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Abstract
We introduce a new technique for proving bounds on the Kolmogorov complexity of geometric
objects in Euclidean space, such as points and lines. We apply this technique to prove two theorems
on algorithmic information theory, both of which have consequences for well-known problems in
geometric measure theory. First, we show that for any point x in the plane and any other point y

sufficiently independent of x, the distance between x and y retains at least half the complexity of
the original point x. By the point-to-set principle of J. Lutz and N. Lutz, this yields an improved
lower bound on the Hausdorff dimension of pinned distance sets, a topic closely related to Falconer’s
distance set conjecture. Second, we prove an analogous result for orthogonal projections: for any
point x in the plane and any line through the origin which is sufficiently independent of x, the
projection of x onto that line retains at least half the complexity of x. As a consequence, we obtain
a generalization of a theorem of Bourgain on exceptional sets for orthogonal projections.
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13:2 Algorithmic Information Bounds for Distances and Orthogonal Projections

1 Introduction

This paper is a contribution to a growing area of research which connects algorithmic
information theory and geometric measure theory and which is based on a close correspondence
between Kolmogorov complexity and Hausdorff dimension. This correspondence has two
facets. First, there is a conceptual analogy between Kolmogorov complexity and Hausdorff
dimension. For example, using Kolmogorov complexity, one can define a notion of effective
dimension for objects such as infinite binary sequences and real numbers which shares many
features with Hausdorff dimension [23, 2, 12]. Second, there is a specific technical result,
proved by J. Lutz and N. Lutz and known as the point-to-set principle, which allows one to
use facts about Kolmogorov complexity and effective dimension to prove theorems about
Hausdorff dimension [13].

In recent years, the point-to-set principle has been applied to make progress on a few long-
standing questions in geometric measure theory. For example, N. Lutz and Stull used it to
improve the best then-known lower bound for the Furstenberg set conjecture (a generalization
of the Kakeya conjecture) [14] and Stull used it to improve the best known lower bound for
Falconer’s distance set conjecture [25], an important open question in geometric measure
theory [9].

The main goal of this paper is to introduce a new technique for proving lower bounds on
the Kolmogorov complexity of geometric objects in Euclidean space. One of our primary
motivations for introducing this new technique is that, when used in conjunction with the
point-to-set principle, it seems especially useful for proving results in geometric measure
theory which had previously appeared difficult to approach using the methods of algorithmic
information theory. However, even ignoring these applications to geometric measure theory,
we believe that the theorems in algorithmic information theory which can be proved using
our technique are interesting in their own right.

In this paper, we will give two example applications of our technique. In each case, we will
first use our technique to prove a theorem on algorithmic information theory and then use the
point-to-set principle to transfer this theorem to the setting of geometric measure theory. We
have included these applications not just for their own sake, but also as a demonstration of
the utility of our technique, which we believe likely has further applications within geometric
measure theory. In fact, in unpublished work, Fiedler [6] has already used our technique to
prove a new theorem on the Hausdorff dimension of planar extensions of subsets of Euclidean
space, a topic which is closely connected to the Kakeya Conjecture.

Our first application concerns the following question: suppose that x and y are points
in R2 and that x is relatively complex (in the sense of Kolmogorov complexity). Does this
imply anything about the complexity of |x − y|, the distance between x and y? Of course,
if we make no assumptions whatsoever about y then the answer is no. However, we will
show that if x and y are reasonably independent then |x − y| must retain at least half the
complexity of x.

Slightly more precisely, let Kr(x) denote the Kolmogorov complexity of an r-bit approx-
imation of x (i.e. of the first r bits of both coordinates of x) and let Ky

r (z) denote the
Kolmogorov complexity of an r-bit approximation of z relative to an oracle for y. We will
show, in Theorem 3, that if x and y satisfy a mild independence condition then

Ky
r (|x − y|) ≥ Kr(x)

2 − o(r). (1)

We will then use this theorem to prove a new lower bound on the Hausdorff dimension of
pinned distance sets. Given a set E ⊆ R2, the distance set of E is the set ∆E = {|x − y| |
x, y ∈ E} of pairwise distances between elements of E. Given a set E ⊆ R2 and a point
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x ∈ R2, the pinned distance set is the set ∆xE = {|x − y| | y ∈ E} of distances between
x and elements of E. Falconer’s distance set conjecture states that if dimH(E) > 1 then
dimH(∆E) = 1. Most progress on this conjecture has come from estimating the dimension
of pinned distance sets. Using our Theorem 3, we establish in Theorem 6 that for every
analytic set E ⊆ R2 satisfying s := dimH(E) ≤ 1,

sup
x∈E

dimH(∆xE) ≥ 3s

4 .

