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—— Abstract

For a fixed regular language L, the enumeration of L-infizes is the following task: we are given an

input word w = a1 - - - a, and we must enumerate the infixes of w that belong to L, i.e., the pairs
i < j such that a;---a; € L. We are interested in dynamic enumeration of L-infizes, where we
must additionally support letter substitution updates on w (e.g., “replace the i-th letter of w by a
letter a”). Each update changes the set of infixes to enumerate, and resets the enumeration state.

We study for which regular languages L we can perform dynamic enumeration of L-infixes in
constant delay (i.e., the next infix is always produced in constant time) and constant additional
memory throughout the enumeration, while supporting each update in constant time.

We show that, for languages L with a neutral letter, if the language L belongs to the class ZG
and is extensible (i.e., if u € L and u is a factor of v then v € L), then dynamic enumeration of
L-infixes can be achieved with a simple algorithm that ensures constant-time updates and constant
delay, but not constant additional memory. Our main contribution is then to show an algorithm
that additionally uses only constant additional memory, and applies to a more general class of
semi-extensible ZG languages for which we give several equivalent characterizations. We further
discuss whether our results can be generalized to larger language classes and show some (conditional)
lower bounds.
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1 Introduction

Given a regular language L and a word w = a; - - - a,, the L-infizes of w are the pairs [, j]
of w such that the factor a;---a; belongs to L. We study in this paper how to compute
all L-infixes of w in the framework of enumeration algorithms: we distinguish between the
preprocessing time required to read the input and compute the first result, the delay between
any two successive results, and the additional memory used throughout the enumeration
(i.e., the memory which is written during the enumeration phase). We always assume in
this paper that the regular language L is fixed: we measure complexity only as a function
of the length n of the input word, and do not study how the complexity depends on L. In
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this setting, the best possible efficiency guarantees for an enumeration algorithm is to ensure
that it is linear preprocessing and constant delay [15, 16], i.e., its preprocessing time is linear
in n and that its delay is independent from n.

Enumeration algorithms have been studied in many settings [25] and in particular in
database theory [22], where they have been used to efficiently enumerate query answers.
In particular, as L-infixes can be expressed in MSO, it follows from [7] that there are
efficient enumeration algorithms to compute L-infixes for any regular language L. Other
enumeration algorithms have been designed in several special cases, in particular for document
spanners [12, 3], a formalism for declarative information extraction [11]: these algorithms
can in particular be used to enumerate L-infixes while also ensuring that the complexity
remains reasonable as a function of the size of an automaton representing L.

However, one drawback of these enumeration algorithms is that their linear-time prepro-
cessing phase must be re-run from scratch whenever the word is modified. This has motivated
the investigation of enumeration algorithms on dynamic data, which aim at enumerating
solutions while supporting efficient updates to the input word. In this setting, whenever the
input word is modified, the enumeration of the infixes is restarted from scratch. Dynamic
enumeration was first studied for MSO queries over trees [18], supporting polylogarithmic
delay and update time. Finer bounds on the evaluation of MSO over words were then shown
in [19]: for any fixed MSO query, given a word w of length n, one can compute in O(n) a data
structure allowing constant delay enumeration of the query results with constant auxiliary
memory, and supporting O(log n) update time (allowed updates are relabeling, insertions, and
deletions). This implies that the same bounds hold for the dynamic enumeration of L-infixes
for any fixed regular language L. Dynamic enumeration was later studied in the context of
document spanners, with support for SLP-represented documents and with complex editing
operations [21]; and also for the specific task of pattern matching, with algorithms that
achieve efficiency also in the language L describing the searched pattern [1, 6].

While linear preprocessing, constant delay, and constant auxiliary memory are hard to
beat, it is not clear whether the logarithmic update time is the best possible. It turns out
that for some regular languages, the answer is essentially yes: there are regular languages L
admitting an unconditional Q(logn/loglogn) lower bound in the cell probe model for the
dynamic membership task of maintaining whether a word belongs to L under letter substitution
updates ([23], using results from [13]; see also [5]). This can be easily transformed into a
similar lower bound for the dynamic enumeration of L-infixes for some regular languages L.
However, there are also regular languages L for which the dynamic enumeration problem
can be solved more efficiently, i.e. with linear preprocessing time, constant delay, constant
update time, and constant auxiliary memory. Our goal in this paper is to identify the regular
languages for which dynamic enumeration for L-infixes enjoys this favorable complexity
regime (with letter substitution updates).

Contributions. We introduce a natural property on regular languages, called being extensible:
L is extensible if whenever u € L then sut € L for all words s and ¢. Extensible regular
languages are an interesting class of languages to study for L-infix enumeration, because
extensibility ensures that any infix that extends an L-infix is itself an L-infix. It further
turns out that, for extensible languages L, the dynamic enumeration problem for L-infixes
is at least as hard as the dynamic membership problem for L. Hence, focusing on regular
languages with a so-called neutral letter (i.e., a letter having no influence on membership
to the language, which is a common simplifying assumption [17, 8]), the good candidates
for tractable dynamic enumeration of L-infixes are the languages from the class ZG studied
in [5]: these are (conditionally) the only languages with neutral letters for which dynamic
membership is feasible in constant time per update.
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Our first contribution is to show that, in the presence of a neutral letter and assuming
extensibility, the tractability of ZG languages L for dynamic membership extends to dynamic
enumeration of L-infixes. Specifically (Proposition 4.2): for any fixed extensible language L
featuring a neutral letter, we can devise an algorithm for the dynamic enumeration problem
for L-infixes that achieves linear preprocessing, constant delay enumeration, and constant-
time updates. The algorithm is rather simple and proceeds using an oracle for dynamic
membership to L as a black-box, together with an even-odd trick [24]. However, this algorithm
forgoes the constant additional memory requirement.

