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—— Abstract

This paper studies decision problems for Boolean combinations of w-rational trace languages. The

complexities of these decision problems (emptiness, regularity, rationality) are classified depending
on properties of the independence alphabets and of the Boolean combinations allowed. For any of
the problems, we obtain a trichotomy ranging from decidable over a low level of the arithmetical
hierarchy to a low level of the analytical hierarchy.
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1 Introduction

Finite and infinite Mazurkiewicz traces [25, 8] (cf. [7]) are a formal model for the description
of the (nonterminating) behavior of concurrent systems that synchronize via shared actions.
They are closely related to communicating finite state machines [5, 12, 13, 23], have been
studied in the contexts of model checking (e.g., [10, 3]) and the distributed control synthesis
problem [11, 14, 15] and allow modeling multi-buffer systems [18] and multi-pushdown
systems [19, 20, 22].

The idea! behind traces is that sequences of basic actions, i.e., words, form interleavings
of the executions of several, concurrently running, processes. Words that are interleavings of
one and the same concurrent execution are considered equivalent. Formally, the concurrency
in a system is given by an independence alphabet that describes which pairs of actions are
executed by disjoint sets of sequential processes and can therefore commute in interleaving
executions. As a consequence, questions like “Do two concurrent systems allow the same
concurrent executions?” translate into “Does every interleaving execution of one system have
an equivalent interleaving execution of the other system?” or “Are the closures of the sets
of interleaving executions under the equivalence of words equal?” In other words, one is
interested in the closure of a language under this equivalence.

For regular sets of finite words, questions of this type have been studied in detail. Here,
e.g., non-inclusion asks for the existence of some finite object (a word) with some decidable
property (to belong to the closure of the first regular set, but not to the closure of the
second). Hence inclusion belongs to the first universal level of the arithmetical hierarchy I19.
Differently, regularity asks for the existence of a finite object (a finite automaton) such that
all finite objects (words) satisfy some decidable property (to belong to the closure if, and
only if, they are accepted by the automaton). Hence, this problem belongs to the second
existential level of the arithmetical hierarchy 9. These easy observations do by no means
exclude that inclusion or regularity can be expressed by simpler means, e.g., are decidable or
belong to II9.

! These two paragraphs are from [21].
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The computer science literature provides a clear distinction between the decidable and
undecidable instances of these problems. This border is described using two properties of
independence alphabets, namely “transitivity” and “diagonality” (which is strictly more
general). The known answers are as follows: inclusion and regularity are decidable for
transitive independence alphabets, and otherwise complete for I1{ and X9, respectively
[2, 28, 21]; disjointness is decidable even for diagonal independence alphabets and II9-
complete otherwise [1].

An attempt to extend these results to infinite traces was started in [21]. That paper
shows in particular that, for closures of regular languages of infinite traces, regularity for
transitive independence alphabets and disjointness for diagonal independence alphabets are
in I1{; it was left open as to whether these problems are decidable as they are in the finite
case [28, 1]. The results of this paper imply affirmative answers to both these questions.

In detail, we study decision problems for Boolean combinations of closures of regular
w-languages, namely the emptiness, the reqularity, and the rationality problem that asks
whether a given Boolean combination is the closure of some regular language (this latter
problem has been considered for finite words in [2], but does not appear in [21]). For infinite
words, all these problems belong to the second universal level of the analytical hierarchy I13.
Depending on graph theoretic properties of the independence alphabet (i.e., the “architecture”
of the distributed system) and properties of the Boolean combination, we classify all these
problems into decidable, II{-complete, $:9-complete, and ITi-hard (cf. Table 1). The only
graph properties appearing in this classification are “transitive” and “diagonal”; and the only
properties of the Boolean combinations are “trivial” (i.e., § or “all words”), “finite union”,
and “positive”. Looking at the results, one observes two striking similarities between the
cases of finite and infinite words:

1. A problem for infinite words is decidable if, and only if, its version for finite words is
decidable.

2. If one considers only diagonal independence alphabets, then there is no difference in
complexity between a problem for infinite words and for finite words.

One also notes that the regularity problem and the rationality problem behave much the

same: the levels of undecidability are almost always the same. Nevertheless, these two

problems are quite different: the regularity problem is of maximal difficulty even for the

trace closure of a rational language (where the rationality problem has a trivial answer).

On the other hand, there are also two striking differences:

1. Any of the problems on finite words yields a dichotomy while, for infinite words, we
always have a trichotomy.

2. If one allows some non-diagonal independence alphabet, then the problem for finite words
remains arithmetical while it is H%—hard for infinite words.

2 Preliminaries

The the set N of non-negative integers starts with 0 and, for n € N, we set [n] = {1,...,n}.
The powerset of a set X is denoted P(X).

Words and automata

Let T" be an alphabet. The set of finite words over I' is denoted I'*, ' denotes the set
of w-words over I', and I'™* = I'* UT“. For two words or w-words z,y € '™, the shuffle
x Wy C '™ is the set of all words or w-words xoyg 1y1 T2ys - - - where x;,y; € I'* are finite
words with z = zgr12e--- and y = yoy1y2---. For a € ' and A C T', the projection
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proj4(a) € A is obtained by deleting all letters from « that do not belong to A. We write
la| 4 for the length of the projection proj(a); proj, (), |als, and |a| abbreviate projy,; (),
|| {a}, and |ar, respectively.