This improves on the best previously known bounds, due to Shmerkin and Wang [22] and
Fiedler and Stull [7], for all 0 < s < 1.

Our second application concerns the complexity of orthogonal projections of points in the
plane. In particular, for any point x ∈ R2 and direction e ∈ S1, let pex denote the orthogonal
projection of x onto the line in direction e. In Theorem 4, we show that if e is sufficiently
independent of x then

Ke
r (pex) ≥ Kr(x)

2 − o(r). (2)

In other words, the projection of x retains at least half the complexity of x.
We then apply this to generalize a theorem of Bourgain [1] on the Hausdorff dimension of

exceptional sets for orthogonal projections. Our theorem extends Bourgain’s from analytic
sets to a more general class of sets which admit optimal Hausdorff oracles [24]. This result is
similar in spirit to Shmerkin’s [21] generalization of Bourgain’s theorem in the context of
distance sets.

We now outline the main idea of our technique. We will illustrate the idea in the context
of our Theorem 3, discussed above. Suppose that the conclusion of that theorem fails and
that in general, Ky

r (|x − y|) may be much less than Kr(x)/2, even when x and y are fairly
independent. By standard reasoning, we may assume that it actually fails for two different
values of y, say y1 and y2 (with respect to the same value of x).

It is now tempting to reason as follows: if we know y1 and y2, as well as the distances
|x − y1| and |x − y2| then we can easily recover x with very little additional information – the
main point is that the circles with centers y1 and y2 and radii |x − y1| and |x − y2| should in
general intersect in only two points. Thus the total information content of x should be no
larger than the combined information content of y1, y2, |x − y1|, and |x − y2|. Furthermore,
since we are assuming that y1 and y2 are independent of x, we can ignore the contribution
of y1 and y2 and conclude that the information content of x should be no larger than the
combined information content of |x − y1| and |x − y2|. Thus it would seem that at least one
of |x − y1| and |x − y2| must have at least half the information content of x, which is exactly
what we want to conclude.

However, there is an important problem with this argument. Whenever we talk about
the information content of geometric objects, like points in R2, what we really mean is the
Kolmogorov complexity of finite approximations of these objects. When we assumed that the
theorem fails for x, y1 and for x, y2, what we actually meant was that for infinitely many r,
we have Ky1

r (|x − y1|) < Kr(x)/2 and for infinitely many r, Ky2
r (|x − y2|) < Kr(x)/2. But

the values of r for which these inequalities hold may be different for y1 and y2. In other
words, it may be that at every level of precision, either the finite approximation to |x − y1|
or the finite approximation to |x − y2| at that precision has low complexity, but they happen
to never both have low complexity at the same time.

What we really need in order for the argument sketched above to work is not just some
y1 and y2 for which the theorem fails with respect to the same x, but y1 and y2 for which
the theorem fails with respect to the same x and the same level of precision r. At the core of
our technique is a method for finding such y1, y2 and r.

MFCS 2026



13:4 Algorithmic Information Bounds for Distances and Orthogonal Projections

The key idea is that we replace x with a different point with similar properties, which we
will refer to as a surrogate point for x. In order to do so, we first show that if the theorem
fails then for each r, there are many pairs x, y for which it fails. We then use a combinatorial
lemma (Lemma 1, proved by a Cauchy-Schwarz double counting argument) to show that it
fails for so many pairs that we can find two pairs x1, y1 and x2, y2 with x1 = x2.

Of course, this is only a rough description of the idea; the full details will be given in the
proofs of Theorems 3 and 4 below. Some proofs are omitted from this conference version of
the paper.

2 Preliminaries

2.1 Kolmogorov Complexity in Discrete Domains

We now briefly state the basic definitions and essential properties of (prefix) Kolmogorov
complexity, which will be used repeatedly in our proofs. For a detailed treatment of this
topic, see Chapter 3 of [11].

Let U be an oracle universal prefix Turing machine, which will remain fixed throughout
this paper. For all binary strings σ, τ ∈ {0, 1}∗, the conditional (prefix) Kolmogorov complexity
of σ given τ is

K(σ | τ) = min
{

|π|
∣∣ π ∈ {0, 1}∗ and U∅(π, τ) = σ

}
,

and the (prefix) Kolmogorov complexity of σ is

K(σ) = K(σ | λ),

where λ denotes the empty binary string. Standard binary encoding readily extends these
definitions to other countable domains, including natural numbers, rationals, dyadic rationals,
and vectors of these.

