a looping edge: this operation passes a looping edge by storing it in a separate

data structure (more details about this operation to follow). It progresses the traversal
at the same vertex v1 to the next element in clockwise order.

We utilise the structure of this algorithm in the type of Graphs in Agda in Section 2.3.
We introduce a type of Steps for the potential steps of a traversal, corresponding to the three
steps in Algorithm 1. A full graph traversal is implemented as a sequence of Steps.

We make the following important observation about tree traversals. This property will
serve as a guide for the implementation of graphs as traversals of their spanning tree.

▶ Proposition 16. In a graph traversal, edges and corners always alternate.

Proof. In a graph with a single vertex and no edges, there is only one corner and the property
is immediately true. Otherwise, a corner is defined by a vertex and two neighbouring edges
at that vertex. We analyse the three possible steps in a graph traversal:

The only way progress a traversal after a corner has been visited is to inspect one of its
two defining edges.
When recording a looping edge e at vertex v, the traversal moves past this edge at the
same vertex. Every vertex in the graph is connected to at least one spanning edge (by the
definition of spanning tree). Therefore, the vertex v has at least one more edge attached
to it in addition to e. This means that the edge e specifies two different corners (one
to its left and one to its right) and as every two neighbouring edges define a corner in
between them, the next element in the traversal has to be a corner.
When following a spanning edge t from v, we arrive at a different vertex v′. This vertex
v′ contains at least one corner, located next to (and characterised by) the spanning edge
t. According to the clockwise graph traversal, this corner is visited next. ◀



M. Altenmüller and C. T. Mc Bride 13:7

2.3 The graph data type
To explain the data type of plane graphs we will first define one Step of a graph traversal.
We then show how to combine multiple steps into a sequence to form a full traversal, and in
the end consider some degenerate cases of graphs. We assume a type V of a graph’s vertices,
a type E of its edges, and a type C of its corners. We have observed in Proposition 16 that
the traversal of a graph follows a strict pattern of alternating edges and corners. We use this
information to guide the implementation of a Step, together with the state of looping edges
at that position in the traversal.

Indexing type. A traversal type Ó contains two components:

TravTy : Set
TravTy = List E × Next

The first set in TravTy is a stack of edges E , represented as a List (the type of lists is
defined below). This list records the looping edges throughout the traversal. Whenever we
encounter one of these edges, the elements on the stack change: the first time we visit a
looping edge we add it to the top of the stack, and the second time we pop it from the stack
again. The stack-discipline ensures that edges which have been added most recently have to
be removed first, which encodes precisely the planarity property of the graph embedding, see
Section 2.4. Every step in the traversal is indexed by its effect on the stack of looping edges,
with a full traversal starting and finishing on an empty stack.

data Next : Set where
edge : Next
corner : Next

after : Next → Next
after edge = corner
after corner = edge

What : Next → Set
What edge = E
What corner = C

Figure 5 A traversal is guided by alternating edges and corners. Ó.

The second set in a TravTy is a marker type Next. This is a two-element type with
constructors corner and edge, see Figure 5. Throughout the traversal we use elements of
Next as tags, specifying the kind of data we are currently visiting. The lifting of a tag to the
data it labels is implemented by the function What (see Figure 5), mapping an edge label to
the type of edges E and a corner label to the type of corners C . We use the tag system to
specify how data in the traversal changes with every step. Recall Proposition 16: in a graph
traversal, edges and corner always occur alternately. We enforce this alternation with the
function after (see Figure 5) which changes the tag from an edge to a corner, and vice versa.
This indexing structure ensures that graph data is well formed at fits together in the right
way, by construction.

Sequencing relations with Stars. Before we specify the data type of steps in a traversal,
we define a generic type of sequences, shown in Figure 6a Ó.

Given a relation R, this type builds sequences of elements which are pairwise related
via R. In addition to the relation parameter, this type abstract over the Direction of the
sequence. The direction indicates to which end of a sequence new elements are added: the
head element of a cons structure is located on the left, and that of a snoc structure on the
right. We define graphically corresponding infix operators, _,-_ for cons and _-,_ for snoc.
Instantiating FCat with the two directions leads to the notions of Star (in analogy with the
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data FCat (d : Dir) { X : Set } (R : X → X → Set) (x : X) : X → Set where
nil’ : { y : X } → x ≡ y → FCat d R x y
cons : d ≡ cons → { y z : X } → R x y → FCat d R y z → FCat d R x z
snoc : d ≡ snoc → { y z : X } → FCat d R x y → R y z → FCat d R x z

(a) Definition of relation composition.

Star = FCat cons
Rats = FCat snoc

(b) Instantiation with directions.

List A = Star { One } (\ _ _ → A) ⟨⟩ ⟨⟩
Tsil A = Rats { One } (\ _ _ → A) ⟨⟩ ⟨⟩

(c) Instantiation with the unit type.

Kleene star) and Rats, as shown in Figure 6b. We will use sequences in both directions later
in this work. The simplest case of a forwards sequence is a List, see Figure 6c. Lists are
implemented by instantiating Star with the trivial relation on the unit type, indicating that
no particular property is enforced on neighbouring elements. Backwards “snoc”-lists, or Tsils,
are the corresponding instance of Rats.

