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Abstract
The classifications of temporal and phylogeny constraint languages stand among the most seminal
complexity classifications within infinite-domain Constraint Satisfaction Problems (CSPs), yet
remain the most mysterious in terms of algorithms and algebraic invariants for the tractable
cases. We show that those languages which do not pp-construct EVERYTHING (and thus by
the classifications are solvable in polynomial time) have, in fact, very limited expressive power
as measured by the graphs and hypergraphs they can pp-interpret. This limitation yields many
previously unknown algebraic consequences, while also providing new, uniform proofs for known
invariance properties. In particular, we show that such temporal and phylogeny constraint languages
admit 4-ary pseudo-Siggers polymorphisms – a result that sustains the possibility that the existence
of such polymorphisms extends to the much broader context of the Bodirsky-Pinsker conjecture.
Although temporal and phylogeny constraint languages appear to follow fundamentally different
algorithmic principles, our proofs reveal a common core and proceed along strikingly similar lines.

When Ianus can’t express it all
He tries in vain, he hits a wall
When for K3 no way he knows
His face of pseudo-loops he shows.

As Darwin finds such twisted edge
To pines and vines he makes this pledge:

“Should free of pseudo-loops you shine
All finite structures shall be thine!”
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1 Introduction

The Constraint Satisfaction Problem induced by a relational structure A, denoted by CSP(A),
is the computational problem of deciding, given a finite input structure B of the same
signature as A, whether there exists a homomorphism from B to A, i.e. a map preserving all
relations. The underlying structure A will often be referred to as template structure. This
notion of fixed-template CSPs provides a uniform framework for modelling many classical
computational problems such as graph-colouring problems, 3-SAT, or solving equations.
In 2017, two independent confirmations of a complexity dichotomy for CSPs induced by
arbitrary finite structures – conjectured already in [48, 49] – marked a breakthrough in the
research programme on the complexity of finite-domain CSPs: for every finite structure A,
either CSP(A) is solvable in polynomial time, or it is NP-complete [45, 71, 72], contrasting
Ladner’s theorem [62]. Yet, prominent computational problems that can be phrased as the
CSPs of a fixed template A require the domain of A to be of countably infinite size – for
example, the problem of deciding whether a given finite digraph contains a cycle can be
phrased as CSP over (Q; <), but cannot be modelled in this way by any finite template.
There provably does not exist a complexity dichotomy for CSPs with infinite templates,
not even if the template is “close to finite” in the sense of ω-categoricity [16, 51, 52]. For
certain countably infinite ω-categorical structures, namely first-order reducts of finitely
bounded homogeneous structures, though, a P/NP-complete complexity dichotomy has been
conjectured by Bodirsky and Pinsker more than a decade ago (see [38, 10, 4, 3] for various
formulations of the conjecture). The conjecture remains wide open in its generality, but
has been verified for several classes of structures fitting into the conjectured framework,
including temporal constraint languages [25, 26], phylogeny CSPs [22, 23], equality constraint
languages [24], the universal homogeneous poset [59, 60], MMSNP [27, 28], first-order
reducts of any homogeneous undirected graph [30] including the random graph [35], the
universal homogeneous tournament [65, 66], and graph orientation problems with forbidden
tournaments [17, 12, 50]. It is worth noting that with the exception of temporal and
phylogeny constraint languages, all known complexity classifications can be obtained in
terms of a general procedure from [31], which relies on canonical polymorphisms [39, 37]
to show polynomial-time solvability of an infinite-domain CSP by reducing the problem to
the CSP of a finite template. From an algorithmic perspective, temporal and phylogeny
constraint languages therefore appear fundamentally different from all other classes for which
the Bodirsky-Pinsker conjecture has been verified.

Temporal constraint languages are structures of the form (Q; R1, R2, . . . ) where each Ri

has a first-order definition in (Q; <) – the rational numbers with the dense linear order. Their
complexity classification [25, 26], which predates the Bodirsky-Pinsker conjecture and most
likely inspired it, is among the earliest within its scope. To this day, temporal constraint
languages remain an active subject of study. They give rise to a natural and important
class of CSPs, appearing in prominent problems from artificial intelligence such as temporal
and spatial reasoning, see e.g. [56, 41, 61, 47, 20]. Yet despite their practical importance,
temporal CSPs remain among the most challenging and least understood templates within the
scope of the Bodirsky–Pinsker conjecture. This is not only due to the algorithmic challenges
outlined above, but also because their descriptive complexity differs vastly from the finite [40].
Moreover, the algebraic properties of temporal constraint languages – crucial to the success of
the so-called algebraic approach to CSPs – are still largely unknown. While ongoing research
aims to gain deeper insight into the cases that are solvable in polynomial time through new
algorithmic approaches [64], our contribution is to shed light on the algebraic aspects.
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Phylogeny problems arise from evolutionary biology. In a (rooted) phylogenetic tree, every
species has exactly one direct ancestor, and any two share a youngest common ancestor.
Given three leaves a, b and c of such a tree, i.e., three species without descendants, we write
a|bc to denote that the youngest common ancestor of b and c lies below the youngest common
ancestor of a, b and c in the tree. The set of leaves together with the ternary relation | is
called the leaf structure of the tree. The basic phylogeny decision problem asks whether,
given a finite relational structure with one ternary relation, there exists a tree to whose
leaf structure it maps to homomorphically. This problem can be modelled as the CSP over
the infinite-domain generic leaf structure (L; |) [21], and is solvable in quadratic time [1].
Moreover, all CSPs induced by phylogeny constraint languages, i.e. structures of the form
(L; R1, R2, . . . ) where each Ri has a first-order definition in (L; |), are known to be either
solvable in polynomial time or NP-complete [32]. However, as the standard reduction to the
finite via canonical polymorphisms is again inapplicable, phylogeny together with temporal
constraint languages remain, in a sense, the main troublemakers in the infinite.

