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—— Abstract

We study when partial Boolean functions can (and cannot) exhibit superpolynomial quantum query
speedups, and develop a general framework for ruling out such speedups via two complementary
lenses: promise-aware complexity measures and function completions.

First, we introduce promise versions of standard combinatorial measures (including block
sensitivity and related variants) and prove that if the relevant promise and completion measures
“collapse”, then deterministic and quantum query complexities are necessarily polynomially related,
ie., D(f) = poly(Q(f)). We then analyze structured families of promises, including symmetric
partial functions and promises supported on Hamming slices, obtaining sharp (up to polynomial
factors) characterizations in terms of a single gap parameter for the symmetric case and refined
slice-dependent bounds for k-slice domains.

Next, we formalize completion complezity as the minimum of a measure over total completions of a
partial function, and show that completability of a measure captures the possibility of superpolynomial
quantum speedups. Finally, we apply this viewpoint to derive broad non-speedup criteria for some
classes of functions admitting well-behaved completions, such as functions with low maximum
influence on both the standard and p-biased hypercubes and functions with efficiently identifiable
domains, and then show some hardness results for general completion techniques.

2012 ACM Subject Classification Theory of computation — Quantum query complexity
Keywords and phrases Complexity, Boolean Analysis, Quantum Speedup

Digital Object Identifier 10.4230/LIPIcs. MFCS.2026.10

Related Version Full Version: https://arxiv.org/abs/2603.29256

Funding Upendra Kapshikar: Supported by the Natural Sciences and Engineering Research Council
of Canada (NSERC)(ALLRP-578455-2022, RGPIN-2022-05167) and the Air Force Office of Scientific
Research under award number FA9550-20-1-0375.

Supartha Podder: This work was supported by US Department of Energy (grant no DE-SC0023179)
and US National Science Foundation (award no 1954311).

Acknowledgements We thank Srijita Kundu for many helpful discussions during the early phase of
this project. We also thank Nengkun Yu and Kunal Marwaha for helpful discussions.

1 Introduction

One of the central questions in quantum complexity theory is identifying problems which
exhibit superpolynomial quantum speedups. While polynomial quantum speedups are
relatively common and can be constructed for many problems, finding exponential quantum
speedups is significantly more challenging. When it comes to showing exponential quantum
speedups and/or designing quantum algorithms, the query complexity model is often the
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preferred choice, as it is simple enough to facilitate proving lower bounds, yet expressive
enough to capture the varying levels of problem difficulty. In this model, query access is
given to an unknown n-bit input x with the goal of computing a predefined function f on z.
The queries are given in a bit-wise manner, i.e., given an index ¢ as a query, we get z; as
the response. The goal is to minimize the number of queries necessary to compute f(z)
in the worst case. In the randomized setting, algorithms are allowed to output incorrect
answers with probability % When we consider quantum algorithms in this model, we allow
the algorithms to make queries in superposition, thus rendering the question of how much
advantage quantum algorithms provide over classical algorithms in this setting.

Over the years, only a handful of structured problems — such as period-finding in Shor’s
algorithm or Simon’s problem [33, 34] — have been shown to admit exponential quantum
speedups. In contrast, unstructured problems generally allow only polynomial speedups.
Despite being an important problem, only a few works have attempted to formalize quantum
speedups and characterize what constitutes a superpolynomial quantum speedup. It was
shown by [6] that when Boolean functions are defined on all inputs (i.e., f: {0,1}" — {0,1}),
quantum and deterministic query complexities are polynomially (power 6) related. The
relation was later improved to power 4 by [3], using Huang’s sensitivity theorem [19].
[29] showed that deterministic and randomized complexities are polynomially related for
total functions and in fact, for total functions, all well-studied query complexity measures
are polynomially related! [10]. Thus, to achieve superpolynomial quantum speedups, we
must consider partial functions (i.e., Boolean functions defined only on a subset of inputs,
f:X C{0,1}" - {0,1}). In fact, we know? that the domain of any function achieving
superpolynomial quantum speedup needs to be large [2].

However, not all partial functions (even on large domain size) exhibit quantum speedups.
Thus, an important question is determining which partial functions exhibit superpolynomial
quantum speedups, which do not, and more importantly, why. In pursuit of this, [1] showed
that any partial symmetric function does not exhibit such speedup?. [12] later strengthened
this result to a more general notion of symmetry and showed that certain types of permutation
invariant functions admit no superpolynomial speedup. However, symmetric functions appear
highly irregular as the function remains invariant under all possible permutations of the
indices. [8] raised the question of how symmetric must a function be before it cannot exhibit
a large quantum speedup and characterized functions invariant under different group actions,
studying which ones allow superpolynomial speedups and which do not.