Steps of the graph traversal. The traversal type is used to index each Step in a traversal
of a graph’s spanning tree. The different constructors distinguish different positions inside a
tree, and the different data stored in a graph Ó. See Figure 7 for an illustration.

data Step : TravTy → TravTy → Set where
corner : (c : C ) → Step (es , corner) (es , edge)
push : (e : E) → Step (es , edge) (e ,- es , corner)
pop : (e : E) → Step (e ,- es , edge) (es , corner)
span : (e : E) (v : V ) → Star Step (es , corner) (es′ , edge) → Step (es , edge) (es′ , corner)

The first constructor defines visiting a corner c in a graph. This Step does not change the
stack of edges es, but it enforces the next element in the traversal to be an edge. Another
potential traversal Step visits a looping edge e. The first time we do so, we push this edges
onto the stack es, and the second time it is popped from the stack. We will see shortly (in
Theorem 20) that we can assume e to always be at the top of the stack whenever we encounter
it for the second time in the graph traversal. Both push and pop change the traversal type
such that the next step is required to be a corner. The final constructor describes the traversal
of a spanning edge e. In this case, the algorithm follows e to reach a new subtree, rooted at
vertex v. This subtree is represented by a sequence of steps around the child node v, defined
as a Star Step. Throughout this Star Step, the indices of any two neighbouring Steps have to
match, according to the indexing structure. In the constructor span we ask for an explicit

Figure 7 The different cases of constructing a Step of the traversal.

https://maltenmuller.github.io/thesis/src/Graph.html#Def.Step
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edge e connecting to the root vertex v of the subtree. The traversal of this subtree is passed
as a Star Step, starting with the first corner at v and finishing at the edge e through which
we have entered the subtree. The subtree must contain at least a corner, thus the Star Step
is non-empty (encoded by the change in indexing type from corner to edge). Overall, span
describes a Step, progressing from the edge e to expecting a corner as the next element in
the traversal. As the traversal of a subtree may add or remove edge from the stack, the span
constructor passes the stack es onto the subtree and returns the result es′ to its parent.

The traversal of an entire graph is implemented as a traversal of all its subtrees, therefore
it will itself be represented as an instance of a Star Step.

The data type of graphs. We have specified all the relevant operations to define graphs as
traversals of their spanning trees. The data type Graph accommodates degenerate cases of
graphs as well as the general case of a tree traversal.

▶ Definition 17. The type Graph is defined as the clockwise traversal of a graph’s spanning
tree, together with the option to add additional edges at any position Ó:

data Graph : Set where
empty : C → Graph
vertex : C → V → Graph
tree : C → V → Star Step ([] , edge) ([] , corner) → Graph

(a) Definition of the data type of Graphs. (b) Illustration of tree r v ts.

A graph may be empty in which case it contains neither a vertex nor an edge, but a root
corner. The other degenerate case is a graph containing a single vertex r v with no edges
attached. This graph contains one corner only: its root r . In the most general case, a graph
is specified as a tree traversal. Together with a root corner r located at a vertex v, this
constructor expects the traversal of all subgraphs, encoded as a Star Step (see Figure 8b for
an illustration). For an entire Graph we ask for the stack of looping edges to be empty at
the beginning of its traversal (in the first index of the Star Step), and empty again at the
very end of it (in the second index). This reflects the fact that we consider closed graphs
only in the implementation (cf. Remark 4). The tree constructor specifies a graph with a
non-empty set of subgraphs, as the base cases are already covered by the other constructors.
We achieve this by separating the root corner from the Star Step of subgraphs and indexing
the Star Step by two different elements of Next (and thus requiring the sequence to contain
at least one element). Therefore, starting from the root corner, the traversal starts with an
edge and, at the other end, expects a corner to finish (which is the root corner again).

▶ Example 18. Assume variables (v1, . . . , v4 : V) for vertices, (t1, t2, t3 : E) for spanning
edges, (e1, e2 : E) for looping edges, and (r, c1, . . . , c9 : C) for corners. Figure 9 shows an
example graph, together with its implementation Ó. We observe in particular the alternation
of edge operations (span,push, and pop) and corners (as discussed in Proposition 16). Figure 9
additionally shows the example graph’s rotation system.

▶ Example 19. The bouquet graph with one vertex v1 , two self-loops e1 and e2 , a root
corner r and three further corners c1 , c2 , and c3 is illustrated and implemented in Agda as
shown in Figure 10.
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exGraph : Graph
exGraph

= tree r v1
(span t1 v2

(corner c1 ,- push e1 ,- corner c2
,- span t2 v3 (corner c3 ,- push e2 ,- corner c4 ,- [])
,- corner c5 ,- [])

,- corner c6 ,- pop e2 ,- corner c7
,- span t3 v4 (corner c8 ,- pop e1 ,- corner c9 ,- []) ,- [])

exGraphR : rotations exGraph
≡ (t1 ,- e2 ,- t3 ,- []) ,- (e1 ,- t2 ,- t1 ,- []) ,- (e2 ,- t2 ,- []) ,- (e1 ,- t3 ,- []) ,- []

Figure 9 Graph with vertices v·, root r, corners c·, spanning edges t·, and looping edges e·.

exBouquet : Graph
exBouquet = tree r v1 (push e1 ,- corner c1 ,- push e2 ,- corner c2

,- pop e2 ,- corner c3 ,- pop e1 ,- [])

exBouquetR : rotations exBouquet ≡ (e1 ,- e2 ,- e2 ,- e1 ,- []) ,- []

Figure 10 Bouquet graph with one vertex v1, root r, corners c·, and looping edges e·.

