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—— Abstract

The complexity class Quantum Statistical Zero-Knowledge (QSZK), introduced by Watrous (FOCS
2002) and later refined in Watrous (SICOMP, 2009), has the best known upper bound QIP(2) N
co-QIP(2), which was simplified following the inclusion QIP(2) C PSPACE established in Jain,
Upadhyay, and Watrous (FOCS 2009). Here, QIP(2) denotes the class of promise problems that
admit two-message quantum interactive proof systems in which the honest prover is typically

computationally unbounded, and co-QIP(2) denotes the complement of QIP(2).

We slightly improve this upper bound to QIP(2) N co-QIP(2) with a quantum linear-space honest
prover. Specifically, the honest prover uses space linear in the size of the transcript of the original
QSZK proof system. A similar improvement also applies to the upper bound for the non-interactive
variant NIQSZK. Our main techniques are algorithmic versions of the Holevo—Helstrom measurement
and the Uhlmann transform, both implementable in quantum linear space, implying polynomial-
time complexity in the state dimension, using the recent space-efficient quantum singular value
transformation of Le Gall, Liu, and Wang (CC, to appear).
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1 Introduction

Quantum Statistical Zero-Knowledge (QSZK) is the complexity class of promise problems that
admit (single-prover) quantum interactive proof systems with the statistical zero-knowledge
property. Intuitively, this property requires that any verifier interacting with the honest
prover (implicitly on yes instances) gains no information from the interaction beyond the
validity of the statement. A weaker variant with honest verifiers, denoted by QSZKyy,! was
first investigated in [56]. The resulting class shares most of the basic properties with its
classical counterpart SZK [47, 22], including that such proof systems can be parallelized to two
messages. A few years later, it was shown in [58] that removing the honest-verifier restriction
does not reduce the computational power, establishing the equivalence QSZK = QSZKyy .2

Parallel to the classical STATISTICAL DIFFERENCE PROBLEM (SD) in [47], a complete
characterization of QSZK was established in [56],> namely, the QUANTUM STATE DISTIN-
GUISHABILITY PROBLEM (QSDJa, §]). This promise problem asks whether two quantum
states pp and p;, whose purifications are prepared by polynomial-size quantum circuits
Qo and @1, respectively, satisfy T(pg, p1) > « (for yes instances) or T(pg, p1) < S (for no
instances), where the trace distance is defined as T(pg, p1) = %Tr| po — p1|. For convenience,
we refer to QSD[a(n), B(n)] with a(n) — B(n) > 1/ poly(n) as GAPQSD.

Using this complete problem, the best known upper bound for QSZK was shown in [56]:

QSZK C QIP(2) N co-QIP(2) N PSPACE.

Here, QIP(2) denotes the class of problems admitting two-message quantum interactive
proof systems. Notably, the PSPACE containment essentially follows from an NC(poly)
algorithm for GAPQSD. The development of more sophisticated NC(poly) algorithms for
characterizing quantum interactive proof systems subsequently led to the celebrated result
QIP = PSPACE [27]. In particular, an intermediate step proving QIP(2) C PSPACE in [28]
immediately simplified the state-of-the-art upper bound for QSZK to

QSZK C QIP(2) N co-QIP(2).

By contrast, the best known upper bound for the classical counterpart SZK is AM N coAM,
as proven in [14, 2], where AM denotes the class of problems admitting two-message classical
interactive proof systems in which the first message (from the verifier) consists solely of
(public) random coins. This comparison naturally raises the following intriguing question:

» Problem 1. Could the current upper bound for QSZK be improved, even slightly?

1.1 Main results

In this work, we make progress on Problem 1 by restricting the computational power of
the honest prover in the proof systems underlying the QIP(2) N co-QIP(2) upper bound [56],
from being computationally unbounded to quantum linear space (and therefore quantum
single-exponential time), as stated in Theorems 2 and 3.

For instance, in Graph Non-isomorphism [21], where the problem is to decide whether two given graphs
Go and G1 are non-isomorphic, an honest verifier queries only the graphs Go and G1, whereas an
arbitrary verifier may present some graph G’ in an attempt to extract additional information.

When the verifier is allowed non-unitary operations, the honest-verifier notion becomes subtle: there is
a variant of QSZKyy, introduced in [10], that contains PSPACE.

3 The QSZK containment of QSD[a(n), 3(n)] in [56] holds only when o?(n) — B(n) > 1/O0(logn), the
so-called polarizing regime. Slight improvements for the SZK containment of SD beyond this regime
were obtained in [4] and were later partially extended to the QSZK containment of QSD in [39].
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» Theorem 2 (Informal version of Theorem 17). GAPQSD is in QIP(2) with a quantum
linear-space honest prover.

The promise problem underlying the co-QIP(2) proof system in [56] is the QUANTUM
STATE CLOSENESS PROBLEM (QSC), which is the complement of QSD. This problem is
closely related to F2EST (to be specified later) via the Fuchs—van de Graaf inequality [15].

» Theorem 3 (Informal version of Theorem 24). GAPF?EST is in QIP(2) with a quantum
linear-space honest prover.

Here, the promise problem QUANTUM SQUARED FIDELITY ESTIMATION (F2EST[cr, 3])
asks whether F2(pg, p1) > a for yes instances or F2?(pg, p1) < 8 for no instances, where the
squared fidelity is defined as F2(pg, p1) = ’I‘r‘@ﬁf As with GAPQSD, we refer to
F2EsT[a(n), 8(n)] with a(n) — B(n) > 1/poly(n) as GAPF2EST.

Computational efficiency of the honest prover compared to the general case. Approx-
imately implementing the honest prover’s strategies in general quantum interactive proof
systems has been studied in [43, Section II.C], which requires quantum polynomial space.
In contrast, our results (Theorems 2 and 3) achieve a polynomial improvement in space
complexity for implementing the honest prover’s strategies in specific two-message quantum
interactive proof systems for GAPQSD and GAPF2EST. Moreover, the corresponding time
complexity is exponentially improved with respect to the state dimension.*

This distinction appears fundamental and challenging to close: even combining the
SDP-based approach of [43] with the space-efficient QSVT from [37] still requires at least
quantum quadratic space to approximately implement the honest prover’s strategy in the

general case. Further discussion is deferred to Section 1.4.