Subsets of I'* are called finitary languages or x-languages while subsets of ' are w-

languages.

Let K CT* and L C I'™°. Then the concatenation of K and Lis K- L = {uz | u €
K and x € L} C T'*°. The Kleene iteration K* is the set of words uj us - - u,y, for some
m > 0 with uy,us,...,u, € K. The w-iteration K“ of K is the set of w-words uj us - - -

with u; € K\ {¢} for all 4 > 1.

Let K, L C I'"*°. The shuffle of K and L is the union of all shuffles z LUy with z € K and
y € L.

A nondeterministic finite automaton or nfa is a tuple A = (Q,T',S,T, F) where @ is a
finite set of “states”, I' an alphabet, S, F C @ sets of “initial” and “final states”, respectively,
and T C @ x I x @ the transition relation. For a state p € @, we write AP~ for the nfa
(Q,T,{p}, T, F) that only differs from A in its initial state. For p,q € @Q and v € T, we
write p — ¢ if there is some u-labeled path from p to ¢. If there is such a path that visits
some accepting state, we write p = ¢. A word u € I'* is accepted by A if there are p € S

and g € F with p = ¢; L*(A) denotes the x-language of words accepted by A. A #-language
L CT* is regular if there exist an nfa A with L = L*(A).

An w-word « is accepted by A if it splits into finite words av = ug uy - - - such that p — ¢
and ¢ — ¢ for all ¢ > 1 for some p € S and ¢ € F. The set of w-words accepted by A is
L¥(A); an w-language L is reqular if there is some nfa A with L = L¥(A).

Finally, we recall some classical notions on binary relations on I'*° from [16], cf. [4] for
the case of relations on finite words.

Let RCT* x '™ and S C '™ x I'*® be two binary relations. Then R-S = {(uv,uv") |
(u,v") € R and (v,v") € S} is the concatenation of R and S. The power of R is defined
inductively by R = {(¢,¢)} and R"*' = R- R". The finite iteration of R is R* =J,;~q R™;
its w-iteration is the set -

R* = {(ujugug - -+ ;010305 -+) € T X T | (u;,v;) € R for all ¢ > 1}

The relation S C I'*®° x I'*® is rational if it can be constructed from finite relations on I'*
using union, concatenation (with the first factor a relation on I'*), and finite and w-iteration
(applied to relations on I'*).

Rational relations describe the behavior of transducers: a transducer is a tuple A =
(Q,I,S,T,F) where Q, I', S and F are as in nfas and the transition relation T is a subset

(u,v)

of @ x (TU{e})? x Q. For p,q € Q and u,v € I'*, we write p —— ¢ if there is some
(u, v)-labeled path from p to ¢g. A pair of possibly infinite words («, 8) € T'> x I'*° is accepted
by A if a and 8 split into & = uguy --- and 8 = vgvy --- such that there are states p € S
andquWithquanqu)qforalli21 (if u; =v; = ¢ for all i > j, then «
and (8 both are finite and there is a sequence of transitions from ¢ back to ¢ that all are
labeled (e,€)). The set of pairs accepted by A is R*(A). Then a relation on I'* is rational
iff it is accepted by some transducer.

From an nfa A and a transducer B, one can construct nfas A, and A, with v € L*(A,)
iff there exists u € L*(A) with (u,v) € R™®(B) and 8 € L“(A,) iff there exists o € L“(.A)
with (a, 8) € R®(B).

» Convention. Whenever, for an nfa A, we are mainly interested in its w-language L¥(A),
we will speak of A as a Biichi-automaton.
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Many objects considered in this paper appear in two forms: word vs. w-word, *-language
vs. w-language. At places, we blur this distinction and just talk about words and languages
assuming that the context explains what version is meant.

Traces

An independence alphabet is a pair (T, I) of an alphabet I'" and an irreflexive and symmetric
independence relation I C T x T; its complement is the dependence relation D = T2\ I. The
set of all independence alphabets is denoted IndA.

Two words z,y € I'™® are equivalent [8] (denoted x ~ y) if, for all (not necessarily distinct)
letters a,b € I' with (a,b) € D, we have projy, ;) () = proj{a’b}(y).2

For L C T'*°, the closure is the set [L] = {y € I’ | 3z € L:  ~ y} of all (w-)words y
that are equivalent to some element of L. The set L CI'*® is closed if L = [L]. If L = {«} is
a singleton, the closure [L] of L equals the equivalence class [z] of x wrt. ~.

In this paper, we will regularly be concerned with closures of regular sets and with

closed regular sets. If L is closed and regular, then it is the closure [L] of the regular set L.

Conversely, suppose (a,b) € I. The closure of the regular set L = {ab}* is the set [L] of
words u € {a,b}* with |u|, = |u|p and therefore not regular. Thus, regular closed sets are
closures of regular sets, but there are closures of regular sets that are not regular.

» Remark. Recognizable and rational sets of (infinite) traces [25, 9] correspond to closed
regular and closures of regular languages, respectively. We could therefore phrase our results
in terms of these sets of traces; the author prefers the current point of view as it only concerns
sets of words and avoids the consideration of traces as equivalence classes of words.

Decision problems

This paper deals with decision problems related to Boolean combinations of closures of
regular languages, e.g., we will investigate the decidability status of the question whether
the language [L*(A1)] N [L*(A2)] is empty (is regular, resp.) for two nfas 4; and As. To
present all these problems uniformly, we next introduce some notions.