2.4 Planarity
In Lemma 11 we have observed that the looping edges alone determine the surface a graph
is embedded in. Therefore, the data structure we use to organise looping edges in the tree
traversal is crucial for defining a certain graph embedding. Recall that in a plane graph no
two edges are allowed to cross each other. Therefore, the rotation at the central vertex of a
bouquet graph amounts to a well bracketed word. The stack discipline we use for organising
the additional edges ensures that an edge can only be popped if it is positioned on the top of
the stack. Therefore, the order of popping two edges from the stack has to be the reverse of
pushing them onto the stack. This property expresses precisely the data in a plane graph.

▶ Theorem 20. Terms of type Graph correspond to plane graphs with a spanning tree.

Proof. “⇒” We show that any term of the type Graph is a plane graph: The empty graph
and the graph with one vertex are trivially plane graphs as they do not contain any edges.
Consider the constructor tree, in particular the element Star Step: encountering a corner
or pushing an edge e does not create any edge crossings (as the other end of the e is not
yet attached to a vertex). When spanning a subtree, no edge crossing is introduced as the
spanning tree of a graph is always plane. When popping an edge e from the stack, no crossing
is introduced because of the stack discipline, meaning that for all other edges ei in the graph,
ei is fully contained in one of the two regions that e defines (compare also Remark 22).
Therefore, the constructor tree implements a plane graph.
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“⇐” We show that each plane graph is determined by a spanning tree traversal as defined
by the data type Graph. Assume a plane graph G with a spanning tree. The proof consists
of two steps. First we contract the graph’s spanning tree to a bouquet graph and then show
that using a stack ensures planarity of the bouquet graph:
1. Assume a spanning edge e of the graph G and its two ends s(e) and t(e). We have that

s(e) ̸= t(e), because by definition a spanning tree does not contain self-loops. Contracting
e constructs a new vertex v whose rotation is the concatenation of the individual rotations
of s(e) and t(e). After the contraction, a traversal of the tree in clockwise order yields
the same order of looping edges as before the contraction. We repeat the process for all
edges in the spanning tree. As a spanning tree contains all vertices in the graph, we get a
bouquet graph with all edges being the looping edges. The rotation at the central vertex
in the bouquet amounts to the order of looping edges in the clockwise (and therefore
depth-first) traversal of the graph’s spanning tree.

2. Assume two edges e1, e2 in the rotation of edges around the central vertex in a bouquet
graph. By Definition 13 of bouquet graphs, each edge appears in the rotation exactly
twice. For e1 and e2 to be plane, they must not cross each other. This is the case if
they appear in the rotation at the central vertex in the order e1, e1, e2, e2 (or a cyclic
permutation of this order). An edge crossing would looks like e1, e2, e1, e2 in the rotation.
The plane order is enforced by pushing an edge on a stack the first time we visit it in the
rotation, and popping it at the time of the second visit. With this stack discipline we are
unable to express the edge crossing as above, because by the time we reach e1 for the
second time, e2 is on top of the stack and we cannot pop e1. ◀

▶ Corollary 21. A graph is plane if and only if it can be expressed as a term of type Graph.

Proof. By standard graph algorithms, we can calculate the spanning tree for any graph.
Then apply Theorem 20. ◀

▶ Remark 22. The statement of Theorem 20 can be interpreted in an alternative way: Every
looping edge e completes a face of a graph’s surface embedding, see Figure 11. Inserting a
looping edge into a spanning tree amounts to splitting the surface into two regions, an “inner
one” containing the newly completed face, and an “outer” one. This observation is matched
in the structure of the stack, because every edge e can be interpreted to partition the stack
into two segments. The “outer” segment contains edges that are stored below e on the stack
and cannot be popped as long as e is still on the stack. In Figure 11 this is the case for all
edges outside of the highlighted region. The “inner” segment of the stack describes edges
that are stored on top of e and which have to be popped before e. This is the case for edges
inside the region enclosed by e in Figure 11.

Figure 11 A looping edge enclosing a region (shaded) of the embedding.
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2.5 Translation to rotation systems
As we define graphs as clockwise traversals of trees, the translation into a rotation system is
straight-forward. We can read off the order of edges around each vertex by inspecting all
elements of its traversal Star Step in order Ó. As the spanning tree visits all vertices in the
graph, we will eventually collect all rotations Ó.

The converse direction of translating between a Graph and its rotation system is not as
simple. This is because the spanning tree representation includes a choice of spanning tree
and root, compare Remark 7. A translation from a rotation system to a Graph would require
choosing a spanning tree for a graph which is an operation we have deliberately left out of
the development.

3 Zippers for Plane Graphs

Diagrammatic reasoning consists of applying rewrite rules to subdigrams. To implement
this local operation, we now introduce data structures to isolate a subgraph of interest. We
implement an instance of Huet’s Zipper [20] for the spanning tree representation of plane
graphs. Zippers are defined for tree-like structures and consist of a subtree in focus together
with a context, stored in a path from the tree’s root to the focus. For us, this separation will
ensure that a rewrite rule is only affecting a particular subgraph and not the context. At
every step in a zipper’s path, the sibling subtrees to its left and right are recorded. Paths are
stored bottom-up, allowing for fast access to the subtrees closest to the focus. This provides
zippers with a cursor operation: immediate neighbours in all directions can be accessed
quickly.

▶ Remark 23. We define zippers to focus on a particular corner in a Graph, rather than
a whole subgraph. We are interested in extending the implementation in the future, but
focussing on an individual corner is sufficient for specifying the construction of the zipper.

(a) One corner in focus. (b) The layers of the zipper.

Figure 12 Example of a graph’s zipper.