On the other hand, symmetric partial functions, even under various group actions, are
only a tiny fraction of all possible partial functions. To shed light on the quantum speedups of
non-symmetric functions, [7] showed that functions defined on the slice, i.e., f : ([Z]) —{0,1},
for k € [n], do not admit superpolynomial quantum speedups. This can be viewed as a
generalization of [6]. Arguably in this case, the structure is on the domain, where every input
x is promised to have Hamming weight k, but the function is free to take any possible value
on these inputs.

In another direction, [2] studied the quantum advantage question from a different per-
spective. Given a problem which is intractable for both quantum and classical algorithms,
can we find a sub-problem for which quantum algorithms provide an exponential advantage?
Towards this end, they introduced the idea of sculpting functions, and asked if it is possible

L A table of polynomial relationships between well-studied measures for total functions can be found in [3]
> This is because D(f) = O (Q(f)* - log® [Dom(f)[) [2].
3 They showed it for randomized vs. quantum.
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to turn a total function into a partial function by removing some of the inputs, so that the
newly formed partial function has a superpolynomial quantum speedup. They characterized
the total Boolean functions for which an exponential quantum speedup can always be found
in this manner and, as an implication, showed that when the domain size of a partial function
is small, i.e., it contains only poly(n) inputs, it cannot admit superpolynomial quantum
speedups.

Other related works, such as [36, 9, 7, 5, 23, 31], explore quantum speedups from other

perspectives, such as in the context of relational problems or under fixed query budgets etc.

Before the work of [36], it was widely believed that achieving exponential quantum advantage
required some form of global regularity or structure. However, their result suggests that
quantum speedup is more subtle and less well-understood than previously thought. In this
work, we revisit Boolean functions and provide alternative approaches to proving the absence
of superpolynomial quantum speedups.

1.1  OQOur contributions

For the first result, we look at the promise version of block sensitivity. Consider a function
f 40,1} — {0,1}. A block B is a subset of indices, B C [n]. For a total function,
a block B is considered sensitive for input z if f(z) # f(2?), where 2 is obtained by
flipping coordinates in B. For partial functions, we relax this notion: a block is also
considered sensitive if flipping it causes the input to leave the promise (the function output
is undefined) [13]. We call this measure promised block sensitivity and label it bs'(f). A
formal definition of bs'(f) and other measures discussed may be found in Section 2.2. For

two measures A and B, we use A =p.1y B to denote that they are polynomially related.

Using the promise version of block sensitivity we show that large quantum query advantages
cannot arise when other complexity measures collapse.

» Result 1 (Requirements for superpolynomial quantum speedup; Theorem 23). For any
partial Boolean function f, if either (i) critical block sensitivity cbs(f) is polynomially related
to promised block sensitivity bs’(f), or (ii) critical block sensitivity is polynomially related to
critical certificate complexity Ceyi(f), then quantum and deterministic query complexities are
polynomially related. Formally,

cbs(f) =poty bs'(f) or cbs(f) =poy Cexi(f)
3
D(f) —poly Q(f)

Note that there are multiple ways one may define measures for partial functions which
are equivalent for total functions [13, 4], we chose our definitions as we found them the most
natural for studying the role of Dom(f) when comparing D(f) and Q(f).

Many natural Boolean functions exhibit a high degree of permutation symmetry: their
value depends only on the Hamming weight of the input, or they could be defined only on a
single orbit under the action of the symmetric group S,. Formally, we study two related
families of partial functions with S,,-symmetry:

fully symmetric partial functions whose value depends only on wt(z), and

functions whose domain is a single k-slice of the Boolean cube (equivalently, an S,,-orbit),

where the function may be arbitrary on that slice.

10:3
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Our first set of results gives a clean, tight characterization (up to polynomial factors) of
several query complexity measures for partial symmetric functions in terms of a single
parameter we denote GAP,
GAP(f) = min wt(z) — wt(y)|.
() z,yGDom(f),f(w);éf(y)l (=) )l
Informally, GAP(f) captures the minimal Hamming-weight separation between any two
inputs on which the function differs.

Secondly, we look at the family of functions defined on a single slice. These functions
were previously studied by [7], who proved a general bound D(f) = O(Q(f)'®).

» Result 2 (Partial functions and S,,; Lemma 27, 28, 31). For any partial symmetric
function f,
— n
deg(f) —poly Q(f) —poly R(f) —poly @ and
D(f) =poty n — GAP.

Combining these results, we get a complete picture of when quantum speedups over determin-
istic algorithms are possible for symmetric functions. As a corollary, we also obtain that,
for partial symmetric functions, the polynomial method is essentially tight: H% and Q are
polynomially related.

Next, for any function on the k-slice,

3n

min{k,n — k} C(f) bs(f),

which, together with known relationships between C(f), bs(f) and Q(f), implies D(f) =
O smrry QUN°)-

This bound is not comparable to the result of [7]. It is stronger for slices near the middle
(k =~ n/2) and weaker for very small or very large slices.