1.1.1 Implications on QSZK and NIQSZK

The main result of this work follows directly from combining Theorems 2 and 3:

» Corollary 4. QSZK s in QIP(2) N co-QIP(2) with a quantum linear-space (and thus single-
exponential-time) honest prover. More precisely, the space complexity of the honest prover
in the resulting QIP(2) N co-QIP(2) proof system is linear in the size of the transcript in the
original QSZK proof system.

In addition to QSZK, a non-interactive variant called NIQSZK was studied in [34]. In this
model, the prover and verifier share prior entanglement (EPR pairs), and only the prover
sends a message. As noted in [35], a direct upper bound for NIQSZK is qq-QAM, a subclass
of QIP(2) in which the verifier’s message consists of half of the shared EPR pairs (“quantum
public coins”). A natural complete problem for NIQSZK is the QUANTUM STATE CLOSENESS
TO MAXIMALLY MIXED PROBLEM (QSCMM) [34, 3, 9], obtained by fixing the state pg in
QSC to be the maximally mixed state.

Noting that QSCMM][1/3,2/3] is NIQSZK-hard,® Theorem 3 also yields the following:

» Corollary 5. NIQSZK is in qq-QAM with a quantum linear-space (and thus single-
exponential-time) honest prover. More precisely, the space complexity of the honest prover
in the resulting qq-QAM proof system is linear in the size of the transcript in the original
NIQSZK proof system.

4 For a detailed algorithmic comparison, see the discussion in the first paragraph of Section 1.5.
5 If n denotes the number of qubits that the state-preparation circuits act on and r(n) is the number of
qubits in the resulting states, then QSCMM][1/r, 1 — 1/7] is NIQSZK-hard [9, Section 8.1].
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To justify that our notion of linearity in Corollaries 4 and 5 captures the nature of
quantum interactive proof systems, we view the inclusions QSZK C QIP(2) N co-QIP(2) and
NIQSZK C qq-QAM primarily as transformations from one class of quantum interactive proof
systems (e.g., proof systems with the statistical zero-knowledge property) to another class
with distinct structural features (e.g., being parallelizable to two messages, which is stronger
than the usual three-message parallelization in [32, 31]). From this perspective, the notion
of linearity should be defined in terms of the underlying proof system, which motivates our
choice to measure it by the transcript of the original proof system, whose size has the same
order as the verifier’s message length in the resulting two-message proof systems.

1.2 Reuvisiting the upper bound QIP(2) N co-QIP(2)

Before explaining the proofs of Theorems 2 and 3, we first revisit the QIP(2) N co-QIP(2)
upper bound established in [56].

GArPQSD € QIP(2). The QIP(2) part follows directly from the QIP(2) proof system of
GAPQSD [56, Section 4.2]. This proof system can be seen as a computational version of
quantum hypothesis testing (see Problem 13). In particular, the verifier V proceeds as follows:
(i) V sends a quantum state p, promised to be either pg or p;.
(ii) V receives a guess b € {0,1},% and accepts if pj, exactly matches the state p.

Notably, this proof system has classical counterparts, such as the zero-knowledge protocol
for Graph Non-isomorphism [21]. The prover aims to maximize the acceptance probability but
can only perform a two-outcome measurement on the received state. By the Holevo—Helstrom
bound [26, 25], the optimal success probability is %—i—%T(pm p1), which directly yields an upper
bound on the acceptance probability for no instances. The optimal measurement {IIy,II; },
known as the Holevo—Helstrom measurement, has been used to achieve the acceptance
probability lower bound for yes instances.

GAPF?EsT € QIP(2). The co-QIP(2) part boils down to the QIP(2) proof system of
GAPF2EST, as presented in [56, Section 4.3]. This proof system can be interpreted as a
computational version of the Uhlmann fidelity test (see Problem 18) and does not have a direct
classical counterpart. A natural starting point is testing the closeness between a quantum
state p and a pure state |¢), as in [59, Exercise 9.2.2]. The test measures p using a two-
outcome measurement {|p} |, I — |¢p¥p|}. The test succeeds if the first outcome is obtained,
and the success probability Tr(|¢)¢|p) coincides exactly with the squared (Uhlmann) fidelity
F2(|¢X¢|, p). In the general case, the verifier V proceeds as follows:
(i) V prepares a purification |1g) of py by the circuit Qo and sends the non-output qubits.
(ii) V receives these qubits back, expected to be transformed by the prover. The modified
“purification” of pg, including the output and received qubits, is denoted by py, .
(iii) V measures py, using {|1)¥1], I — |¥1)11]} and accepts if the first outcome occurs.

As in the QIP(2) part, the prover aims to maximize the acceptance probability but
is restricted to applying a dimension-preserving quantum channel ®(-) to the received
qubits. By a corollary of Uhlmann’s theorem [50] (Corollary 20), proven in [56, Section 4.3],

6 Although the prover may send an arbitrary quantum state o, the verifier can obtain the classical bit
b € {0,1} by measuring the first qubit of o in the computational basis, ignoring all remaining qubits,
and denoting the outcome by b.
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the maximum acceptance probability is F2(pg, p1), which implies an upper bound on the
acceptance probability for no instances. The optimal channel ®,(-) = U*(~)UI, known as the
Uhlmann transform, is determined by the chosen purifications of py and p;, and has been
used to obtain the acceptance probability lower bound for yes instances.

1.3 Proof techniques

We now provide approximate implementations of the honest prover strategies described in
Section 1.2, thereby establishing Theorems 2 and 3. A central ingredient in our constructions
is a space-efficient polynomial approximation of the sign function [37].