Prefix Kolmogorov complexity obeys the symmetry of information: For all σ, τ ∈ {0, 1}∗,

K(σ, τ) = K(σ | τ, K(τ)) + K(τ) + O(1). (3)

The prefix Kolmogorov complexity of a string is never significantly longer than the string’s
length. In particular, for all n ∈ N,

K(n) ≤ log n + 2 log log n + O(1). (4)

A family {Er | r ∈ N} of sets is uniformly computably enumerable if the set {⟨x, r⟩ |
x ∈ Er} is computably enumerable. Where the dependence on r is clear, we will say that
an individual set Er in such a family as uniformly computably enumerable. We will often
show that a set is large by showing that it is uniformly computably enumerable and contains
objects of high complexity. In particular, if σ, τ ∈ {0, 1}∗ and E is a finite set such that
σ ∈ E and E is uniformly computably enumerable given τ , then

K(σ | τ) ≤ log |E| + 2 log log |E| + O(1). (5)

Intuitively, this is true because, given τ , we could algorithmically specify σ ∈ E by giving its
position in the enumeration of E, and this position is at most |E|.
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2.2 Kolmogorov Complexity in Euclidean Spaces
To apply Kolmogorov complexity in Euclidean spaces, we consider the complexity of finite-
precision rational approximations.

For x ∈ Rn and ε > 0, let Bε(x) denote the open ball of radius ε about x. For all
σ ∈ {0, 1}∗, E, F ⊆ Rn, r, s ∈ N, and x, y ∈ Rn, define

K(E | σ) = min
q∈E∩Qn

K(q | σ)

K(E) = K(E | λ)
K(E | F ) = max

q∈F ∩Qn
K(E | q)

K(σ | E) = max
q∈E∩Qn

K(σ | q)

Kr(x) = K(B2−r (x))
Kr,s(x | y) = K(B2−r (x) | B2−s(y)).

While Kr(x) is defined as the minimum complexity of a rational point that is 2−r-close
to x, it is often more convenient to analyze the complexity of a specific rational point that is
close to x, namely, the point obtained by truncating, r bits to the right of the binary point,
the binary expansions of each of x’s coordinates. Fortunately, these two complexities can only
differ by O(log r), and we will frequently switch between the two types of approximations in
our proofs.

For r ∈ N, let Dr = 2−rZ denote the r-dyadic rationals, and for x = (x1, . . . , xn) ∈ Rn,
let

⌊x⌋r = (2−r⌊2rx1⌋, . . . , 2−r⌊2rxn⌋) ∈ Dn
r .

For e ∈ S1, we identify e with the real number a ∈ [0, 1) such that e = (cos(2πa), sin(2πa)),
so ⌊e⌋r denotes ⌊a⌋r in this case.

Let C ∈ N be a constant such that, for all r ∈ N, σ ∈ {0, 1}∗, and x ∈ R ∪ R2 ∪ S1,

|Kr(x | σ) − K(⌊x⌋r | σ)| < C log r (6)

and

|K(σ | B2−r (x)) − K(σ | ⌊x⌋r)| < C log r. (7)

For details on the existence of this constant, see Section 2.3 of [14].
A closely related useful fact is that the complexity of an approximation is only linearly

sensitive to changes in the level of precision. In particular, it was shown by [3, 13] that for
each n ∈ N, there is a constant C0 ∈ N such that for all x, y ∈ Rn and all r, s, t ∈ N,

Kr+t,s(x | y) ≤ Kr,s(x | y) + nt + C0 log(r + s + t) (8)

and

Kr,s(x | y) ≤ Kr,s+t(x | y) + nt + C0 log(r + s + t). (9)

2.3 Hausdorff Dimension and Effective Hausdorff Dimension
For E ⊆ Rn and s > 0, the s-dimensional Hausdorff measure of E is

Hs(E) = lim
δ→0+

inf
{∑

i∈N
|Ui|s

∣∣∣∣∣ E ⊆
⋃
i∈N

Ui and each |Ui| < δ

}
,

MFCS 2026



13:6 Algorithmic Information Bounds for Distances and Orthogonal Projections

where |Ui| denotes the diameter of Ui, and the Hausdorff dimension of E is

dimH E = inf{s | Hs(E) = 0}.

The statement of Theorem 6, like many classical results on Hausdorff dimension, requires
the underlying set to be analytic, i.e., a continuous image of a Borel set.

The (effective Hausdorff) dimension of an individual point x ∈ Rn is defined [12, 19] as

dim(x) = lim inf
r→∞

Kr(x)
r

.

As U was an oracle prefix machine, we can readily define Kolmogorov complexities relative
to any oracle A ⊆ N. For example, for all σ, τ ∈ {0, 1}∗,

KA(σ | τ) = min
{

|π| | π ∈ {0, 1}∗ and UA(π, τ) = σ
}

.

All other Kolmogorov complexity quantities in this section, including dim(x), are relativized
in the same way, always denoted by placing the oracle in the superscript. The bounds (3)–(9)
all hold relative to an arbitrary oracle A ⊆ N. Given a point y ∈ Rn, we will write Ky and
dimy as shorthand for KAy and dimAy , where Ay ⊆ N is an oracle that encodes ⌊y⌋r for all
r ∈ N. When multiple oracle sets are placed in the superscript, that indicates relativization
to their Turing join.