Our main contribution is thus to propose a dynamic enumeration algorithm that also
uses only constant additional memory. We do so for extensible ZG languages, and in fact
for a slight extension that we introduce in the present paper, called semi-extensible ZG
languages. Intuitively, such languages relax the requirement of extensibility by enforcing it
only on words that contain a sufficiently large number of occurrences of some non-neutral
letter. So we show (Theorem 6.1): for any fixed semi-extensible ZG language L, we can
devise an algorithm for dynamic enumeration of L-infixes that achieves linear preprocessing,
constant delay enumeration, constant-time updates, and constant additional memory.

The key data structure involved in the proof of Theorem 6.1 is rather simple: it consists
in maintaining for each letter an unordered list of all its occurrences in the word, called
occurrence lists. This can be done using well-known data structures, see for instance the
dynamic membership algorithms for ZG languages in [5]). The enumeration algorithm based
on these occurrences lists is however rather technical. It performs two kinds of background
traversal processes (which are amortized over the rest of the algorithm) and memorization of
a carefully designed constant amount of left information and right information in relation to
a pointer that sweeps over the word.

We finally show that semi-extensible ZG languages are not the only languages admitting
tractable dynamic enumeration by showing other cases with ad-hoc algorithms: e.g., the
non-semi-extensible ZG language L = (aa)*a, or L = b*a and L = aX*a (which are non-
extensible languages outside of ZG). We show however that there are (non-semi-extensible)
7ZG languages L that do not admit dynamic enumeration of L-infixes with constant-time
updates and constant delay enumeration, subject to the prefiz-U; complexity hypothesis
of [5]. All of this justifies that the constant-time tractability boundary for dynamic infix
enumeration is in fact incomparable with the class ZG.

Paper structure. We give preliminaries and formally introduce the task of dynamic infix
enumeration in Section 2. We briefly review the results of [5] in Section 3. We present our
simple algorithm for extensible ZG languages (Proposition 4.2) in Section 4. We then define
the class of semi-extensible ZG languages in Section 5. We give our constant additional
memory algorithm for semi-extensible ZG languages (Theorem 6.1) in Section 6. We discuss
other tractable cases and lower bounds in Section 7, and conclude in Section 8. Most detailed
proofs are omitted due to space constraints and can be found in the full version [4].

2 Preliminaries and Problem Statement

We fix a finite alphabet . We write £* for the set of words over X, write |w| for the length
of a word w € ¥*, and write € for the empty word. For a € ¥ and w € ¥*, we write |w|, for
the number of occurrences of a in w. We say that u € X* is a factor of v € ¥* if there exist
s,t € X* such that v = sut. A language L over an alphabet ¥ is a subset of ¥X*. A letter
e € X is neutral for a language L if, for any two words s,t € ¥*, we have st € L iff set € L.
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Infixes. Writing a word w € ¥* as w = a1 - - - ay,, a position of w is a value ¢ with 1 < i < n.
We write w[i] to mean the i-th letter a; of w. An infiz of w is a 2-tuple [i, j] of positions
of w, with 1 <7 < j < mn: its left endpoint is i, its right endpoint is j, and it realizes the word
wli, j] = a; ---a; which is a factor of w. Note that infixes always realize nonempty factors
by definition, and that several infixes may realize the same factor. For L C ¥* a language,
an L-infix of w is an infix realizing a word of L.

Dynamic enumeration problem. Given a language L, the problem of dynamic enumeration
for L-infizes takes as input a word w and must build a data structure on w that will
support efficient enumeration of all L-infixes of w and be efficiently maintainable under letter
substitution updates on w. We will assume that L is fixed, so that complexity will only be
measured as a function of the length of w (which is never changed by updates).
Formally, we consider data structures which must support two operations:
Letter substitution updates on the current word w: the update is specified by a position
1 <i < |w| and a letter a € ¥, and it modifies w by replacing its i-th character by a.
Enumeration queries: the query asks us to output all L-infixes of the current word exactly
once. We do not specify in which order the L-infixes are returned.

» Example 2.1. Consider the language L = a* and the initial word w = aaa. An enumeration
query produces the six infixes [1,1], [1,2], [1,3], [2,2], [2,3] and [3, 3] (in some order). An
update operation (2,b) changes w to aba. If we now perform again an enumeration query, we
receive the two infixes [1, 1] and [3,3]. We can then perform two successive update operations
(1,b) and (3,b), changing the word to w = bbb. If we now perform an enumeration query, we
receive no results.

The goal of this paper is to design data structures for the dynamic enumeration problem
for L-infixes which efficiently support letter substitution updates and enumeration queries.
Our focus is on achieving constant-time updates, and constant delay and constant memory
enumeration, where constant means independent from the length of the word w. We also
require linear preprocessing and linear memory. Formally, we mean that there is an integer
B € N, depending only on L, such that, for any word w:

Constant-time updates. Each update is processed in at most B computation steps.
Constant delay enumeration. While processing an enumeration query, after at most B
computation steps, we produce the next L-infix (or conclude that none are left).
Constant memory enumeration. During the processing of an enumeration query, the total
additional number of memory cells used is bounded by B. (The state of the memory
before we started the enumeration query can still be used but in a read-only fashion.)
Linear preprocessing and linear memory. The running time to build the data structure on
the initial word is bounded by B|w| steps, and the total number of memory cells used by
the data structure is always bounded by B|w| (i.e., it never exceeds this during the lifetime
of the structure, no matter how many updates or enumeration queries are performed).

We use the unit-cost RAM model [14], with cell size logarithmic in the word length n := |w|
(which never changes). For instance, an integer in range {1,...,n} fits in one memory cell.

Note that the constant memory enumeration constraint implies that we can freely interrupt
the enumeration process when an update arrives. Indeed, it ensures that the data structure
used to support the updates is not modified during the enumeration phase, so that an
incoming update can be applied at any time. However, after each update, the enumeration
status is reset: enumeration queries always restart from scratch after an update, which is
sensible because the set of L-infixes to enumerate may have changed.