The importance of space-efficient polynomial approximations. The quantum singular
value transformation (QSVT) framework [18] reduces the design of quantum algorithms to
finding good polynomial approximations P! of a target function f(z) in an appropriate form
(“pre-processing”), such as rotation-angle representations [18] or coefficients in Chebyshev-
type truncations [43, 37]. Moreover, the efficiency of the resulting quantum algorithms is
largely determined by the degree d.” Importantly, d must be exponential in n for QSVT-based
approaches to estimating the trace distance [53, 54] or the fidelity [55, 17, 43, 51] between
quantum states whose purifications are on n qubits, even to within constant precision. This
requirement arises from the square-root-rank dependence in quantum query complexity lower
bounds [11, 8, 12].

Therefore, to establish Theorems 2 and 3, we rely on space-efficient polynomial approxi-
mations Py from [37], which can be computed simultaneously in poly(d) time and O(log d)
space, yielding 2°(") time and O(n) space. Here, the original degree d comes from the
time-efficiently computable polynomials [18], and the new degree d’ = O(d) is kept explicit
to distinguish the space-efficient version.®

1.3.1 Algorithmic Holevo—Helstrom measurement

As discussed in Section 1.2, the honest prover’s strategy underlying GAPQSD € QIP(2) is
the Holevo—Helstrom measurement {1y, II; }, where II; := I — IIy. The decomposition of the
trace distance in [54, Equation (8)] yields an explicit form of Iy (see Proposition 15):

I 1 —
T(po, p1) = Tr(Ilopo) — Tr(Iop1), where Iy = 5T isgn(sv) (u)

2

Our first technical contribution is an explicit implementation of IIy, which approximately
realizes the honest prover’s strategy in Theorem 2 and ensures that, for yes instances, the
maximum acceptance probability remains at least % + %T(po7 p1) —27™

» Theorem 6 (Informal version of Theorem 16). For quantum states py and py specified in
GAPQSD, whose purifications can be prepared by n-qubit polynomial-size quantum circuits
Qo and Q1, the Holevo—Helstrom measurement {1y, 111} can be approxzimately implemented
in quantum single-exponential time and linear space with additive error 27 ™.

The (classical) pre-processing in the time-efficient QSVT [18] uses poly(d) time, so the corresponding
space complexity is trivially bounded above by poly(d).

To make a polynomial approximation space-efficiently computable, as in [37, Section 3.1], this increase
in degree from d to d’ maintains the polynomial approximation error at O(e), compared with the original
approximation error e associated with P;.

12:5
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Our approach is inspired by [54, Section III.A] (see also [37, Section 4.2]). We start with
the one-bit precision phase estimation [33], commonly referred to as the Hadamard test [1],
which has previously been used in space-bounded quantum computation [49, 13]. This
procedure enables an explicit implementation of a two-outcome measurement {II, I — IT},
where IT = (I 4+ U)/2, such that the acceptance probability is Tr(IIp), provided that the
unitary U can be approzimately implemented via a block-encoding.”

To achieve this, we adopt the space-efficient quantum singular value transformation [37],
specifically employing a polynomial approximation Pj" of the sign function. Our explicit
implementation of II is then accomplished as follows:

(1) Using the linear-combinations-of-unitaries technique in [5, 18] (see also the space com-
plexity analysis in [37, Lemma 3.22]), one can implement an exact block-encoding of

(po — p1)/2. namely (O[Uy, —p1)/210) = (o — p1)/2. in quantum O(n) space.

(2) Using the space-efficient QSVT for the sign function [37, Corollary 3.25], one can

approximately implement a block-encoding of sgn®V) (222£1) in quantum O(n) space.

The proof of Theorem 6 is then completed by analyzing the errors introduced by the
polynomial approximation Pj,g“ and the associated space-efficient QSVT implementation,
which together accumulate to the desired bound of 27", as detailed in Section 3.1.

1.3.2 Algorithmic Uhlmann transform

As discussed in Section 1.2, the honest prover’s strategy for GAPF?EsT € QIP(2) is given by
the Uhlmann transform ®, (-) = U, (-)UJ. Let |¢o) and |;) be purifications of the quantum
states pg and p; on register A, defined on two registers (A, R), where R serves as the reference
register. An explicit form of U, is provided implicitly in [29, Lemma 6] (see Lemma 21),
yielding an alternative expression of the squared Uhlmann fidelity:

F2(po, p1) = |(Wol (I*@UR)|¢1)[°,  where U, = sgn®V) (Tra(|vo)t]))-

Our second technical contribution is an explicit implementation of ®,(-), which approxi-
mately realizes the honest prover’s strategy in Theorem 3. This implementation guarantees
that, for yes instances, the maximum acceptance probability remains at least F2(pg, p1) —27":

» Theorem 7 (Informal version of Theorem 22). For quantum states py and py specified in
GAPF2EST, whose purifications can be prepared by n-qubit polynomial-size quantum circuits
Qo and Q1, the Uhlmann transform ®.(-) can be approximately implemented in quantum
single-exponential time and linear space with additive error 27".

Our approach is inspired by [51, Section 5.1]. Analogous to Section 1.3.1, we aim to use
the space-efficient QSVT associated with the sign function, as established in [37, Section 3],
corresponding to the space-efficient polynomial approximation P". A technical challenge is
to obtain an ezact block-encoding of Xuyn; = Tra(|to)1]). A straightforward approach for
realizing the partial trace is to contract |A| = log dim(#a) EPR pairs, yielding only an exact
encoding of Xy /dim(Ha), as shown in [43, Section I1.D]. Handling this normalization factor
dim(Ha) requires additional effort and leads to an implementation that is both less efficient
and conceptually more involved. Notably, an exact block-encoding W of Xy was recently
proposed in [51, Section 5.1]. Leveraging this key ingredient, our explicit implementation of
D, (-) proceeds as follows:

9 Following [17, Lemma 9], given a block-encoding of a linear operator, the Hadamard test naturally
extends to implement IT = (I + A)/2 with acceptance probability Re(Tr(IIp)).
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(1) Following [51, Section 5.1] (see Lemma 25), one can implement an exact block-encoding
W of Tra(|too)11]), namely (0|W|0) = Tra(|voXv1|), using quantum O(n) space.