D(f) <

We then continue the line of work of sculpting [2], but in the reverse direction, i.e., instead
of removing inputs from a total function, we will start with a partial function and add inputs
to its domain to obtain a total one. This method is known as a completion and has been
studied in the communication complexity model [18, 17]. However, as far as we know, in the
query-complexity model, a systematic study of completions has been limited in the literature.

We ask how much different complexity measures can increase under this transformation.
More specifically, given a partial Boolean function f, a total Boolean function F' is a
completion of f if F(xz) = f(x) for all x € Dom(f), while values on inputs outside the promise
are assigned arbitrarily. Naturally, a partial function may admit many distinct completions.
The completion complexity of f with respect to any query complexity measure M is then
defined as M(f) := min M (F), where the minimum is over all possible completions of f.

As our third result, we show that completions exactly characterize superpolynomial
quantum speedups.

» Result 3 (Completions characterize superpolynomial quantum speedups). For any
partial function f, and for any® query complexity measure M, deterministic query complezity
D(f) is polynomially related to M(f) if and only if the measure M is extendable, that is,

D(f) =poty M (f) if and only if M(f) =poly M(f).

% Any measure M which for total functions is polynomially related to D [6].
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Specifically, a partial function extends to a total function while preserving a polynomial
relationship in any complexity measure, if and only if no superpolynomial speedup over
classical query complexity is possible for that measure.

We can use this result to establish quantum non-speedup in the following way: For any
(possible partial) function f, D(f) > Q(f) > &Eé(f) If a partial function f has approximate
degree T, then by definition for every input & € Dom(f), the approximating polynomial
p outputs a value p(z) with |p(z) — f(z)| < e. However, for the inputs 2 ¢ Dom(f), the
polynomial can obtain any value in [0, 1]. Thus, if we can construct a completed polynomial
P of degree poly(T) such that |P(z) — f(x)| < € for every € Dom(f) and P(z) is € close
to either 0 or 1 for all # ¢ Dom(f), then D(f) = O(poly(deg(f))). See Figure 1 for an
illustration of this concept.

Figure 1 The orange points represent the original inputs in the domain, and the red dotted
polynomial p(z) is a polynomial that approximates the function f on these points. The solid
black polynomial P(x) is a completion that provides an approximation across the entire Boolean
hypercube.

Using the completion framework, we show that superpolynomial quantum speedups exist
only when the complexity of identifying the domain is superpolynomial with respect to the
approximate degree.

» Result 4 (No superpolynomial speedup for functions with efficiently verifiable domains).

Let X C {0,1}™ be a domain whose membership can be checked by an algorithm in T queries.
Then, for all functions f : X — {0,1} with approzimate degree Q(poly(T)),

D(f) —poly deg(f).

Next, we demonstrate the usefulness of completions by proving quantum non-speedup
results for various function families. We consider various smoothness properties of polynomials,
the main property being Lipschitz continuity which has been studied in non-smooth and
nonconvex optimization, stochastic convex optimization [24], and geometric analysis and
optimal transport [26]. Furthermore, we consider functions f with low influence which as
well as functions which are defined on the generalized p-biased hypercube. Functions on the
p-biased hypercube have been studied for their relationships to the Erd6s—Rényi random
graph model in [35, 28], as well as with regards to the effects of the p-biased hypercube on
noise stability [25] and linearity testing [22]. These p-biased functions have also been studied
with respect to their relationships to juntas and low degree functions [15, 16], have been used
to establish a hypercontractive inequality for general p and prove an analog of the invariance
principle of Mossel, O’Donnell and Oleszkiewicz for the p-biased hypercube [27, 21].

» Result 5 (No superpolynomial speedup for functions with low influence and sparsity).

Let f: Dom(f) — {—1,1} have an approzimating polynomial p(x) such that for all i € [n],
the influence Inf;(p) and sparsity spar;(p) are low. Then, D(f) =po1y Q(f).
Furthermore, we generalize the results to the p-biased hypercube.

10:5
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Finally, we propose a general completion technique concerning finding a perturbation
vector A for an approximating polynomial p(z) for a partial function f, so that adding
this perturbation to the Fourier coefficients of p(x) results in a polynomial pa () such that

lpa(z)| > ——~<— for all z € {~1,1}", resulting in an approximating polynomial for a

- poly(deg(f))
total function. Furthermore, we show via a reduction from 3-SAT that the problem of finding
such a perturbation in general is NP-complete.

» Result 6. Given multilinear polynomials p,qi,...,q, : {—1,1}" — R, and constants
€, B > 0, deciding whether there exists a vector A € R™ such that for all x € {—1,1}",

)+ 30 8505(0)| 2 € and 1Al < B
j=1
is NP-complete.