Zippers for plane graph consist of the corner in focus and the remaining graph as context.
Alongside the path to the focus, we record neighbouring subgraphs and looping edges. The
corner in the zipper’s focus is located in a particular face of the graph embedding, enclosed
by looping edges. These edges form the stack at the corner’s position in a graph traversal
and have to be included in the information stored in a zipper.

Path structure. Each step in a zipper’s path is associated with a central vertex and records
a layer of substructures to the left and right of that vertex. Multiple layers are connected to
each other via spanning edges between their central vertices. Overall, the path is represented
as a sequence of layers from the focus to the root.

https://maltenmuller.github.io/thesis/src/Graph.html#Def.StarRotation
https://maltenmuller.github.io/thesis/src/Graph.html#Def.graphToRotations


M. Altenmüller and C. T. Mc Bride 13:13

Looping edges. To record looping edges in the path, we introduce an indexing type for
layers which contains a pair of edge stacks, one for each side of the path. In fact, every
layer is indexed by two of these pairs, one at the “root-side” of the layer and one at the
“focus-side” (i.e. four stacks in total). As we traverse subtrees in a layer, the looping edge
stacks change. The overall path records the change of looping edges between the stack at
the focus and the empty stack at the graph’s root. This indexing structure ensures that the
planarity property is preserved when a number of layers is rewritten, as long as the change
in edge stack remains the same.

3.1 Indexing type
To keep track of the stack of looping edges and preserve the surface of the embedding, each
layer in the path will be relating elements of a zipper type Ó. To explain the elements of a
zipper type, we imagine a horizontal cut through a path, as illustrated in Figure 13. The
indexing type describes the state either in between two layers (Figure 13b) or at one end
of the path (Figure 13c). As before, we carefully arrange the constructor arguments in the
same diagrammatic order as the graphs they describe.

record ZipTy : Set where
constructor _⟨_⟩_
field ahead : List E

here : Next
behind : List E

(a) Definition of the zipper type
ZipTy as an Agda record.

(b) A ZipTy in between two lay-
ers, where here = edge.

(c) A ZipTy at the position of
the focus, where here = corner.

Figure 13 Illustration of a zipper type as a horizontal cut through a path.

The field here stores where in the path the cut is made, either through an edge or through
a corner In a path, there are only two positions in which the field here is a corner: at the very
top of the path (with here being the root corner) and the focus (where here is the corner in
focus). At any other position on the path, the ZipTy describes the state of a spanning edge.

The other two fields in a ZipTy record the state of the looping edge stack when the tree
traversal is approaching here (which occurs twice in a full graph traversal). In the (clockwise)
traversal we first approach here from the top right hand side, with some edges already pushed
onto the stack (by the subgraph G in Figure 13). The state of the stack is stored in the
field behind, emphasising that it represents the information in the previous traversal steps.
To continue the traversal from here, we move further down into the structure. In case of
here = edge this means traversing the subtree H which the edge is leading to. In contrast, if
here = corner there is no further inner subtree and we immediately return. As the traversal
returns from a substructure, it visits the cut position here again, this time approaching from
the bottom left hand side. The state of the stack at this point is stored in ahead. The edges
on the stack ahead will be popped in the remaining traversal of G′ between the cut and the
root.

3.2 Path structure
Every step in the path is associated with a vertex v and contains v’s subgraphs that are
located to the left and right of the path. Additionally, it stores the edge through which the
path continues to the next vertex towards the root. As we implement the path to start at
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the focus and grow “upwards” to the root, we encode each step in the path as a backwards
layer, called a Reyal. A Reyal at a vertex v is indexed by two elements s and t of the zipper
type, with s encoding the Reyal’s root side and t its focus side. These elements store the
state of the edge stacks before and after traversing v’s side subgraphs Ó.

record Reyal (s t : ZipTy) : Set where
constructor reyal
field v : V

this : What (here s)
star : Star Step (ahead t , after (here t)) (ahead s , here s)
rats : Rats Pets (behind s , after (here s)) (behind t , here t)

(a) s = _ ⟨ corner ⟩ _. (b) s = _ ⟨ edge ⟩ _.

Figure 14 Illustration of the information in a Reyal s t.

Each Reyal is linked to a vertex v on the path to the corner in focus. It relates two
ZipTys, s towards the root, and t towards the focus. In addition to the central vertex, a Reyal
contains a field this which stores here of s towards the root. This element is either the root
corner (see Figure 14a) or an edge (Figure 14b). The sibling subtrees alongside the path in a
Reyal are stored in the fields star and rats. On the left hand side of the path are subtrees
that occur in the graph’s traversal after here t has been visited. They are stored as a list of
Steps, similar to the traversal of subtrees in the definition of Graphs themselves. The subtrees
traversed before reaching the focus are located on the right hand side in the Reyal and stored
as the backwards list rats (whose structure we will explain in the following). The orientation
of star and rats allow for easy access to the sibling subtrees closest to the focus of the zipper.