» Definition 2.1. Let © € {x,w}, ¢: {0,1}" — {0,1} a Boolean function, and L1, ..., L, C
I'® ®-languages over I'. The ®-language <L1, . ,Ln>w is the set of words x € T'© such that
(XL, (), X1, (2), ., XL, () = 1 where 1, is the characteristic function of L.

» Example. Let Id be the unary identity function, A the bina? minimum-function, and —
the negation. Then, for any languages L and Ly, we have <L1>I =L, <L1, L2>A = L1NLsy,
and (L) =T%\ L.

We now come to the decision problems studied in this paper.

» Definition 2.2. Let ® € {x,w}, A CIndA be some set of independence alphabets, ® some
set of Boolean functions, and GenP € {EmptP, RatP,RegP}. Then GenP (A, ®) is the set
of tuples ((I‘, D), o, Ay, ... ,An) with (I', I) € A an independence alphabet from A, ¢ € & an
n-ary Boolean function from ®, and Ay, ..., A, nfas over I with

H= <[L®(A1)L LO(A)]. ... [L@(An>1>

such that

2 Two other, equivalent, definitions of ~ have been formulated by Gastin [8].
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GenP = EmptP and H = () (the emptiness problem ),
GenP = RatP and H = [L] for some regular language L C T'® (the rationality problem),
or GenP = RegP and H is reqular (the regularity problem ).

» Example. For non-diagonal independence alphabets (I', I'), the problems EmptP, ((T', I), A)
(the “disjointness problem”) and RegP, (I, I),Id) are undecidable [1, 28].

The above problems are parametrized by a set A of independence alphabets and a set ®
of Boolean functions. We next describe particular sets that are central in our classification.

A Boolean function ¢: {0,1}™ — {0,1} is

constant if ¢(b) = o(¢) holds for all b,e € {0,1}".

a maz-function if it is constant or there exists a non-empty set A C [n] with (b1, ..., b,) =
max{b; | i € A} for all by,...,b, € {0,1}.

monotone if p(by,...,b,) < p(e1,...,¢,) for any arguments from {0,1} with b; < ¢; for
all i € [n].

The set of all constant (max-, monotone, resp.) functions is denoted CONST (MAX, monBF,
resp.); BF denotes the set of all Boolean functions.

It turns out that the regularity problem for constant functions and the emptiness problem
and the rationality problem for max-functions are simple (if not trivial).

» Proposition 2.3. Let ® € {*,w}. Then EmptP (IndA, MAX), RatP (IndA, MAX), and
RegP (IndA, CONST) are decidable.

After considering constant and max-functions, we next turn attention to Boolean functions
outside these clagses. Claim (1) in the following lemma ensures that the function Id
induces the full difficulty of the regularity problem RegP (A, ®) if ® € CONST. Similarly,
A € monBF \ MAX (- ¢ monBF, resp.) gives rise to the full difficulty of GenP (A, ®) if
® C monBF and ® € MAX (® Z monBF).

» Lemma 2.4. Let © € {x,w}, GenP € {EmptP, RatP,RegP}, A C IndA, and ¢ € BF.
(1) If ¢ ¢ CONST, then RegP (A,Id) < RegP, (A, ¢).

(2) If ¢ € monBF \ MAX, then GenP (A, A) < GenP (A, p).

(3) If ¢ ¢ monBF, then GenP (A, ) < GenP (A, ¢).

Besides the above classes of Boolean functions, there are also classes of independence
alphabets central in this paper. Let (I, I) be an independence alphabet. It is

complete if (a,b) € I for all a,b € T distinct,

transitive if P3 (the path on three vertices) is not an induced subgraph, and

diagonal if neither Cy (the cycle on four vertices) nor Py is an induced subgraph.

The term “diagonal” was coined in [29], [1] uses the term “transitive forest” instead.
The set of all transitive (diagonal, resp.) independence alphabets is denoted TransA (DiagA,
respectively).

Arithmetical and analytical hierarchy

This paper describes the complexity of the above decision problems. But as most of them
are undecidable, this requires a yardstick for undecidability. The said hierarchies are such a
yardstick. We refer the reader to [27] for definitions and useful properties.
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3 Finitary languages

In this section, we study the problems GenP, (A, ®), i.e., consider finite words. Many of
the results follow easily from the literature, an exception is the rationality problem for
non-transitive independence alphabets.

We first state upper bounds on some versions of the emptiness problem EmptP, (A, ®),
thanks to the work by Aalbersberg, Welzl, and Hoogeboom, the proofs of claim (2) and (3)
are rather straightforward. Claim (1) follows since containment in the closure of a regular
language is decidable.

» Lemma 3.1.

(1) The emptiness problem EmptP, (IndA, BF) is in I19.

(2) The emptiness problem EmptP, (TransA, BF) is decidable [2].
(3) The emptiness problem EmptP, (DiagA, monBF) is decidable [1].

Now the following dichotomy result follows easily from [1, 26].

» Theorem 3.2. Let A C IndA and ® C BF be decidable sets.

(1) The emptiness problem EmptP, (A, ®) is decidable if A C TransA, or A C DiagA and
® C monBF, or & C MAX.

(2) Otherwise, the emptiness problem EmptP, (A, ®) is I19-hard.

We next turn to the rationality problem, i.e., the question whether a given Boolean
combination of closures of regular languages is the closure of some regular language.