1.2 Our techniques
Promise measures

To obtain the requirements for speedup using the two variations of promise measures, we
follow the steps of the proof that for total functions f, D(f) =po1y Q(f). For a survey of
the proofs, see [10]. First, we define the alternative promise versions of bs(f) and C(f),
bs'(f) and C'(f). As bs'(f) was already described alongside Result 1, let us describe C’(f).
Standardly, a certificate ¢ for a promise function certifies that each input in the promise
which agrees with ¢ has the same output. The alternative C’(f) is defined such that no input
which agrees with ¢ is outside of Dom(f).

Transferring the relationships from the total to our promise versions of the measures relies
on the role of inputs outside of the promise. Specifically, many steps use the assumption
that changing the input, for example by flipping multiple indices, keeps it in the promise,
which is not necessarily true. For example, consider the proof that the size of a minimal
block is bounded by sensitivity. If we attempt to show a promise-version of such a statement,
meaning that the size of a minimal block B such that x, 2% € Dom(f) is bounded by its
sensitivity, we find that removing an index ¢ from B might take it out of the promise, meaning
B\t ¢ Dom(f) and therefore i might not be a sensitive index. This is underscored by the
fact that there are partial functions for which s(f) = 0, such as functions on the slice. On
the other hand, using the same argument, we bound the size of a block which certifies that
takes an output outside of the promise or changes its output by s'(f) (bs'(f) restricted to
blocks of size 1). The other proofs follow similarly, meaning that one version of the measure
makes the proof impossible, while the other does not.

Efficiently identifying domains is sufficient

When trying to think of explicit constructions for a completion, the naive idea is to just set
all inputs not in the promise of a partial function to have an output of 0. To characterize the
complexity in using this naive completion, we examine the difficulty of determining, for any
partial function f : X — {0,1}, whether a given input « € X or if z ¢ X. This is equivalent
to the condition that there exists a low degree approximation of the indicator function 1 x
on X, denoted by Ix. We take the degree d e—approximating polynomial p(x) for f(x),
and the low degree (< poly(d)) ¢’ —approximator ¢(z) = 1x and define the new polynomial
r(z) = g(x)p(x). This new polynomial approximates the naive completion F' of f everywhere
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on the Boolean hypercube to error at most € + ¢ by the triangle inequality. Since Iy is
defined for a total function, this implies that being able to efficiently (classically) distinguish
between X and {0,1}"/X is sufficient to show that the naive completion is enough to prove
that no superpolynomial speedup exists for the given partial function f.

Characterizing the natural completion

A natural completion one can think of is based on the sign of an approximating polynomial.
If we are given a partial function f : Dom(f) — {—1,1} which has a degree d approximating
polynomial p(z), then p(z) will still output a value on inputs z ¢ Dom(f). If we take any
x ¢ Dom(f) and evaluate p(x), then as long as p(x) outputs a value that is sufficiently
bounded away from 0, by standard boosting techniques we can use p(x) as the degree d
approximating polynomial for the completion F(z) = sign(p(z)) (i.e. F(z) =1if p(x) >0
and F(z) = —1 if p(x) < 0). The problem is that we are only guaranteed this holds for
x € Dom(f). For z & Dom(f), we could have |p(z)| < € where ¢ < poly(d)~!.

We would like to characterize the notion of this natural completion more precisely and

give a condition which captures when we can guarantee that |p(z)| > on inputs

1
poly(n)
outside of the domain. To this end, we consider global smoothness properties of polynomials,
namely the Lipschitz continuity of an approximating polynomial for f. We give the optimal
Lipschitz continuity condition for an approximating polynomial p(x) in order to ensure

that |p(z)| > ﬁ so that we can boost p(x) to the canonical § error approximating
poly(deg
polynomial for f while only adding a polynomial blow-up in the degree of p(x). We then

give conditions on the influence and sparsity of partial functions f that ensure this global
smoothness condition for an approximating polynomial for f, and generalize this condition
to partial functions defined on the p-biased hypercube. Lastly, we discuss other ways one
may obtain such completions by perturbing the approximating polynomial.

1.3 Discussion and further work

In this work we introduced two new frameworks for proving non-superpolynomial quantum
speedups and analyzed the relationship between partial functions and S,,. Furthermore, we
showed several applications of the completion technique. We also introduced a new technique
using the smoothness of an approximating polynomial to prove that no superpolynomial
speedup exists. We list some open problems that would further the usefulness of our
techniques.

Completion complexity characterizes the possibility of superpolynomial speedups in
comparison to deterministic query complexity. Is there a stronger characterization when
comparing quantum to randomized query complexity?

Since the completion of an approximate degree captures the gap between deterministic and
approximate degree — and consequently, between deterministic and quantum complexity —
but not all functions exhibit quantum speedups, it follows that not all polynomials are
extendable. What intrinsic properties of a polynomial determine whether it admits such
a completion?

For what classes of functions is a low degree approximation of the domain indicator
function achievable? An exact characterization would quantify precisely when the naive
completion is sufficient to prove no superpolynomial speedup.