Our Hausdorff dimension bounds will rely on the point-to-set principle [13], which states
that, for all E ⊆ Rn,

dimH E = min
A⊆N

sup
x∈E

dimA(x). (10)

An oracle A that achieves the minimum in (10) is called a Hausdorff oracle for E. We
will also use the correspondence principle of Hitchcock [8], which says that, if E ⊆ Rn is
computably compact relative to an oracle A, then A is a Hausdorff oracle for E. That is,

dimH E = sup
x∈E

dimA(x). (11)

A Hausdorff oracle A for E is an optimal Hausdorff oracle for E if, for every auxiliary
oracle B ⊆ N and every ε > 0, there is some x ∈ E such that

dimA,B(x) ≥ dimH(E) − ε

and, for almost every r ∈ N,

KA,B
r (x) ≥ KA

r (x) − εr.

Stull [24] formulated this definition and proved that if E is an analytic set, then there are
optimal Hausdorff oracles for E, and that the converse does not hold.

3 Combinatorial Lemma

The proofs of each of our main Kolmogorov complexity bounds will rely on finding objects u,
v, and d that satisfy two criteria: First, d is in some sense “suitable” for each of u and v,
belonging to certain sets Nu and Nv. Second, u and v are sufficiently dissimilar with respect
to d, satisfying u ̸∼d v, where ∼d is a binary relation that may depend on d. The following
lemma says that if every v has many suitable d and, for each such d, there are few u such that
u ∼d v, then there is some pair u, v such that many d satisfy these two criteria for that pair.
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▶ Lemma 1. Let X and V be finite sets, α ∈ (0, 1), and, for each d ∈ X, ∼d a binary
relation on V . Suppose there is a collection {Nv | v ∈ V } of finite subsets of X such that,
for all v ∈ V , we have |Nv| ≥ α|X| and, for all d ∈ Nv,

|{u ∈ V | u ∼d v}| ≤ α2

4 |V |. (12)

Then there exist u, v ∈ V such that |{d ∈ X | d ∈ Nu ∩ Nv and u ̸∼d v}| > α2

2 |X|. In
particular, if there is a single binary relation ∼ such that ∼d is ∼ for all d ∈ X, then there
exist u, v ∈ V such that u ̸∼ v and |Nu ∩ Nv| > α2

2 |X|.

4 Kolmogorov Complexity Bound for Distances

The proof of our first main Kolmogorov complexity bound, Theorem 3, relies on triangulating
the approximate location of a point d using its approximate distance from two other points
u and v. Geometrically, this places d in the intersection of two thin annuli, centered at u

and v. We will use the following lemma of Wolff [26] to bound the size of that intersection.

▶ Lemma 2 (Wolff [26]). Let ρ1, ρ2 ∈ [0.99, 1.01], x1, x2 ∈ [0, 0.01]2, and ε > 0. Let A1 and
A2 be the open ε-neighborhoods of the circles with centers x1 and x2 and radii ρ1 and ρ2,
respectively. Then A1 ∩ A2 is contained within O(1) sets of the form

{y ∈ A1 | x1 + ρ1ex1,y ∈ γ},

where each γ is an arc of length
2πρ1ε√

max(|x1 − x2| + |ρ1 − ρ2|, ε) max(||x1 − x2| − |ρ1 − ρ2||, ε)
.

For all distinct points u, v ∈ R2, let eu,v denote v−u
|v−u| ∈ S1, the direction from u to v.

▶ Theorem 3. If A ⊆ N, x, y ∈ R2, r ∈ N, and constants δ, ε ∈ Q ∩ (0, 1) satisfy δ <
ε
6 · dimA,y(ey,x),

KA,y
r (x) ≥ KA

r (x) − δr, (13)

and r is sufficiently large, then for all s ∈ N,

KA,y
r,s (|x − y| | |x − y|) ≥

KA
r,s(x | x)

2 − εr. (14)

Before giving the proof, we note that the primary strength of this theorem is the weakness
of the assumptions. Namely, the theorem does not require that x, y or ey,x are highly
complex. The only assumptions are that the dimension of ey,x is non-zero and that x and y

are sufficiently independent. This makes Theorem 3 incomparable to the previous results on
the algorithmic complexity of distances, such as Theorem 22 of [25], which all require strong
assumptions on the randomness of x, y and ey,x.