We start by presenting two upper bounds. Again, citing work by Aalbersberg and Welzl,
the first claim follows easily, and also the second follows easily from the definition of the
rationality problem.

» Lemma 3.3.
(1) The rationality problem RatP, (TransA, BF) is decidable [2].
(2) The rationality problem RatP,(IndA, BF) is in 9.

For a lower bound, one first proves the ¥9-hardness of RatP,((T',I),¢) for any non-
transitive independence alphabet (I', I) and any of the two Boolean functions A and —. This
is achieved in two steps (where ¢ € {A,}):

The first step proves that RatP,(StarA, ) is $3-hard where StarA is the set of all
independence alphabets (X, I) that form a star.

To show this, let o, 3: AT — B™* be homomorphisms, L C A™ regular, ¢ ¢ AU B, and
(3,I) the star with center ¢ and leaves AU B. Furthermore, let K = {u € L | a(u) =
B(u)}. For v € {a, B}, let W, denote the union of all languages u~y(u) L " for u € L.
One first shows that K is finite iff W, N Wpg is the closure of some regular language iff
[L- (Bc)*]\ (W, N Wpg) is the closure of some regular language. Following [24, 26], one can
construct nfas A and B with ¥* \ [L*(A)] = W, NWp and L*(B) = L - (Bc)*. It follows that
K is finite iff ((3,1),, A) € RatP,(StarA, -) iff ((3,1),A, A, B) € RatP,(StarA, A). Since,
by [21], the finiteness of K is X9-hard, the claim follows.

In the second step, one proves RatP, (StarA, ¢) < RatP, ((T',I),¢) for any non-transitive
independence alphabet (T, I).

So let a,b,c € T be three letters with (a,c), (b,¢) € I and (a,b) € D. And let (X,I) be
a star with center ¢ and leaves ai,...,a,. Then define the homomorphism f: ¥* — I'* by
f(c) = cand f(a;) = ba® for all i € [n]. Then, for any u,v € X*, one obtains u ~ v <=
f(u) ~ f(v). From this, it follows that [K] = [L1] N [L2] <= [f(K)] = [f(L1)]N[f(L2)] as

17:7
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well as [K] = %\ [L1] < [f(K)] = [f(Z)]\ [f(L1)] for any languages K, L1, Ly C ¥*.
For the reduction, one also needs that [L1] N [Ls] is the closure of some regular language K
iff this holds for [f(L1)] N [f(L2)] (and similarly for ¥* \ [L1] and T'* \ [f(L1)]). While the
implication “=” is straightforward considering f(K), the converse is more involved since, e.g.,
there can be a regular language K’ C I'* with [K'] = [f(L1)] N [f(L2)] and K' N f(X*) = 0.
Considering the pre-image of K’ under f yields the empty set whose closure need not be
the intersection [L;] N [Ls]. To prove the implication “<”, one first constructs a partial
rational function r: I'* — I'* on T that “computes” for every word U € [f(¥X*)] a “witness”
Ve f(X*) with U ~ V, ie., satisfies U ~ r(U) € f(X*) whenever r(U) is defined which is
the case for any U € [f(X*)]. Then the closure of the regular language f~!(r(K’)) equals
[L1] N [Lo] and X* \ [L4], respectively. As a result, one obtains that also the rationality
problems RatP, ((T, I),A) and RatP,((T', ), —) are X9-hard.
In summary, we get the following dichotomy that covers arbitrary sets of independence
alphabets and Boolean functions. The lower bound holds due to Lemma 2.4(2,3) and the
above arguments.

For the regularity problem, the lower bounds can be shown using the arguments for [21,
Thm. 3.1] (that build on [28] and the above version of Post’s correspondence problem); the
upper bounds follow similarly to those of the rationality problem as well as from [2, 28].

» Theorem 3.4. Let A C IndA and ® C BF be decidable sets.
(1) If A C TransA or ® C MAX, then the rationality problem RatP, (A, ®) is decidable.
(2) Otherwise, the rationality problem RatP, (A, ®) is $3-complete.

(1) If A C TransA or ® C CONST, then the regularity problem RegP (A, ®) is decidable.
(2') Otherwise, the regularity problem RegP, (A, ®) is X3-complete.

4 Transitive independence alphabets

From now on, we only consider the w-versions of the decision problems.

By [21, Thm. 4.5], the “universality problem” EmptP,,(TransA, —) and the “disjointness
problem” EmptP(TransA, A) both are decidable for transitive independence alphabets.
Furthermore, the regularity problem RegP,(TransA,Id) is in 39 [21, Thm. 4.6]. In this
section, we improve on this latter result by demonstrating its decidability. This proof is
based on our first new result, namely that any Boolean combination of closures of regular
languages is the closure of a regular language (assuming the independence alphabet to be
transitive). From these two results, we finally infer that all problems GenP ,(TransA, BF)
are decidable.

But before we can do so, we first recall and extend the main tool of the two decidability
proofs, namely types (called “characteristics” in [21]) and type automata. To this aim, let
(T, I) € TransA be the disjoint union of the complete independence alphabets (T, I},) for
k € [m], let ¢ be an n-ary Boolean function, and let A; = (Q;,T, S;, T3, F;) for i € [n] be
Biichi-automata over I'. Words from ¢, I't° \ {€} are called mono-alphabetic since they
use letters from only one of the subalphabets T'y.