A. Amarilli, S. Dziadek, and L. Segoufin

In this paper we study the problem of dynamic enumeration of L-infixes for regular
languages L. We show language families for which we can construct data structures achieving
the requirements above, and languages for which this is not possible (sometimes conditionally).

3 Dynamic Membership and ZG Languages

The dynamic enumeration problem for L-infixes is related to the task of maintaining mem-
bership to L under updates, which is called dynamic membership and is studied in [23, 5]. In
this section, we review the definition of the dynamic membership problem and some results
from [23, 5], focusing on a class of regular languages called ZG. We recall the definition
of the syntactic monoid of a language and define ZG languages as those languages whose
syntactic monoid falls in a specific class of monoids, also called ZG. We then state the result
from [23, 5] that ZG languages enjoy constant-time dynamic membership, and that this
result is tight for languages having a neutral letter, conditionally to a complexity hypothesis.

Dynamic membership. Consider a language L. The dynamic membership problem is similar
to the dynamic enumeration problem mentioned in the previous section, and asks us to design
a data structure that can handle the same letter substitution updates. However, enumeration
queries are replaced by a membership query that asks whether the current word is in L.

It was shown in [5] that, for a certain class QLZG of regular languages, there is a data
structure with linear preprocessing and linear memory that can solve dynamic membership
in constant time, i.e., both letter substitution updates and membership queries are supported
in constant time. This is analogous to our goal for dynamic enumeration of L-infixes.

Further, it is shown in [5] that QLZG is the largest class of regular languages having this
property, conditionally to a computational assumption called prefiz-U; that we will review
in Section 7. The definition of the class QLZG is somewhat technical, so we will review
a simpler subclass of QLZG from [5], called ZG, that is sufficient for our needs. The two
classes coincide for languages with a neutral letter, which are the main focus of this paper.

ZG languages and ZG monoids. The syntactic monoid M of a regular language L is the
monoid obtained by quotienting the words of ¥* by the syntactic equivalence relation ~,
defined as follows: we have u ~r, v for u,v € ¥* whenever we have sut € L iff svt € L for
each s,t € ¥*. As the syntactic equivalence relation ~p, is a congruence (i.e., when u ~p v
and u' ~p v’ then uu’ ~p vv’), then the concatenation of words gives a composition law
on the equivalence classes of ¥* under ~. In particular, any neutral letter is syntactically
equivalent to the empty word e, which corresponds to the neutral element of M. It is
well-known that the syntactic monoid of a regular language is always finite, and that any
finite monoid M has an idempotent power, denoted w, such that x* = z%“z% for all x € M.

The class of monoids ZG consists of all finite monoids M satisfying the equation yz*“*! =
2 Fly for every x,y € M. The class of languages ZG then consists of those languages whose
syntactic monoid is in ZG. Intuitively, ZG languages are those languages where frequent
letters are central, i.e., they commute with all other elements.

» Example 3.1. Examples of ZG languages are L1 = (aa)*, Ly = ab, L3 = {w € {a,b}* |
|w|e > 3 and |w|y, mod 3 =0}, Ly = (a +b)*c(a+b)*d(a+ b)*, and Ly = L3 N Ly.

Tractability for ZG languages. Let us summarize in the following proposition what is
known from [5] about dynamic membership with constant time per update:

24:5
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» Proposition 3.2 (Follows from Theorem 1.1 in [5]). Let L be a regular language. If L
1s in ZG, then the dynamic membership problem to L can be solved in constant time with
linear preprocessing and linear memory. Conversely, assuming the prefix-Uy hypothesis (see
Section 7), and assuming that L features a neutral letter, if the dynamic membership problem
to L can be solved in constant time, then L is in ZG.

4 Extensible Languages and Simple Infix Enumeration Algorithm

In this section, we introduce extensible languages (also known as two-sided ideals [10]) as a
simple class of languages L for which the dynamic enumeration problem of L-infixes can be
reduced to the dynamic membership problem in a simple way, in the presence of a neutral
letter, and up to forgoing our constant memory enumeration requirement. Let us first define
the notion of extensible languages:

» Definition 4.1 (Extensible language). An extension of a word w € ¥* is any word z € ¥*
such that w is a factor of z, i.e., we have z = swt for some choice of s,t € ¥*. A language L
is extensible if, for any words w,z € ¥*, if w € L and z is an extension of w then z € L.

Equivalently, a language L is extensible iff L = >*LY*. The key property of extensible
languages is that, by contraposition, we have w ¢ L iff no infix of w realizes a word of L.
Hence testing membership of w to L is equivalent to testing whether the enumeration of
L-infixes on w produces results.

The extensibility of a language L can be used in two directions. First, by the above,
the dynamic membership problem for L immediately reduces to the dynamic enumeration
problem for L-infixes. We will use this in Section 7 to show lower bounds on the latter
problem. Second, if L contains a neutral letter, we can do the converse and reduce the
dynamic enumeration of L-infixes to dynamic membership to L. Namely:

» Proposition 4.2. Let L be an extensible language featuring a neutral letter. Assume that
we have a data structure VU for dynamic membership to L with linear preprocessing, linear
memory, and constant-time updates and membership queries. Then we can build a data
structure for the dynamic enumeration problem for L-infizes with linear preprocessing, linear
memory, constant-time updates and constant delay enumeration.

In particular, in view of Proposition 3.2, this implies the following:

» Corollary 4.3. Let L be an extensible ZG language. Then the dynamic enumeration problem
for L-infixes can be solved with linear preprocessing, linear memory, constant-time updates,
and constant delay enumeration.