1.1 The algebraic approach
The complexity of finite-domain CSPs is determined by the “expressive power” of the
underlying structure A, which is encoded in the set Pol(A) of all compatible finitary operations
– the polymorphism clone of A. The study of the computational complexity of CSPs via the
polymorphisms they have is what is now understood as the algebraic approach to CSPs, first
developed in [55, 46] and refined by [9]. The finite-domain CSP dichotomy now takes the
following form: as the only source of NP-completeness for CSP(A) stands the ability of A to
pp-construct EVERYTHING, i.e. every finite structure. For the purpose of this paper, we call
a structure that pp-constructs EVERYTHING omni-expressive. Every finite structure that
lacks this property gives rise to a CSP solvable in polynomial time, and its polymorphism
clone satisfies certain symmetries. Here, we say that the polymorphism clone Pol(A) of
a structure A satisfies an identity, if the identity is witnessed by operations contained in
Pol(A) for all evaluations of their arguments. For example, the polymorphism clone of a
finite structure that is not omni-expressive always contains

a 6-ary polymorphism s witnessing the 6-ary Siggers identity [70]

s(x, y, x, z, y, z) ≈ s(y, x, z, x, z, y), (1)

a 4-ary polymorphism s witnessing the 4-ary Siggers identity [58]

s(a, r, e, a) ≈ s(r, a, r, e), (2)

a 6-ary polymorphism o witnessing the Olšák identities [67]

o(x, x, y, y, y, x) ≈ o(x, y, x, y, x, y) ≈ o(y, x, x, x, y, y), (3)

for some k ≥ 3, a k-ary polymorphism w witnessing the weak near unanimity (WNU)
identities [63]

w(y, x, x, . . . , x) ≈ w(x, y, x, . . . , x) ≈ · · · ≈ w(x, x, . . . , x, y), (4)

for some k ≥ 3, a k-ary polymorphism c witnessing the cyclic identity [6]

c(x1, x2, . . . , xk) ≈ c(x2, . . . , xk, x1). (5)

MFCS 2026
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An algebraic approach to CSPs via polymorphisms is for countably infinite struc-
tures possible in the setting of ω-categoricity, where their automorphism group is oli-
gormorphic, i.e. has only finitely many orbits in its action on tuples of any fixed finite length
(although polymorphisms have also played a role for CSPs of non-omega-categorical structures,
see e.g. [15, 14, 29, 18, 19]). Indeed, if A is ω-categorical, then the complexity of CSP(A) is
again captured within the “local” algebraic structure of Pol(A) [36]. Moreover, for first-order
reducts of finitely bounded homogeneous structures A – which are always ω-categegorical
– it is conjectured that omni-expressivity remains the only source of NP-completeness of
CSP(A) [38, 9, 4, 3]. Naturally, the question arises whether the identities (1)-(5) have
counterparts for ω-categorical structures that are not omni-expressive. This was answered
affirmatively in [10, 11] for a pseudo-version of identity (1): every ω-categorical structure
that does not pp-construct EVERYTHING has polymorphisms s, u, and v witnessing the
identity

u ◦ s(x, y, x, z, y, z) ≈ v ◦ s(y, x, z, x, z, y). (6)

The pseudo-versions of identities (2)–(5) are defined analogously, by composing each operation
symbol in the original identities with a new unary operation symbol, where several occurrences
of the same symbol are composed with different unary symbols. The corresponding state-
ments for the pseudo-versions of both the cyclic identities (5) and the weaker WNU identities
(4) are known to be false in general (for temporal structures that are not omni-expressive
and fail to admit pseudo-cyclic polymorphisms, see e.g. [13, Proposition 12.9.1]; an example
of an ω-categorical not omni-expressive structure with no pseudo-WNU polymorphisms is
given in [2, Theorem 4]). It is, however, worth noting that the condition of satisfying a WNU
or a cyclic identity differs fundamentally from the condition of satisfying the identities (1),
(2), or (3) in that the former is in fact defined by an infinite disjunction of k-ary formulae
for every k ≥ 3, while the latter is a single formula. To the best of the authors’ knowledge,
no ω-categorical structures are known that are not omni-expressive and do not admit 4-ary
pseudo-Siggers or pseudo-Olšák polymorphisms, leaving open the possibility that the exist-
ence of these polymorphisms may in fact characterise non-omni-expressivity for ω-categorical
structures – a question highlighted in [13, Question 22]. Several indications point towards a
positive answer: it is known [38, Proposition 6.6] that the pseudo-versions of all sets of identit-
ies that characterise non-omni-expressivity in the finite carry over in the case of ω-categorical
not omni-expressive structures that adhere to the standard reduction from [31]. Temporal
constraint languages and phylogeny CSPs are the only completely classified classes within
the scope of the Bodirsky-Pinsker conjecture that do not conform to this reduction. As such,
they currently represent the only known candidates for counterexamples within this range.
Moreover, every conservative ω-categorical structure that is not omni-expressive admits 4-ary
pseudo-Siggers polymorphisms [43]. Finally, in a somewhat different direction, the absence
of pseudo-Olšák polymorphisms is known to imply NP-completeness [64] for ω-categorical
structures (though here the NP-hardness is not known to stem from omni-expressivity).

Despite substantial progress in the general theory of CSPs since their classifications, the al-
gebraic invariants underlying temporal and phylogeny templates that are not omni-expressive
have remained poorly understood. Prior to this work, the identities known to be satisfied
in these settings were those inherited from general results – the existence of 6-ary pseudo-
Siggers polymorphisms [10, 11] and, assuming P ̸= NP , pseudo-Olšák polymorphisms [64].
In addition, for temporal constraint languages, the existence of pseudo-WNU polymorphisms
of all arities k ≥ 3 [40, Proposition 7.27], and for phylogeny constraint languages, a binary
pseudo-symmetric polymorphism had been established [23]. In this paper, we provide a
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Figure 1 The 4-ary Siggers digraph.

uniform framework that not only captures the existence of the aforementioned polymorph-
isms, but also establishes a whole new family of identities satisfied by all temporal and all
phylogeny constraint languages that are not omni-expressive. Among these, the existence of
4-ary pseudo-Siggers polymorphisms stands out as a previously unknown representative.

1.2 Loop lemmata
In the early stages of the systematic research programme on CSPs, those induced by finite
graphs were among the first to be studied. Observe that the classical k-colouring problem
coincides with CSP(Kk), where Kk denotes the clique on k vertices. Vastly generalising
the NP-completeness of the k-colouring problem for all k ≥ 3, Hell and Nešetřil showed
that every undirected non-bipartite graph is either omni-expressive (and hence its CSP is
NP-complete), or has a loop (in which case it is entirely inexpressive, and in particular, its
CSP trivial) [54]. This result was later extended to certain digraphs:

▶ Theorem 1 ([8]). Let G be a finite smooth digraph of algebraic length 1. Either G is
omni-expressive or G contains a loop.

As first observed in [70], loops in digraphs correspond to algebraic invariants. Given a
finite digraph G and an enumeration (i1, j1), (i2, j2), . . . , (im, jm) of its edges, the identity

s(xi1 , . . . , xim) ≈ s(xj1 , . . . , xjm)

is called the G-loop condition; in particular, the 6-ary Siggers identity (1) is the K3-loop
condition, and the 4-ary Siggers identity (2) is the loop condition induced by the digraph in
Figure 1. By standard techniques, Theorem 1 implies that the polymorphism clone of every
not omni-expressive finite structure satisfies, in particular, both Siggers loop conditions.