Lists and backward lists. To resemble the cursor-like nature of the original definition of
Huet’s Zipper, we structure data both in a forwards and backwards way. The the left of the
vertex in a Reyal we store a (standard) forwards list of subtrees, represented as Star Step s t,
just as we have seen in the definition of Step in Section 2.3. As a Reyal is oriented towards
the root, the subtrees to the right of each vertex in the path are stored in an anticlockwise
direction. Therefore, we introduce a backwards version of a Step, called a Pets Ó:

data Pets : TravTy → TravTy → Set where
corner : (c : C ) → Pets (es , corner) (es , edge)
push : (e : E) → Pets (es , edge) (e ,- es , corner)
pop : (e : E) → Pets (e ,- es , edge) (es , corner)
span : (e : E) (v : V ) → Rats Pets (es , corner) (es′ , edge) → Pets (es , edge) (es′ , corner)

Similar to Steps, we can sequence Pets, this time using the reverse relation composition
Rats (recall Section 3.2). Importantly, the information in a Rats Pets is the same as in a
Star Step. The only difference is their orientation.

https://maltenmuller.github.io/thesis/src/Zipper.html#ZiDef.Reyal
https://maltenmuller.github.io/thesis/src/Graph.html#Def.Pets
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Sequences of Reyals. An entire path is defined as the concatenation of multiple Reyals, or,
more precisely, a Rats Reyal. To construct this structure, we use relation composition with
one additional requirement: concatenation of two Reyals is well defined only if they share an
edge between them. Any Reyal with an index of shape (_ ⟨ corner ⟩ _) is located at one end
of the path. This property of a Rats Reyal being well formed is called connectivity Ó:

ConReyals : ∀{ t t′ } → Rats Reyal t t′ → Set
ConReyals (snoc refl { _ ⟨ n ⟩ _ } (rz -, r) r0 ) = ConReyals (rz -, r) × (n ≡ edge)
ConReyals rz = One

Connectivity is only meaningful if a path consists of two or more Reyals. We encode this
requirement in the first case of the definition of ConReyals by asking the inputs Rats Reyal to
contain a snoc as well as its tail rz being a non-empty sequence of the format (_ -, _). This
pattern match exhibits two reyals, r0 and r , together with a tail rz. The implementation of
the predicate then asks for an edge in between the first two Reyals as well as for the remaining
sequence rz -, r to be connected. The base case applies if there are less than two Reyals
present because there is no connectivity boundary, and thus the connectivity is trivial.

▶ Remark 26. A Reyal’s distinguished element this is located at its root-side. A Rats Reyal does
not include the focussed corner of the zipper, but rather leaves a hole in its position. Thus,
a path stores precisely the context for a particular corner in the graph. The construction of
a zipper adds the corner in focus to a path.

3.3 The type of zippers for Graphs
Overall, a zipper is implemented as a corner in focus together with a Reyal structure encoding
the path between the root corner and the focus. The Zipper data type is indexed by a list of
edges. This list represents the state of the stack of looping edges at the position of the focus
when traversing the graph’s spanning tree in clockwise direction Ó.

data Zipper : List E → Set where
empty : C → Zipper []
vertex : C → V → Zipper []
root : C → V → Star Step ([] , edge) ([] , corner) → Zipper []
root-vtx : (r : Reyal ([] ⟨ corner ⟩ []) (es ⟨ corner ⟩ es)) → C → Zipper es
reyals : (r : Reyal ([] ⟨ corner ⟩ []) (ds ⟨ edge ⟩ ds))

→ (rz : Rats Reyal (ds ⟨ edge ⟩ ds) (es ⟨ corner ⟩ es))
→ ConReyals rz → C → Zipper es

Let us unfold this definition slowly. As the focus consists of a corner only, the state of
the stack is the same to either side of it, therefore we express it as a single list in the index
of the data type.

All constructors for a Zipper ask for an element of type C which is the corner in focus. The
remaining input information encodes the context of this focussed corner. Each constructor
covers a different shape of graph and a different location of the corner in focus inside the
graph. The different constructors are illustrated in Figures 15.

Degenerate graph. In case a graph is empty or consists of a single vertex with no edges
attached to it, the only corner a zipper can focus on is the root, see Figure 15a. As there are
no edges in the graph, the list of edges in the zipper’s index is empty.
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(a) vertex. (b) root. (c) root-vtx. (d) reyals r rz.

Figure 15 The different constructors of a Zipper.

Root corner. A Zipper may focus on the root corner of a more complex graph, see Figure 15b.
In this case, the entire graph (except the root) constitutes the context. We do not need any
layer structure to encode this case; a single Star Step is sufficient. Additionally, as the path
from the root to the focus is empty, so is the stack of looping edges at the focus of the Zipper.

Root vertex. If the zipper focuses on any corner that is incident to the root vertex (other
than the root), the context of this corner may be expressed by a single Reyal r , as shown in
Figure 15c. Importantly, this Reyal sits between two corners, the root corner and the corner
in focus. Therefore, both indices are of the shape (_ ⟨ corner ⟩ _). Because of the definition
of a Reyal, the star and rats fields of r are guaranteed to be non-empty. This ensures no
overlap with the vertex constructor. The behaviour of a single Reyal cannot be expressed by
the more general construction of a zipper as reyals which is why we require the additional
constructor root-vtx.

General case. In the general case of a Zipper, its path contains at least two vertices and
thus at least two reyals. The constructor asks for a non-empty Rats Reyal structure encoded
as an individual Reyal and a Rats Reyal, together with a proof that this non-empty sequence
is connected. We enforce the structure to be non-empty by requiring the Reyal r , which is
located closest to the root, as a separate argument from the remaining Rats Reyal rz, as is
illustrated in Figure 15d. This argument structure in reyals allows for fast access to both
the outermost layer r and the innermost layer (at the head of rz). We will make use of this
property when reconstructing the original graph from its zipper.