However, we do not achieve constant memory enumeration. During the enumeration
phase, the algorithm modifies the data structure by simulating updates. It only restores it at
the end of the enumeration. Even worse, our algorithm cannot perform (real) updates until
the enumeration is over. We sketch the proof of Proposition 4.2 below:

Proof sketch. The data structure, denoted WV, is the one used to handle updates while
maintaining dynamic membership to L. We start enumeration by querying ¥ to determine if
the current word w belongs to L. If not, w has no L-infixes and we are done. Otherwise we
can produce the infix [1, |w|]. Then we decrement the right endpoint and perform substitution
updates (by the neutral letter) in ¥ to remove letters one by one and produce infixes of
the form [1,7]. We stop when the current infix is no longer in L according to ¥. Then we
add back the letters of w to ¥ and increment back r until reaching |w|. To ensure constant



A. Amarilli, S. Dziadek, and L. Segoufin

delay, we use the standard even-odd technique [24]: we produce infixes with even r as we are
decrementing r and those with odd r as we are incrementing r. We continue similarly for
successive values [ > 1 of the left endpoint, by increasing order; again the even-odd technique
can be used to ensure that W is back to its initial state at the end of the enumeration. <«

In Section 6, we provide a more complex algorithm that fulfills our constant memory
enumeration, and which further applies to a larger class of semi-extensible ZG languages.

5 Semi-Extensible ZG Languages

We now define our class of semi-extensible ZG languages, which generalize extensible ZG
languages. We present three equivalent definitions: one algebraic definition involving the ZG
equation, one operational definition used in our algorithms, and one self-contained definition.
We then give our algorithm for dynamic enumeration of L-infixes in the next section.

Algebraic definition. We give a first definition via the ZG equation (recall that w denotes
the idempotent power of M):

» Definition 5.1 (Semi-extensible ZG language, algebraic def.). A regular language L is
semi-extensible ZG if it is in ZG, i.e. its syntactic monoid M satisfies the ZG equation:

for all z,y € M, we have yz* ! = z¥ 1y, (ZG)
and further L is semi-extensible in the following sense:
for all words x,y,z € ¥* and all non-neutral letters a,if y € L then zyza” € L.

Extensibility implies semi-extensibility, so semi-extensible ZG languages generalize ex-
tensible ZG languages which we studied in the previous section. The inclusion is strict: the
language L on alphabet ¥ = {a, e} that has neutral letter e and consists of the words with no
a’s or at least two a’s is semi-extensible ZG but not extensible. It is also easy to deduce from
the definition that semi-extensible ZG languages are always aperiodic, i.e., their syntactic
monoid satisfies the equation z* = 2*T!. We will give an example of a semi-extensible ZG
language later in this section once we have stated our three equivalent definitions of the class.

Operational definition. We give another definition of semi-extensible ZG languages for
our enumeration algorithms. In the definitions below, for any subalphabet S C ¥ and word
u € ¥*, we denote by u_g the word over ¥\ S obtained by removing all letters in S from w.
(In particular if S = ¥ then we have u_g = ¢ for any u.)

» Definition 5.2 (Semi-extensible ZG language, operational def.). Let L be a regular language.
For each non-empty set S of non-neutral letters for L, let Cond(S) C £* be the (regular)
language of all words u for which there is a word v € L such that v_g is a factor of u_g.

Then the language L is semi-extensible ZG if there is a number p € N, called the
threshold, satisfying the following. We require that for each word u € ¥*, letting T be the set
of non-neutral letters a of ¥ such that |ul, > p , we have either T =0 or we have that:

u_p € Cond(T) iffue L

In the definition above, notice that for any non-empty set S of non-neutral letters, we
have that all letters of S are neutral for Cond(S), and further if u_g ¢ Cond(S) then u ¢ L.
Indeed, one can show the contrapositive by taking v = w in the definition of Cond(S).

24:7
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Self-contained definition. We last give a self-contained definition:

» Definition 5.3 (Semi-extensible ZG language, self-contained def.). A regular language is
semi-extensible ZG if there exists a number p € N such that the following holds for all words
u,v € X*: letting T be the set of non-neutral letters a of ¥ such that |ul, > p, if v € L and
T is non-empty and v_r is a factor of u_p then u € L.

We give an example illustrating the power of semi-extensible ZG languages:

» Example 5.4. Consider the language L,; on alphabet ¥ = {a, b, e} that has e as a neutral
letter and contains the words u € ¥* satisfying one of the following: (1.) u_¢.; = ab (i.e., u
is exactly the word ab up to the neutral letters); or (2.) |ul, > 3 (u has a least 3 a’s); or
(3.) |ulp > 3 (u has at least 3 b’s). The language L, is not extensible (e.g., ab € Ly, but
abb & Lgy), but it is semi-extensible ZG with threshold p = 3. Indeed, by the characterization
of Definition 5.3, let v,u € £* be words such that v € Ly, such that T = {a # e | |u|, > p}
is non-empty, and such that v_r is a factor of u_;. We have u € L,;, because u contains at
least 3 occurrences of a non-neutral letter (i.e., from the nonempty set T').

The languages Cond in Definition 5.2 for L are simply Cond({a,b}) = Cond({a}) =
Cond({b}) = E* because all words are in L, when some non-neutral letter occurs > 3 times.

Equivalence of definitions. We can show that the three definitions are equivalent:

» Proposition 5.5. Definitions 5.1, 5.2, and 5.8 define the same family of languages.

Properties of semi-extensible ZG languages. We close the section with two immediate
properties that we will use in our algorithms in the next section. We focus on the operational
definition, Definition 5.2, which we use in the sequel.

Based on Definition 5.2, let L be a semi-extensible ZG language, and pick a suitable
threshold p € N. Up to increasing p, we assume without loss of generality that p > 2. When
considering a word w € ¥*, we will partition the alphabet ¥ into three kinds of letters: the
neutral letters (which have no impact for membership to L), the rare letters a € ¥ such that
|w|a < p, and the frequent letters a € ¥ such that |w|, > p.