10:7
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Theorem 23 directly implies that partial functions on domains with a large promise (i.e.,
low number of undefined inputs) do not attain superpolynomial speedup. Can one define
a measure of connectedness on the Boolean hypercube and show that on highly-connected
domains one cannot obtain superpolynomial speedup?

Are there more fine-grained versions of the promise measures discussed in Section 3 which
allow us to show the non-existence of a superpolynomial speedup?

2 Preliminaries

For a positive integer n, let [n] = {1,2,...,n}. For x € {0,1}" and S C [n], we write zg for
the restriction of z to the coordinates in S. For i € [n], let 2* denote the string obtained
from z by flipping its ith bit; more generally, for a set® B C [n], let B denote the string
obtained by flipping all bits in B.

Let Dom C {0,1}" and consider a function f : Dom — {0,1}. Alternatively, we can
express the same function f: {0,1}™ — {0, 1, *} with f(z) = x if and only if ¢ Dom. We
will switch between these two representations depending on the context. We also view a
function f either as f: Dom(f) C {0,1}" — {0,1} or as f : Dom(f) C {£1}" — {-1,1}.
These two viewpoints are equivalent. The complement of a domain is denoted Dom(f)¢ =
{z €{0,1}" : © ¢ Dom(f)}.

Given a string « € {0, 1}", we use wt(x) to denote its Hamming weight.

2.1 Query complexity

We use the standard query complexity model and measures, such as D(f), R(f), Q(f), deg(f).
For a survey of these measures, see [10].

2.2 Definition of measures for partial functions

Due to the nature of partial functions, which are undefined on certain inputs, one must be
careful when defining complexity measures. Indeed, when it comes to partial functions, even
for standard combinatorial functions, there is no canonical choice of complexity measure,
and there are often multiple definitions in the literature [13, 4]. Ideally, we would want these
measures to be meaningful and to be related to some algorithmic measures, just like in the
case of total functions. For example, some combinatorial measures, such as approximate
degree, adversary bound etc., of total functions lower bound quantum query complexity Q(f).
Therefore, a useful definition of these measures in the case of partial functions should also
lower bound Q(f). Here, we state the definitions we will use throughout the paper, and show
that they satisfy the requisite properties. Note that various measures for partial functions
were already considered in the literature; see [4, 13, 11] for reference.

» Definition 7 (Approximate degre/t_el For a (possibly partial) Boolean function f, its approx-
imate degree measure, denoted by deg (f), is the minimum degree of a real polynomial p that
approximates [ in the sense that

lp(x) — f(x)| <€ for all x € Dom(f).
Additionally, p(x) must satisfy
p(z) € [0,1]  for all x € {0,1}™.

5 We will use terms set and block interchangeably, as is common in query complexity literature.
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As it is common in the literature, we will use the shorthand a;é to denote El?eé 1 Note that
for dAe_é( f), we assert that the polynomial p(x) is bounded for all x € {0,1}" (as opposed to
only on Dom(f)), which provides a stronger lower bound of Q(f).

In a seminal result, [6] showed that one can lower bound quantum query complexity by
the approximate degree, which leads to the following chain of inequalities.

» Lemma 8 ([6]). For every Boolean function f, we have, D(f) > R(f) > Q(f) =
Q (deg(f)).

The above results were initially proved for total functions, but as mentioned in [4], one
can define these measures for partial functions, and the results also hold for them.

» Definition 9 (Partial assignment). A partial assignment « is an element of {0,1,x}™. We
say that o is consistent with an input x € {0,1}™ if for all i € [n], either a; = x; or a; = *.
Support of a partial assignment o, denoted as Support(a), is the set {i : o; # *}.

» Definition 10 (Certificate, [13]). Let f:{0,1}"™ — {0,1,%}, and f(z) =b € {0,1}. Let o
be a partial assignment that is consistent with x. We say that «v is

A b-certificate (for x) if for any x’ consistent with o, f(z') = 0.

A {b, «}-certificate (for x) if for any &’ consistent with «, f(x’) € {b,*}.
Moreover, we define

CP(f,x) as the size of the smallest b-certificate of x and

Clo#}(f, 2) as the size of the smallest {b, x}-certificate of x.

Essentially, a b-certificate certifies that we are always within the promise and output b,
while a {b, }-certificate certifies that if we are in the promise, we output b. We define the
following measures.

» Definition 11 (Certificate measure, [13]). Given f:{0,1}" — {0,1,%} and b € {0,1}, we
have that:

b _ b
C'(f) = zé?f‘f‘(mc (f,z)

C'(f) = max{C°(f),C' ()}

Cl(f) = max CU(f.a)

C(f) = max{CO7(f), ct ()}
While there are multiple ways to define the certificate measure for partial function, the

definition of C(f) above appears the most natural as it lower-bounds deterministic query
complexity.® By definition, we have that C(f) < C’(f) for all f and for any total function f,

we have, C(f) = C'(f). One should note that, C(f) could be significantly smaller than C'(f).