As we have taken great care about storing the looping edges in a stack-like fashion when
defining the type of Zipper, we get exactly the right structure to partition a plane graph into
a context and a focus:

▶ Proposition 28. A Zipper defines a plane graph context together with a corner in focus.

Proof. The stack of the looping edges is stored in the zipper type at each Reyal. The way
we compose Reyals ensures that the stack is preserved in between any two of them. Subtrees
to the right and left of a Reyal can alter the stack but only by a valid push or pop operation
(guarded by the valid changes of edge stack) which does not introduce any crossing edges. ◀

▶ Example 29. This example describes the zipper of a graph containing one vertex v1 and
one self-loop e1 . The focus of the zipper is the corner c1 which is the only other corner apart
from the root r . The zipper is illustrated in Figure 16, and implemented using the root-vtx
constructor as we only need one Reyal to describe the subtrees between root and focus.

The index of the zipper contains one edge e1 , as this edge is on the stack at the corner
in focus. In the graph traversal, e1 is pushed before reaching c1 and popped afterwards Ó.

https://maltenmuller.github.io/thesis/src/Examples.html#ZipperRootVtx.zi-root-vtx
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zi-root-vtx : Zipper (e1 ,- [])
zi-root-vtx

= root-vtx (reyal v1 r (pop e1 ,- []) ([] -, push e1 )) c1

Figure 16 Example of a zipper focussed at the root vertex.

▶ Example 30. This larger example of a zipper assumes vertices v1 , v2 , v3 , spanning edges
t1 and t2 , a looping edge e1 , a root corner r , and further corners c1 ,. . . ,c5 . The zipper
consists of two Reyals and focuses on the corner c4 . The zipper’s index indicates that the
edge e3 lies on the stack at the corner in focus. The zipper is illustrated and implemented
as shown in Figure 17 Ó.

zi-reyals : Zipper (e1 ,- [])
zi-reyals

= reyals (reyal v1 r [] []) ([] -, reyal v2 t1
(pop e1 ,- corner c5 ,- [])
([] -, corner c1 -, span t2 v3

([] -, corner c2 -, push e1 -, corner c3 )))
⟨⟩ c4

Figure 17 Example of a zipper with two reyals.

4 Computing the Original Tree

In this section we explain how to recover the original graph representation from one of its
zippers. This operation is of relevance for the implementation of graph rewriting. The
substitution of a subgraph typically operates locally, leaving the context graph unchanged.
This property can be easily implemented with zippers. To compute the overall result of a
rewrite, we then need to transform the layered structure of the zipper back into a standard
spanning tree traversal. The translation operation is illustrated in Figure 18.

Figure 18 Calculating the original tree from a zipper.

As the focus of a zipper is a corner only in our implementation, this operation has to
merely insert the corner in focus at the correct position in the context graph. Whereas the
specification seems simple, in the implementation the reorganisation of data from the zipper
into a clockwise traversal requires great care as the stack property of the looping edges has
to be maintained at all times. Let us first have a look at the implementation of the overall
operation ziToOldRoot Ó and unfold all the details afterwards.
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ziToOldRoot : { as : List E } → Zipper as → Graph
ziToOldRoot (empty r) = empty r
ziToOldRoot (vertex r v) = vertex r v
ziToOldRoot (root r v st) = tree r v st
ziToOldRoot (root-vtx (reyal v r star rats) c) = tree r v (rats ⟨*⟩⟩ (corner c ,- star))
ziToOldRoot (reyals (reyal v r star rats) rz cR c)

= let (e , ls , cS) = toLayers rz cR c in starToGraph r (layer v rats e star) ls cS

In the first three cases the zipper is focussing on the root corner which makes for an easy
calculation of the overall graph. All subtrees (if there are any) are stored in the right order
already and together with the root corner r we can build the graph straight away.

Fish and chips. In all other cases, the zipper contains both forward and backward sequences
of subtrees. As we move through a focussed structure, we will need to transform forwards
and backwards components into each other, preserving their order like beads on an abacus.
This is the purpose of two operations, called “fish” and “chips” [17]1. The fish operator
_⟨*⟩⟨_ takes a backwards and a forwards sequence as inputs and computes a backwards
sequence Ó. Similarly, the chips operator _⟨*⟩⟩_ transforms a backwards and a forwards
sequence into a forwards sequence:

_⟨*⟩⟨_ : Rats Pets k l → Star Step l m → Rats Pets k m
_⟨*⟩⟩_ : Rats Pets k l → Star Step l m → Star Step k m

In case of a root-vtx, the zipper focuses on a corner at the root vertex other than the
root corner. In this case we have to work with one Reyal of information containing all the
subtrees attached to the root vertex, both to the left and right of the corner in focus. To
restore the original graph traversal, we combine the two fields of the Reyal which contain
the subgraphs, star and rats. To do this, we call “chips” on the two sequences subtrees star
and rats while inserting the corner in focus in between them. This returns the traversal of
the entire graph. Note that because of the indices of type ZiTy, this implementation is only
accepted because we are inserting a corner in between star and rats to concatenate them.
This makes sense as the two sequences are the direct neighbours of the corner in focus.

In the most general case, the zipper is a reyals structure with the path containing at
least two vertices (and hence at least two reyals). In this case, calculating the original graph
consists of two steps: First we transform the bottom-up Reyal structure into a top-down
Layer structure and afterwards convert the layered representation into a clockwise traversal.