▶ Corollary 2 ([58]). Let A be a finite relational structure that is not omni-expressive. If G
is any finite smooth digraph of algebraic length 1, then Pol(A) satisfies the G-loop condition.

The statement of Theorem 1 fails badly for ω-categorical graphs (for example, the count-
ably infinite complete graph has no loop, yet its CSP is solvable in polynomial time), as do
in general the exact identities (1)-(5) in ω-categorical structures that are not omni-expressive.
However, it has proven fruitful to consider the quotient of G modulo an oligomorphic subgroup
Ω of its automorphism group, whose vertices are the Ω-orbits, and whose edges are induced
from G. A loop in this finite digraph comes from an edge in G between two vertices belonging
to the same Ω-orbit – a so-called pseudo-loop modulo Ω. The absence of a pseudo-loop
in G modulo its own automorphism group, or modulo an oligomorphic subgroup thereof,
is a stronger condition than the absence of a loop, and has been identified as a source of
computational hardness for CSP(G) in several cases [11, 2, 43]. On the other hand, while
not directly implying tractability, the presence of pseudo-loops in ω-categorical digraphs can
be used to derive symmetries in the form of pseudo-identities, similarly as in Corollary 2
(see [53]).

MFCS 2026
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2 Our contribution

Following this direction, we prove a variant of Theorem 1 for the case of digraphs G that
are pp-interpretable in a non-omni-expressive constraint language A that is temporal or
phylogenetic. Roughly, this means that G is expressible in primitive positive logic over A.
Since the structures (Q; <) and (L; |) are ω-categorical, their automorphism groups are
oligomorphic. The latter naturally act on A by automorphisms, and in fact also on G by
the definition of a (pp-)interpretation. Hence, we may regard Aut((Q; <)) or Aut((L; |)),
respectively, also as an oligomorphic subgroup of Aut(G).

▶ Theorem 3. Let A be a temporal (phylogeny) constraint language that is not omni-
expressive. If G is any smooth digraph that is pp-interpretable in A and has pseudo-algebraic
length 1 modulo Aut((Q; <)) (modulo Aut((L; |))), then G contains a pseudo-loop modulo
Aut((Q; <)) (modulo Aut((L; |))).

Theorem 3 reveals the dichotomous nature of temporal and phylogeny constraint languages
in terms of their expressivity. Namely, any such language is either omni-expressive or
inexpressive based on the digraphs it can pp-interpret; in the latter case, the only pp-
interpretable digraphs are those containing pseudo-loops. This loss of expressivity comes with
a gain of algebraic invariants. The G-pseudo-loop condition induced by a finite digraph G arises
from the G-loop condition by composing either side of the identity with unary function symbols
u, v as before. From Theorem 3, we derive an infinite family of identities that is satisfied in
every temporal or phylogeny constraint language that is not omni-expressive. Among these,
we conclude the previously unknown existence of 4-ary pseudo-Siggers polymorphisms.

▶ Corollary 4. Let A be a temporal (phylogeny) constraint language that is not omni-expressive.
If G is any finite smooth digraph of algebraic length 1, then Pol(A) satisfies the G-pseudo-loop
condition. In particular, Pol(A) satisfies u ◦ s(a, r, e, a) ≈ v ◦ s(r, a, r, e).

Corollary 4 confirms that the full range of loop conditions whose satisfaction is known
to characterise non-omni-expressivity in the finite setting lifts, in their pseudo-versions, to
all not omni-expressive temporal and to all not omni-expressive phylogeny structures. This
crucially rules out these structures as counterexamples, reinforcing the broader validity of
these characterisations. Moreover, Theorem 3 yields a uniform proof for the validity of
all such loop conditions. We remark that the use of Theorem 3 to derive Corollary 4 is
local in nature: it produces the polymorphisms on finite sets and then applies a standard
compactness argument. This is necessary since, provably, no term operation over (Q; <) and
the binary operation ℓℓ (whose existence as a polymorphisms obstructs omni-expressivity)
can satisfy any non-trivial pseudo-identity.

As it turns out, sets of identities of the form (4) and (5) are better suited for deriving
further structural properties that may, in particular, be used in algorithms [5, 7, 44, 71, 72, 65,
66, 57, 69]. They are formalised through the notion of a T-loop condition for hypergraphs T
of arity n ≥ 3, whose hyperedges are ordered tuples. The T-loop condition is then defined as
a set of n − 1 identities as in Section 3.3; Extending our approach to higher arities, we prove
a version of Theorem 3 for the case of hypergraphs pp-interpretable in a not omni-expressive
temporal or phylogeny template. A pseudo-loop in an n-ary hypergraph is a hyperedge all
of whose coordinates belong to the same orbit; a hypergraph is cyclic if its hyperedges are
invariant under cyclic permutations, it is 2-transitive if it is invariant under the action of
some 2-transitive subgroup of the symmetric group on n elements, and it is symmetric if it is
invariant under all permutations.
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▶ Theorem 5. Let T be a hypergraph of arity n ≥ 2 that is pp-interpretable in a non-omni-
expressive constraint language A.
1. If A is a temporal constraint language, n ≥ 3, and T is cyclic and 2-transitive, then T

contains a pseudo-loop modulo Aut((Q; <)).
2. If A is a phylogeny constraint language and T is symmetric, then T contains a pseudo-loop

modulo Aut((L; |)).

The pseudo-loop condition induced by a hypergraph is again obtained by composing
all identities of the corresponding loop condition with unary function symbols. Since the
hyperedges of the hypergraphs inducing the Olšák- and the WNU-identities are invariant
under all permutations, they satisfy in particular the imposed symmetry conditions; hence,
the existence of pseudo-Olšák polymorphisms and pseudo-WNU polymorphisms of all arities
n ≥ 3 now follows from Theorem 5 in the standard way.

Is 2-transitivity the new cyclicity?
Let us remark that the conclusion of Item 1 in Theorem 5 clearly fails in the case n = 2, as
it would amount to the existence of a binary polymorphism that is pseudo-commutative –
yet temporal constraint languages preserved by the binary operations ℓℓ or mi are neither
omni-expressive, nor must they admit such polymorphisms. In the phylogenetic setting, on
the other hand, binary pseudo-commutative polymorphisms exist in all non-omni-expressive
structures [23].