We first observe that membership to the languages Cond(S) in Definition 5.2 can be
verified in constant time on words with a small number of non-neutral letters:

» Lemma 5.6. Consider a semi-extensible ZG language L with threshold p. We can precom-
pute a data structure allowing us to do the following in constant time: given a non-empty set
S C X of non-neutral letters, given a word w on alphabet X2\ S with at most p occurrences
of each letter, determine in constant time whether w € Cond(S).

Proof sketch. We simply tabulate explicitly the set Cond(S) on words with at most p
occurrences of each non-neutral letter, as their size is constant. <

Second, we show that membership to Cond(T), for T the set of frequent letters of a
word w, is a necessary condition for w to contain factors belonging to L. This allows us to
stop enumeration early whenever the current infix realizes a factor w ¢ Cond(T):

» Lemma 5.7. Consider a semi-extensible ZG language L. Let w be a word and T be the
set of frequent letters of w. If T # 0 and w & Cond(T), then no factor of w belongs to L.
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6 Infix Enumeration Algorithm for Semi-Extensible ZG Languages

Having defined semi-extensible ZG languages, we show the following in this section. This is
the main technical result of the paper, and generalizes Corollary 4.3:

» Theorem 6.1. Let L be a semi-extensible ZG language. Then the dynamic enumeration
problem of L-infixes can be solved with constant-time updates, constant delay enumeration,
constant-memory enumeration, linear preprocessing, and linear memory.

In the rest of this section, we prove Theorem 6.1. We let w be the word on which
the algorithm runs, and n := |w| be its length, which never changes. We first present the
preprocessing and the support for update operations in Section 6.1, with the classical data
structure of occurrence lists. The main technical challenge is to support L-infix enumeration
queries with constant delay and constant memory, which we describe in Section 6.2.

6.1 Preprocessing and Updates with Occurrence Lists

Occurrence lists are a standard data structure which store elements in an array of size n,
coupled with a doubly-linked list to efficiently iterate over the elements in insertion order
(similar, e.g., to the LinkedHashSet data structure in Java). Formally:

» Definition 6.2. An occurrence list is a data structure A that stores a set S of integers of
{1,...,n} and supports the following operations:

Insert: given i € {1,...,n}\ S, add i to S;

Delete: given i € S, remove i from S;

Count: get the size |S| of S;

Retrieve: enumerate all the elements currently in S.

» Proposition 6.3 (Folklore). We can implement occurrence lists to take memory O(n) and
to ensure that all operations take O(1) computation steps, except the Retrieve operation which
enumerates the elements with O(1) delay.

We clarify that the data structure stores elements in insertion order and not in increasing
order, so in particular it cannot be used as a constant-time priority queue.

Preprocessing and updates. We can now explain how occurrence lists are used for the
algorithm that we use to show Theorem 6.1. The algorithm will use an occurrence list A, for
each letter a € 3, to store the set of positions of w that contain the letter a. We denote by
A the tuple consisting of all occurrence lists A, for a € 3.

The preprocessing of the algorithm simply consists of building A on the input word w, in
linear time and with linear memory by Proposition 6.3. The handling of letter substitution
updates simply amounts to maintaining A up to date. Formally, let (i,a) be a letter
substitution update, and let b € ¥ be the letter w[i] before the update (which can be
obtained in constant time and linear memory up to storing the current w in a table). We
handle the update by applying it to A, namely, we remove i from A, and add i to A, in
constant time by Proposition 6.3.

6.2 Main Enumeration Algorithm

We now present how our algorithm handles L-infix enumeration queries. The overall enumer-
ation pseudocode is given in Algorithm 1 (with some helper functions explained later).
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Algorithm 1 Enumerate L-infixes of a word.

Input: semi-extensible ZG language L, threshold p > 2, languages Cond(S) for each set of non-

neutral letters S (see Definition 5.2), word w, occurrence lists A, for a € 3,
Output: enumeration of the L-infixes of w
1: nocc,nocc’ < empty arrays
2: for all a € ¥ do

3: noccla] < |Aq| /* number of occurrences from occurrence lists */
4: STARTMINBACKGROUNDTRAVERSAL(a, Aq)

5: £_1,R_1 + Unset

6: for [ < 1 to |w| do

7 7+ |w|

8: nocc’ < copy of nocc

9: R < INITRI() /* initialize current RI */
10: /*initialize A for all rare letters */
11: A+ GETRAREOCCURRENCES(I, r, £_1, RR_1, nocc’)

12: T + {a € T | a non-neutral and nocc’[a] > p}

13: while T # () and word stored in A is in Cond(7") do /* relies on Lemma 5.6 */
14: OutpuT([L,7]) /*aswll,r] € L */
15: a < wir] /* this occurrence of a will exit the right endpoint */
16: nocc’[a] + nocc’[a] — 1

17: T + {a € | a non neutral and nocc’[a] > p}

18: if nocc’[a] == p — 1 and @ non-neutral then

19: /* letter a just became rare; populate A for a */
20: Ala] < GETRAREOCCURRENCESSINGLE(a, I, r — 1, £_1, 1)

21: if nocc’[a] < p — 1 and a non-neutral then

22: Ala] + Ala] \ {r} /* remove the occurrence of a from occurrence list Ala] */
23: R < UPDATERI(R, )

24: rr—1 /* move right endpoint r one step left */
25: if T # () then /* case no-cond: by Lemma 5.7 no more L-infizes for left endpoint | */
26: if r == |w| then

27: /* while-loop exited immediately, so we must finish directly */
28: return /* exit as there are no more L-infizes at all by Lemma 5.7 */
29: else /* case all-rare: there may be more infizes to produce with left endpoint I */
30: if r == |w| then
31: /* while-loop exited immediately, so we must finish directly */
32: PRODUCEREMAINING (I, |w]|, A) /* enum infizes [i,j] with 1 <i < j < |w| */
33: return /* all remaining infizes produced */
34: else
35: /* there may be more infizes [l,r'] to produce with r' < r */
36: PRODUCEREMAININGL(, 7, A) /* enum infizes [l,j] with | < j <r */

