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Abstract
We investigate the extent to which Linear Temporal Logic (LTL) formulas can be uniquely character-
ized by a finite set of labeled examples. We consider different types of examples, ranging from finite
words to transfinite words, as well as schematic examples. In the finite-word setting, we provide a
complete classification of basis-restricted LTL fragments that admit such unique characterizations.
Next, we show that allowing transfinite words as examples enables finite unique characterizations
for large monotone fragments of LTL. Finally, we introduce schematic examples, i.e., patterns that
compactly represent a family of finite words, and we show that these enable unique characterization
results in the finite setting that were not possible with ordinary finite examples alone. Overall,
the work provides a foundational account of the descriptive power of different example types for
example-driven specification, debugging, and learning of temporal properties.
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1 Introduction

Linear Temporal Logic (LTL) [26] is widely used in formal verification, as a language for
specifying requirements on the intended behavior of systems. In practice, writing LTL
formulas is an error-prone process. Tools often rely on examples, i.e., concrete words
(traces) that either satisfy or violate the specification, because they are easy to inspect
and communicate. Examples arise naturally in automata-theoretic model checking: when a
finite-state system violates an LTL property, one can extract a finite or an ultimately periodic
counterexample [31]. Considerable work studies how to produce useful counterexamples,
including short counterexamples [28]. Examples are also used as an interface for understanding
and debugging temporal specifications [1]. Complementarily, there is a growing literature on
learning temporal specifications from labeled examples [25, 6], and on interactive workflows
that refine a specification by querying the user with candidate behaviors [15].

In this paper, we study a foundational question that underlies the above work: how much
information about an LTL-formula can be conveyed by a finite set of labeled examples? More
specifically, when does there exist a finite set of labeled examples that uniquely identifies a
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19:2 Characterizing LTL Formulas by Examples

formula (up to semantic equivalence)? We adopt a learner-independent notion of identifi-
ability: a set of labeled examples uniquely characterizes a target formula within a formula
class if no other formula in the class fits it. This is the classical notion of a teaching set from
computational learning theory [17]. We study the existence of such uniquely characterizing
sets of examples, for different types of examples, including finite words, ω-words, transfinite
words, and schematic examples. These different types of examples turn out to differ in their
descriptive power when it comes to distinguishing LTL formulas.

▶ Example 1.1. The LTL-formula Fp is distinguished from
∨
i≤n Xip by the example ∅n+2{p}.

The same formula cannot, however, be distinguished from all formulas of the form
∨
i≤n Xip

using only finitely many labeled examples, if the examples are finite words, or even ω-words.
On the other hand, the transfinite word ∅ω{p}, of length ω + 1, satisfies Fp while falsifying∨
i≤n Xip for all n. Similarly, the schematic example ∅∗{p} is a positive example for Fp, in

the sense that all instances of the schema are words satisfying Fp, and it is not a positive
example in the same sense for

∨
i≤n Xip for any n.

We start from the finite-words setting. Building on prior work [13], we show that, in this
setting, unique characterizability is the exception rather than the rule: for most fragments of
LTL, over finite words, no finite set of positive/negative examples can uniquely characterize
a formula up to equivalence. Moving from finite words to ω-words improves the picture, but
the improvement is limited. A key shift comes when we go beyond ω-words and consider
transfinite words as examples. Transfinite ordinal-indexed words allow us to separate formulas
in a more robust way, yielding stronger positive results and, in particular, existence of finite
uniquely characterizing sets for meaningful fragments of LTL. Finally, we use these transfinite
examples as a stepping stone towards new results in the finite setting: we introduce schematic
examples, i.e., finite patterns that stand for a family of concrete examples. We show how the
additional power available in the transfinite setting can be compiled into such patterns. This
yields unique characterization results that are unattainable with concrete finite examples
alone, while still keeping the examples close to the finite descriptions familiar to practitioners.

More concretely, our main contributions are:
1. In the finite-word setting, we provide a complete classification of fragments LTLO with

O ⊆ {U, F, F̂, X,∧,∨,¬,⊤,⊥}, with respect to whether the fragment in question admits
finite unique characterizations when interpreted over finite words. There are six maximal
such fragments that do admit finite unique characterizations, but they are rather limited
in expressive power. In particular, as was observed already in [13], even LTLF,∧ already
does not admit finite characterizations, and neither does LTLX,∨.

2. Moving on to ω-words, we show that, although LTLX,∧,∨,⊤,⊥ admits finite characterizations
consisting of ω-words, other fragments such as LTLF,∧ and LTLG,∨ still do not.

3. We show that LTLF̂,∧,∨,⊤,⊥ admits finite characterizations consisting of (finitely present-
able) transfinite words. A similar result holds for the dual fragment LTLĜ,∧,∨,⊤,⊥.

4. Returning to the finite-word setting, we introduce the concept of schematic examples and
we show that LTLF̂,∧,∨,⊤,⊥ admits finite characterizations by schematic examples.

Due to space constraints, most proofs are deferred to the full version [30]. A python
library and an interactive demonstration of the concepts and algorithms developed in this
paper can be found at https://ltl-workbench.onrender.com/.