It might be of interest to point out that loop lemmata involving symmetry conditions
provided by non-trivial group actions have also been established for finite hypergraphs of
arity n ≥ 3 (see [6, 73, 42, 74]). Most influentially, the study of finite cyclic hypergraphs in [6]
stands as a landmark result in this context. In the temporal setting, cyclicity by itself is not
a sufficiently strong condition: as mentioned before, there exist not-omni expressive temporal
constraint languages that do not admit any pseudo-cyclic polymorphisms. A concrete example
is the structure (Q; <, x ̸= y ∨ u = v) [13, Section 12.9.1], highlighting the necessity of the
2-transitivity condition on top of the cyclicity condition in Item 1 of Theorem 5. Observe
that these symmetry conditions are proper in the sense that a hypergraph may be cyclic and
2-transitive without being fully symmetric. For example, for odd n ≥ 5 the alternating group
An is a proper 2-transitive subgroup of the full symmetric group Sn which contains all cyclic
permutations. Whether or not cyclicity is truly a necessary condition in Item 1 of Theorem 5
remains an interesting open question for future work. For hypergraphs of arity n = 3, it is
readily implied by 2-transitivity, whereas for all arities n > 3, it is not. Moreover, it remains
open whether or not the symmetry condition for the phylogenetic setting in Item 2 may be
relaxed to match the ones in the temporal setting.

3 Preliminaries

3.1 Model-theoretic
For n ∈ N, we denote the set {1, . . . , n} by [n]. For an n-tuple a = (a1, . . . , an), we write
ai or pri(a) for its i-th coordinate. By ker(a) we denote the subset of [n] × [n] consisting
of all pairs (i, j) for which ai = aj . A relation R on a set A is a subset R ⊆ An for some
n ∈ N, which is referred to as the arity of R. For a subset I of [n], we denote by prI(R)
the |I|-ary relation obtained by projecting R to all of its coordinates i with i ∈ I. For the
purpose of this paper, we assume all relations considered to be non-empty. A (relational)
structure is a tuple A = (A; R) consisting of a set A and a finite family R of relations on A

MFCS 2026
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indexed by relational symbols. For structures A = (A; R) and B = (B; R′) indexed the same
relational symbols, a homomorphism from A to B is a mapping f : A → B such that for
every relation R ∈ R and every (a1, . . . , an) ∈ R, the tuple (f(a1), . . . , f(an)) is contained
in the corresponding relation of R′. The structures A and B are homomorphically equivalent
if there exist homomorphisms both from A to B, and from B to A. An automorphism of A is
a bijective homomorphism f : A → A whose inverse mapping f−1 is also a homomorphism.
By Aut(A) we denote the automorphism group of A. In the following, by componentwise
application we will understand all mappings also as functions on n-tuples.

A first-order formula ϕ is called primitive positive (pp) over a set consisting of relational
symbols R1, . . . , Rn if it involves only the predicates Ri, equality, existential quantification,
and conjunction. A relation is pp-definable in a structure A = (A; R) if it is definable by
a pp-formula over the relational symbols from R. A structure B is pp-definable in A if
all of its relations are. We say that A pp-interprets B if there exist k ≥ 1 and a partial
surjective map h : Ak → B with the property that for every relation R ⊆ Bn that is either a
relation of B, the equality relation on B, or B, its preimage h−1(R) – regarded as a relation
of arity nk on A – is pp-definable in A. If A pp-interprets B, then CSP(B) is log-space
reducible to CSP(A) [46]. Moreover, it is not hard to see that Aut(A) naturally acts as
a subgroup of Aut(B); this action is oligomorphic if its original action is. We say that A
pp-constructs B if B is homomorphically equivalent to a structure that is pp-interpretable in
A. As homomorphically equivalent structures have the same CSPs, this also implies a log-
space reduction from CSP(B) to CSP(A). We say that A pp-constructs EVERYTHING if A
pp-constructs every finite structure; we then call A omni-expressive. Clearly, the CSP induced
by an omni-expressive structure is NP-hard. By the finite-domain CSP dichotomy [45, 71, 72],
the CSP of a finite structure that is not omni-expressive is always solvable in polynomial
time.

A permutation group Ω acting on a set A induces an equivalence relation on A: two
elements a, b ∈ A are equivalent if there is α ∈ Ω such that α(a) = b. The corresponding
equivalence classes are called the orbits of Ω ↷ A, or simply Ω-orbits. By componentwise
evaluation, Ω acts on Ak for every k ∈ N. The group is oligomorphic if this action has
finitely many orbits for every k ∈ N. A countable structure A is ω-categorical if Aut(A)
is oligomorphic. We call a structure B a (first-order) reduct of A if its domain is A and
its relations are first-order definable over the relational symbols of A. Note that if B is a
reduct of A, then Aut(A) ⊆ Aut(B). It follows that reducts of ω-categorical structures are
ω-categorical.

3.2 Graph-theoretic
A digraph is a relational structure of the form G = (G; E), where E is binary. G is called
smooth if pr1(E) = pr2(E). In this case, we also write supp(G) for the set pr1(E). If E

is symmetric, G is also called a graph. For m ∈ N, we denote by Em the binary relation
containing all tuples (a0, am) ∈ G × G for which there exist a1, . . . , am−1 ∈ G such that
(ai−1, ai) ∈ E for all i ≤ m. We write E−1 for the relation {(b, a) : (a, b) ∈ E}. An E-walk
from a0 to an is a finite sequence p = (a0E1a1E2a2 . . . Enan), where Ei ∈ {E, E−1} and
(ai−1, ai) ∈ Ei for all i. We say that p is closed if a0 = an. The algebraic length of p is the
number of occurrences of E minus the number of occurrences of E−1. A digraph G = (G; E)
is said to have algebraic length 1 if there exists a closed E-walk of algebraic length 1. A
digraph G is weakly connected if for all distinct a, b ∈ G there exists an E-walk from a to
b. A fence in E from a0 to a2n is an E-walk of the form (a0E1 . . . E2na2n) where Ei = E

for odd i and Ei = E−1 for even i. The vertices a0, a2, . . . , a2n are called the lower tips of p.
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For m ∈ N, a fence in Em is also called an m-fence in E (see Figure 3 for an example of
a 2-fence). We say that G is linked if there exists m ∈ N such that for any a, b ∈ pr1(E)
there exists an m-fence in E from a to b. A finite smooth digraph is linked if and only if it is
weakly connected and has algebraic length 1 [6, Claim 3.8].