For a finite mono-alphabetic word u € If with & € [m], define the type tp, (u) =
( R;, RF 1€[n],k) setting, for i€n], Ri={(pq €Q?| W ~u:p i>Ai q} and RI' =
{(p,q) €Q?| I/ ~u:p :>A q} [21]. Note that, differently from classical transition profiles
(ctf. [6]), we collect all pairs of states that are connected by a path whose label is some word from
[u] that might be different from u. Here, we also define the type of an infinite mono-alphabetic
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word a € T%: it is tp,, (@) = ((As)iefn), k) with 4; = {p € Q; | Fo' ~ a: o/ € L*(AV™)} for
all ¢ € [n]. Then A; is the set of states of the Biichi-automaton A; that allow to accept some
word from [a].

Since the alphabet (T'x, Ix) is complete, one can decide for any tuple ((Ri, Rf)ie[n],k)
whether it is the type of some word over I'y [2]. This decidability can be extended to infinite
words, i.e., also for a tuple ((4;);e[n); k), one can decide whether it is the type of some
w-word over I'y, again using the completeness of (I'x, I). Note that there are only finitely
many types. Hence the set of all types of mono-alphabetic words is an alphabet that can be
computed. From the set of all types and the tuple of Biichi-automata, one can construct type
automata AP and AP over the set of all types with the following central properties:

Suppose ug,us, -+ € I'" are mono-alphabetic words. Then the infinite type sequence

tp, (u1) tp, (uz) -+ is accepted by the Biichi-automaton AM™ iff uquy - -+ € [L¥(A;)]

and none of the factors w;u;+1 is mono-alphabetic (cf. [21, Lemma 4.3]).

Suppose uy,...,us € I'T and 8 € '™ are mono-alphabetic words. Then the finite type se-

quence tp (u1) tpy (u2) - - - tp, (ur) tp,,(B) is accepted by the nfa AP iff ujug - - - ueff €

[L¥(A;)] and none of the factors w;u;+1 nor uy 8 is mono-alphabetic.

Using classical constructions from automata theory, one can construct an nfa B™°"° and
a Biichi automaton B™"% over the set of all types accepting (L*(AR°m), ..., L*(ARon0))”?
and (L@ (AP L@ (AP respectively.

Consider some transition in the Biichi-automaton B™"  Its label is the type ¢, of some
finite mono-alphabetic word over I'y. Since the subalphabet (I'y, ;) is complete, one can
construct an nfa C;, such that the closure [LT(C;, )] of its language is the set of all finite
words of type t4 [2]. In the nfa B™°"° some of the transitions are labeled by the type t,, of
some infinite mono-alphabetic word over I'y. Again using the completeness of (I'y, I1), one
can also construct a Biichi-automaton C;, such that the closure [L“(Cy, )] of its language is
the set of all w-words of type .

mono Bmulti

Now, in the type automata and , replace every t-labeled transition with
the nfa C;, . Furthermore, in the nfa B™°%°, replace every t,-labeled transition from p to
some accepting state with the Biichi-automaton B; . Let B denote the disjoint union of the
resulting two Biichi-automata. One then shows that the closure of the language of B is the

given Boolean combination of the closures of the languages of A;. In summary, this proves

» Theorem 4.1. From a transitive independence alphabet (T, I), an n-ary Boolean function p,
and Biichi-automata A; over I' for i € [n], one can construct a Biichi-automaton B with

[L2(B)] = ([L (AL, -, [L(An)])” -
Hence, the problems RatP ,(TransA, BF) and EmptP ,(TransA, BF) are decidable.

Next, we consider the regularity problem RegP  (TransA,Id). So let, as before, (', I) be
the disjoint union of the complete independence alphabets (T, Ii) for k € [m] and let A be
some Biichi-automaton over I'. We will use types and type automata as defined above, this
time for a single automaton, i.e., n =1 and A; = A.

Two mono-alphabetic words u and v are type-equivalent (denoted u =4 v) if they have
the same type. Then the relation =4 is an equivalence relation on Uke[m] I'° that only
relates words from I') or from I'¢ for some k € [m]; such equivalence relations shall be
called multi-equivalences. A language L C I is saturated by the multi-equivalence = iff
replacing maximal mono-alphabetic factors in words from L by equivalent ones results in a
word from L. More precisely, iff the following hold.

17:9
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Let uqug - - - € L such that all factors u;, but none of the factors u;u;41 is mono-alphabetic.

Furthermore, let u; = v; for all 4 > 1. Then vivy--- € L.

Let ujus ---ugf € L such that all factors u; and S, but none of the factors u;u;41 and

upf is mono-alphabetic. Furthermore, let u; = v; and 8 = . Then vivy - - - vpy € L.

Recall that, in the definitions of the type of x € I'}°, we considered all words equivalent
with 2. Therefore, the type-equivalence =4 saturates the closure [L*(A)] of the language
of A. Furthermore, the equivalence classes of =4 are closures of regular languages. But, in
general, these closures need not be regular. The central insight on the regularity of [L*(.A)]
is the following.

» Proposition 4.2. Let A be a Biichi-automaton. Then [L*(A)] is regular if, and only if,
[L¥(A)] is saturated by some multi-equivalence = 2O =4 such that all equivalence classes of
= are regular.