Related work

The problem of inferring temporal specifications from examples has attracted considerable
attention in recent years. SAT-based and decision-tree-based approaches have been proposed
for learning LTL formulas from positive and negative examples, aiming to find a small formula

https://ltl-workbench.onrender.com/


B. ten Cate, D. Fisman, R. Ohayon, and P. Sestic 19:3

consistent with the given sample [25]. This task is often described as separating positive from
negative examples; in our terminology, this means finding a formula that fits the sample.
Learning LTL over finite traces (LTLf) is considered in [27]. An approach combining passive
learning with syntactic constraints on the space of inferred formulas is pursued in [34]. A
different direction studies whether neural networks can learn semantic aspects of temporal
logic, such as producing satisfying traces for LTL formulas [18].

Our work is related to passive learning from examples, but asks a different question.
Passive learning asks whether, given a sample, there exists a formula in a given class that fits
it, often seeking a small such formula. In contrast, we study when a given LTL formula can
be uniquely characterized by a finite set of labeled examples, relative to a class of formulas.
Thus, our focus is not on synthesizing one consistent explanation, but on understanding
which fragments admit finite samples that rule out all inequivalent alternatives.

A more foundational line of work studies the computational complexity of passive learning.
It is shown that passive learning of LTL formulas is NP-complete for almost all standard
fragments [23], and this is extended to LTL, CTL, and ATL, where the problem remains
NP-complete with unbounded binary operators, while bounded-binary fragments exhibit
more fine-grained differences [4]. These works identify fundamental algorithmic limits of
example-based specification: given a sample, decide whether some formula in the class fits it.
In contrast, our focus is semantic: given a fragment, we determine whether every formula
admits a finite sample that uniquely identifies it up to equivalence.

A related perspective is that of machine teaching. Adaptive teaching of parametric
LTL (pLTL) formulas to learners with preferences is studied in [33].1 This line of work is
algorithmic and learner-dependent: examples are chosen with respect to a given learner model
and preference structure. In contrast, our notion of characterizability is learner-independent:
a characterizing set must identify the target formula semantically among all formulas in
the class, independently of any learning algorithm or preference relation. Thus, our results
isolate structural limits of example-based teaching for LTL.

Another related thread aims to explain LTL formulas using words or abstractions thereof.
For example, [21] presents visualizations of an LTL formula’s behavior in a form close to the
“timeline sketches” used by practitioners; see also [32]. While such work focuses on making a
given formula more understandable, our goal is to understand when examples themselves
determine the formula.

In the knowledge representation literature, motivated by exact learnability questions in
active-learning settings with membership queries, the question has been studied whether a
description logic concept is uniquely characterized by a finite set of positive and negative
examples [29, 14]. This study was further extended to temporalized description logic concepts
in [13, 19]. In this context, [13] also studied unique characterizations for fragments of LTL
over finite words. We will build on some of the results from [13].

LTL over transfinite words was proposed as a means to represent systems with Zeno-
like behaviors and multi-phase executions in [8, 9], where it was shown that the usual
automata-theoretic techniques for LTL can be extended suitably to transfinite words, yielding
satisfiability and model-checking procedures with similar complexity as over ω-words.

1 In pLTL, the F and G operators are associated with a parameter bounding their number of time steps.
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19:4 Characterizing LTL Formulas by Examples

2 Preliminaries

Transfinite words

We briefly recall standard notions on ordinals needed in the sequel. An ordinal is a well-
ordered set, where every non-empty subset admits a least element, and ordinals are identified
up to order isomorphism. Every ordinal is either 0, a successor ordinal of the form β + 1, or
a limit ordinal. Ordinal arithmetic (addition, multiplication, and exponentiation) is defined
inductively and is, in general, non-commutative. In particular, for any ordinals α < β there
exists a unique ordinal γ such that β = α+ γ, and for any α and β > 0 there exist unique
ordinals γ and δ < β such that α = β · γ + δ. We refer to standard texts (e.g., Jech (1997))
for further details. We will only be concerned with countable ordinals, i.e., ordinals α such
that {β | β < α} is a countable set.

▶ Definition 2.1 (α-words). Fix a finite set of atomic propositions AP. If α is a countable
ordinal, then an α-word is a function w : α → P(AP).

We think of an α-word w as a (possibly transfinite) sequence of valuations w[0]w[1]w[2] . . .,
indexed by the ordinals below α, where w[β] is the valuation at position β. If α > ω, the
sequence extends beyond the finite positions. We refer to α-words as ordinal words. If α ≥ ω,
we also refer to them as transfinite words.

We also write |w| to denote the ordinal α. For β < |w|, we write w[β..] to denote
the suffix of w starting at position β. Formally, w[β..] is the (|w| − β)-word w′ such that
w′[γ] = w[β + γ].

For a countable ordinal α we denote by W≤α the set of all β-words w with β ≤ α.
Similarly, we denote by W<α and W=α the set of all ordinal words of length less than α,
respectively, of length exactly α. We will also write Wfin for W<ω and Wall for the set of all
countable ordinal words.

