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Abstract
Automata on linear orderings are finite-state automata introduced by Bruyère and Carton as a broad
generalization of finite, infinite and transfinite-word automata. In this context, a word is defined as
a function from a linear ordering to a finite alphabet. This general definition can make automata
on linear orderings difficult to reason about. In this work, we introduce constructible words as
an intuitive way of tackling this difficulty. These words can be obtained by a finite number of
applications of simple operators and thus admit a finite notation. We show that a rational language
of words indexed by scattered (countable and uncountable) linear orderings is characterized by its
constructible words. Our proof of this result relies on an interesting theorem of semigroup theory
due to Colcombet. We expect this property to be useful in future theoretical developments about
automata on scattered linear orderings.
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1 Introduction

Automata on linear orderings [5, 3, 4] were introduced by Bruyère and Carton and consist
of a broad and elegant generalization of finite-word automata, infinite-word automata [23],
automata on bi-infinite words [16] and transfinite words [24, 11]. In the context of automata
on linear orderings, a word is defined as a function from any linear (i.e., total) ordering to a
finite alphabet. This flexible definition generalizes the previously mentioned common notions
of words.

Reasoning about automata on linear orderings (for instance, showing that two automata
accept exactly the same words) can be tedious, since some complex words do not admit a
natural mental representation. In this work, we introduce a theoretical tool that addresses
this problem. We first define a constructible word as a word that admits a canonical, finite
representation. We then prove that automata on scattered (countable and uncountable)
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25:2 Constructible Words and Automata on Scattered Linear Orderings

linear orderings that accept the same constructible words are equivalent. Stated differently,
rational languages of words indexed by scattered linear orderings are characterized by their
constructible words. We expect this result to be useful in further developments.

Our work extends the characterization of ω-regular languages by ultimately periodic
words [7, Fact 1]. A simple proof of this classical result relies on the closure of ω-regular
languages under complementation [6]. However, rational languages of words indexed by scat-
tered (countable and uncountable) linear orderings are not closed under complementation [18],
hence our proof relies on different principles.

Sketchily, our proof is based on the fact that some words cannot be distinguished by a
finite-state automaton, which naturally induces an equivalence relation on words. This idea,
already used by Büchi in [6], was then adapted by Carton and Rispal to prove that rational
languages on finite-rank scattered linear orderings are closed under complementation [10].
We reuse this idea in the case of words on scattered linear orderings, and we show that each
equivalence class induced by an automaton contains a constructible word.

Much work has already been carried out regarding rational languages on countable
scattered linear orderings. These languages were shown to coincide with those recognizable
by a special form of semigroup [18, Theorem 14]. As a consequence, they are closed under
complementation [18, Theorem 16], and definable in the monadic second-order theory of
order (MSO) [2]. Carton also showed that any non-empty rational language on scattered
linear orderings contains a countable constructible word [8, Theorem 2]. In the case of
countable scattered words, our result follows immediately from these previous works. It can
also be deduced from several results about the decidability [20] and expressivity [9] of MSO
on countable domains. Hence our main contribution is in fact to provide a characterization
of rational languages that goes beyond countability.

Our proofs exploit connections between rational languages and semigroups. It turns
out that the algebraic properties of rational languages on unrestricted (i.e., countable and
uncountable) scattered linear orderings are not as strong as they are in the countable case.
Nevertheless, they remain useful, especially when combined with powerful semigroup results
such as the factorization forests theorem due to Colcombet [12, Theorem 4], which is a
generalization of Simon’s factorization forests theorem [22]. Our work strongly relies on this
result, and provides an example of use of its infinite version.

The remainder of this article is organized as follows. Section 2 recalls some notions
related to automata on linear orderings. Then, in Section 3 we formally define the notion of
constructible word. Section 4 introduces an equivalence relation on words and then motivates
the link between automata and semigroups. Finally, in Section 5, we present Colcombet’s
theorem and apply it to show that two automata on scattered linear orderings are equivalent
if and only if they accept the same constructible words.

2 Preliminary Notions

2.1 Orderings and Cuts
In this section, we recall some definitions on linear orderings. Further details can be found
in [19]. A linear ordering is a set J equipped with a binary relation <J that is

total (for every j ̸= k ∈ J , either j <J k or k <J j),
irreflexive (for every j ∈ J , j ̸<J j),
antisymmetric (for every j, k ∈ J , j <J k implies k ̸<J j),
and transitive (for every j, k, ℓ ∈ J , j <J k and k <J ℓ imply j <J ℓ).