For example, the function f defined on the 1-slice, which asks whether the location i € [n]

such that z; =1 is less than %, maximally separates these measures with C(f) = O(1) and

C'(f) = Q(n) [13). :

§ Although the notation C(f) has been canonically used in the literature for total Boolean functions to
represent what we denote here as C’, we follow the notational convention established in [13] for the
certificate complexity of partial functions.

10:9
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» Definition 12 (Block notation). Let z € {0,1}" and B C [n]. We let 2P denote the string
obtained from x by flipping the bits in B. Equivalently,

(.’EB)- _ L, Z¢Ba
1—z;, 1€ B.

We refer to such a set B as a block. If B is a block of size one (say B = {j}), then we
simply write 7 (instead of x17}).

Following the ideas of [13], we define two promise versions of sensitivity and block
sensitivity with the main difference being how we process undefined inputs.

» Definition 13 (Sensitivity and block sensitivity). Given f : {0,1}" — {0,1,x} and x €
Dom(f), let:

s(f,z) be number of variables i € [n] such that f(z) =1 — f(x).

s'(f, ) be number of variables i € [n] such that f(z*) € {1 — f(z),*}.

bs(f,x) be the number of disjoint blocks B C [n] such that f(xP) =1 — f(z).

bs'(f,z) be the number of disjoint blocks B C [n] such that f(z?) € {1 — f(z),*}.

Then we define,

s(f) == max s(f, x)

z€Dom(f)

s'(f):= max §(f,x)

z€Dom(f)

max bs(f,
z€Dom(f) (f )

bs’ = bs'( f,
)= g )

o
wn
—~
)
i

Note that the maximum is taken only over points in the domain, that is, over all those x

such that f(x) # *.

By definition, for any total function f, s’(f) = s(f) and bs'(f) = bs(f). However, these
equalities need not hold for partial functions. The dictator function on the 1-slice maximally
separates s(f) and bs(f) from s'(f) and bs'(f), respectively.

» Observation 14. By Definitions 11 and 18, for all f,b,x, we get the following relations:

s'(f, ) <bs'(f,z) < T (f,2)
s(f,x) < bs(f, ) < CU@=(f )
s(f,x) <5'(f,x)

bs(f,z) < bs'(f, ).

» Definition 15 (A-sensitive blocks). Let A C {0,1,}. We say that a block B is A-sensitive
(for an input z) if f(x) ¢ A and f(zP) € A. In case that A = {a}, we simply say a-sensitive.

Recall that we say a function f’ is a completion of f if f’ is total and f(z) = f'(x) for
all z € Dom(f).

» Definition 16 (Critical Block Sensitivity [20]). Let f : {0,1}" — {0,1,%}. The critical block
sensitivity of f is

cbs(f) =min max bs(f/,x
(f) f’ xeDom(f) (f )

where f' is a completion of f.
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Furthermore, using critical block sensitivity cbs(f), we define critical certificate,

» Definition 17 (Critical Certificate [4]). Let f : {0,1}" — {0,1,x}. Let F = {f’ such that f’
is a completion of fand bs(f’) = cbs(f)}. The critical certificate complexity of f is,
Conl) = iy ) V)
By definition, for any total function f, we have, cbs(f) = bs(f) and Cei(f) = C(f).

Lastly, the following relationship between bs(f), cbs(f) and &Eg( f) holds for any Boolean
function f.

» Lemma 18 ([4]). For every partial Boolean function f,
bs(f) < cbs(f) = O(deg(f)*).

It should be noted that the proof that bs(f) = 0(&5@( f)?) follows by constructing a
polynomial which turns the blocks into variables and via symmetrization argues that the
approximate degree must be large. In particular, this means that we can not replace bs(f)
with bs'(f) in the above lemma.

3 Promise measures

A central question in quantum query complexity is whether superpolynomial quantum
speedups require a nontrivial promise. This has been formalized in several settings: symmetric
and permutation-symmetric partial functions admit at most polynomial quantum advantages,
and similar no-speedup results are known for functions on structured domains such as
slices [1, 12, 7]. This section is motivated by the goal of identifying a more local obstruction
that does not rely on global symmetry. The key point is that for partial functions, local
perturbations may leave the domain rather than reach an opposite-labeled input. By analyzing
the promise-aware versions of the usual combinatorial measures we defined in Section 2.2 and
studying when they still satisfy total-function-type relations, this section aims to identify
conditions for superpolynomial quantum speedups.