Let = D =4 be a multi-equivalence and C' some equivalence class of =. Since = is a
multi-equivalence, C' is a language over some complete independence alphabet (I'x, ;). Since
= extends =4, C is a union of equivalence classes of = 4. Note that =4 has only finitely
many equivalence classes and recall that any such equivalence class is the closure of some
regular language. Hence C' is the closure of the union of finitely many regular languages.
If C is a set of finite words, then its regularity can be decided by [2], and also in case C
is a set of infinite words, this is possible. It remains to decide whether = saturates the
closure of L¥(A). To this aim, we define the block closure blkcl(L) of a language L C T
as the minimal language containing L which is saturated by =. Since the equivalence
classes of =4 are closed languages, the same holds for the equivalence classes of =. Hence
blkel([L]) = blkel(L) = [blkel(L)]. Since the equivalence classes of = are regular, one can
construct a Biichi-automaton B that accepts blkcl(L*(A)). Hence [L¥(A)] is saturated by =,
i.e., blkcl([L¥(A)]) C [L¥(A)] if, and only if, [L¥(B)] C [L¥(A)] — which is decidable using
Theorem 4.1.

Hence, for any multi-equivalence = extending the type equivalence =4, one can decide
whether it witnesses the regularity of [L¥(A)] in the sense of Prop. 4.2. Since there are only
finitely many such equivalence relations and since this finite set can be computed, we obtain
that the regularity of [L“(A)] is decidable. Now Theorem 4.1 implies the decidability of
RegP ,(TransA, BF): to handle an arbitrary function ¢, first compute a single automaton B
as in Theorem 4.1 and then check the regularity of the closure [L¥(B)] of its language.

Hence we obtain the following extension of Theorem 3.4(2’) and therefore of Sakarovich’s
result [28] from finite words to w-words.

» Theorem 4.3. The regularity problem RegP ,(TransA, BF) is decidable.

5 Diagonal independence alphabets

In this section, we consider the w-versions of the emptiness, the rationality, and the regularity
problem for diagonal independence alphabets. For the emptiness problem, we will distinguish
the case of monotone and non-monotone Boolean functions since the problem becomes
decidable in the former case and undecidable in the latter. For the other two problems, the
monotonicity of the Boolean function does not play any role.

Emptiness for monotone Boolean functions

The aim of this section is to show that the emptiness problem EmptP  (DiagA, monBF)
for diagonal independence alphabets and monotone Boolean functions is decidable. Since
EmptP, (DiagA, BF) is undecidable (cf. Theorem 3.2(2)), the crucial point in the decidability
proof of EmptP  (DiagA, monBF) is the monotonicity of the Boolean functions considered.
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A first simple observation is that it suffices to consider connected diagonal independence
alphabets; we denote the set of all such independence alphabets with ConDiagA. These
independence alphabets can be considered as order trees, i.e., a structure (I', %) where < is a
partial order on the finite set I' with largest element such that, for all a,b,c € T, ¢ < a,b
implies a = b or b < a. An independence alphabet (T, I) is connected and diagonal if, and
only if, there exists an order tree (T', <) with (a,b) € I <= a<borb=<a,ie, ] =>U<
[29, 30].

In the following, we will always assume that (T', <) is an order tree with I = > U <.

ForaeT,let la={beT |b=<a}and Ja={beT |b=<a} be the sets of elements of T
(properly) below a; Ja C T is the set of letters comparable with a, i.e., a together with all
letters b € T with (a,b) € I.

We next define relations that are central to our arguments, these definitions are adaptations
of similar notions from [1] to Biichi-automata. Let A = (A4;);en be a tuple of nfas
Ai = (Qi, T, 11, T3, ), D = (Pi)iein) and § = (g;)ie[n) tuples of states from Hie[n] Q;, and
a € T. Then R(P,q, a) denotes the set of tuples of words that lead from p; to ¢; visiting some
accepting state and use only letters independent from or equal to a:

R(@,q,a) = {(u1,...,uy) ‘ u; € Ja*, p; =4, q; for all i € [n]}

Collecting all tuples of w-words over Ja accepted by A; from p;, we get the analogous relation
RY(D,a) = {(oa,...,an) | a; € Ja® N LY (A7) for all i € [n]} .

We will be interested in the restrictions of these relations to tuples of words whose
projections to {la and Ja are mutually equivalent:

Ry(p,G,a) = {(ui)ie[n] € R(p,q,a) ‘ projua(ul) ~ projua(ui) for all 7 € [n}}
RY(p,a) = {(a:)iepn) € R¥(D, a) | proj ,(a1) ~ proj,, (o) for all i € [n]}
Ri‘f(ﬁ, a) = {(ai)ie[n] € R¥(p,a) | projw(oq) ~ projw(ai) for all 7 € [n]}

Suppose a is the root of (I', %) such that proj,(a) = a for all @ € I'*. Furthermore,
suppose ©(Z1,...,Ty) = min{zy,...,z,}, and let p; be the (only) initial state of A; for all
i € [n]. Then ([L*(A1)],. .., [L°(A4n)])” equals R{(p, a), so we have to decide the emptiness
of this relation. If it was rational, this would easily be possible. Unfortunately, this is not
the case in general. For finite words, Aalbersberg and Hoogeboom approximate the relation
Ry (P, G, a) by its Parikh image. In order to also handle w-words, we generalize this by the
notion of a “language version” that is introduced next.

For an alphabet X (e.g., & = I' x [n]), the Parikh mapping ¥: £ — (NU{occ})® is defined
by U(a) = (Ja|q)aex for all @ € 3°°. We extend the Parikh mapping to tuples of words:
the mapping W,,: (I°)" — (N U {oo})"*I" is defined by W, (z1,...,2n)(ai) = |Tila, i-€.,
U, (z1,...,2,)(a,?) is the number of occurrences of the letter a in the word number i. The
language L C (T" x [n])* is a language version of the relation R C (I'*°)" if ¥,,(R) = U(L).