Proof. Let A, x, y, r, s, δ, and ε satisfy the hypotheses. We suppress the oracle A from
the notation below, but the argument is unchanged by working relative to A. There is a
computable affine transformation f : R2 → R2 with computable Lipschitz constants such that
⌊f(x)⌋7 = (1, 0) and ⌊f(y)⌋7 = (0, 0). As this transformation is computable and bi-Lipschitz,
applying f can only change complexities at precision r by O(log r) [3, 13], so we assume
without loss of generality that ⌊x⌋7 = (1, 0) and ⌊y⌋7 = (0, 0); this assumption will make it
more convenient to apply Lemma 2 as written, since 2−7 < 0.01.

When s ≥ r − εr, the right-hand side of (14) is negative for all sufficiently large r. Hence,
assume s < r − εr, and assume toward a contradiction that (14) does not hold. We now
construct sets X, V , and {Nv | v ∈ V }, to which we will apply Lemma 1.

MFCS 2026



13:8 Algorithmic Information Bounds for Distances and Orthogonal Projections

Construction. For all v, d ∈ R2, denote by v ▷ d the inequality

Kv
r,s(|d − v| | |d − v|) <

Kr,s(x | x)
2 − εr + 4C0 log r,

where C0 is the constant from (8). Intuitively, v ▷ d means that v is a suitable point to use
in triangulating the location of the point d. Our goal will be to find two such points u and v

such that u, v, and d aren’t too close to being collinear.
Define the sets

X =
{

d ∈ D2
r

∣∣∣∣ ⌊d⌋7 = (1, 0), K(d) ≤ Kr(x) + C log r,

K(d | ⌊d⌋s) ≤ Kr,s(x | x) + 2C log r

}
Y =

{
d ∈ D2

r

∣∣ ⌊d⌋7 = (0, 0), K(d) ≤ Kr(y) + C log r
}

,

where C is the constant from (6). Let t = ⌊εr/3⌋, noting that this is computable given r.
Let z = (r, s, Kr(x), Kr,s(x | x), Kr(y), Ky

t (ey,x)), noting that K(z) = O(log r) by (4), and
let C3, C4, C5 ∈ N be constants to be defined later.

Let M be an oracle prefix Turing machine that, given v as an oracle and a program for z

as an input, internally enumerates all d ∈ X such that v ▷ d. For each e ∈ Dt, whenever M

has internally enumerated exactly⌊
2Kr(x)−Ky

t (ey,x)−δr−C3 log r
⌋

(15)

points d such that ⌊ev,d⌋t = e, the machine labels e “crowded for v” and prints those points.
For each v ∈ Y , let Fv be the set of all directions that are crowded for v. Define the set

V1 =
{

d ∈ Y
∣∣∣ (∃v ∈ R2)

[
⌊v⌋r = d and |Fv| > 2Ky

t (ey,x)−C4 log r
]}

. (16)

For each d ∈ V1, let vd ∈ R2 be a point satisfying ⌊vd⌋r = d and |Fvd
| > 2Ky

t (ey,x)−C4 log r,
and define the set V = {vd | d ∈ V1}.

For each v ∈ V , define

Nv = {d ∈ X | Mv(π) prints d and Kv(⌊ev,d⌋t) ≥ Ky
t (ey,x) − C4 log r − 2} ,

where π is a witness to K(z) and C4 ∈ N is the constant from (16).
The hypotheses of Lemma 1 are satisfied by the sets X and V , the collection {Nv | v ∈ V },

the parameter α = 2−δr−(C3+C4) log r−3, and the collection {∼d | d ∈ X} of reflexive binary
relations defined for u ̸= v by u ∼d v if |eu,d − ev,d| < 2−t.

Hence, we can apply Lemma 1 to let u, v ∈ V be such that

|{d ∈ X | d ∈ Nu ∩ Nv and |eu,d − ev,d| ≥ 2−t}| > 2Kr(x)−2δr−O(log r).

Since this set is large, it contains high-complexity points relative to every oracle; in particular,
let d ∈ Nu ∩ Nv such that |eu,d − ev,d| ≥ 2−t and

Ku,v(d) ≥ Kr(x) − 2δr − O(log r). (17)

Let πu be a witness to Ku(⌊|d − u|⌋r | ⌊|d − u|⌋s) and πv be a witness to Kv(⌊|d − v|⌋r |
⌊|d−v|⌋s), and define the sets Pu = {Uu(πu, du) | du ∈ Ds} and Pv = {Uv(πv, dv) | dv ∈ Ds}.
Intuitively, each of these sets contains, within each s-dyadic interval, at most one candidate
value for an approximation of a distance from d. In particular, ⌊|d − u|⌋r ∈ Pu and
⌊|d − v|⌋r ∈ Pv. Let Du,v be the set of all r-dyadic points that share these properties; that is,