37: if [ == 1 then

38: ri<r+1 /* store right limit r1 forl=1 */
39: for all a € X do

40: STARTMAXLEFTBACKGROUNDTRAVERSAL(a, Aq, 71)

41: £« INITLI(7) /* initialize LI */
42: else

43: £ < UPDATELI(£_1, R_1) /* compute LI at current r; */
44: R_1+R L1+ L /* current LI/RI become previous LI/RI */

45: nocc[w[l]] < nocec[w[l]] — 1 /* left endpoint | will move right and one letter exits */
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High-level algorithm (blue). The core of the enumeration algorithm is highlighted in blue
(also with a single blue line in the right margin) in Algorithm 1. We consider all possible
infixes [I, 7] of w: by increasing order for I, from 1 to |w| (outer for-loop); and, for each I, by
decreasing order for r, from |w| to [ (inner while-loop). When doing so, we maintain the list
T of all frequent letters within w[l, r] and an occurrence list A of all rare letters within wil, r]
(this is the main technical difficulty that will be discussed below). The while-loop runs until
T is empty or w(l,r]_¢ ¢ Cond(T) (the condition on line 13, that can be tested in constant
time by Lemma 5.6). Until then, by Definition 5.2, [I,r] is an L-infix and we output it.

When exiting the while-loop, two cases may arise. The first case, called case no-cond, is
when T # § but w[l, 7]y ¢ Cond(T'). At this point, by Lemma 5.7, we know that no smaller
r can yield an L-infix for this value of [, and we can safely move on to [ + 1. (In the case
where r = |w|, by Lemma 5.7 we can stop the whole process, cf line 28.)

The second case, called case all-rare, is when T = () (line 30), i.e., all non-neutral letters
are now rare in w[l,r]. The key point is that in this case A contains all the non-neutral
letters of w(l, 7] so enumerating the desired infixes is rather simple. For technical reason we
consider two subcases. When r == |w| (cf. line 31), we can use A to complete the whole
enumeration. When r < |w|, (cf. line 35), we use A to produce all infixes of the form [I, ']
with 7’ < r and we then move on to [ + 1.

There are two remaining challenges for the algorithm. The first one is described in the
next paragraph, and the second is sketched in the rest of this section.

Challenge 1: Maintaining occurrence counts (green). The first challenge is that we must
keep track, for each considered infix [I, 7], of the set T of frequent letters (i.e., non-neutral
letters that occur > p times). Achieving this is completely routine, and is highlighted in green
(also with a double green line in the right margin) in Algorithm 1. At the beginning, when
wll,r] = w, we initialize T using A (cf. line 3) which has been computed and maintained in
Section 6.1. Then we create a copy for each new value of [ (cf. line 8), and decrement the
count for the letter w[r] when r decreases (cf. line 16), and decrement the counts for the
letter w[l] when [ increases (cf. line 45).

This way, we maintain the set T' of the frequent letters in the current infix; this is used
in particular to know to which language Cond(7’) the condition of the while-loop applies.

Challenge 2: Keeping track of the rare letter occurrences. The second challenge, which
is far harder, is that we must know the positions of the rare letters in the current infix w[l, r]
(and store them in occurrence lists A). This is used to test membership to Cond(7’), and it
is used when enumerating remaining infixes in case all-rare.

The lists A are small, because each rare letter occurs < p times, so the memory usage
of A is constant overall. However, finding the positions themselves is our main technical
challenge, which is addressed by the non-highlighted code in Algorithm 1. We first explain
the case of the first iteration of the for-loop (I = 1), and then explain the case [ > 1.

Finding rare letters for [ = 1. We explain how to obtain the occurrence list A, of a
non-neutral letter a that becomes rare in w|l,r] in the first iteration of the for-loop, i.e.,
I = 1. The letter a may be initially rare, i.e., already when r == |w| (line 11), or it may
become rare when 7 is decremented (line 20). The case of an initially rare letter will in fact
be subsumed by the case of a letter that becomes rare, so we only discuss the latter.

When a becomes rare (line 20) for some value of r, we need to find p — 1 occurrences of a
in w[1,r] in order to build A,. This is challenging because the algorithm has not examined
w[l, 7] yet. We can do it by traversing the occurrence list A, of @ in w (which was computed
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during the preprocessing and maintained under letter substitution updates, see Section 6.1)
and finding the p — 1 smallest a’s of w. However, as A, is unsorted and has size |w|, (which
is not constant), this would take too long. For this reason, we must do this traversal in the
background.

More precisely, at line 4 we start a background process which traverses each occurrence
list A, for each a € ¥. This is called the min background traversal for a: it is done by calling
a function STARTMINBACKGROUNDTRAVERSAL on A,, whose pseudocode we omit. From
then on, we have a constant number |X| of background tasks that run in parallel with the rest
of the code. Namely, each min background traversal for a retrieves one element of A, at each
instruction of Algorithm 1, and memorizes the < p — 1 smallest positions seen so far: this can
be easily implemented in constant memory and constant time per step because p is constant.
Then, when a becomes rare at [ = 1 (line 20), then GETRAREOCCURRENCESSINGLE will
retrieve the result of the min background traversal for a.

The important point is that, whenever a becomes rare at [ = 1, then the min background
traversal for a finishes in time. This is true because, at that point, the right border r has
“swept over” all occurrences of a except at most p — 1.

> Claim 6.4. For [ =1, for the first value of r where a letter a € ¥ becomes rare in [1, 1],
then the min background traversal for a can be finished in constant time.

Thus, for [ =1 we can obtain an occurrence list A, of a in w[1,r] whenever a becomes
rare. It is then easy to keep A, up-to-date as r gets decremented and letter occurrences
get removed (line 22). This ensures that we can indeed complete the iteration [ = 1 of
the for-loop: we know when to exit the while-loop, and can produce remaining infixes in
lines 30-36 because there are only finitely many non-neutral letters left and we can process
them in constant time. This concludes the case I = 1. (Note that the min background
traversals are only needed for [ = 1 and they will not be used in the sequel.)