The first step involves stepping thorough the path and turning each Reyal into a Layer Ó.
This operation orientates the path such that it is centred around the original root (as opposed
to the corner in focus), which will be helpful when calculating the clockwise traversal.

toLayers : { n : Next }
→ (rz : Rats Reyal (as ⟨ edge ⟩ bs) (ks ⟨ n ⟩ ms)) → ConReyals rz
→ (focus : What n)
→ E × Σ (Star Layer (as ⟨ edge ⟩ bs) (ks ⟨ n ⟩ ms)) λ ss → ConLayers ss

Recall that the most general constructor for a zipper, reyals, the Reyal closest to the
root is stored separately from the rest of the path. This ensures the correct connectivity
property between all Reyals, as the base case of ConReyals describes both the empty Reyal

1 “Fish” is called fish, because it resembles a fish. And “chips” is the counterpart of fish.

https://maltenmuller.github.io/thesis/src/Graph.html#Def._⟨*⟩⟨_
https://maltenmuller.github.io/thesis/src/Zipper.html#ZiDef.toLayers
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and a single Reyal. We will turn the top-most Reyal into a Layer manually, but the turning of
the remaining Rats Reyal is specified by the function toLayers. As the function only has to
address these remaining Rats Reyal, the index at the root side contains an edge. This also
ensures that we can recursively call toLayers on all subsequent Rats Reyal.

As we step through the entire path and turn backwards into forwards layers, the order of
sibling subtrees in the fields star and rats stays the same. The main difference when changing
the orientation of the path is the location of the element this: in a Reyal structure, this is
located at the root-side and in a Layer structure it is stored at the focus-side. As the corner
in focus is not part of the Reyal structure, toLayers requires an additional argument focus.
After “re-shuffling” the information, the function returns not only a Star Layer but also the
edge that is located closest towards the root. This edge was originally part of the Reyal
structure but is not include in the Layer structure. Crucially, we are not allowed to forget
about this edge: it will be needed in the second step of the calculation. Any function which
is reordering the information in a graph or a zipper (such as toLayers) has to be linear in its
input arguments. Even though the graph structure may be reorganised, all of its individual
elements have to be preserved.

Figure 19 Intermediate state of a toLayers operation.

The transformation from Reyals to Layers exposes an important intermediate state which
is shown in Figure 19. The intermediate state occurs after a few (but not all!) recursive calls
to toLayers on a zipper. In this intermediate state, the element this is located somewhere
in the middle on the path. The path between this location and the focus is stored as a
Star Layer. These Layers have already been turned around with the head of the sequence
being located next to the element here. The other half of the path, between here and the
root of the graph, is stored as a Rats Reyal. These Reyals have yet to be turned into Layers.
Again, the head of the sequence is located next to the element here. The operation toLayers
transforms Reyals one-by-one into Layers and moves the element here closer to the root with
every step. Recall the intuition of zippers acting like cursors inside a graph structure, ready
to access any neighbouring elements quickly. The intermediate state in the toLayers operation
is precisely implementing this cursor structure. From the position this both the head Reyal
and the head Layer are located just next to it. At each call to the function, the head Reyal is
moved to the other side of here and forms the new head Layer.

During the entire operation we rely on the fact that every layer and reyal is connected to
its neighbours via an edge. This is ensured by the connectivity properties ConReyals and
ConLayers which we can easily translate between.
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At the end of the toLayers operation, all Reyals have been turned into Layers and we are
left with the root sector and one overall Star Layer. We now compute the clockwise traversal
of the entire graph by concatenating the subtree sequences star and rats from each layer
in the correct order. This is achieved by the function layersToSteps which returns a graph
traversal in the form of a Star Step Ó:

layersToSteps : (ss : Star Layer (zs ⟨ edge ⟩ as) (ms ⟨ corner ⟩ ms)) → ConLayers ss
→ Star Step (as , corner) (zs , edge)

layersToSteps (layer v rats this star ,- []) con = rats ⟨*⟩⟩ (corner this ,- star)
layersToSteps (layer v rats this star ,- ss@(_ ,- _)) (refl , con)

= let st′ = layersToSteps ss con in rats ⟨*⟩⟩ (span this v st′ ,- star)

This function is defined for a non-empty Star Layer only which is encoded by the fact
that the its index types go from an edge to a corner. The base case covers a single layer,
positioned at the very bottom of the path, precisely where the focussed corner is located. In
this case we can “chips” the subtrees together, inserting the focus (corner this) in the middle.

At any layer further towards the root, layersToSteps concatenates the subtrees in a
clockwise manner: the right hand side rats is added to the beginning of the Star Step and the
left hand side star is added to its end. For this case, the property that the layers are connect
with each other, expressed by ConStar ss, is crucial. The recursive call provides a traversal
of the Star Layer structure except of its the topmost layer, as a Star Step. This traversal
will be added as a spanned subtree in the overall result, requiring an edge via which it can
be reached. The edge has to be located in between the current layer and the rest of the
layer structure. This is precisely the property that is expressed by the connectivity of the
Star Layer. We match on the proof ConLayers ss (which becomes refl) and hereby constraining
this to be an edge. Therefore the expression span this on the right hand side of the definition
is well formed.

Together, the operations toLayers and layerToSteps provide the functionality needed to
turn a zipper into a graph, rooted at its original root. Carefully incorporating planarity as an
intrinsic property of Graphs now pays back, as the proof of the following property is trivial.

▶ Proposition 32. Calculating the original graph using starToGraph and toLayers from a
zipper returns a plane graph.