Du,v =
{

w ∈ D2
r | ⌊|w − u|⌋r ∈ Pu and ⌊|w − v|⌋r ∈ Pv

}
.
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For any two points w, w′ ∈ Du,v such that |w − w′| < 21−s, we have

|⌊|w − u|⌋r − ⌊|w′ − u|⌋r| ≤
∣∣|w − u| − |w′ − u|

∣∣ + 21−r < 22−s,

and similarly |⌊|w − v|⌋r − ⌊|w′ − v|⌋r| < 22−s. As each s-dyadic interval contains at most
one element of Pu and one element of Pv, this implies that the set

Pu,v = {(⌊|w − u|⌋r, ⌊|w − v|⌋r) | w ∈ Du,v and ⌊w⌋s = ⌊d⌋s}

has cardinality O(1).
Now consider the set

D̂u,v = {w ∈ D2
r | ⌊w − u⌋r = ⌊d − u⌋r and ⌊w − v⌋r = ⌊d − v⌋r}.

This set is contained in the intersection of O(2−r)-neighborhoods of the circles with centers
u and v and radii ρu := |d − u| and ρv := |d − v|, respectively. As |eu,d − ev,d| ≥ 2−t, for all
sufficiently large r we have

max{|u − v| + |ρu − ρv|, O(2−r)} ≥ 2−t−O(1)

and, by a straightforward trigonometric argument (also using |u − v| < 2−8 and ρu, ρv >

1 − 2−7),

max{||u − v| − |ρu − ρv||, O(2−r)} ≥ 2−3t−O(1).

Therefore, by Lemma 2, D̂u,v is covered by O(1) sets, each of diameter

O(2−r)√
2−4t

= O(22t−r).

It follows that some point in D̂u,v is a precision-(r − 2t − O(1)) approximation of d that
can be computed, relative to u and v, given πu, πv, a witness to K(⌊d⌋s), O(1) bits to specify
(|d − u|⌋r, ⌊|d − v|⌋r) within the set Pu,v, O(1) bits to specify a specific cover element, and
O(1) bits for the description of the Turing machine that performs this computation. That is,

Ku,v
r−2t−O(1)(d) ≤ |πu| + |πv| + K(⌊d⌋s) + O(1). (18)

Therefore,

Kr,s(x | x) = K(⌊x⌋r | ⌊x⌋s) + O(log r) (by (6) and (7))
= K(⌊x⌋r) − K(⌊x⌋s) + O(log r) (by (3))
= Kr(x) − K(⌊x⌋s) + O(log r) (by (6))
≤ Ku,v(d) − Ks(x) + 2δr + O(log r) (by (17))
= Ku,v

r (d) − K(⌊d⌋s) + 2δr + O(log r) (by (6))
≤ Ku,v

r−2t−O(1)(d) + 4t − K(⌊d⌋s) + 2δr + O(log r) (by (8))

≤ |πu| + |πv| + 4t + 2δr + O(log r) (by (18))
= Ku

r,s(|d − u| | |d − u|) + Kv
r,s(|d − v| | |d − v|) + 4t + 2δr + O(log r)

(by (6) and (7))
≤ Kr,s(x | x) − 2εr + 4t + 2δr + O(log r) (d ∈ Nu ∩ Nv)
< Kr,s(x | x) − 2εr/3 + 2δr + O(log r). (t ≤ εr/3)

As δ < ε dimy(ey,x)/6 ≤ ε/6, this implies εr/3 < O(log r), a contradiction for sufficiently
large r. We conclude that (14) holds. ◀

MFCS 2026
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5 Kolmogorov Complexity Bound for Orthogonal Projections

▶ Theorem 4. If A ⊆ N, x ∈ R2, e ∈ S1, r ∈ N, and constants δ, ε ∈ Q ∩ (0, 1) satisfy
δ < ε dimA(e)/4,

KA,e
r (x) ≥ KA

r (x) − δr, (19)

and r is sufficiently large, then for all s ∈ N,

KA,e
r,s (pex | pex) ≥

KA
r,s(x | x)

2 − εr. (20)

Proof. Let A, x, e, r, s, δ, and ε satisfy the hypotheses. We suppress the oracle A from the
notation below, but the argument is unchanged by working relative to A. When s ≥ r − εr,
the right-hand side of (20) is negative for all sufficiently large r. Hence, assume s < r − εr,
and assume toward a contradiction that (20) does not hold. We now construct sets X and V

and a collection {Nv | v ∈ V }, to which we will apply Lemma 1.