A hypergraph is any structure T = (T ; R) containing only one relation R, where R is not
necessarily binary. We call elements of R hyperedges. Let n be the arity of R, and let Σ be
a subgroup of the symmetric group Sym(n) on n elements. We say that T is Σ-invariant
if for every a ∈ R and π ∈ Σ also (aπ(1), . . . , aπ(n)) ∈ R. A hypergraph is cyclic if it is
invariant with respect to the group of cyclic shifts, and 2-transitive if it is Σ-invariant for
some 2-transitive group Σ. A loop is a constant tuple (a, . . . , a) ∈ R. If Ω is a subgroup of
Aut(T), then a pseudo-loop modulo Ω is a tuple (a1, . . . , an) ∈ R such that all elements ai

belong to the same orbit of Ω ↷ T. If T is binary, it is said to have pseudo-algebraic length 1
modulo Ω if T admits a walk of algebraic length 1 such that its first and last vertex are
contained in the same orbit of Ω ↷ T.

3.3 Algebraic
A polymorphism of arity n of a structure A = (A; R) is a mapping f : An → A that preserves
every R ∈ R, i.e. for every R ∈ R and any t1, . . . , tn ∈ R, the tuple f(t1, . . . , tn) is contained
in R. For an ω-categorical structure A, a relation R is pp-definable in A if and only if it
is preserved by all polymorphisms of A [33]. The polymorphism clone of A is the set of all
polymorphisms of A, and it is denoted by Pol(A). Observe that it indeed forms a clone in
the sense of universal algebra, i.e. it is closed under composition and contains all projections.

An identity is a formal abstract expression of the form f ≈ g, where f and g are terms
over a common functional language. A clone C of operations on A is said to satisfy a given
identity f(x1, . . . , xn) ≈ g(y1, . . . , yn) if the function symbols appearing in the terms f and
g can be interpreted as elements of C, such that the equality f(x1, . . . , xn) = g(y1, . . . , yn)
holds for any evaluation of the variables in A. The satisfaction of a set of identities is defined
as the simultaneous satisfaction of all identities by means of the same interpretation of
function symbols. The pseudo-version of an identity f ≈ g is the identity u ◦ f ≈ v ◦ g, where
u and v are fresh unary function symbols.

Given a finite hypergraph T of some arity n ≥ 2 and an enumeration (x1
1, . . . , x1

n), . . . ,

(xm
1 , . . . , xm

n ) of its edges, the T-loop condition is the (n − 1)-element set consisting of the
identities s(x1

1, . . . , xm
1 ) ≈ s(x1

2, . . . , xm
2 ) ≈ · · · ≈ s(x1

n, . . . , xm
n ), where s is an arbitrary

m-ary function symbol. Similarly, the T-pseudo-loop condition is the set containing the
pseudo-identities u1 ◦ s(x1

1, . . . , xm
1 ) ≈ u2 ◦ s(x1

2, . . . , xm
2 ) ≈ · · · ≈ un ◦ s(x1

n, . . . , xm
n ).

4 Temporal constraint languages

A temporal relation is a relation first-order definable in (Q; <). A temporal constraint language
is a relational structure with domain Q all of whose relations are temporal. Clearly, the
natural action of Aut(Q) := Aut((Q; <)) on Qk has finitely many orbits for every k ∈ N. As
a consequence, all temporal constraint languages ω-categorical.

Let F be a set of operations on Q. The clone generated by F is the smallest clone of
operations C that contains F ∪ Aut(Q) and is closed under interpolation; the latter meaning
that an operation g belongs to C if and only if for every finite subset A ⊆ Q, there is f ∈ C
agreeing with g on A. In the case that F contains only one operation f , we say that f

generates g. The clones generated by an operation f and a set F of operations are denoted
by ⟨f⟩ and ⟨F ⟩, respectively. For S ⊆ Qk and an operation f on Q, we denote by ⟨S⟩f the
smallest subset of Qk that contains S and is preserved by every operation of ⟨f⟩.
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Aut(Q)

pp dual(pp) lex

min mi mx max dual(mx) dual(mi) ℓℓ dual(ℓℓ)

Figure 2 Polymorphisms of temporal constraint languages.

The dual of an n-ary operation f on Q is the operation defined by dual(f)(x1, . . . , xn) :=
−f(−x1, . . . , −xn). For a set F of operations, dual(F ) denotes the set containing all duals of
operations in F . It is not hard to see that an operation f preserves a relation R if and only
if its dual preserves the relation −R = {(−a1, . . . , −an) : (a1, . . . , an) ∈ R} [26]. Moreover,
as the dual of an automorphism of (Q; <) is again an automorphism, for every operation f

we have ⟨dual(f)⟩ = dual(⟨f⟩).
The Bodirsky-Kára classification (Theorem 6) identifies all not omni-expressive temporal

constraint languages by the existence of specific polymorphisms, for whose definitions we refer
to [40]. Figure 2 provides an illustration of the classification. For the proofs of Theorems 3
and 5, we will additionally draw on two binary operations lex and pp. As ℓℓ and dual(ℓℓ)
generate lex, and each of min, mi, and mx generates pp, it follows that one of lex, pp, and
dual(pp) is contained in the polymorphism clone of every not omni-expressive constraint
language. It is worth noting, however, that the presence of lex or pp in a polymorphism
clone does not, on its own, imply polynomial-time solvability of the underlying template. For
example, the temporal constraint language modelling the classical Betweenness problem is
preserved by lex, yet is NP-complete [68].

▶ Theorem 6 (Bodirsky-Kára classification [26]). Let A be a temporal constraint language. If
A is not omni-expressive, then it is preserved by one of min, mi, mx, ℓℓ, their duals, or a
constant operation, and CSP(A) is solvable in polynomial time.

4.1 Proof outline
The following subsection presents the key ideas and technical concepts underlying the proofs
of the temporal parts of Theorems 3 and 5, with the aim of conveying the main intuition.
We will mainly be interested in relations R on some finite power of Q that are pp-definable
in a temporal constraint language A. It follows that every polymorphism of A preserves
R [34, 33]. Moreover, it suffices to consider relations R that are preserved by one of the
operations min, mi, mx, or ℓℓ. The general case for relations pp-interpretable in temporal
constraint languages easily reduces to this setting, as discussed in the proof of Theorem 3
in Section 6. For k ∈ N, we denote by ∼k the orbit-equivalence of Aut(Q) ↷ Qk. In other
words, for a, b ∈ Qk we have a ∼k b if and only if ai ≤ aj ↔ bi ≤ bj for all i, j ≤ k. Whenever
convenient, we naturally consider n-tuples on Qk as tuples on Qnk.