(2) Using the space-efficient QSVT associated with the sign function [37, Corollary 3.25], a
block-encoding of sgn®V) (Tra (|4 X1/1])) can be approximately implemented in quantum
O(n) space.

Similar to Section 1.3.1, the proof of Theorem 7 is completed by analyzing the errors
introduced by the polynomial approximation P;#" and the associated space-efficient QSVT

implementation. These errors combine to the desired bound of 27", as stated in Section 4.1.

1.4 Discussion: Improving upper bounds for QSZK
1.4.1 Improving upper bounds for QSZK

The main open problem is to further improve the upper bounds for QSZK and NIQSZK
beyond our results (Corollaries 4 and 5). Since the best known upper bound for the classical
counterpart SZK is AM N coAM, as established in [14, 2], this inclusion naturally motivates
the following question:

(a) Could the quantum upper bound for QSZK be improved to a subclass of QIP(2) defined
in terms of “public coins” quantum interactive proof systems [42, 35], such as qg-QAM N
co-qq-QAM?

An intriguing question concerns the classical upper bound for QSZK, whose best known
bound is PSPACE and is believed “almost certainly can be improved” in [56, Section 7]:

(b) Could the classical upper bounds for QSZK and NIQSZK be improved to any subclass of
PSPACE?

As noted at the beginning of this section, the classical upper bound PSPACE for complexity
classes ranging from QSZK to QIP [56, 28, 27] is obtained via NC(poly) algorithms for the
corresponding problems. Consequently, making progress on Question b likely requires
techniques that go beyond this paradigm.

1.4.2 Improving the computational efficiency of the honest prover

As noted in Section 1.1, a naive approach consists of combining the method underlying [43,
Theorem II.4] with the space-efficient QSVT from [37]. Let w(V) denote the maximum
acceptance probability of the quantum interactive proof system P = V. Informally, this
combination yields a quantum algorithm that computes w(V) to within constant precision
and simultaneously produces an SDP solution specifying the associated quantum states. This
algorithm requires O(n) iterations on a block-encoding that initially acts on O(n) qubits.
The honest prover’s strategy is then approximately implemented via the algorithmic Uhlmann
transform constructed from these states. Since the number of required ancillary qubits in this
algorithm eventually grows to O(n?), the resulting algorithm still requires at least quadratic
quantum space.?

Noting that the notion of honest-prover efficiency in our results (Theorems 2 and 3) appears
specifically tailored for two-message quantum interactive proof systems, the distinction
between our results and the general case suggests the following question:

105ee also the discussion in [37, Section 1.6].
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(c) Could the honest prover’s strategy in any two-message quantum interactive proof sys-
tem be approximately implemented in quantum linear space, meaning that the space
complexity of the algorithmic implementation scales linearly with the number of qubits
on which the verifier’'s message-preparing circuit acts?

A natural starting point for Question c is to revisit the qq-QAM containment of the CLOSE
IMAGE TO TOTALLY MIXED PROBLEM (CITM) [35].11 Here, as a qq-QAM-hard problem,
CITM generalizes QSCMM, defined via min, T(®(o), (1/2)®"), where the quantum channel
®(-) can be implemented by a polynomial-size mixed-state quantum circuit.

Noting that the proof system in [35, Figure 2] is structurally similar to the QIP(2)
containment of GAPF?EST, one might expect that Theorems 3 and 7 extend naturally to
this more general setting. However, the honest prover now also needs to construct a nearly
optimal &, satisfying T(®(G,), (I/2)%") ~, min, T(®(c), (I/2)®"). It remains unclear how
to achieve such a construction in quantum linear space, and this difficulty constitutes a
technical barrier to resolving Question c¢. Notably, an affirmative answer to that question
would yield a tighter characterization of QIP(2).

1.5 Related works

An approximate implementation of the Uhlmann transform was previously studied in [43,
Section I1.D] under the name “Algorithmic Uhlmann’s Theorem”, in the context of unitary-
synthesis complexity classes (e.g., unitaryPSPACE; see also [6]). The central distinction
between the prior construction in [43, Theorem I1.5]'? and Theorem 22 (whose informal
version is Theorem 7) is that our construction achieves an exponentially improved time
complexity when measured in the state dimension N := 2. This improvement arises because
our construction requires only quantum linear space, whereas theirs requires quantum
polynomial space. As a consequence, our resulting time complexity is 20" = poly(N), while
theirs is 2P(") = N9(™) for some functions p(n) and q(n) := p(n)/n that are both polynomial
in n.

Beyond the algorithmic perspective, it is worth noting that a stability result of the
Uhlmann transform, referred to as “robust rigidity”, has been recently investigated in [7].

Other notions of the honest-prover efficiency

A natural, though folklore, notion of honest-prover efficiency is that of in-class interactive
proofs, formalized in [24, Definition 1]. This notion means that for any promise problem in
a complexity class C, there exists a proof system P=1V such that the verifier decides the
problem and the honest prover’s strategy can be (approximately) implemented in C. This
notion applies to complexity classes such as P#P and PSPACE [41, 48] via the sum-check
protocol, as well as to an intermediate class PreciseQCMA [24].'3 The same notion naturally
extends to other settings, including in-class space-bounded classical interactive proofs for
P [23], in-class quantum interactive proofs for BQPSPACE [43], and in-class streaming proofs
for BQL [19].

1t is worth noting that the qq-QAM containment of CITM][a, b], as stated in [35, Lemma 4.1], holds only
for the constant parameter regime (1 —a)? > 1 — b2, This is because the underlying proof system in [35,
Figure 2] is essentially designed for the closeness testing problem associated with max, F2(®(a), (1/2)%").

2 For the formal statement, please refer to Theorem 7.4 in the arXiv version of [43].

13The equivalence of PreciseQCMA and NPPP is established in [44, 16].
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A more quantitative, practically motivated notion is that of doubly-efficient interactive
proofs (see the survey [20]), in which a polynomial-time (honest) prover ideally delegates
the computation to an almost-linear-time verifier via interactions, with [23] serving as a
canonical example and subsequent improvements in [46].