» Lemma 19. For any partial function f: Dom(f) — {0,1}, we have,

C(f) < bs(f)s'(f)-

Note that in the above lemma, we showed that | B;| < s'(f). For a total function f, it also
holds that |B;| < s(f). This does not transfer to partial functions. Moreover, {1 — f(z), *}-
sensitive blocks B* can neither be bounded by s or by s’. For example, consider the constant
0 function whose domain is {0,1}™ \ {0"}.

» Lemma 20. For any partial function f the following inequalities hold:
1. D(f) < min{CEI(f), ¢ (1)} - bs' (/)

2. D(f) < min{CL(f), C°(f)} - bs(f)

3. D(f) < Cen(f) - cbs(f).

Alternatively, we may bound D(f) using C(f) and C'(f).

» Lemma 21. For any partial function f: Dom(f) — {0,1},

D(f) < min{C*(f)Ct(f), CO(f)CHH(f)}.

10:11
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Next, we find that cbs(f) sits between bs(f) and bs'(f).
» Lemma 22. bs(f) < cbs(f) < bs'(f).

Lastly, we prove a statement which shows how a polynomial relationship between various
measures discussed in this section implies the impossibility of a quantum speedup.

» Theorem 23. Let f be a partial function such that at least one of the following conditions
is satisfied:

1. cbs(f) =poly bs/(f)

2. Cbs(f) —poly Ccri(f)

3. min{C'(f),C°(f)} <pory cbs(f).

4. C(f) =poty C'(f) and bs(f) =poly 8'(f)-

Then, D(f) =poly Q(f)-

Theorem 23 implies that several structured domains cannot attain a speedup. For example,
Item 1 implies that bs(f) =po1y bs'(f) leads to no superpolynomial quantum speedups. It
also implies that for a domain to attain speedup, there must exist at least one input x with
many disjoint blocks B such that 2® ¢ Dom(f). Alternatively, if the graph induced by
adjacent inputs in the domain is “well-connected” such that the degree of each node is closer
to n than the block sensitivity of the function, it cannot attain speedup.

Item 2 of Theorem 23 is consistent with Result 3: if a partial function admits a completion
that does not increase a relevant parameter, then the corresponding deterministic and
quantum query complexities are polynomially related.

As a simple example, fix some input 2* € {0,1}" and consider a partial Boolean function
f with domain Dom(f) = {x : Vi € [n], x; < z}}. On this domain, define a completion g by

g(x) = f(x A z"), where (x Az™); = z; ANz}

This completion preserves the relevant measures: every minimal sensitive block and every
certificate depends only on coordinates ¢ such that =7 = 1. In particular,

max bs(g,z) = cbs(f) = bs(f), and Ceri(f) = C(f)-
z€Dom(f)

This argument extends to domains of the form | J,; d(z}), provided that

rrilz;xwt(x;‘ —z37)=0(1),
as in this case, the coordinates on which the various 2 differ can be queried to identify the
subdomain containing the input.

Interestingly, the conclusion of Theorem 23 does not follow from C(f) =poy C'(f),
meaning the second condition in Item 4 is necessary. This is due to the Deutsch-Jozsa
algorithm which solves the problem of whether some input « € {0,1}" is constant (i.e.,
|z| = 0 or n) or perfectly balanced (|z| = n/2) [14]. In this case, all three of D(f), C(f) and
C'(f) are O(n), while Q(f) = 1.

4 Functions with S,, symmetry

In this section, we look at functions that have some invariance under the symmetric group S,,.
In the first part, we consider functions having the highest order of S,, symmetry (Definition 24).
In the second part, we will consider functions defined on a single orbit of S,,, also known as
the Boolean slice. However, in this case, the function may be arbitrarily defined on the slice.
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4.1 Symmetric functions

In this part, we will study functions that are symmetric as defined below.

» Definition 24 (Symmetric function). Let Dom(f) C {0,1}". We say that a function
f: Dom(f) — {0,1} is symmetric under S,, (or simply symmetric) if for all o € S,, and for
all x € {0,1}":

1. z € Dom(f) if and only if o(x) € Dom(f).

2. f(z) = fo(x)).

Note that for a symmetric function f, its evaluation at a point = depends only on wt(x).

Our main focus will be on characterizing various measures such as D and Q for partial
symmetric functions. This problem has already been considered for R and Q in [12], proving
that there is no superpolynomial speedup between the two quantities. Furthermore, [31]
analyzed these quantities and proved that Q can be written as a certain maximization
problem, whereas our expression is free from such optimization and has a much simpler proof
technique. Specifically, we give a characterization of various measures (up-to a polynomial
factor) using GAP, a parameter for symmetric functions we define below. Additionally, we
also consider the relationship between az:—é and D, of which the former has been characterized
for total Boolean functions by [30], and the latter is trivial; for total symmetric functions as
it is ©(n) for non-constant functions [10]. To the best of our knowledge, no earlier works
attempt to analyze these measures for partial symmetric functions. Furthermore, our results
exactly characterize when symmetric functions attain a superpolynomial separation between
Q and D (or cfieg and D). As an added result, our proof also shows that 5&% and Q are
polynomially related for every such function, hence the polynomial method is tight for partial
symmetric functions. Let us formally define GAP.