4.1.1 Chasing orbits
In what follows, we fix k ∈ N and an n-ary relation R of Qk. A pseudo-loop in R modulo
Aut(Q) is given by any tuple (a1, . . . , an) ∈ R whose entries a1, . . . , an ∈ Qk share the
same relative ordering. We construct a pseudo-loop in R via a recursive procedure that,
at each step, aligns the minimal elements of appropriately chosen tuples. After at most
k-many steps, this recursion yields a tuple all of whose coordinates lie in the same orbit of
Aut(Q) ↷ Qk, i.e. a pseudo-loop modulo Aut(Q) in R.
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▶ Definition 7.
For every a ∈ Qk, we denote by min(a) the minimal entry of a. By minx(a) we denote
the set of all indices i ≤ k for which ai = min(a).
For all a, b ∈ Qk and I ⊆ [k], we write a ∼I b if prI(a) ∼|I| prI(b).
For 1 ≤ m ≤ k and a ∈ Qk, we set Im(a) for the set of those indices i such that ai is
among the m smallest values that appear in a.

We iteratively find tuples tm ∈ R so that, for each m ≤ k and for all i, j ∈ [n],
1. Im(tm

i ) = Im(tm
j ), i.e. the m smallest values of tm

i and tm
j are taken on the same set of

coordinates;
2. tm

i ∼Im(tm
i

) tm
j , i.e. the subtuples of tm

i and tm
j containing precisely the m smallest values

of tm
i and tm

j , respectively, are contained in the same ∼m-class;
3. prIm(tm+1

i
)(t

m+1
i ) ∼m prIm(tm

i
)(tm

i ), i.e. the ∼m-class of the subtuple of tm+1
i containing

the m smallest entries of tm+1
i coincides with the ∼m-class of the subtuple of tm

i containing
all of its m smallest entries.

At the end of this procedure, the tuple tk ∈ R clearly serves as the desired pseudo-loop in R.

4.1.2 Aligning minima

Finding a tuple t1 ∈ R satisfying conditions (1) and (2) for m = 1 is the same as finding a
tuple t1 ∈ R satisfying minx(t1

i ) = minx(t1
j ) for all i, j ∈ [n]. The construction of such a tuple

relies on the following easy observation: let a ∈ Qk, q ∈ Q, and define J := {i ∈ [k] : ai ≤ q}.
For every b ∈ Qk, the ∼k-class of the k-tuple ppq(a, b) is determined only by the ∼|J|-class of
the |J |-tuple prJ(a) and the ∼(k−|J|)-class of the (k − |J |)-tuple pr[k]\J(b). The same holds
true for the tuple ℓℓq(a, b), provided that ker(a) = ker(b). To make use of this observation,
we restrict ourselves to tuples in R satisfying the following property:

▶ Definition 8. Let t be an n-tuple on Qk. By M(t) we denote the set consisting of all
i ∈ [n] for which min(ti) = min(t). We say that t is min-clean if for all i, j ∈ M(t) we have
minx(ti) = minx(tj).

Let us lay out how a min-clean tuple t in a relation R preserved by pp can be used
to derive t1 as above. Recall that a relation preserved by one of min, mi, or mx is always
preserved by pp. The case of a relation preserved by ℓℓ works similarly.

Cut at minimum. Let t be a min-clean n-tuple, M := minx(ti) for i ∈ M(t), and set
q := min(t). Take an arbitrary n-tuple s and let t1 := ppq(t, s). For all i ∈ M(t) we have
minx(t1

i ) = M , and for j /∈ M(t) we have minx(t1
j ) = minx(sj). Consequently, it suffices to

take s ∈ R with minx(sj) = M for all j /∈ M(t). Such a tuple s ∈ R exists by smoothness or
appropriate symmetry properties of R.

4.1.3 Pseudo-algebraic length 1

The technical part of the proofs of Theorems 3 and 5 in the temporal case concerns the
existence of min-clean tuples. We illustrate the representative case of a binary relation E

on Qk that is preserved by mi. We assume E to be smooth, weakly connected, and of
pseudo-algebraic length 1 modulo Aut(Q).
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a = a0,0 a1,0 = a2,0 a3,0 = b′

a0,1 a1,1 a2,1 a3,1

a0,2 = a1,2 a2,2 = a3,2

Figure 3 Transferring along fences.

Pseudo-linkedness. Recall that a finite smooth weakly connected digraph has algebraic
length 1 if and only if it is m-linked for some m ≥ 1 [6, Claim 3.8]. The k-factor of E gives
rise to a finite digraph on ∼k-classes that is smooth, weakly connected, and of algebraic
length 1. Thus, it is m-linked for some m ≥ 1. This means that for all a, b ∈ supp(E), there
exist b′ ∼k b and an m-fence in E connecting a to b′. Figure 3 depicts a 2-fence from a to b′

consisting of 3 lower tips, where an edge from a vertex x to a vertex y represents E(x, y).
Observe that if b ∼k b′, then minx(b) = minx(b′).

Controlling minimal index sets. Let a, b ∈ supp(E) be tuples sharing the same minimal
entry (as it turns out, this can always be assumed by connectivity of E). Observe that if

minx(a) ∩ minx(b) ̸= ∅, (7)

then minx(mi(a, b)) = minx(a) ∩ minx(b). In other words, condition (7) guarantees control
over the minimal index set of mi(a, b).

Transferring minimal index sets along fences. There exist b′ ∼k b and an m-fence in
the ∼k-factor of E connecting a to b′ (Figure 3. We assumed m = 2 for simplicity). Since
the two (identical) tuples a0,2 and a1,2 satisfy Equation (7), so do the tuples a0,1 and a1,1,
and consequently also a0,0 and a1,0. Iterating this argument, we get that a and b′ satisfy
Equation (7). It follows that a and b do, as minx(b) = minx(b′).

Equalising minimal index sets. Using a nested composition of mi, we construct a tuple of
the form mi(t, s), where minx(t1) ∩ minx(s1) = minx(t2) ∩ minx(s2) ̸= ∅. In particular, this
tuple is min-clean.

4.1.4 Summary
The proofs of the temporal parts of Theorems 3 and 5 split into the cases set by the
classification of temporal constraint languages (Figure 2). It suffices to deal with relations R

defined on some power of Q that are preserved by one of the operations min, mi, mx, or ℓℓ.
In every case, the proof consists of two parts:
1. show that R contains a min-clean tuple
2. apply a nested composition of operations to min-clean tuples to recursively construct a

pseudo-loop in R.
Figure 4 provides a graphic overview of the proof’s structure for the binary case.