2 Preliminaries

We assume that the reader has a basic familiarity with quantum computation and quantum
information theory. For an introduction, the textbooks by [45, 60] offer accessible starting
points. For a more comprehensive overview of quantum complexity theory, see [57]; for a
survey specifically focused on quantum interactive proof systems, refer to [52].

For convenience, we adopt the following notations throughout this work: (i) the symbol
|0) denotes an a-qubit state |0)®* for a > 1. (ii) the logarithmic function log is taken to
be base-2 by default, i.e., log(z) := log,(x) for all positive real numbers z. (iii) hidden log

factors are suppressed using the notation O(f) := O(f polylog(f)).

2.1 Closeness measures for quantum states and the testing problems

We begin by defining quantum states. A square matrix p is called a quantum state if p is
positive semi-definite and has unit trace, that is, Tr(p) = 1.

2.1.1 Closeness measures for quantum states

We then introduce two closeness measures:

» Definition 8 (Trace distance). Let py and p1 be two (possibly mized) quantum states. The
trace distance between py and py is defined by T(po, p1) == 3Tr|po — p1] = 5[po — p1l;-

» Definition 9 (Uhlmann fidelity). Let pg and py be two (possibly mized) quantum states.
The (Uhlmann) fidelity between py and py and its square are defined by

F(po, p1) = Trl\/pov/pil = [Vpov/pill, and F*(po, p1) = |lV/po/pilly-

The trace distance reaches its minimum value of 0 when pg equals p1, while the (squared)
fidelity attains its maximum of 1. Conversely, the trace distance reaches its maximum value
of 1 when the supports of py and p; are orthogonal, and the squared fidelity attains its
minimum of 0. Importantly, the trace distance and the (squared) fidelity are related by the
well-known Fuchs—van de Graaf inequalities:

» Lemma 10 (Trace distance vs. fidelity, adapted from [15]). Let py and p1 be two (possibly
mized) quantum states. Then, it holds that

1="F(po, p1) < T(po. p1) < V1 —F(po, p1).

Furthermore, the operational interpretations of the trace distance and the (squared)
fidelity, namely the Holevo—Helstrom bound [26, 25] and Uhlmann’s theorem [50, 29], together
with the corresponding optimal operations that achieve these maxima, play a central role in
this work. To keep the technical sections self-contained, we defer the formal statements of
these results to Sections 3 and 4, respectively.
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2.1.2 Closeness testing of quantum states via state-preparation circuits

Next, we introduce two promise problems defined with respect to the trace distance:

» Definition 11 (Quantum State Distinguishability, QSD]«, /3], adapted from [56, Section 3.3]).
Let Qo and Q1 be polynomial-size quantum circuits acting on n qubits, each with r designated
output qubits. For b € {0,1}, let py denote the quantum state obtained by applying Qyp to the
indtial state |0)®™ and tracing out the non-output qubits. Let o(n) and B(n) be efficiently
computable functions. The problem is to decide whether:

Yes: A pair of quantum circuits (Qo, Q1) such that T(po, p1) > a(n);

No: A pair of quantum circuits (Qo, Q1) such that T(po, p1) < B(n).

» Definition 12 (Quantum State Closeness, QSC[g, o], adapted from [34, Section 3]). Let
Qo and Q1 be quantum circuits defined as in Definition 11, and let pg and py denote the
corresponding quantum states obtained from these circuits. Let a(n) and S(n) be efficiently
computable functions. The problem is to decide whether:
Yes: A pair of quantum circuits (Qo, Q1) such that T(po, p1) < B(n);
No: A pair of quantum circuits (Qo, Q1) such that T(po, p1) > a(n).

It is evident that QSC is the complement of QSD. Beyond Definitions 11 and 12, this
work also focuses on two additional closeness testing problems:

(1) An important special case of Definition 12 is the QUANTUM STATE CLOSENESS TO
MAXIMALLY MIXED STATE (QSCMM). This problem arises when py is fixed to be the
r(n)-qubit maximally mixed state (I/2)®", and Q is the circuit that prepares r(n) EPR
pairs acting on n = 2r qubits.

(2) A closeness testing problem defined via the squared fidelity, in particular, the promise
problem QUANTUM SQUARED FIDELITY ESTIMATION (F?EsT|a, 8]). This problem asks
whether F2(pg, p1) > a(n) for yes instances or F2(pg, p1) < B(n) for no instances.

3 Algorithmic Holevo—Helstrom measurement and its implication

In this section, we introduce an algorithmic version of the Holevo—Helstrom measurement
that nearly achieves the optimal probability for discriminating between states pg and p;. We
start by defining the COMPUTATIONAL QUANTUM HYPOTHESIS TESTING PROBLEM, which
assumes access to the descriptions of the corresponding state-preparation circuits:

» Problem 13 (Computational Quantum Hypothesis Testing Problem). Let @y and @1 be two
polynomial-size quantum circuits acting on n qubits and having r designated output qubits.
Let py be the quantum state obtained by performing @, on the initial state |0)®™ and tracing
out the non-output qubits for b € {0,1}. Now, consider the following computational task:
Input: A quantum state p, either pg or pi, is chosen uniformly at random.
Output: A bit b indicates that p = py.

The goal is to maximize the probability that the test in Problem 13 succeeds, which can
be achieved by performing an appropriate measurement on the given state p.

Information-theoretic background. For the QUANTUM HYPOTHESIS TESTING PROBLEM
analogous to Problem 13, where py and p; are not necessarily efficiently preparable, the
maximum success probability to discriminate between quantum states pp and p; is given by
the celebrated Holevo-Helstrom bound:
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» Theorem 14 (Holevo—Helstrom bound, [26, 25]). Given a quantum state p, either py or
p1, that is chosen uniformly at random, the maximum success probability to discriminate
between quantum states po and p1 is given by % + %T(po,pl).