We simply write < in place of <J when the ordering J is clear from the context.
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Given a linear ordering J , a subordering of J is a subset I ⊆ J equipped with the order
relation <I defined as the restriction of <J to I. A linear ordering J is dense if for any
j < k ∈ J , there exists ℓ ∈ J such that j < ℓ < k. A linear ordering is scattered if it does
not contain any infinite dense subordering1. This work focuses on scattered (countable and
uncountable) linear orderings.

Two elements j < k ∈ J are said to be consecutive if there does not exist ℓ ∈ J such that
j < ℓ < k. In such a case, k is the successor of j, and j the predecessor of k.

A cut of a linear ordering J is an ordered pair (K, L) such that {K, L} is a partition
of J , and for every k ∈ K and ℓ ∈ L, one has k < ℓ. The set of cuts of J is denoted by Ĵ .
This set is itself a linear ordering under the relation <

Ĵ
such that (K1, L1) <

Ĵ
(K2, L2) if

and only if K1 ⊊ K2 (or equivalently L2 ⊊ L1). The linear ordering Ĵ has a least and a
greatest element. These are respectively called the first cut Ĵmin = (∅, J) and the last cut
Ĵmax = (J, ∅). The set Ĵ \ {Ĵmin, Ĵmax} of non-extremal cuts of J is denoted by Ĵ∗.

Given two linear orderings J1 and J2, the ordering J = J1 + J2 is defined as the ordering
obtained by placing the elements of J1 before those of J2, both sets keeping their internal order
among their elements. Formally, J can be defined as the set (J1 × {1}) ∪ (J2 × {2}) such that
(j, m) < (k, n) if and only if either m <N n, or m = n and j <Jm k. More generally, given the
linear orderings J and Kj for each j ∈ J , the ordering

∑
j∈J Kj is obtained, schematically,

by replacing every element j of J by the corresponding set Kj , keeping the internal order
among the elements of this set. Formally, we have

∑
j∈J Kj = {(k, j) | j ∈ J ∧ k ∈ Kj},

with (k1, j1) < (k2, j2) if and only if either j1 <J j2, or j1 = j2 and k1 <Kj1
k2.

Given a linear ordering J , the reverse linear ordering −J is obtained by keeping the same
elements as J and by flipping the order relation <J . For two elements i, j ∈ −J , we thus
have i <−J j if and only if j <J i.

▶ Example 1. The linear ordering N + Z + 2 and its cuts are depicted in Figure 1, where
dots represent the elements of N + Z + 2 and vertical bars represent its cuts.

. . .

N

. . . . . .

Z 2

Figure 1 The linear ordering N + Z + 2 and its cuts.

2.2 Words Indexed by Linear Orderings
This section introduces a few definitions taken from [5]. A word indexed by a linear ordering
is a function w : J → Σ from a linear ordering J to a finite alphabet Σ. We say that J is
the length of w, which is denoted by J = |w|, and that Ĵ are its cuts. In the particular case
where J is finite, the word w is simply a finite word. The notions of infinite and bi-infinite
words correspond to the cases where J = N and J = Z, respectively. The empty word is the
only word indexed by the empty linear ordering. In the remainder of this article, we will
consider words indexed by arbitrary scattered (countable and uncountable) linear orderings,
that we will call scattered words. The class of all the scattered words on the alphabet Σ is
noted Σscat.

1 Notice that according to the definition of density, a singleton is a dense linear ordering. Hence there
exist dense linear orderings that are not infinite.
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25:4 Constructible Words and Automata on Scattered Linear Orderings

In the context of automata on linear orderings, two words w1 and w2 are said to be
isomorphic if there exists a bijection τ : |w1| → |w2| that preserves both the symbols and the
order: for all j, k ∈ |w1|, we must have w1(j) = w2(τ(j)) and j <|w1| k =⇒ τ(j) <|w2| τ(k).
In the remainder of this article, we do not distinguish isomorphic words, since the automata
that we will introduce in Section 2.4 are not able to discriminate them. Note that the length
of a word should therefore be an order type rather than an ordering (see [5] for more details).
In this work, we do not distinguish these two notions and only use the term “linear ordering”,
even though it is a slight abuse of language.