5 Phylogeny Constraint Languages

A tree B is a finite, undirected graph that is connected and acyclic. For our purposes, it
suffices to consider binary branching rooted trees, i.e. trees with a designated vertex r (the
root) whose degree is 2, and whose all other vertices either have degree 3 or 1. A vertex
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min
Lemma 11

mi
Lemma 11

mx
Lemma 11

lex
Lemma 12

pp

Lemma 10
ℓℓ

Lemma 10

Step (1):
min-clean

tuples

Step (2):
recursion

Figure 4 Proof structure of Theorem 3 for temporal constraint languages.

whose degree is 1 is called a leaf. We write L(B) for the set of all leaves of B. It is easy to
see that in every tree, there is a unique shortest path between any two distinct vertices x

and y. We write x < y if the unique shortest path from x to r contains y. The youngest
common ancestor of a set X of vertices is the lowest upper bound of X with respect to
the partial order induced by <. Given three leaves a, b and c, we write a|bc to denote that
a is incomparable with the youngest common ancestor of the set {b, c}, i.e. there exists a
vertex splitting a from b and c: a is a descendant of one of its children, while b and c are
descendants of the other. We refer to (L(B); |) as the leaf structure of B. It is a standard
model-theoretic fact that there exists an – up to isomorphism unique – countably infinite
structure (L; |) (namely, the Fraïssé-limit of the class of all leaf structures) with the following
properties: a finite structure homomorphically maps to (L; |) if and only if it is the leaf
structure of a binary branching rooted tree, and (L; |) is homogeneous, meaning that two
k-tuples a and b over L are in the same orbit of Aut(L; |) if and only if ai|ajaℓ ↔ bi|bjbℓ for
all i, j, ℓ ∈ [k]. Moreover, the structure (L; |) is finitely bounded and therefore falls into the
scope of the Bodirsky–Pinsker conjecture. A phylogeny constraint language is a relational
structure with domain L all of whose relations are first-order definable in (L; |).

By [23], there exists a homogeneous expansion (L; |, ≺) of (L; |) such that ≺ is a linear
order on L that is convex, i.e. whenever a ≺ b ≺ c, then either a|bc or c|ab holds.0 We extend
the ternary relation | to non-empty subsets of L by setting U0|U1 if (x0|y1z1) and (x1|y0z0)
hold true for all xi, yi, zi ∈ Ui for i = 0, 1.1 Note that U0|U1 if and only if U1|U0. Every
finite subset U ⊆ L with at least two elements can then be uniquely written as the union of
two sets U0, U1 such that U0|U1 and U0 ≺ U1. We call (U0, U1) the generic partition of U .
The following theorem ensures the existence of a so-called binary affine tree polymorphism
tx that is, in some precise sense, compatible with generic partitions. For its definition, we
refer to [23].

▶ Theorem 9 (cf. [23]). Let A be a phylogeny constraint language. If A is not omni-expressive,
then either it has a constant endomorphism or it has a binary affine tree polymorphism tx.

Given finite sets A, B ⊆ L, a binary operation f on L is perfectly dominated by the
first argument on A × B if for all tuples a ∈ A3 and b ∈ B3, a1|a2a3 implies that
f(a1, b1)|f(a2, b2)f(a3, b3), and b1|b2b3 implies that f(a1, b1)|f(a1, b2)f(a1, b3).2 Perfect

0 In fact, (L; |, ≺) is the Fraïssé-limit of the class of leaf structures of finite binary-branching rooted trees
with an added convex linear order [23]. In this context, convexity describes that the linear order is the
left-to-right ordering given by an inorder traversal of a tree, restriced to its leaves.

1 This notation can be introduced analogously for the leaf structure of a finite binary-branching rooted
tree B. Here, U0|U1 means that some vertex u ∈ B has two children that separate the leaves, with U0
descending from one child and U1 from the other.

2 Compare this with the case of a binary linear order, where the analogue of a binary function perfectly
dominated by the first argument is a binary function preserving the lexicographic order.

MFCS 2026



100:14 When Darwin Met Ianus: Dichotomies of Expressivity

tx

uniformly
split

pseudo-
loop

half-
constant

pseudo-
loop

evenly split
aligned to 1

pseudo-
loop

evenly split
aligned to 2

pseudo-
loop

evenly split
aligned to k-1
= pseudo-loop

· · ·

Figure 5 Structure tree of Theorem 3 for phylogeny constraint languages.

domination by the second variable is defined analogously. A binary tree operation tx then
has the property that for every finite set U ⊆ L and every partition (U0, U1) of U such that
U0|U1, tx is perfectly dominated by one variable on U0 ×U1, and by the other on U1 ×U0. By
homogeneity of (L; |), for any such partition (U0, U1), the clone generated by any affine tree
operation contains operations that are perfectly dominated by the first variable on U0 × U1
and by the second on U1 × U0, as well as the other way around.

5.1 Proof Outline
As for temporal constraint languages, pseudo-loops are constructed via a recursive procedure.
The binary operations pp and ℓℓ are replaced by the binary affine tree operation tx, whose
domination properties guide the construction. Again, the recursion depends on the existence
of tuples of a specific form.

By the above observation on generic partitions, for every non-constant a ∈ Lk, there
exists a unique vector s(a) ∈ {0, 1}k such that {ai : si = 0}|{aj : sj = 1} and {ai : s(a)i =
0} ≺ {aj : s(a)j = 1}. If a ∈ Lk is constant, we set s(a) = (0, . . . , 0). The vector s(a) is the
split vector of a. Two k-tuples a and b over L are in the same orbit of Aut(L; |) if and only if
the split vectors of all corresponding 2- and 3-subtuples of a and b are identical or, since ≺
is not invariant under automorphisms of (L; |), dual in every coordinate. We say that an
n-tuple t on Lk is evenly split if s(ti) = s(tj) for all i, j ∈ [n]. Though pseudo-loops need not
be evenly split, evenly split tuples are central to their inductive construction. Under fairly
general assumptions, such tuples can always be guaranteed to exist. The coordinates ti ∈ Lk

of an evenly split n-tuple t agree precisely in which of their entries prj(ti) are assigned to
which “side” with respect to the generic partition of the set of entries of ti, e.g. the j-th entry
of every coordinate may always be assigned to the “left”. We then construct a finite sequence
(Uw0, Uw1)w∈{0,1}∗ of sub-partitions and use the domination properties of tx to recursively
align both of these sides while preserving the splits. After finitely many steps, this procedure
yields a pseudo-loop. Figure 5 illustrates the procedure in the case of digraphs.