Construction. Let t = ⌊εr/2⌋, noting that this is computable given r, and define the sets

X = {d ∈ D2
r | K(d) ≤ Kr(x) + C log r and K(d | ⌊d⌋s) ≤ Kr,s(x | x) + 2C log r}

S = {d ∈ Dr | K(d) ≤ Kr(e) + C log r and Kt(d) ≤ Kt(e) + 2C log t},

where C is the constant from (6).
For every direction v ∈ S1, define the set

Nv =
{

d ∈ X

∣∣∣∣ Kv
r,s(pvd | pvd) <

Kr,s(x | x)
2 − εr + 4C0 log r

}
,

where C0 is the constant from (8).
Let z = (r, s, Kr(x), Kr,s(x | x), Kr(e), Kt(e)), noting that K(z) = O(log r) by (4), and

let C1, C2 ∈ N be constants to be defined later. Define the set

V1 =
{

d ∈ S
∣∣∣ (∃v ∈ S1)

[
⌊v⌋r = d and |Nv| > 2Kr(x)−δr−C1 log r

]}
. (21)

Let M be a prefix Turing machine that, given any input π ∈ {0, 1}∗ such that U(π) ∈ N6,
does the following. Working under the assumption that U(π) = z, M internally enumerates
V1. For each d ∈ Dt, whenever M has internally enumerated exactly ⌊2Kr(e)−Kt(e)−C2 log r⌋
directions d′ ∈ V1 such that ⌊d′⌋t = d, the machine labels d “crowded” and prints these
⌊2Kr(e)−Kt(e)−C2 log r⌋ directions d′.

Let V2 be the set of all directions printed by M(π), where π is a witness to K(z). As V2 ⊆
V1, for each d ∈ V2 there is some vd ∈ S1 satisfying ⌊vd⌋r = d and |Nvd

| > 2Kr(x)−δr−C1 log r;
let V = {vd | d ∈ V2}.

The sets X and V , the collection {Nv | v ∈ V }, α = 2−δr−(C+C2) log r−1, and the binary
relation |u − v| < 2−t satisfy the hypotheses of Lemma 1. Hence, we can apply Lemma 1
to let u, v ∈ V be such that |u − v| ≥ 2−t and |Nu ∩ Nv| > 2Kr(x)−2δr−O(log r). Since this
intersection is large, it contains high-complexity points relative to every oracle; in particular,
let d ∈ Nu ∩ Nv such that

Ku,v(d) ≥ Kr(x) − 2δr − O(log r). (22)
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Let πu and πv be witnesses to Ku(⌊pud⌋r | ⌊pud⌋s) and Kv(⌊pvd⌋r | ⌊pvd⌋s), respectively,
and define the sets Pu = {Uu(πu, d′) : d′ ∈ Ds} and Pv = {Uv(πv, d′) : d′ ∈ Ds}. Intuitively,
each of these sets contains, within each s-dyadic interval, at most one candidate value for an
approximation of a projection of d. In particular, ⌊pud⌋r ∈ Pu and ⌊pvd⌋r ∈ Pv. Let Du,v be
the set of all r-dyadic points that share these properties; that is,

Du,v =
{

y ∈ D2
r | ⌊puy⌋r ∈ Pu and ⌊pvy⌋r ∈ Pv

}
.

For any two points y, y′ ∈ Du,v such that |y − y′| < 21−s, we have

|⌊puy⌋r − ⌊puy′⌋r| ≤ |⌊puy⌋r − puy| + |puy − puy′| + |puy′ − ⌊puy′⌋r|
< 2−r + |y − y′| + 2−r

< 22−s,

and similarly |⌊pvy⌋r − ⌊pvy′⌋r| < 22−s. As each s-dyadic interval contains at most one
element of Pu and one element of Pv, this implies that the set

Pu,v = {(⌊puy⌋r, ⌊pvy⌋r) | y ∈ Du,v and ⌊y⌋s = ⌊d⌋s}

has cardinality O(1). Furthermore, since u and v are 2−t-separated, the set

D̂u,v = {y ∈ D2
r | ⌊puy⌋r = ⌊pud⌋r and ⌊pvy⌋r = ⌊pvd⌋r}

is contained within a parallelogram of diameter O(2t−r), meaning some point in D̂u,v is a
precision-(r − t − O(1)) approximation of d that can be computed, relative to u and v, given
πu, πv, a witness to K(⌊d⌋s), O(1) bits to specify (⌊pud⌋r, ⌊pvd⌋r) within the set Pu,v, and
O(1) bits for the description of the Turing machine that performs this computation. That is,

Ku,v
r−t−O(1)(d) ≤ |πu| + |πv| + K(⌊d⌋s) + O(1). (23)

Therefore,

Kr,s(x | x) = K(⌊x⌋r | ⌊x⌋s) + O(log r) (by (6) and (7))
= K(⌊x⌋r) − K(⌊x⌋s) + O(log r) (by (3))
= Kr(x) − K(⌊x⌋s) + O(log r) (by (6))
≤ Ku,v(d) − Ks(x) + 2δr + O(log r) (by (22))
= Ku,v

r (d) − K(⌊d⌋s) + 2δr + O(log r) (by (6))
≤ Ku,v

r−t−O(1)(d) + 2t − K(⌊d⌋s) + 2δr + O(log r) (by (8))