Given two words w1 : K1 → Σ and w2 : K2 → Σ (where K1 and K2 are assumed disjoint),
the concatenation of w1 and w2, denoted by w1 · w2 (or w1w2), is the word w : K1 + K2 → Σ
defined as

w
(
(k, n)

)
=

{
w1(k) if n = 1
w2(k) if n = 2.

The concatenation can be considered as a particular case of a more general operation. Given a
linear ordering J and a set of words {wj : Kj → Σ | j ∈ J}, the concatenation of these words,
denoted by

∏
j∈J wj , is a word w indexed by

∑
j∈J Kj , and such that w

(
(k, j)

)
= wj(k).

Given a word w indexed by J and two cuts c1 = (K1, L1) and c2 = (K2, L2) of J such
that c1 ≤

Ĵ
c2, the word w[c1 : c2] is obtained by restricting w to the linear ordering L1 ∩ K2.

In the case where c1 = c2, the word w[c1 : c2] is thus the empty word.

▶ Example 2. The word w : N + Z + 2 → {a, b} that maps a single element of the part Z
to the letter b and the remaining elements to the letter a is illustrated in Figure 2. Dots
represent the elements of N + Z + 2, vertical bars are its cuts, and the letters are the result
of the mapping. Note that the value, in Z, of the element mapped to b is irrelevant since
every possible choice leads to a word isomorphic to w.

a a a a aa a ab

. . . . . . . . .

Figure 2 Example of word indexed by the linear ordering N + Z + 2.

2.3 A Few Facts About Ordinals
An ordinal is a linear ordering α such that any non-empty subordering of α has a least
element. In particular, this implies that each element j ∈ α that is not the greatest element
has a successor in α. The class of all the ordinals is linearly ordered. Informally speaking,
given two ordinals α and β, we have α < β if α is isomorphic to a strict initial segment of β.
That is, if there exists b ∈ β such that an order-preserving bijection exists between α and
{j ∈ β | j <β b}. We refer to [21] for a thorough and formal introduction to ordinals and
cardinals.

In this work, ordinals mainly appear as cofinalities of linear orderings and are denoted by
Greek letters. Given a linear ordering J , a subordering I ⊆ J is cofinal in J if for all j ∈ J ,
there exists i ∈ I such that j ≤ i. The cofinality of J , denoted by cf (J), is defined as the
least ordinal ξ such that there exists a function f : ξ → J whose image is cofinal in J . The
coinitiality of J is the cofinality of −J .
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An ordinal is called regular if it equals the cofinality of some linear ordering. Alternatively,
a regular ordinal can be defined as an ordinal equal to its cofinality. It follows from the
definition of cofinality that a regular ordinal is necessarily the least ordinal of its cardinality,
i.e., a regular ordinal is always initial. The first regular ordinals are 0 (0 is the cofinality of
the empty linear ordering), 1 (1 is the cofinality of any linear ordering that has a greatest
element), ω (the first infinite ordinal), ω1 (the first uncountable ordinal, i.e., the first ordinal
of cardinality ℵ1) and ω2 (the first ordinal of cardinality ℵ2).

Later, we will often need to consider concatenations of the form
∏

j∈α w or
∏

j∈−α w

where α is an ordinal and w is a word. These two concatenations are denoted concisely by
wα and w−α, respectively. Note that this definition leads to the usual notion of ω-power.
Indeed, in the particular case where α = ω, we get

∏
j∈ω w = wω.

2.4 Automata on Linear Orderings
Automata on linear orderings, introduced in [5] and extended in [3, 4], are finite-state
machines capable of reading words indexed by linear orderings. They can be seen as a broad
generalization of infinite-word automata and transfinite-word automata.

▶ Definition 3. An automaton on linear orderings is a tuple A = (Q, Σ, ∆, I, F ) where
Q is a finite set of states,
Σ is a finite alphabet,
∆ ⊆ (Q × Σ × Q) ∪ (Q × 2Q) ∪ (2Q × Q) is a transition relation,
I ⊆ Q is a set of initial states, and
F ⊆ Q is a set of final states.

The transition relation ∆ is divided into three parts. The transitions of the form (q1, a, q2),
where q1, q2 ∈ Q and a ∈ Σ, correspond to the usual transitions in finite-word automata.
They are called successor transitions. Those of the form (q, P ), with q ∈ Q and P ∈ 2Q, are
called right-limit transitions. We often denote them by q → P , and we say that P is the
right-limit set of the transition. Symmetrically, the transitions of the form (P, q) are left-limit
transitions, denoted by P → q, and P is said to be the left-limit set of the transition.