Noting that the trace distance can be written as'*

1 1 — —
T(po, p1) == §TT|PO—,01| = ) (TY(PO Sgn(sv) (%)) - Tr(m Sgﬂ(sv)(ﬂo2pl))>’ (1)

one can directly obtain an explicit form of the optimal two-outcome measurement {II, IT; }
that achieves Theorem 14 and satisfies T(po, p1) = Tr(ppo) — Tr(Ilgp1):

» Proposition 15 (Explicit form of the Holevo—Helstrom measurement). An optimal two-
outcome measurement {Ily, 111} that mazximizes the discrimination probability in quantum
hypothesis testing and achieves the Holevo—Helstrom bound (Theorem 14) is given by

I 1 — I 1 —
o= 5+ goen® (P52 ) and 11 = 5 - sV (B 52).

Algorithmic implementation. Using the space-efficient quantum singular value transforma-
tion in [37, Section 3], the Holevo—Helstrom measurement specified in Proposition 15 can be
approximately implemented in quantum single-exponential time and linear space. We refer
to this explicit implementation as the algorithmic Holevo—Helstrom measurement:

» Theorem 16 (Algorithmic Holevo—Helstrom measurement). Let pg and p1 be quantum states
prepared by n-qubit quantum circuits Qo and Q1, respectively, as defined in Problem 13. An
approzimate version of the Holevo—Helstrom measurement Iy specified in Proposition 15,
denoted as Iy, can be implemented so that

T(po, p1) — 27" < Tr(Ilopo) — Tr(Tlop1) < T(po, p1)- (2)

The quantum circuit implementation of I, acting on O(n) qubits, requires 20(n) queries to
the quantum circuits Qo and Q1 , as well as 29 one- and two-qubit gates. Moreover, the
circuit description can be computed in deterministic time 2°™ and space O(n).

Additionally, we demonstrate an implication of our algorithmic Holevo—Helstrom measure-
ment in Theorem 16. By inspecting the (honest-verifier) quantum statistical zero-knowledge
protocol (“distance test”) for QSD|«, 8] with constants o > 3 in [56, Section 4.2], we obtain
the QIP(2) part in Corollary 4, since GAPQSD is QSZK-hard:

» Theorem 17 (GAPQSD is in QIP(2) with a quantum linear-space honest prover). There
exists a two-message quantum interactive proof system for QSD[a(n), 8(n)] with completeness
c(n) = (1+ a(n) —27") /2 and soundness s(n) = (14 3(n))/2. Moreover, a near-optimal
prover strategy for this proof system can be implemented in quantum single-exponential time
and linear space. Consequently, for any a(n) and 8(n) satisfying a(n) — B(n) > 1/ poly(n),

QSD[a(n), B(n)] is in QIP(2) with a quantum O(n') space honest prover,

where n' is the total input length of the quantum circuits that prepare the corresponding tuple
of quantum states.'

14 Notably, Equation (1) is fundamental in quantum algorithms for estimating the trace distance [54]. An
extension of this identity also underlies quantum algorithms for estimating the (powered) quantum £,
distance [40], which generalizes the trace distance via the (powered) Schatten (a-)norm.

15 This tuple of quantum states arises from a standard parallel repetition of the QIP(2) proof system for
GAPQSD[a(n), B(n)] with c(n) — s(n) > 1/ poly(n). See Section 2.4 in the full version [36] for details.
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In the rest of this section, we sketch the proof of Theorem 16 and the proof of Theorem 17
in Section 3.1 and Section 3.2, respectively.

3.1 Algorithmic Holevo—Helstrom measurement

To implement our algorithmic Holevo-Helstrom measurement, we adopt the one-bit precision
phase estimation (often referred to as the Hadamard test, e.g., Lemma 2.13 in the full
version [36]) which reduces the task to implementing the corresponding unitary. The starting
point is the space-efficient polynomial approximation Pj" of the sign function (Lemma 2.9
in the full version [36]), which yields the two-outcome measurement {IIo,TI;} defined by:

. I 1 -
11, = §+(_1)b.§p;/g“<p0 5 pl) for b € {0,1}.

By applying the space-efficient QSVT associated with the polynomial P5" to the block-
encoding of (po—p1)/2 (Lemma 2.10 in the full version [36]), we obtain the unitary Upy which
is a block-encoding of Apy =~ Py" (£252L). We thus implement two-outcome measurement
{Ilp,II; } where Il = (I + Anu)/2, and the difference between {Ily,1I;} and {IIp,II;} is
caused by the implementation error of our space-efficient QSVT. The proof of Theorem 16
can be found in the full version [36, Section 3.1].

3.2 A slightly improved upper bound for GAPQSD

We start by presenting the quantum interactive proof system used in Theorem 17, as shown in
Protocol 1. This proof system aligns with [56, Figure 2], with the new component being the
honest prover’s behavior. In particular, the honest prover now employs the algorithmic Holevo—-
Helstrom measurement {ﬁo, 1:[1} from Theorem 16, rather than the optimal measurement
{IIy,II; } in Proposition 15 as per Theorem 14. The proof of Theorem 17 and the analysis of
Protocol 1 can be found in the full version [36, Section 3.2].

Protocol 1 Two-message proof system for GAPQSD (quantum linear-space prover).

1. The verifier V first chooses b € {0, 1} uniformly at random. Subsequently, V applies
Qp to |0)®™, traces out all non-output qubits, and sends the resulting state py.

2. The verifier V receives a single-qubit state &, measures the state in the
computational basis, and denotes the outcome by b € {0,1}.

The honest prover P measures the received state p by the algorithmic Holevo—
Helstrom measurement {IIp, II; } (Theorem 16), and sends the outcome b. In
particular, the outcome equals b if the measurement indicates p is p;.