≤ |πu| + |πv| + 2t + 2δr + O(log r) (by (23))
= Ku(⌊pud⌋r | ⌊pud⌋s) + Kv(⌊pvd⌋r | ⌊pvd⌋s) + 2t + 2δr + O(log r)
= Ku

r,s(pud | pud) + Kv
r,s(pvd | pvd) + 2t + 2δr + O(log r) (by (6) and (7))

≤ Kr,s(x | x) − 2εr + 2t + 2δr + O(log r) (d ∈ Nu ∩ Nv)
< Kr,s(x | x) − εr + 2δr + O(log r). (t = ⌊εr/2⌋)

As δ < ε dim(e)/4 ≤ ε/4, this implies εr/2 < O(log r), a contradiction for sufficiently large r.
We conclude that (20) holds. ◀

MFCS 2026
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Figure 1 Pinned distance set lower bounds for dimH(E) ∈ [0, 1].

6 Hausdorff Dimension Bounds

We now prove our Hausdorff dimension bound for pinned distance sets. For all s ∈ (0, 1),
this is a strict improvement over the s−2+

√
4+s2

2 lower bound of Shmerkin and Wang [22] and
the s

(
1 − 2−s

2(1+2s−s2)

)
lower bound of Fiedler and Stull [7], which are the best previously

known bounds. For example, where those bounds coincide at s ≈ 0.47671, they give
supx dimH(∆xE) ≳ 0.26637, while our bound gives supx dimH(∆xE) ≳ 0.35753.

Our proof relies on an effective dimension bound, Theorem 5, that is proved using
Theorem 3 in conjunction with techniques and results from [7, 25, 15, 5].

▶ Theorem 5. Suppose that x, y ∈ R2, e = y−x
|y−x| , 0 < σ < 1 and A ⊆ N satisfy the following

conditions.
(C1) dimA(x), dimA(y) > σ

(C2) KA,x
r (e) > σr − O(log r) for all r.

(C3) KA,x
r (y) ≥ KA

r (y) − O(log r) for all sufficiently large r.
(C4) KA

t,r(e | y) > σt − O(log r) for all sufficiently large r and t ≤ r.
Then dimx,A(|x − y|) ≥ 3σ

4 .

▶ Theorem 6. Suppose E ⊆ R2 is an analytic set such that s = dimH(E) ≤ 1. Then,

sup
x∈E

dimH(∆xE) ≥ 3s

4 .

Proof. Let σ < s. We will use the important fact of geometric measure theory that Hausdorff
dimension is inner regular for analytic sets (see, e.g., [17]). That is, for every analytic set G

and every ϵ > 0, there is a compact subset K such that dimH K > dimH G − ϵ. In particular,
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since E is analytic, there is a compact subset F ⊆ E such that dimH(F ) > σ. Let A be
a Hausdorff oracle for F relative to which F is computably compact. Using Proposition 7
of [25], ∆xF is computably compact relative to (A, x) for every x ∈ R2. Hence, by Hitchcock’s
point-to-set principle, (11), (A, x) is a Hausdorff oracle for ∆xF , for every x ∈ R2. Therefore,
since σ can be arbitrarily close to s, it suffices to show that

sup
x∈F

sup
y∈F

dimA,x(|x − y|) ≥ 3σ

4 .

As shown in [7], Lemmas 33 and 34, there are points x, y ∈ F and e = y−x
|x−y| which satisfy

the conditions of Theorem 5. We may therefore apply Theorem 5, to conclude that, for any
such x, y, we have dimA,x(|x − y|) ≥ 3σ/4, and the conclusion follows. ◀

Combined with the point-to-set principle, Theorem 4 allows us to generalize, from analytic
sets to sets with optimal Hausdorff oracles, Bourgain’s theorem on the Hausdorff dimension
of exceptional sets for orthogonal projections. Marstrand [16] proved that, for every analytic
E ⊆ R2 and almost every e ∈ S1, dimH(peE) = min{dimH(E), 1}. A direction e is thus
“exceptional” for E if dimH(peE) < s for some s ≤ min{dimH(E), 1}; lesser values of s

correspond to “more exceptional” directions. There is a long and active line of research in
bounding the Hausdorff dimension of sets of such directions [10, 1, 18, 20, 4]. We prove the
following theorem.

▶ Theorem 7 (generalizing Bourgain [1]). Let E ⊆ R2, and suppose that optimal Hausdorff
oracles for E exist. Then

dimH

{
e ∈ S1

∣∣∣∣ dimH(peE) <
dimH E

2

}
= 0.
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