Although α-words do not necessarily follow a repeating pattern, we will be particularly
interested in α-words that do, since, despite their possibly infinite length, they can be
represented by finite expressions. We introduce the following word-expression language for
their representation.

▶ Definition 2.2 (Word-expressions). A word-expression over AP is any expression generated
inductively by the following rules:

Each σ ⊆ AP constitutes a 1-word-expression. It denotes the 1-word wσ where wσ[0] = σ.
If A is an α-word-expression and B is a β-word-expression, then A · B is an (α + β)-
word-expression. It denotes the (α+ β)-word wA·B defined by

wA·B [γ] =

wA[γ] if γ ∈ α

wB [γ − α], otherwise.

We sometimes omit the concatenation symbol · when no ambiguity arises.
If A is an α-word-expression, then (A)ω is an (α · ω)-word-expression. It denotes the
(α · ω)-word w(A)ω defined, for all γ < α · ω, by w(A)ω [γ] = wA[γ mod α].

We say that an α-word is finitely presentable (or, regular) if there is an α-word expression
that denotes it.

▶ Example 2.3. The word-expression {q}ω · {p} · {q}ω denotes a transfinite word of length
ω + ω that can be depicted as follows: {q} −→ {q} −→ . . . {p} −→ {q} −→ {q} −→ . . ..
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Table 1 Semantics of LTL over ordinal words.

w |= ⊤ w |= Xφ iff |w| > 1 and w[1..] |= φ

w |= p iff p ∈ w[0] w |= Fφ iff ∃α < |w| s.t. w[α..] |= φ

w |= ¬φ iff w ̸|= φ w |= φ Uψ iff ∃γ with 0 ≤ γ < |w| s.t. w[γ..] |= ψ and
w |= φ ∧ ψ iff w |= φ and w |= ψ ∀β with 0 ≤ β < γ, w[β..] |= φ

We note that, although the definitions above apply to arbitrary countable ordinals, all
transfinite words considered in this paper have length below ω2. In particular, they contain
only finitely many infinite stretches.

Linear Temporal Logic

Let AP be a set of atomic propositions. An LTL[AP] formula is any expression generated by
the following grammar:

φ ::= ⊤ | p | ¬φ | φ1 ∧ φ2 | Xφ | Fφ | φ1 Uφ2

We can define some other logical connectives and temporal operators as abbreviations:

⊥ := ¬⊤ φ1 ∨ φ2 := ¬(¬φ1 ∧ ¬φ2)
ψ1 → ψ2 := ¬ψ1 ∨ ψ2

F̂ψ := XFψ
Gψ := ¬F¬ψ

We will also use Xnφ as shorthand for X · · · Xφ with n occurrences of X, and similarly for F̂
n
φ.

We will be interested in syntactic fragments of LTL. For O ⊆ {U, F, F̂, X,∧,∨,¬,⊤,⊥},
let LTLO denote the fragment of LTL consisting of formulas built from atomic propositions
using only the connectives in O. We write LTLO[AP] for the restriction of LTLO to formulas
over the set of propositions AP.

The semantics of LTL, over arbitrary ordinal words w, is given in Table 1.
We will denote by JφK the set of all ordinal words w such that w |= φ. We will also write

JφKfin for JφK ∩ Wfin, and, for all ordinals α, JφK≤α, JφK<α and JφK=α are defined similarly.
Note that, whether two LTL-formulas are equivalent depends on the class of words over
which they are interpreted. This is illustrated by the following examples.

▶ Example 2.4. JFXpK≤ω = JXFpK≤ω but JFXpK ̸= JXFpK, as witnessed by the ω + ω-length
word in Example 2.3, which satisfies XFp and not FXp.

▶ Example 2.5. Recall Gφ is shorthand for ¬F¬φ. JGXpKfin = J⊥Kfin but JGXpK=ω ̸= J⊥K=ω.

On the other hand, for the fragment LTLF̂,∧,∨,⊤,⊥, there is no difference between finite
words and arbitrary ordinal words when it comes to equivalence:

▶ Theorem 2.6. Let φ,ψ be LTLF̂,∧,∨,⊤,⊥-formulas. Then JφK = JψK iff JφKfin = JψKfin. The
same holds for LTLX,∧,¬.

For LTL over transfinite words, one can restrict attention to finitely presentable words:

▶ Theorem 2.7. Let φ,ψ be LTL-formulas. If the set JφK \ JψK is non-empty, it contains a
finitely presentable word.

MFCS 2026



19:6 Characterizing LTL Formulas by Examples

3 Characterizing Formulas by Examples

By a labeled example we will mean a pair (w, lab) where w is an ordinal word and lab ∈ {+,−}.
An LTL-formula φ fits a labeled example (w, lab) if either w |= φ and lab = +, or w ̸|= φ

and lab = −. A set of labeled examples E uniquely characterizes an LTL-formula φ relative
to LTLO[AP] (for some set of operators O and some set of atomic propositions AP) if (i) φ
fits every labeled example in E, and (ii) for every LTLO[AP]-formula ψ that fits all labeled
examples in E, we have that JψK = JφK. Uniquely characterizing sets of examples are also
known as teaching sets in the literature. We say that LTLO[AP] admits finite characterizations
if every φ ∈ LTLO[AP] is uniquely characterized, relative to LTLO[AP], by a finite set of labeled
examples.