3. The verifier V accepts if b = b; otherwise V rejects.

4  Algorithmic Uhlmann transform and its implications

In this section, we introduce an algorithmic version of the Uhlmann transform that approxi-
mately attains the maximum overlap between purifications of the quantum states pg and p;.
We begin by defining the COMPUTATIONAL UHLMANN FIDELITY TEST PROBLEM, which
assumes access to the descriptions of the corresponding state-preparation circuits:
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» Problem 18 (Computational Uhimann Fidelity Test Problem). Let Q¢ and @1 be two known
polynomial-size quantum circuits acting on n qubits in registers (A, R), each with r designated
output qubits in register A. Let |¢5) be the pure state produced by applying Q; to the
initial state |0)®™ for b € {0,1}, and let p, be the quantum state obtained by tracing out all
non-output qubits in register R.

Input: The qubits of the purification [¢1) in the reference register R, while all qubits in

the output register A are fixed and cannot be modified.

Output: A bit z obtained from the two-outcome measurement {II,I — II}, where

IT = |3ho o -

The goal is to maximize the probability that the test in Problem 18 succeeds (i.e., obtaining
the first outcome), which can be accomplished by applying an appropriate dimension-
preserving quantum channel to register R.

Information-theoretic background. Problem 18 naturally generalizes the (information-
theoretic) Uhlmann fidelity test between a quantum state p and a pure state |¢p) |, as
stated in [59, Exercise 9.2.2]. In that setting, the reference register R does not appear, and
the two-outcome measurement is {|pX¢|, I — |¢p}p|}. The success probability of the test is
Tr(|¢p)b|p), which coincides exactly with the squared fidelity F2(|¢p)Xa|, p).

For two quantum states that may be mixed, the probability of obtaining the first outcome
in the Uhlmann fidelity test (i.e., the information-theoretic counterpart of Problem 18) is
characterized by the squared fidelity [50], as will be seen later in Corollary 20. A refined
formulation with an elementary proof appears in [29] and is stated below:

» Theorem 19 (Uhlmann’s theorem, adapted from [29, Theorem 2]). Let py and p1 be quantum
states on register A. For any fixed purification |vg) of po on registers (A,R), the mazimum
squared overlap between |1y) and any purification |y1) of p1 on the same registers is given
by the squared (Uhlmann) fidelity:'%

F2(o0. p1) = Te(|Fny/r])” = max| (o) * = max| (ol (10U ®) ) (3)

Here, the last identity transfers the freedom in choosing |11) to the freedom in choosing a
unitary UR while keeping the purification |1}) fized.

By inspecting the soundness analysis in the proof of [56, Theorem 11], which uses
the monotonicity F2(pg, p1) < F2(E(po),E(p1)) for every quantum channel &, see e.g., [45,
Theorem 9.6, one obtains a stronger form of Theorem 19:17

» Corollary 20 (A stronger form of Uhlmann's theorem, implicit in [56, Theorem 11]). Let po
and py be quantum states on register A. For any fized purifications o) and |¢1) of po and
p1, respectively, on registers (A,R), the squared (Uhlmann) fidelity satisfies

F2(po, p1) = max(yo| (1" @@%) ([} |) 1),

where the maximization ranges over all quantum channels ® acting on the register R and
preserving its dimension.

16 The last equality in Equation (3) follows from the freedom in purifications (see, e.g., [45, Exercise 2.81]).
7 Noting that although an arbitrary quantum channel ®(-) may act on register R, the reduced density
matrix on register A remains p;. Let o := (IA®<I>R)(|1/)1>(1/)1|) be the resulting state on registers (A, R)

such that Trr(a) = p1, then (Yololto) = F*(|vo)tol, o) < F2(Trr(|vo)tol), Trr(o)) = F2(po, p1). The
same argument applies when the roles of po and p1 are exchanged.
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By examining the proof of [29, Theorem 2| together with [29, Lemma 6], one can extract
an explicit expression for the optimal unitary, later referred to as the Uhlmann transform,
that achieves the maximum in Equation (3), as stated in Lemma 21.1%

» Lemma 21 (Explicit form of the Uhlmann transform, implicit in [29, Lemma 6]). Let |tpo) and
|t1) be purifications of quantum states py and p1 on register A, defined on registers (A,R),
where R is the reference register. A unitary U, on register R that attains the mazimum in
Uhlmann’s theorem (Theorem 19) is given by

U, = sgn(sv) (TI”A (W0><¢1 |AR))'

Algorithmic implementation. Unlike the Holevo—Helstrom measurement in Proposition 15,
for which one can directly obtain an ezact block-encoding of Xyp := (pg — p1)/2, constructing
a block-encoding of Xy == TrA(|1/J0><1/)1\AR) is more involved. A straightforward approach
introduces a normalization factor of dim(#a) and results only in an exact encoding of
Xyn/dim(Ha) [43].12 Instead, an exact block-encoding of Xy was recently proposed in [51,
Section 5.1]. By combining this key ingredient with the space-efficient quantum singular
value transformation in [37, Section 3], one can implement the unitary in Lemma 21 in a
natural manner using quantum single-exponential time and linear space. We refer to this
explicit implementation as the algorithmic Uhlmann transform:

» Theorem 22 (Algorithmic Uhlmann transform). Let pg and p1 be quantum states prepared
by m-qubit quantum circuits Qo and Q1, and let |1o) and |11) denote their purifications before
tracing out the non-output qubits, as in Problem 18. An approximate version of the Uhlmann
transform U, specified in Lemma 21, denoted by U,, can be implemented so that

F2(po, p1) — 27" < | (o[ AR (IA @ OR) [41) K| < F2(po, p1).- (4)

The quantum circuit implementation of U, , acting on O(n) qubits, requires 2°™) queries to
the quantum circuits Qo and Q1 , as well as 2°) one- and two-qubit gates. Moreover, the
circuit description can be computed in deterministic time 2°™ and space O(n).