The following crucial result will allow us to decide the problem EmptP  (DiagA, monBF).

» Lemma 5.1. One can construct a Bichi-automaton B that accepts a language version of
the relation R = {(a;)iepn) | i € L(A;) and oq ~ o for all i € [n]}.

Proof idea. In addition to the above relations Ry (p,q, a) etc., we will also make use of the
following relation that collects all tuples of w-words that agree in their number of occurrences
of a:

Eqt = {(ai)ie[n] € (T)": |at|a = |a|q for all i € [n}}

17:11
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Note that this relation does not depend on the automaton 5. By induction on the size of |a,
one shows RY (P, a) = R{(p,a) N Eqg and that the relation R (p,a) can be constructed from
the relations Ry (q,7,a) and Rf (g, b) for b < a using union, concatenation, and w-iteration.

From [1], one gets regular language versions of the relations Ry (p,q, a). Note that the
union of language versions of two relations is a language version of the union (similarly
for concatenation and iteration). While this does not hold for all intersections of relations,
we can nevertheless construct a language version for the intersection with the very special
relation Eq? and its language version of all w-words over I X [n] whose projection to {a} x [n]
belongs to ((a,1)(a,2)...(a, n))oo To handle this intersection, the idea is to consider the
complete independence relation on T' X [n] and then to refer to Theorem 4.1. |

Since the emptiness of the regular language version of R is decidable, one can infer
the main decidability result for diagonal independence alphabets; it is an extension of
Lemma 3.1(3) (which follows easily from [1]) to Biichi-automata.

» Theorem 5.2. The emptiness problem EmptP ,(DiagA, monBF) is decidable.

Emptiness for general Boolean functions

Next, we study non-monotone Boolean functions . The I1-hardness of EmptP, (DiagA, ¢)
(Theorem 3.2(2)) transfers to EmptP (DiagA, ¢). To show containment in I19, one generalizes
the proof of [21, Cor. 5.5] that yields the result for the Boolean function ¢(x1,z2) = 1 A ~xa.

The crucial insight is that, with H = ([L*(A})],...,[L(A4,)])” and the independence
alphabet diagonal, H = () or H contains some ultimately periodic w-word uv* (this is not
necessarily the case if the independence alphabet is not diagonal).

Since it is decidable whether an ultimately periodic word is in [L“(A4;)] [21, Obs. 5.1], we
can just search for a witness for non-emptiness. It follows that the non-emptiness problem is
semi-decidable.

» Corollary 5.3. The emptiness problem EmptP (DiagA, BF) is in I19.

Rationality and regularity problem

By Theorem 3.4, the problems RatP, ((T', I), —) and RegP, ((T', I), ) are ¥9-hard for any non-
transitive independence alphabet (I', I'), these lower bounds transfer to the w-versions of these
problems. We can also prove matching upper bounds for the set of all diagonal independence
alphabets and all Boolean functions. These proofs rely on the emptiness problem and are
almost identical to the corresponding proof for finite words, cf. Lemma 3.3(2).

» Theorem 5.4. The rationality problem RatP,(DiagA,BF) and the regularity problem
RegP,, (DiagA, BF) are in 9.

6 General independence alphabets

The problems EmptP,,((T',I),¢) for ¢ € {A,~} and RegP,_((T',I),1d) are Ii-hard for
any non-diagonal independence alphabet (I, I) [21, Thm. 6.4]. In view of Lemma 2.4, it
follows that EmptP (A, ®) (and RegP,, (A, ®)) is I}-hard if A ¢ DiagA and ® ¢ MAX
(® ¢ CONST, resp.)

Here, we indicate why also the rationality problem RatP, (A, ®) is ITj-hard in case A
contains some non-diagonal independence alphabet and ® some non-max function. We only
sketch the arguments for the IT1i-hardness of the rationality problem RatP,((%,1),A) (and
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later for the rationality problem RatP ,((X,I),—)) for one particular independence alphabet:
Op = {incg, decy, zeroy, | k € [2]} is the set of the “counter operations” increment, decrement,
and zero-test for the counters 1 and 2, ¥ = OpU{b, ¢,d}, and Op x {b,d} C I, Op x{c} C D,
(b,c),(c,d) € I, and (b,d) € D (note that the independence alphabet (X, I) is not diagonal
since, e.g., incy, b, ¢, d induce a Cy).

The proof modifies the proofs from [21] (that heavily rely on ideas from [1]); hence we
recall relevant parts from [21] and indicate the additions that are relevant for the rationality
problem.

One starts with non-deterministic two-counter machines with Biichi-acceptance, i.e.,
Biichi-automata over the alphabet of counter operations Op. To define the executable or
valid words, let & = agay --- € Op” with a; € Op for all i > 0. For n > 0 and k € [2],
let valuey(a,n) = |apa1 - - @n-1linc, — |@0@1 * - @n—1|dec, denote the value of the counter k
after executing the first n operations of . The w-word « is walid if, for all n > 0 and

k € [2], valueg(a,n) = 0 whenever a,, = zero; and valueg(a,n) > 0 whenever a,, = decy.

Let Val C Op® denote the set of all valid w-words.