Finding rare letters with [ > 1. It remains to explain how to locate the occurrences of
rare letters for [ > 1, which is far more challenging. To do this, we use three ingredients:
another kind of background traversal of A called maz-left background traversals, the notion
of right information, and the notion of left information. We now sketch these ingredients.

First, the maz-left background traversal for each letter a € 3 is started at the end of the for-
loop for I =1 (line 40). We do it with a function STARTMAXLEFTBACKGROUNDTRAVERSAL
whose pseudocode we omit. Again, these |%| background processes run in parallel with
Algorithm 1, and they each traverse an occurrence list A, over the entire word. The definition
of the max-left background traversals depends on the value 71, stored at line 38, which is the
right position r just before we exited the while-loop for | = 1; we call this the limit for [ = 1.
(Note that we must have 1 < |w]|, because if the body of the while-loop is not executed at all,
then we terminate immediately at lines 28 or 31, so r; = |w| 4 1 is impossible.) The max-left
background traversal for a aims at locating the < p last a’s which are left of the limit ;.

Second, the right information (RI) at a position 7 of w is a constant-sized tuple describing
some letter occurrences in w to the right of . We memorize this information as r is
decremented in Algorithm 1 in a data structure R, which is initialized at every for-loop
iteration (line 9) and updated throughout the while-loop iteration (line 23): The intuition
is that, for the last right endpoint position r; < |w| before we exited the while-loop for the
I-th iteration of the for-loop (we call r; the limit for I, generalizing 1 from the previous
paragraph), then the RI at r; contains some tracked positions of w to the right of r;. In
particular it will include some positions that will be to the left of the position r;41 where we
will exit the while-loop for the next iteration of the for-loop.
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» Definition 6.5. Let w be a word and r be a position of w. The right information (RI) of
w at r consists of the following for each letter a € X:
The sequence r < fig1 < -+ < fan, of the <p first a’s right of r (with n, <p): we say
that the positions g1, .., lta,n, are tracked.
For each 1 < i <n, and for each letter b € X, the positions of the < p last b’s left of the
tracked position pi,,; and right of r.

The RI stores the first p letters to the right of the current limit (and their predecessors)

because the limit can jump p positions to the right for one increment of the left border .

The next example illustrates this.

» Example 6.6. Consider the language L5 on alphabet 3 = {a, b, ¢, e} that has e as a neutral
letter and contains the words satisfying one of the following:
1. it contains at least 5 a’s, at least 1 b and at least 1 ¢, and contains a factor bX*c,
2. it contains at least 1 a, at least 5 b’s, and at least 1 ¢, and contains a factor cX*a,
3. it contains at least 1 a, at least 1 b, and at least 5 ¢’s, and contains a factor aX>*b,
4. two of the letters {a,b, ¢} occur at least 5 times and the remaining at least once.
The language Ls is ZG (intuitively because the order on letters only matters for rare letters)
and it is extensible because each condition in the bullet points above is extensible. Hence,
Ls is in particular semi-extensible ZG, and we can take threshold p = 5.

Consider now the following input word w with neutral letters already omitted.

index : 1 2 3 4 5 6 7 8 910111213 14 15 16

w= a b b b a a a a ¢ ¢c ¢c ¢ b ¢ a a

Note that for words where the letter a is frequent (Jw|, > 5), the language Cond({a})

contains all words that contain at least one b and one ¢ and where the b occurs before the c.
This condition Cond({a}) is valid for w[1, 9], but no longer valid for w1, 8] as there are no c.

Thus, the first limit will be at position r; = 9.

For the left border [ = 2, when r < 14, the word now only contains 4 a’s. The smallest
factor w(2, r] that contains at least a frequent letter is w[2, 14]. There, the letter c is frequent
and Cond({c}) contains all words with at least one a and one b and where the a occurs
before the b. Thus, Cond({c}) is fulfilled and the second limit is o = 14. Note that position
ro is the fifth ¢ of the <5 first ¢’s right of r; (and it is not |w| 4+ 1). So this illustrates why
the RI has to store so many positions.

We now explain the third and final ingredient. For r > r; with r; the limit for [ = 1, the
left information (LI) at a position r of w is a constant-sized tuple of letter occurrences in w
to the left of r, but to the right of r;. (Intuitively, the positions to the left of 1 are handled
by the max-left background traversals.)

» Definition 6.7. Let r1 be the position where the while-loop exits for | = 1. The left
information (LI) of w at the limit r; (for 1 > 1), contains, for each letter a € ¥, the < p last
a’s left of r; and right of ry.

The LI will only be used for values of r that are limits, i.e., where we exit the while-loop.

For | = 1, we initialize the LI at r; at the end of the outer for-loop (I = 1) at line 41: this is
easy because the LI for [ = 1 concerns positions of w to the left of r; and to the right of 7
(i-e., only in 71). Then, we update the LI at 7; at the end of the I-th for-loop iteration (at
line 43) from the LI at r;_; and the RI at r;_;.
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All that remains is to show how rare letter occurrences can be properly computed whenever
a letter becomes rare for [ > 1. This is the object of the claim below (where we have to omit
the proof due to space constraints):

> Claim 6.8. By maintaining the RI at the successive values of r, the RI at the limit r;_;
where we exited the for-loop at [ — 1, and the LI at r;_1, together with the results of the
max-left background traversals (when available), we can determine in constant time, for each
[ > 1 and letter a € ¥, an occurrence list A, of the occurrences of a in w(l, r] whenever a
becomes rare (i.e., either initially at line 11, or in the while-loop at line 20). This can be
done while obeying the constant delay and constant enumeration memory requirements.

This concludes the presentation of Algorithm 1, and finishes the proof of Theorem 6.1.