» Definition 25 (Gap of a symmetric function). For any partial symmetric function f :
Dom(f) — {0,1}, define GAP(f) as

GAP(f) = min dg(z,y) = min wt(z) — wt(y)].
)=, o Jdul@y)= i i) = wiy)

This equality need not be true for an arbitrary partial function, but holds for symmetric
functions. First, consider the following standard fact.

» Fact 26 ([32]). Let p: R — R be a real polynomial. Let n € N be a positive integer, and
suppose that p(x) € [0,1] for all x € [0,n]. Then

deg(p) = 4/ 17106, where ¢ = max, P ()]

We will use the standard symmetrization of a polynomial. Given a polynomial p :
{0,1}™ — R, define its symmetrization pg : {0,1,...,n} — R by

pO(t) = Emwt(z):t[p(x)]

That is, po(t) is the average value of p(x) over all inputs of Hamming weight ¢. In this case,
we say that pg is the symmetrized version of p.
Now, let us characterize deg, Q and R using GAP.

> Lemma 27. Let f be a symmetric function. Then,
deg(f) =poly Q(f) =poly R(f) =poly #%f)'

10:13

MFCS 2026



10:14

A Framework for Ruling out Quantum Speedups

Lastly, we evaluate D using GAP.
» Lemma 28. Let f be a symmetric function. Then, D(f) =n — GAP(f) + 1.

Combining Lemma 27 and Lemma 28 we can completely characterize D vs Q behavior
for partial symmetric functions. For example, the Deutsch-Jozsa speedup [14] corresponds to

GAP(f) = %, giving Q(f) = ©(1) while D(f) = ©(n).

4.2 Functions defined on a slice

In this section, we will consider partial functions whose domain is a single slice of the Boolean
cube. The deterministic and quantum query complexities of such functions were already
considered by [7], who showed that D(f) = O(Q(f)'®). Here, we prove an alternate bound
on D(f). Our main motivation is to give a fine-grained bound based on the slice’s location.
As such, our result is not comparable to that of [7]. Their result is tighter for slices near the
edges, whereas our bound is tighter for slices near the middle section. In particular, we give
a tighter bound for roughly balanced domains.

» Definition 29 (Balanced blocks). We say that a block B C [n] is balanced for x € {0,1}" if
Hien]:ieBandx; =1} =|{i € [n]: i€ B and z; = 0}|.

» Remark 30. For a function f defined on a slice, z € Dom(f) if and only if 2 € Dom(f) for
every balanced block B. Hence, the block sensitivity bs(f) (Definition 13) can be restricted
to only balanced blocks.

» Lemma 31. Let f: Dom(f) — {0,1} such that Dom(f) = {x € {0,1}" : wt(z) = k} for
some fized k € [n]. Then, D(f) < MC(f)bs(f)

It has been shown that C(f) < 3bs(f)? [7]. Therefore, combined with Lemmas 8 and 18,
we have D(f) = O(m@(f)ts)-

5 Quantum speedups through completions

Completion complexity

For a partial function f : Dom(f) — {0,1}, a total function F' : {0,1}" — {0,1} is a
completion of f if F(x) = f(x) for all x € Dom(f). We denote the set of all completions of f
as C(f).

» Definition 32 (Completion complexity of f with respect to query complexity measure M). Let
f be a partial Boolean function and M be a query complexity measure. Then, the completion
complexity of f (with respect to M ), denoted as M(f) is

M(f)= min M(F).
FeC(f)

For a partial function f we use Fy(f) to denote the completion that achieves the above
minimum?’. When f is clear from context, we drop it and simply write Fj;. We say that Fy,
is an optimal completion of f with respect to M.

7 If there are multiple completions that achieve the minimum, choose any one of them.
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» Definition 33 (Polynomially tight measures). We say that measures My, M, ..., M; are
polynomially tight if for all total functions F', we have, Mi(F) =poly M2(F') =poly - - - =poly
M (F).

Consider any partial function f and let A be the optimal deterministic algorithm. Since
A produces a fixed output for each z ¢ Dom(f), we can define a completion Fp(x) = A(z).
Thus:

» Observation 34. For any partial function f, D(f) = D(Fp).

Combining everything, we get the following lemma: a measure M is extendable without
a blow-up for f if and only if it is polynomially related to deterministic query complexity.

» Lemma 35. For any partial function f : Dom(f) — {0,1}, and for any complezity measure
M which is polynomially related to D for total functions,

D(f) =poty M(f) if M(f) =poty M(f)-

In particular, this lemma gives us a way to establish superpolynomial speedup between
D and an arbitrary measure M by showing that the measure M is not completable to a total
function without a superpolynomial blow-up.
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