> Remark 23 (GAPF2EST)oq is BQL-complete). In analogy with the connection between
the algorithmic Holevo—Helstrom measurement (Theorem 16) and the BQL containment of
GAPQSD,, proven in [37, Section 4.2], one can establish that GAPF?EST),, is in BQL by
adapting the space-efficient QSVT-based approach in Theorem 22.20

By inspecting the (honest-verifier) quantum statistical zero-knowledge protocol (“closeness
test”) for QSCIB, a], serving as the complement of QSD, with constant satisfying o > 3
in [56, Section 4.3], we establish a slightly improved upper bound for GAPF?EST:

» Theorem 24 (GAPF?EST is in QIP(2) with a quantum linear-space honest prover). There ex-
ists a two-message quantum interactive proof system for F2EsT[a(n), 8(n)] with completeness
¢(n) = a(n) — 27" and soundness s(n) = B(n). Moreover, a near-optimal prover strategy for
this proof system can be implemented in quantum single-exponential time and linear space.
Consequently, for any a(n) and B(n) satisfying a(n) — S(n) > 1/ poly(n),

F2Est[a(n), B(n)] is in QIP(2) with a quantum O(n') space honest prover,

where n' is the total input length of the quantum circuits that prepare the corresponding tuple
of quantum states.

18 A self-contained proof can be found in [51, Appendix F] (derived from Jozsa’s lemma) or Lemma 7.6 in
the arXiv version of [43].

19See Section 7 in the arXiv version of [43].

20 Here, GAPFZESTlOg denotes the space-bounded version of GAPF?EST, where the state-preparation
circuits have input length O(logn). The BQL hardness follows directly from [37, Lemma 4.23].
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In the remainder of this section, we first sketch the proofs of Theorem 22 and Theorem 24
in Section 4.1 and Section 4.2, respectively. The implications of Theorem 24 for promise
problems defined with respect to the trace distance are provided in Section 4.3, which are
closely related to the complexity classes QSZK and NIQSZK.

4.1 Algorithmic Uhlmann transform

To implement our algorithmic Uhlmann transform, we begin by stating an exact block-
encoding of Trar (|¢o)(¢1|AR), as specified in Lemma 25. The proof of Lemma 25 appears at
the beginning of [51, Section 5.1], specifically from Equation (37) to Equation (42).

» Lemma 25 (Exact block-encoding of Tra (|10)(¢1|*R), adapted from [51, Section 5.1]). Let
Xun = Tra (|w0><w1 \AR) be a linear operator on register R such that the unitary sgnSV) (Xyn)
attains the mazimum in Uhlmann’s theorem (Theorem 19). Recall that Qo and Q1 denote
the state-preparation circuits of po and p1, as specified in Problem 18. Then the unitary W
on registers (A',R,E), where A’ is identical to A and E contains the same number of qubits
as R, is a (1,n,0)-block-encoding of Xuyn, given by

O QFEWO)X |0)F = Xum,  where W = (QNF)T (IA/ ® SWAPR’E)QS\'R.

This block-encoding can be implemented using a single query to each state-preparation circuit
Qo and Q1, together with O(n) one- and two-qubit quantum gates.

Next, using the space-efficient polynomial approximation P3" of the sign function from

Lemma 2.9 in the full version [36], it suffices to implement another transform U, that is very
close to U,:

O, = POV (Tra(|wo)va[F)).

By applying the space-efficient QSVT associated with the polynomial P5%" to the block-
encoding of Tra(|4o)¥1]AR), we obtain a unitary V; that is a block-encoding of U,. In
particular, V, acts as an exact block-encoding of U, := (0|V,|0), which gives an approximate
implementation of the Uhlmann transform. The difference between [7* and U* comes from
the implementation error of the space-efficient QSVT.2! The proof of Theorem 22 can be
found in the full version [36, Section 4.1].

4.2 A slightly improved upper bound for GAPF?EST

We begin by presenting the quantum interactive proof system used in Theorem 24, as shown
in Protocol 2. This proof system aligns with [56, Figure 3], with the new component being
the honest prover’s behavior. Specifically, the honest prover now utilizes the algorithmic
Uhlmann transform U, from Theorem 22, instead of the Uhlmann transform in Lemma 21.
The proof of Theorem 24 and the analysis of Protocol 2 can be found in the full version [36,
Section 4.2].

4.3 Implications for closeness testing problems based on the trace
distance

Combining the Fuchs—van de Graaf inequality (Lemma 10), which relates the squared fidelity
to the trace distance, with the polarization lemma for the trace distance [56], a direct
calculation yields the following corollary, whose proof can be found in the full version [36,
Section 4.3]:

211t is worth noting that U, is not necessarily a unitary.
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Protocol 2 Two-message proof system for GAPF?EST (quantum linear-space prover).

1. The verifier V applies Qo to [0)®™, and sends the non-output qubits in register R,
while keeping output qubits in register A.
2. The verifier V receives the (possibly modified) qubits in register R.

The honest prover P applies the algorithmic Uhlmann transform U, (Theo-
rem 22) to the received qubits, and sends the resulting qubits back.

3. The verifier V applies QI to the registers (A, R), where register A contains the
output qubits of Qg and register R contains the received qubits. V' then measures all
qubits in (A, R) in the computational basis and accepts if the measurement outcome
is the n-bit all-zero string; otherwise, V rejects.

» Corollary 26 (A slightly improved upper bound for QSC). For any efficiently computable
functions a(n) and B(n) satisfying o*(n) — B(n) > 1/0(logn),

QSC[B(n), a(n)] is in QIP(2) with a quantum O(n’) space honest prover.
Here, n' denotes the total input length of the state-preparation circuits.

Since the co-QSZK-hard regime of QSC, implicitly specified in [56, Section 5], is covered
by Corollary 26, applying the complement gives the co-QIP(2) part in Corollary 4. In addition,
by fixing pp in QSC to be the maximally mixed state and choosing the state-preparation
circuit Qg to create EPR pairs across the registers A and R, Corollary 26 yields a two-message
quantum interactive proof system in which the verifier’s message consists exactly of half of
EPR pairs, leading to Corollary 5:

» Corollary 27 (A slightly improved upper bound for QSCMM). For any efficiently computable
functions a(n) and B(n) satisfying a?(n) — B(n) > 1/0(logn),

QSCMM|[B(n), a(n)] is in qq-QAM with a quantum O(n') space honest prover.

Here, n' denotes the total input length of the state-preparation circuits.
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