Based on [17], one then obtains that the set of Biichi-automata M over Op with L« (M) N
Val = () is IT}-complete [21, Thm. 6.1]. To reduce this problem to the rationality problem
RatP,((X%,I),A), let M be some Biichi-automaton over Op. We first let H = L¥(M) LW

{b, ¢, d}>° denote the regular set of words over ¥ whose projection to Op is accepted by M.

One then defines two regular w-languages K and L over ¥ (that do not depend on M)
as follows: Ky = Opd (ch)t, K =bKy,

Lo = incy (be®c®)TdUincy (b )T d
Udecy (bbc®)T dUdecy (bbbc®) T d
Uzeroy (bc®bc)* be® d U zerog (be®be®be®)* {be®be b’} d,

and L = L§. Note that, in any word from Kj, the number of occurrences of ¢ and of b
coincide. Differently, in words from Lg, these numbers differ depending on the letter from
Op the word starts with. In [21], it is demonstrated that the projection of the language
[K]N[L] to Op U {c} consists of all w-words ag ™ aj ¢™2 --- (with a; € Op) such that

Mig1 = 2va1ue1(a0a1~~ai) . 3valuez(a0a1~~ai) . 5i

as well as 2 fm;1 and 3 fm;y;1 in case a; = zero; and a; = zeros, respectively. In other
words, the length of the block ¢™i+! encodes the counter values after executing aga; - - - a;
(and verifies that they are 0 if a; requires this). Dropping also the occurrences of the letter ¢
from this projection, we therefore obtain precisely the valid words: Val = projo,([K] N [L])
[21, Prop. 6.2].

Note that we always have m; < m;41 since we did not only encode the counter values
(as exponents of 2 and 3, resp.), but also the step counter as exponent of 5. If follows that
none of the words from projop, .y ([K] N [L]) is ultimately periodic implying that [K] N [L]
contains no ultimately periodic word [21, Prop. 6.2].

We can now relate the emptiness of L¥(M) N Val to the existence of a regular language
whose closure is the intersection of the closures of H N K and L.

» Lemma 6.1. The following are equivalent: (i) L“(M)NVal = 0. (ii) [HNK]N[L] = 0.
(iii) [M] = [H N K] N [L] for some regular language M.

Note that, differently from [21], statement (iii) does not require [H N K] N [L] to be
regular, but only to be the closure of some regular language.
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Proof. Since the language H is closed, we have [H N K] N [L] = H N[K] N [L] and therefore
projo, ([H N K] N [L]) = L¥(M) N Val which proves the equivalence of (i) and (ii) (this was
already shown in [21]).

The implication (ii)=-(iii) is trivial, just set M = 0.

The final implication (iii)=-(ii) is shown by contradiction. So suppose (iii) holds, but
[HNK]NI[L] # (0. In other words, there is a non-empty regular language M C I'¥ with
[HNK])N[L] = [M]. Since M is regular, there are nonempty words u,v € I'" with uv” € M.
But then wv* € M C [M] = [HNK]|N[L] C [K]N[L] which contradicts the above observation
that this latter set does not contain any ultimately periodic word. |

Finally note that, from the Biichi-automaton M, one can construct Biichi-automata
accepting HNK and L, resp. Hence the equivalence of (i) and (iii) above provides a reduction
of the I} -complete question “L*(M)NVal = )?” to the rationality problem RatP_((3, ), A).

We next sketch the hardness proof for the Boolean function — in place of A. Here,
one constructs (from M) a Biichi-automaton A such that ¢ \ [L¥(A)] = [H N K] N [L].
This construction reduces the IT}-complete question “L“(M) N Val = §?” to the rationality
problem RatP,((3, 1), ).

Using some coding tricks, one can reduce these two problems RatP, ((X, 1), ) for ¢ €
{A, =} to the problems RatP_((T', I), ) provided (T, I) contains some Cj.

The above arguments hold true as well if, in the independence alphabet (X, ), we set
Op x {d} C D (instead of Op x {d} C I). It follows that these problems are also II}-hard
for any Pj-free independence alphabet. Finally, referring to Lemma 2.4, one obtains the
following lower bounds. The upper bounds are rather straightforward consequences of the
definition of these problems.

» Theorem 6.2.

(1) For all GenP € {EmptP, RatP, RegP}, the problem GenP_(IndA, BF) is in II3.
The problem EmptP ,(IndA, monBF) is in I13.

(2) Let A CIndA with A € DiagA and ® C BF be decidable sets.
If ® € MAX, then RatP (A, ®) and EmptP (A, ®) are 11} -hard.
If ® ¢ CONST, then RegP (A, ®) is I -hard.

7 Summary and open problems

A discussion of the results of this paper (cf. Table 1) can be found at the end of the introduction.
In particular, we solved two of the open problems from [21]: the regularity problem for
transitive independence alphabets and the emptiness problem for diagonal independence
alphabets and monotone Boolean functions are decidable and not just semi-decidable.

Let (I'1, ;) and (T'2, I3) be two non-diagonal independence alphabets and ¢1, p2 be two
monotone, but non-max functions. Then the emptiness problems EmptP_,((T'1, I1), ¢1) and
EmptP ((T'2, I2), p2) both are ITi-complete and therefore inter-reducible. If ¢; and o are
non-monotone, containment in I} is not known. We do not even know whether the two
problems are inter-reducible or whether these problems define different (possibly many)
degrees of unsolvability.
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