▶ Example 3.1. Consider the formula φ = p ∧ Xp. This formula fits the following labeled
examples: ({p}{p},+), (∅{p},−), and ({p}∅,−). Moreover, φ is uniquely characterized,
relative to LTLX,∧[{p, q}], by these labeled examples. On the other hand, φ is not uniquely
characterized by these examples relative to LTLX,∧,∨[{p, q}], since the formula ψ = φ ∨ q also
fits and JφK ̸= JψK.

Observe that positive results are preserved under restricting the class of formulas, whereas
negative results are preserved under enlarging it. Thus, every positive result for LTLO[AP]
also holds for LTLO′ [AP′] whenever O′ ⊆ O and |AP′| ≤ |AP|. Conversely, every negative result
for LTLO[AP] also holds for LTLO′ [AP′] whenever O ⊆ O′ and |AP| ≤ |AP′|.

These notions can be further refined by restricting attention to words of certain lengths
(e.g., finite words, or words of length at most ω). We say that LTLO[AP] admits finite
characterizations over W if for every φ ∈ LTLO[AP] there is a finite set of labeled examples E
consisting of words in W, such that (i) φ fits every labeled example in E, and (ii) for every
LTLO[AP]-formula ψ that fits all labeled examples in E, we have that JψK ∩ W = JφK ∩ W.

If an LTL-formula φ admits a uniquely characterizing set of labeled examples E with
respect to a fragment, it means that every consistent learner for the given fragment is
guaranteed to output φ (or an equivalent formula) by including the examples in E in the
input. A weaker, learner-dependent notion of characteristic samples will be discussed in
Section 8.

4 Results for LTL over finite words

Fortin et al. [13] previously studied the existence of finite unique characterizations for
fragments of LTL over finite words. In particular, they showed that LTLX,F̂,∧,⊤[AP] admits
finite characterizations over Wfin. On the other hand, they showed that LTLF,∧[{p, q}] and
LTLU,X[{p}] do not admit finite characterizations over Wfin. 2 They also consider subfragments
consisting of path-shaped formulas, in which conjunctions of temporal statements (such as
Fp∧ Fq) are disallowed. For instance, they showed that even the path-shaped subfragment of
LTLF,∧[{p, q}] does not admit finite characterizations.

▶ Example 4.1 ([13]). LTLF,∧[{p, q}] does not admit finite characterizations over Wfin, and
this holds already even just for path-shaped formulas. Specifically, the formula F(p ∧ q)
cannot be distinguished from all formulas of the form F(p ∧ F(q ∧ F(p ∧ F(q ∧ · · · )))) using
only finitely many examples, where examples are finite words.

2 A stronger positive result is stated in [13] pertaining to LTLF̂,X,∧,⊤,⊥[AP], but the proof is flawed and
applies only to the fragment without ⊥. Also, note that [13] uses a different variant of the Until operator.
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In [13], the authors subsequently perform an in-depth investigation into the existence of
finite characterizations for various path-shaped subfragments of LTL{F,F̂,X,∧,⊤,⊥}[AP]. We will
not consider such path-shaped fragments here, since they are quite restrictive, and we refer
the reader to [13] for details.

The aforementioned results raise the question whether there may be other natural
syntactic fragments of LTL that admit finite characterizations over Wfin. The following
theorem provides an exhaustive answer to this question, for fragments obtained by restricting
the set of allowed Boolean and temporal connectives. The proof is by an exhaustive case
analysis.

▶ Theorem 4.2. Let AP be any finite set of atomic propositions with |AP| ≥ 2, and let O ⊆
{U, F, F̂, X,∧,∨,¬,⊤,⊥} containing at least one temporal operator. Then LTLO[AP] admits
finite characterizations over Wfin if and only if O is a subset of one of the following sets:

1. {F̂, X,∧,⊤}
2. {F,∨,⊤,⊥}

3. {F,¬,⊤,⊥}
4. {F, F̂, X,⊤}

5. {X,¬}
6. {F̂,¬}

A few observations are worth making, based on the above theorem. First of all, any
fragment of LTL containing the U operator fails to admit finite characterizations. Secondly,
fragments of LTL that include all Boolean connectives (and at least one temporal operator)
do not admit finite characterizations. In fact, in order to admit finite characterizations, a
fragment of LTL must omit conjunction or disjunction. However, omitting conjunction or
disjunction is not enough: LTLF,∧ does not admit finite characterizations over Wfin (as we
already discussed) and the same holds for LTLF̂,∨ and LTLX,∨.