▶ Example 33. The original tree of the zipper from Example 30 is calculated by the following
function and depicted in Figure 20 Ó.

reyals-oldTree : ziToOldRoot zi-reyals
≡ tree r v1 (span t1 v2 (corner c1 ,- span t2 v3

(corner c2 ,- push e1 ,- corner c3 ,- []) ,- corner c4 ,- pop e1 ,- corner c5 ,- []) ,- [])

5 Rewriting

Zippers provide the structure to focus on a specific substructure inside a graph. For the goal
of implementing diagram rewriting, this separation of a substructure from its context is an
important step. A rewrite step then replaces the subgraph in focus with a new graph. In
this section, we sketch a rewrite operation for our notion of zipper.

https://maltenmuller.github.io/thesis/src/Zipper.html#ZiDef.layersToSteps
https://maltenmuller.github.io/thesis/src/Examples.html#ZipperReyals.reyals-newTree
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(a) The zipper’s path is encoded as two Reyals. (b) The original graph.

Figure 20 Example of recalculating the original graph from a zipper.

As our specification of zipper focusses on a single corner only, a rewrite step inserts an
entire subgraph at the position of the focussed corner. The operation amounts to placing the
subgraph into an enclosed face of the context graph, potentially connecting some looping
edges to other vertices in the graph without introducing any crossings. As the corner in
focus itself has no influence of the edge stack, we can rewrite it by any graph which takes an
empty stack to an empty stack. The rewrite operation inserts the new graph at the vertex
where the corner in focus is located, positioned right next to it Ó:

rewriteFocus : { es : List E } → Zipper es → Graph → Zipper es

We will omit the implementation details of rewriteFocus and refer to the additional
material. Instead, let us look at an example.

(a) Inserting a graph at the zipper’s focus,. . . (b) . . . updates the reyal closest to the focus.

Figure 21 Example of inserting a graph at the focus of a zipper.

▶ Example 34. As an example, we use the zipper from Example 30 and insert the graph
with two self-loops from Example 19 at the position of the focus Ó. The graphs involved and
the result of the operation are shown in Figure 21. Observe that the graph is inserted into
the Reyal of the zipper closest to the focus c4 . Just to the left of the corner in focus we now
have the two self-loops from the input graph. This example shows that the insertion merges
the two vertices v2 and v1′.

re-example : rewriteFocus (zi-reyals v1 v2 v3 t1 t2 e1 r c1 c2 c3 c4 c5 )
(exBouquet r′ v1′ e1′ e2′ c1′ c2′ c3′)

≡ reyals (reyal v1 r [] [])
([] -, reyal v2 t1 (push e1′ ,- corner c1′ ,- push e2′ ,- corner c2′ ,- pop e2′ ,- corner c3′

,- pop e1′ ,- corner r′ ,- pop e1 ,- corner c5 ,- [])
([] -, corner c1 -, span t2 v3 ([] -, corner c2 -, push e1 -, corner c3 ))) ⟨⟩ c4

TYPES 2025

https://maltenmuller.github.io/thesis/src/Zipper.html#Rewriting.rewriteFocus
https://maltenmuller.github.io/thesis/src/Examples.html#RewritingExamples.re-example
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6 Future Work

The work we present here discusses important design decisions in the implementation of
plane graphs in Agda. The focussing operation is a crucial step towards formalising a full
graph rewriting. The development of such an automated graph rewriter poses the following
challenges which we would like to tackle as next steps in the project:

Rewriting larger graphs: So far, our implementation covers the case of zippers focussing
on a single corner. For a more general notion of graph rewriting, we are interested in
focussing on and replacing larger subgraphs. We observe: As the Reyal structure grows
bottom-up, we already have easy access to the region of the graph embedding immediately
surrounding the focus. With every Reyal away from the focus, this regions grows, but it
always forms a disc-like part of the surface. Therefore it can first be removed without
invalidating the planarity property and subsequently be rewritten by concatenating a
number of Reyals to the front of the remaining path. The indexing type ZipTy ensures
that both old and new graph change the edge stack in the same way.
Finding a graph match: Our implementation assumes a given graph match by providing a
certain zipper focussed on the root where a rewrite rule may be applied. For implementing
a full rewriter we need an operation which matches the left hand side of a rewrite rule
to a subgraph inside a Graph. In particular, this operation needs to compute a zipper
structure such that some number of Reyals around the focus exactly match the left hand
side of a rule. This is highly non-trivial as not even the choice of spanning tree is known
in the beginning (c.f. Remark 7). One possible solution is to compute a spanning tree
via a simple algorithm like a depth-first approach, and then changing it to match a given
graph, one edge at a time. We can imagine an function which forces a looping edge to
become a spanning edge, recomputing which edge will then has to become looping in
order to keep the non-cyclic property. Crucially, any function which manipulates a Graph,
whether by changing the spanning tree, or replacing a subgraph, has to preserve the
planarity property.

As additional future work, we would like to extend the framework to incorporate equival-
ence classes of spanning trees (cf. Remark 7) instead of distinguishing different choices of
spanning tree for the same graph. We have already done some work towards this goal by
implementing a function ziToNewRoot Ó which takes a zipper and re-roots its spanning tree
to the corner in focus.

Lastly, we are interested in graphs embedded into surfaces of a higher genus than the
plane. In Lemma 11 we discussed that the structure of the looping edges alone determining
the genus of the surface a graph can be embedded in. If this structure is a stack, then
the graph embedding is plane (cf. Theorem 20). We would like to explore which structure
can accommodate higher genus surface embeddings. For example, which data structure
implements the graph shown in Figure 1b?
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