7 Discussion and Lower Bounds

We have shown that semi-extensible ZG languages L enjoy dynamic enumeration of L-infixes
with linear preprocessing and memory, constant-time updates, constant delay, and constant
enumeration memory. Languages with such an algorithm are called tractable. In this section,
we study which other languages are tractable and which are (conditionally) not tractable.

For simplicity, in the rest of this section, we focus on languages featuring a neutral letter,
which we write e and omit from regular expressions (e.g., b*a should be understood as
(e + b)*ac*). We first give prerequisites about the prefiz-U; problem used as a hypothesis in
almost all of our lower bounds. We then discuss the case of languages outside of ZG, and
then discuss the case of languages which are in ZG but not semi-extensible ZG.

Prefix-U;. Most lower bounds presented here are conditional to the prefiz-U; hypothesis
from [5], that we now recall. Let n € N. The prefiz-Uy problem asks us for a data structure
such that, given a set S C {1,...,n}, we can perform the following tasks on input i < n:
(1.) test whether ¢ € S; (2.) insert 7 to S; (3.) remove ¢ from S; (4.) return YES if ¢ < min S.

The prefiz-U; hypothesis states that there is no data structure that can achieve all these
tasks in constant time (independent from n) in the unit cost RAM model with logarithmic
cell size. Note that the first three operations are easy to support in constant time (e.g., with
a table of Booleans), so the challenge is to also support (4.). The prefix-U; problem is a
weaker version of the well-known priority queue problem (where we would replace (4.) by
“return min S”). The priority queue problem is itself a special case of the successor search
problem where (4.) would be: “return min{j € S,7 < j}”. There are data structures solving
successor search in time O(loglogn) and this has been shown to be optimal (cf. [20] and [5,
Appendix A.2]). The upper bound thus also covers the priority queue problem and prefix-U;
problem as special cases; however, no lower bounds are known for these problems specifically.

Languages outside of ZG. It turns out that there are non-ZG languages L for which
dynamic enumeration of L-infixes is tractable (which is not covered by our Theorem 6.1),
even though dynamic membership to L is not tractable by Proposition 3.2. For instance:

> Claim 7.1. The language Lo := b*a is not in ZG but is tractable.

Proof sketch. We maintain an occurrence list A, of the a’s in the word under updates, and
enumerate Lg-infixes by considering every a and considering all ways to move the endpoints
(over neutral letters, or over b’s for the left endpoint). <

By contrast, the following similar language L; := bTa is (conditionally) intractable:
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> Claim 7.2. Under the prefix-U; hypothesis, the language L, := bTa is not tractable

Proof sketch. We reduce from prefix-U;: we store positions of a set S as letter b’s, and insert
a letter a at a position i to test if the leftmost b is > i or not. <

To illustrate further how sensitive the problem is, consider the following:
> Claim 7.3. Ly := aX*a is tractable, but L} := b¥*a is not (under the prefix-U; hypothesis).

Proof sketch. For Lo we consider all pairs of a’s from the occurrence lists and consider all
ways to move the endpoints left and right of the chosen a’s. For L} we do like in Claim 7.2.
<

We close the paragraph with two remarks. First, any extensible regular language outside
of ZG is not tractable under the prefix-U; hypothesis. Indeed, we explained in Section 4
that, for extensible languages, dynamic membership for L reduces to dynamic enumeration
of L-infixes: thus Proposition 3.2 concludes. Second, some regular languages outside of ZG
are unconditionally not tractable, by reducing from prefix-parity (see [13]).

Languages in ZG. We now study the case of languages L in ZG and discuss whether
semi-extensibility is necessary for the language to be tractable. We first claim that some
non-semi-extensible ZG languages are indeed (conditionally) not tractable:

> Claim 7.4. Consider the language L3 on alphabet ¥ = {a,b, ¢, e} (with e neutral) that

contains the words w such that |w|, > 1 and W_{c} € Lab, for L,y the language of Example 5.4.

Then L3 is non-semi-extensible ZG and is not tractable under the prefix-U; hypothesis.
However, some non-semi-extensible ZG languages are tractable, for instance:

> Claim 7.5. The language Ly = (aa)*a of words with an odd number of a’s is tractable.

Proof sketch. We go over the occurrence list for a and enlarge L4-infixes around each a. <

Thus, a characterization of the languages with tractable infix enumeration under updates
is still out of reach, even for ZG languages, indeed even for finite languages with a neutral
letter. For instance we do not know the status of (aa)™, or even of aa.

8 Conclusion and Future Work

We have studied the dynamic enumeration of L-infixes for fixed languages L, aiming at linear
preprocessing, linear memory, constant-time updates, constant delay, and constant-memory
enumeration. Our main achievement is an algorithm that applies to any fixed semi-extensible
ZG language. Further, we have discussed other tractable and intractable cases.

One obvious direction for further research is to achieve a complete characterization of
the tractable regular languages. However, the algorithm of Theorem 6.1 shows that some
tractable cases are technical, while other simple cases (e.g., L = aa with neutral letter) remain
open. Some other tractable cases would deserve further study, e.g., languages like a>*b+b>*a
(like Claim 7.3), or languages generalizing the algorithm for (aa)*a (cf Claim 7.5).

Another research direction would be to characterize languages with different complexity
regimes below O(logn). In particular, one could aim at generalizing the O(loglogn) class
for dynamic membership from [5]. The question can be generalized to more general queries
than L-infix queries, on words or even on trees [2]; or to more general update operations
like letter insertions or deletions. Another relevant type of queries, whose complexity might
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differ, is direct access queries [9], where we maintain under updates a data structure that
allows us to directly access the i-th L-infix of the word given the index i; or tuple testing
queries, where we can determine efficiently whether a given infix [¢, j] realizes a word of L.
More generally, a natural question for future work is whether our results can generalize to

more general queries in monadic second-order logic (beyond L-infix queries). It would also

be interesting to study the alternative semantics where after each update we must enumerate

only the new results, though we expect that this would require different techniques.
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