▶ Example 4.3. LTLX,∨[{p}] does not admit finite characterizations over Wfin. Indeed, the
formula p cannot be distinguished from all formulas of the form p ∨ Xnp (n > 0) using only
finitely many labeled examples, where the examples are finite words. A similar argument
applies to LTLF̂,∨[{p}].

As we will see in the next sections, omitting negation as a Boolean connective can be
enough to obtain finite characterizability once we go beyond finite words.

5 Results for LTL over ω-words

We start by giving an example showing that infinite words can help when it comes to
characterizing LTL-formulas.

▶ Example 5.1. We saw in Example 4.1 that F(p ∧ q) is not finitely characterizable in
LTLF,∧[{p, q}] over Wfin. This formula is finitely characterizable in LTLF,∧,∨,⊤,⊥[{p, q}]
(over Wall) by finitely presentable ω-words, namely by the positive example ∅ {p, q} ∅ω (or
simply ∅ {p, q}) and the negative example ({p} {q})ω. On the other hand, the formula
F(p∧q∧F(r∧F(p∧q))) is not finitely characterizable by ω-words (cf. the proof of Theorem 5.3
below).

This may suggest that, by allowing ω-words, we can circumvent the negative results from
the previous section. This is partly true. For example, we have:

▶ Theorem 5.2. Let AP be any finite set of atomic propositions. LTLX,∧,∨,⊤,⊥[AP] admits
finite characterizations over W≤ω and over W=ω. In fact, every LTLX,∧,∨,⊤,⊥[AP]-formula is
uniquely characterized with respect to LTLX,∧,∨,⊤,⊥[AP] (over Wall) by a finite set of finitely
presentable labeled examples of ordinal length at most ω.

MFCS 2026



19:8 Characterizing LTL Formulas by Examples

The proof uses a monotonicity argument to show that, with finitely many labeled examples,
we can force any fitting formula to depend only on a finite fixed-length prefix.

Unfortunately, other fragments of LTL still do not admit finite characterizations, even
when ω-words are allowed. In particular,

▶ Theorem 5.3. LTLF,∧[{p, q, r}] does not admit finite characterizations over W≤ω or W=ω.

Since Fφ is definable as φ ∨ F̂φ, the same holds for LTLF̂,∧,∨[{p, q, r}]. We will refrain
from providing a complete classification in the style of Theorem 4.2. Instead, we will next
move on to the setting where examples can be transfinite words – a setting where, as we will
see, more positive results hold.

6 Results for LTL over transfinite words

Our main result, in this section, is:

▶ Theorem 6.1. Let AP be any finite set of atomic propositions. Then LTLF̂,∧,∨,⊤,⊥[AP]
admits finite characterizations (over Wall). In fact, every formula in this fragment is uniquely
characterized by a finite set of finitely presentable labeled examples of length less than ω2.

Note that, since Fφ is definable as φ∨ F̂φ, the result extends immediately to LTLF,F̂,∧,∨,⊤,⊥.

▶ Example 6.2. Consider again the formula F(p ∧ q ∧ F(r ∧ F(p ∧ q))). We saw earlier that
this formula cannot be uniquely characterized w.r.t. LTLF,∧[{p, q, r}] over W≤ω by finitely
many labeled examples (of length at most ω). The above theorem tells us that the same
formula can be uniquely characterized using transfinite examples. Indeed, it is uniquely
characterized by S =

(
E+ × {+}, E− × {−}

)
, where

E+ = {{p, q}{r}{p, q}, {p, q}{p, q, r}, {p, q, r},

∅{p, q}{r}{p, q}, ∅{p, q}{p, q, r}, ∅{p, q, r}},

E− = {{p, q}ω · ({p, r}{q, r})ω,

({p, r}{q, r})ω · {p, q}ω · ({p, r}{q, r})ω,

({q, r}{p, r})ω · {p, q}ω · ({p, r}{q, r})ω}.

The examples above illustrate why words of length below ω2 suffice. Intuitively, each
level of nesting of the F operator requires at most one additional ω-segment in the negative
examples. Since every formula has finite nesting depth, finitely many ω-segments always
suffice.

Theorem 6.1 is optimal, as finite characterizations are lost when negation is added to the
fragment.

▶ Theorem 6.3. LTLX,∧,¬[{p}], LTLF,∧,¬[{p}] and LTLF̂,∧,¬[{p}] do not admit finite characteri-
zations over Wall.

Moreover, extending the fragment LTLF,F̂,∧,∨,⊤,⊥ with the X operator also destroys finite
characterizability.

▶ Theorem 6.4. LTLF,X,∧,∨[AP] does not admit finite characterizations over Wall.

In the remainder of this section, we describe the proof of Theorem 6.1. It relies on
viewing formulas through their minimal witnesses and how these witnesses propagate across
words. To formalize this idea, we introduce a notion of structural embedding between words,
captured by an order-preserving, label-monotone homomorphism.
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▶ Definition 6.5 (Homomorphism). A homomorphism from an α-word w to a β-word w′ is
a function h : α → β such that:
1. h(0) = 0;
2. ∀i < α, w[i] ⊆ w′[h(i)]; and
3. ∀i < j < α, h(i) < h(j);

When such a homomorphism exists, we write w ≤hom w′. If condition (1) is dropped, we say
that h is a weak homomorphism and write w ≤hom+ w′. For a set of words E, we denote by
E↑ the upward closure of E, i.e., {w | ∃ e ∈ E : e ≤hom w}.