6 Proof of the Main Theorems

In the following, we state the results needed to derive the temporal part of Theorem 3. The
proof of the higher-arity case (Theorem 5) follows the same line of argument, with only minor
modifications. Although the classes of structures under consideration are fundamentally
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different, the proofs of the corresponding statements for phylogeny constraint languages
rely on similar ideas. By standard methods, the existence of pseudo-loops then implies the
validity of the corresponding pseudo-loop conditions.

When working with the binary polymorphism ℓℓ, we need to “synchronise” the kernels of
the tuples we work with. Recall that ℓℓ generates the binary injection lex. For any relation S

on Qk, we define S′ := {t ∈ ⟨S⟩lex | ker t =
⋂

s∈S ker s}. It is easy to see that S′ is non-empty
and smooth whenever S is. We now present the heart of the iterative process for constructing
a pseudo-loop.

▶ Lemma 10. Let E be a binary smooth relation on Qk that is preserved by ⟨ℓℓ⟩. Let
S ⊆ E be smooth such that S′ contains a min-clean tuple

(
a1

b1

)
. Then there exist I ⊆ k,

m, n ≥ 1, q ∈ Q, and
(

a2

b2

)
, . . . ,

(
an

bn

)
∈ S′ such that for all

(
a
b

)
∈ S′ the tuple defined by(

a′

b′

)
:= ℓℓ[n+1]

q

((
a1

b1

)
,

(
a2

b2

)
, . . . ,

(
an

bn

)
,

(
a

b

))
satisfies:

Im(a′) = Im(b′) = I and a′ ∼I b′;
a′ ∼[k]\I a and b′ ∼[k]\I b.

The statement remains valid after replacing every occurrence of ℓℓ by pp and every occurrence
of S′ by E.

Proof. If min a1 = min b1 then minx a1 = minx b1. In this case, we set I := minx a1, m := 1,
n := 1, and q := min a1. Otherwise, assume without loss of generality that min a1 < min b1.
We set q := min a1, and inductively set bi+1 := ai, and pick ai+1 arbitrarily so that

(
ai+1

bi+1

)
∈ S′.

Set J1 := minx a1, and inductively J i+1 := {j | ai+1
j ≤ q} \ (J1 ∪ · · · ∪ J i). Finally, we pick

n ≥ 2 minimal such that Jn is empty, set I to be the union J1 ∪ · · · ∪ Jn, and m := |I|.
By definition of S′, for all i we have a′ ∼Ji

ai and b′ ∼Ji
bi+1 = ai, hence a′ ∼Ji

b′.
Moreover, every element appearing in the tuple prJi

(a′) is strictly smaller than every element
appearing in the tuple prJi+1(a′). Similarly, all entries of prJi

(b′) are strictly smaller than
all entries of prJi+1(b′) for all i. It follows that a′ ∼I b′. Moreover, the entries of prI(a′) are
smaller than the entries of pr[k]\I(a′), and the entries of prI(b′) are smaller than the entries
of pr[k]\I(b′), hence Im(a′) = Im(b′) = I. Finally, it is easy to verify that a′ ∼[k]\I a and
b′ ∼[k]\I b. The same construction works for the case of pp. ◀

The existence of min-clean tuples within E is guaranteed whenever E is smooth, has
pseudo-algebraic length 1, and is preserved by one of ⟨min⟩, ⟨mi⟩, or ⟨mx⟩. As illustrated
in Section 4.1.3, we make heavy use of the fact that by smoothness and pseudo-algebraic
length 1 of E, there is a fence in E connecting any a, b ∈ supp(E) modulo orbit-equivalence.

▶ Lemma 11. Let E be a binary relation on Qk that is preserved by one of ⟨min⟩, ⟨mi⟩, or
⟨mx⟩. If E is smooth and has pseudo-algebraic length 1 modulo Aut(Q), then E contains a
min-clean tuple.

The crucial difference for relations preserved by ⟨ℓℓ⟩ is that all tuples we work with must
be contained in E′. This additional prerequisite leads to the ℓℓ part of Lemma 10 being
slightly weaker than its analogue for pp, compensated by strengthened results showing the
existence of min-clean tuples even within E′.

▶ Lemma 12. Let E be a binary relation on Qk. If E is smooth, weakly connected, and of
pseudo-algebraic length 1 modulo Aut(Q), then E′ contains a min-clean tuple.
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We get a pseudo-loop by iteratively applying Lemma 10 to relations defined on strictly
decreasing powers k of Q.

▶ Lemma 13. Let E be a binary relation on Qk that is smooth and has pseudo-algebraic length
1 modulo Aut(Q). Then each of ⟨E⟩min, ⟨E⟩mi, and ⟨E⟩mx contains a pseudo-loop modulo
Aut(Q). If, additionally, E is weakly connected, then also ⟨E′⟩ℓℓ contains a pseudo-loop
modulo Aut(Q).

With the classification of not omni-expressive temporal constraint languages in hand, it
remains to combine the results established thus far to derive the temporal part of Theorem 3.

▶ Theorem 14. Let A be a temporal constraint language that is not omni-expressive. If G is
any smooth digraph that is pp-interpretable in A and has pseudo-algebraic length 1 modulo
Aut(Q), then G contains a pseudo-loop modulo Aut(Q).

Proof. Replacing G by the preimage Ḡ of G under the map of the pp-interpretation in
A, we may assume that G is a digraph defined on a finite power of Q whose edge relation
E is preserved by every polymorphism of A. Indeed, by definition of a pp-interpretation,
the preimage Ē of E is pp-definable in A, and therefore preserved by Pol(A) [34, 33]. A
pseudo-loop in Ē yields a pseudo-loop in E modulo Aut(Q). Moreover, Ē is smooth and has
pseudo-algebraic length modulo Aut(Q).

By Theorem 6, A is preserved by one of ℓℓ, min, mi, mx, their duals, or a constant
operation. Accordingly, G is preserved by one of these operations, and thus by all operations
in its generated clone. Clearly, every non-empty relation preserved by a constant operation
contains even a loop. Moreover, G contains a pseudo-loop if and only if −G does. Recalling
that, for f ∈ {ℓℓ, min, mi, mx}, G is preserved by ⟨dual(f)⟩ if and only if −G is preserved
by ⟨f⟩, this allows us to restrict ourselves to the cases where G is preserved by one of
⟨ℓℓ⟩, ⟨min⟩, ⟨mi⟩, and ⟨mx⟩. In the first case, let S ⊆ E be smooth, weakly connected,
and of pseudo-algebraic length 1 modulo Aut(Q). By Lemma 13, ⟨S′⟩ℓℓ ⊆ E contains a
pseudo-loop modulo Aut(Q). In all the other cases, we can directly apply Lemma 13, yielding
a pseudo-loop modulo Aut(Q) within E. ◀
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