Let us now define the semantics of automata on linear orderings.

▶ Definition 4. A run of A reading a word w of length J is a function ρ : Ĵ → Q that
satisfies the following conditions:

ρ(Ĵmin) ∈ I and ρ(Ĵmax) ∈ F .
For every consecutive c1 = (K1, L1), c2 = (K2, L2) ∈ Ĵ , i.e., such that K2 = K1 ∪ {j}
for some j ∈ J , one has (ρ(c1), w(j), ρ(c2)) ∈ ∆.
For every c ̸= Ĵmin ∈ Ĵ without any predecessor, one has limc− ρ → ρ(c) ∈ ∆, where
limc− ρ = {q ∈ Q | ∀c1 < c . ∃c2 . c1 < c2 < c ∧ ρ(c2) = q}.
For every c ̸= Ĵmax ∈ Ĵ without any successor, one has ρ(c) → limc+ ρ ∈ ∆, where
limc+ ρ = {q ∈ Q | ∀c1 > c . ∃c2 . c < c2 < c1 ∧ ρ(c2) = q}.

Intuitively, a run ρ reading a word w of length J must assign an initial state to the first
cut and a final state to the last cut. Moreover, if two cuts c1 and c2 are consecutive, there
must exist a successor transition from ρ(c1) to ρ(c2), and this successor transition must read
the symbol comprised between c1 and c2. The name successor transition refers to the fact
that c2 is the successor of c1 in the ordering Ĵ . On the other hand, if a cut c (different from
the last one) does not have any successor, then there exist cuts in every right neighborhood
of c. To leave this cut, ρ must follow a right-limit transition ρ(c) → P . This is only valid if
P is exactly equal to the right-limit of ρ at cut c, i.e., if P is equal to the set of states visited

MFCS 2026



25:6 Constructible Words and Automata on Scattered Linear Orderings

by ρ in every right neighborhood of c. The case where a cut c (different from the first cut)
does not have any predecessor is symmetrical: such a cut must be reached by a left-limit
transition. Note that the semantics of the limit transitions is close to the Muller acceptance
condition in infinite-word automata [15], in the sense that a right-limit transition q → P

(resp. a left-limit transition P → q) can only be followed if P is exactly equal to the set of
states visited in every right neighborhood (resp. every left neighborhood) of a cut.

An automaton on linear orderings A accepts a word w if there exists a run reading w

in A. The class of all such words forms the language accepted by A. A language is said to be
rational if it is accepted by an automaton. In this work, we focus on rational languages of
words indexed by scattered (countable and uncountable) linear orderings. An automaton
accepting such a language is an automaton on scattered linear orderings. All the automata
considered in the remainder of this article will be of this kind.

A path of A is similar to a run, except that it is not forced to start in an initial state and
to end in a final one. We say that a word w is read by A if there exists a path reading it
in A. In what follows, we will often need to state that a path π reading a word w of length J

starts in a state p ∈ Q, ends in a state q ∈ Q and visits exactly the set of states R ⊆ Q, i.e.,

p = π(Ĵmin), R =
{

π(c) | c ∈ Ĵ
}

, q = π(Ĵmax).

We use the notation π : p
R−→ q to denote this concisely.

0 1

2

3

ab

0 → {1, 2}
{1, 2} → 3

(a)

0

1

2

a

aa

{0} → 0
{0, 1} → 2

(b)

Figure 3 Examples of automata on scattered linear orderings.

▶ Example 5. A state is marked initial with an incoming arrow without origin, and final
with an outgoing arrow without destination. The automaton represented in Figure 3a accepts
the bi-infinite word (ab)−ω(ab)ω (since we do not distinguish isomorphic words, this is in
fact the only accepted word). A run ρ reading this word can be built as follows. For
any cut c immediately before a letter a, we set ρ(c) = 1. Symmetrically, for any cut c

immediately before a letter b, we set ρ(c) = 2. Finally, ρ(Ĵmin) = 0 and ρ(Ĵmax) = 3. We
have lim

Ĵ+
min

ρ = {1, 2} = lim
Ĵ−

max
ρ, hence the limit transitions 0 → {1, 2} and {1, 2} → 3 can

be followed to leave State 0 and reach State 3, respectively.