A central property of the fragment is that satisfaction is preserved under such embeddings.
Intuitively, enlarging labels and stretching positions cannot destroy the truth of formulas
built from F, F̂, and Boolean connectives.

▶ Lemma 6.6 (Monotonicity w.r.t. ≤hom). For every φ ∈ LTLF̂,∧,∨,⊤,⊥[AP] and ordinal words
w,w′, if w |= φ and w ≤hom w′, then w′ |= φ.

Monotonicity suggests that formulas can be characterized by their minimal satisfying
words. We now show that each formula admits a finite set of such minimal witnesses, from
which all satisfying words can be obtained via homomorphic extension.

▶ Lemma 6.7 (Canonical set). For every φ ∈ LTLF̂,∧,∨,⊤,⊥[AP], there exists a finite set
E+
φ ⊆ (2AP)<ω such that JφK = {w | ∃e ∈ E+

φ , e ≤hom w}. We call E+
φ the canonical set of φ.

The proof of the above lemma is based on an inductive construction. The interesting
case is for conjunctions, where E+

φ∧ψ must consist of homomorphically minimal examples
satisfying both φ and ψ. Such a set can be constructed by taking, for each pair of words
w1 ∈ E+

φ and w2 ∈ E+
ψ , all possible interleaving of w1 and w2.

While the canonical set captures all positive behavior of a formula, it does not by itself
yield a characterization: one must also ensure that words not satisfying the formula are
excluded. To this end, we construct a finite family of maximal negative examples that block
all possible embeddings of positive witnesses.

▶ Lemma 6.8 (Existence of maximal negative examples). For every φ ∈ LTLF̂,∧,∨,⊤,⊥[AP],
there exists a finite set E−

φ ⊆ (2AP)<ω2 such that

∀w ∈ (2AP)≤ω (
w ̸|= φ ⇒ ∃f ∈ E−

φ : w ≤hom f
)
, and ∀f ∈ E−

φ , f ̸|= φ.

We call E−
φ a set of maximal negative examples for φ.

Lemma 6.8 is proved by dualizing the canonical set E+
φ . More precisely, we build a finite

set of words that systematically block all possible homomorphic embeddings of examples in
E+
φ . A key point is that blocking an embedding requires accounting for all possible positions

at which the letters of a positive witness may be matched. For instance, preventing an
embedding of e = {p}{q}{p} requires considering all cases in which {q} is matched after an
arbitrary finite prefix following {p}, and then ensuring that {p} does not appear thereafter.
Since the length of the prefix is unbounded, the construction must range over all finite
lengths, and then enforce an additional infinite constraint. This can be done by a procedure
that yields words of length up to ω2.

Combining the canonical positive examples with the maximal negative examples yields a
finite labeled sample that uniquely characterizes the formula, thereby proving Theorem 6.1.

By a further dualization argument we also obtain an analogous result for LTLĜ,∧,∨,⊤,⊥:
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▶ Corollary 6.9. Let AP be any finite set of proposition letters. LTLĜ,∧,∨,⊤,⊥[AP] admits finite
characterizations.

▶ Remark 6.10. We can bound the size of the finite characterizations produced by our
constructions. Let m := |φ| denote the size of the syntax tree of φ, and let h := |AP|. The
construction of Lemmas 6.7 and 6.8 yields a finite characterization S = (E+

φ ×{+}, E−
φ ×{−})

such that |E+
φ | ≤ 2O(m) and |E−

φ | ≤ 2O(m 2m). Furthermore, each word is given by a word
expression of size at most O(mh2m+h). Thus, the overall size of the characterization is
doubly exponential in |φ|. Proof details appear in the appendix. These bounds should be
compared with the lower-bound results of Fortin et al. [13], who showed that LTL∧,F̂ does
not admit polynomial characterizations over finite words.

7 Back to the Finite: Schematic Examples

We turn to define schematic examples, a concise way to represent (possibly) infinitely many
finite examples. Consider a set of atomic propositions AP. We use B(AP) to denote the
Boolean expressions over AP. Note that a Boolean expression b ∈ B(AP) defines a set of
letters over Σ = 2AP, the alphabet on which models of LTL are defined.

A schematic example is specified by a union-free regular expression r over the alphabet
B(AP) of star-height at most 1 (that is, there are no nested occurrences of the Kleene star).We
say that φ fits (r,+) if L(r) ⊆ JφK, and that φ fits (r,−) if L(r) ∩ JφK = ∅. A schematic
example can be viewed as an underspecified representation of a trace. This underspecification
arises at two levels. First, each letter is a Boolean formula over the atomic propositions and
therefore represents a set of possible valuations rather than a single, fully specified state.
Second, Kleene star leaves the number of repetitions of a finite pattern unspecified, thereby
abstracting from the exact duration of a phase or the number of times it occurs. We exclude
union and restrict the star height to one, ensuring that every repeated subexpression is itself
a fixed finite pattern containing no further unbounded repetition. Consequently, a schematic
example can be read as a linear succession of finitely described phases, some of variable
duration.

▶ Example 7.1. Fix AP = {p, q}. The LTL-formula F(p ∧ q) is uniquely characterized w.r.t.
LTL[{p, q}] over Wfin by the set of labeled schematic examples

E = {(true∗ · (p ∧ q) · true∗),+), ((¬p ∨ ¬q)∗,−)} where true = p ∨ ¬p.

Building on the results about transfinite examples in the previous section, we can show:

▶ Theorem 7.2. LTLF̂,∧,∨,⊤,⊥[AP] admits finite characterizations over Wfin by schematic
examples.

Proof sketch. The construction proceeds by reducing finite characterizations consisting of
regular (i.e., finitely presented) transfinite words to characterizations consisting of schematic
examples.

We already showed that every formula φ in the fragment admits a finite characterization
by a sample S consisting of positively labeled finite words and negatively labeled regular
transfinite words. We transform this sample into a schematic sample S′ := Schematic(S) by
replacing each word w with its schematic representation r(w).

The key observation is that, for this fragment, satisfaction is preserved under replacing
ω-iterations by finite repetitions. Thus each schematic expression r(w) faithfully captures
the behavior of the original word w with respect to φ. Consequently, S′ fits φ, and moreover,
any formula that fits S′ must also fit S, and hence is equivalent to φ.
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Finally, by construction, every schematic expression in S′ is obtained by replacing
ω-powers with Kleene-star, and therefore has star-height 1. ◀

▶ Example 7.3 (Schematic examples). Recall the formula φ = F
(
p∧ q ∧ F(r ∧ F(p∧ q))

)
from

Example 6.2. We now give the corresponding schematic examples.
The positive examples can be grouped into two schematic examples:

R+ = {true∗ · (p∧q∧r), true∗ · (p∧q) · r · (p∧q)}.

The negative examples can be grouped into the single schematic example

R− = {(¬(p∧q))∗ · (¬r)∗ · (¬(p∧q))∗}.

Using B(AP) as the basis of regular expressions is common in practice; in particular, such
expressions are part of the IEEE standards for temporal logics PSL [10, 11] and SVA [7].
Furthermore, using the fusion operator of PSL, that concatenates two regular expressions
with one letter overlap, the two positive schematic examples above can be merged into the
single expression true∗ ◦ (p∧q) ◦ true∗ ◦ (r) ◦ true∗ ◦ (p∧q).

It is well known that, for every LTL formula φ, JφKfin and J¬φKfin are regular languages.
A classic result in [24] states that every regular language is a union of finitely many languages
definable by union-free regular expressions. The union-free regular expressions in question
may, however, have unbounded star height. Hence, this observation alone does not yield
finite unique characterizations consisting of schematic examples.

The results in this section are restricted to LTL interpreted over finite words. For instance,
Fp and F(p∧ ¬F̂p) are non-equivalent in general, but cannot be distinguished by finite words,
and therefore also not by schematic examples. In this sense, our results that use transfinite
examples still offer benefits beyond those of schematic examples. Even over Wfin, we believe
that the full language of LTL does not admit finite characterizations by schematic examples,
but this remains to be proved.

8 Another notion of “good” examples: characteristic samples

The main focus of this paper is on the existence of unique characterizations for fragments of
LTL. In this section, we briefly compare this notion with another notion of a “good” set of
examples, namely characteristic samples. Let a concept class be a triple C = (C,X , J · K),
where C is a set (the concepts), X is a set (the examples) and where, for each c ∈ C, JcK ⊆ X .

▶ Definition 8.1 (Learner and teacher). Fix a concept class C = (C,X , J · K).
A learner for C is a function L : ℘finite(X × {0, 1}) → Ψ with the property that L(S) fits
S, assuming S fits at least one element of C.3
A teacher for C is a function T : Ψ → ℘finite(X × {0, 1}) such that T(ψ) fits ψ.

Note that learners and teachers need not be computable.

▶ Definition 8.2 (Characteristic Samples).
A sample S is a characteristic sample for ψ and a learner L if S fits ψ and for every
sample S′ ⊇ S that fits ψ we have JL(S′)K = JψK. The intuition is that additional
information consistent with ψ beyond S will not cause the learner to change its mind
about the correct concept.

3 If S fits no element of C then there is no requirement on L(S).
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A concept class C has characteristic samples for a learner L if there exists a teacher T
such that for every ψ in C, T(ψ) is a characteristic sample for ψ and L. A concept class
C has characteristic samples if it has characteristic samples for some learner.

The following is a known property of characteristic samples.

▶ Lemma 8.3. Let C = (Ψ,X , J · K) be a concept class. Assume C has characteristic samples
with respect to learner L and teacher T. Let ψ,ψ′ ∈ Ψ. If JψK ̸= Jψ′K then there exists
(x, b) ∈ T(ψ) ∪ T(ψ′) such that x ∈ JψK ⊕ Jψ′K where ⊕ denotes the symmetric difference.

Proof. Assume this is not the case. Let S be a sample subsuming T(ψ) ∪ T(ψ′). Let
ψ′′ = L(S). Since S fits ψ and subsumes T(ψ), by the definition of characteristic samples,
ψ′′ should satisfy Jψ′′K = JψK. The same reasoning entails that Jψ′′K = Jψ′K, contradicting
JψK ̸= Jψ′K. ◀

The notion of unique characterization is stronger than that of characteristic samples, as
formally stated in the following theorem.

▶ Theorem 8.4. If a concept class C admits a unique characterization, then it has characteris-
tic samples.

It follows that all fragments for which we have seen positive results regarding unique
characterizations also have characteristic samples. The converse is not true, since as the
following theorem shows the concept class consisting of all LTL formulas has characteristic
samples, while we have provided several negative results regarding unique characterization
for fragments of LTL.

▶ Theorem 8.5. Let AP be any finite set of atomic propositions. LTL[AP] admits characteristic
samples over Wfin.

The theorem can be proved using Gold’s enumeration technique [16].
This stands in sharp contrast with the results in Section 4, which showed that finite

unique characterizations over Wfin rarely exist.
In a sense, as evident from the respective definitions and proofs, unique characterization

can be viewed as a strengthening of the notion of characteristic samples, requiring the
property to hold with respect to any learner rather than a particular one.

Another aspect in which the two notions can be compared is the size of the example
set. We measure the size of a set as the sum of the lengths of the examples it contains.
Gold’s method, used in the proof of Theorem 8.5, yields characteristic samples of exponential
cardinality (that is, the number of examples is exponential, regardless of their size). The
result of Barzdin and Freivalds [3] shows that characteristic samples of polynomial cardinality
are possible. This result, however, also does not take into account the size of the examples.

Regarding the size of the examples themselves, we can obtain a doubly exponential upper
bound by translating the formula into an automaton and taking a characteristic sample for
it. An LTL formula of size n can be translated into a Büchi automaton Bψ of size 2O(n).
The language L of a Büchi automaton can be represented as the following language of finite
words (L)$ = {u$v | u(v)ω ∈ L} since two ω-regular languages are equivalent iff they agree
on the set of ultimately periodic. Calbrix et al. [5] showed that (L)$ is a regular language of
finite words. Kuperberg et al. [20] showed that a non-deterministic Büchi automaton with n
states can be converted to a DFA with at most 2n + 3n2 . Thus, given an LTL formula ψ of
size n, we can obtain a DFA for (L(Bψ))$ whose size is doubly exponential in n. Since a
characteristic sample for a DFA has size polynomial in the number of its states, the overall
doubly exponential upper bound follows. We complement this by a matching lower bound.

▶ Proposition 8.6. There exists a family of languages {Ln}n∈N that can be represented by
LTL formulas of size linear in n whereas the DFA for (Ln)$ requires at least 22n states.
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This opens the question whether working with some other representation for ω-regular
languages may yield a smaller size automaton. We note that the answer is negative for any
deterministic ω-automaton (resp. family of DFAs used to represent ω-regular languages [22,
2, 12]), since the same proof as above goes through (resp. for the leading automaton).

Thus, the doubly-exponential bound matches the complexity of obtaining a characteristic
sample for LTL via a corresponding deterministic automaton. It remains possible, however,
that more efficient constructions of characteristic samples for LTL formulas exist that do not
proceed through such automata representations.

9 Conclusion

We studied when LTL-formulas can be uniquely characterized by finite sets of labeled
examples. We gave a complete classification, over finite words, of the operator fragments
that admit such finite unique characterizations, showing that this property is quite limited
in this setting. We then showed that moving to richer example domains changes the picture
substantially: while ω-words already help for some fragments, transfinite words enable finite
unique characterizations for large monotone fragments of LTL. Finally, returning to the finite
setting, we introduced schematic examples as compact representations of families of finite
words, enabling unique characterization results for large monotone fragments of LTL.

Together, these results provide a systematic account of how the descriptive power of
examples for LTL-formulas depends on the type of examples that is allowed. They also
suggest that schematic examples are a promising middle ground between concrete traces
and more abstract symbolic descriptions: they remain close to the kinds of finite behaviors
practitioners use, while being quite expressive in terms of describing the behavior of an
LTL-formula.

Several directions remain open. On the technical side, it would be natural to extend
the present analysis to larger fragments involving both F and G. Furthermore, restricting
the set of allowed operators is a natural first step, but one could also systematically study
other kinds of syntactic fragments (such as obtained by forbidding specific operator nesting
patterns, as is done in some of the results in [13]). On the conceptual side, it would be
interesting to revisit related notions such as characteristic samples, active learning, as well
as interfaces for debugging or explanation, through the lens of richer example formats, and
to better understand when compact, human-interpretable examples can serve as faithful
descriptions of temporal specifications.
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