▶ Example 6. The automaton depicted in Figure 3b (adapted from [1]) accepts all the
words aα such that α is an ordinal (this follows directly from the absence of right-limit
transitions) and cf (α) = ω. Since the alphabet is unary in this case, we rather say that this
automaton accepts all the ordinals of cofinality ω. Such ordinals can be accepted by using
the limit transition {0} → 0 as many times as necessary, and by eventually following the
limit transition {0, 1} → 2 to reach the last cut. However, if α does not have the cofinality ω,
then the limit transition {0, 1} → 2 cannot be followed to reach State 2:
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If cf (α) = 0, then α is empty. Hence it is not accepted (i.e., the empty word is not
accepted).
If cf (α) = 1, then α has a greatest element. Therefore, α cannot be accepted since State 2
does not have any incoming successor transition.
If cf (α) > ω, the situation is less intuitive. Assume that there exists a run ρ accepting
α with cf (α) = ω1. The arguments that follow also work if α has another uncountable
cofinality (we will prove this formally in Section 4). Since State 2 is the only final state
and can only be reached by following {0, 1} → 2, one must have lim

α̂−
max

ρ = {0, 1}. The
subordering α̂1 ⊆ α̂ of all the cuts mapped to 1 by ρ is thus cofinal in α̂∗. Given that
cf (α̂∗) = ω1, this implies that cf (α̂1) = ω1.
However, no transition can be taken from State 2, hence the limit transition {0, 1} → 2
can be followed only once. This implies that α̂1 is isomorphic to a limit ordinal β such
that any γ < β is not a limit ordinal. This leads to β = ω, which is a contradiction since
cf (ω) = ω ̸= ω1.

The key element in this reasoning is the absence of a limit transition {0, 1} → q with
q ∈ {0, 1}. In other words, after visiting infinitely often States 0 and 1, it is mandatory to
exit {0, 1}. The situation would be completely different if there was the additional limit
transition {0, 1} → 0, for instance. In this case, all the ordinals with a cofinality at least
equal to ω would be accepted. It suggests that there are only two kinds of left-limit sets P

(the same classification applies to right-limit sets): those for which there exists p ∈ P such
that P → p ∈ ∆, and those that do not have this property and can only be used to read
ordinals of cofinality ω. The intuition is that automata on linear orderings are only able to
distinguish two infinite cofinalities. We will formalize this idea in Sections 3 and 4, where
we will prove that automata on scattered linear orderings are able to distinguish ordinals of
cofinality greater than ω from ones of cofinality exactly equal to ω, but cannot discriminate
two different cofinalities beyond ω.

In fact, this example shows that automata on scattered linear orderings are not comple-
mentable. Indeed, there does not exist any automaton accepting exactly the orderings that
are not ordinals, together with the ordinals of cofinality different from ω. This comes from
the observation that any automaton accepting an ordinal of cofinality greater than ω also
accepts an ordinal of cofinality ω. This property follows from [8, Theorem 2].

3 Constructible Words

We are now ready to define the notion of constructible word over a given alphabet. Intuitively,
a word is constructible if it can be obtained by applying some operators to the letters of
the alphabet a finite number of times. Constructible words are convenient objects to work
with, since they admit a finite representation (which is not the case for unrestricted words
on scattered linear orderings, since there are uncountably many such words).

▶ Definition 7. Let Σ be a finite alphabet. The set of constructible words C on the alphabet Σ
is the minimal set of words (in the sense of inclusion) verifying the following properties:

The words containing a single letter σ ∈ Σ (i.e., the words indexed by a singleton) and
the empty word ε belong to C .
If u, v ∈ C , then u · v ∈ C .
If u ∈ C , then uω ∈ C and u−ω ∈ C .
If u ∈ C , then uω1 ∈ C and u−ω1 ∈ C .

Notice that constructible words are a generalization of ultimately periodic words, that are
known to characterize ω-regular languages [7]. They also generalize the constructible words
introduced by Carton to study the emptiness of automata on scattered linear orderings [8,
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25:8 Constructible Words and Automata on Scattered Linear Orderings

Theorem 2]. We show in Section 5 that constructible words entirely characterize rational
languages of words on scattered linear orderings. That is, two rational languages are equal if
and only if they contain the same constructible words.

Observe that the only operators that are able to generate uncountable word lengths
are the ω1-power and the reverse ω1-power. We will show in Section 4 that uncountable
cofinalities are not distinguishable by automata on scattered linear orderings (as already
mentioned in Example 6). Among all the uncountable cofinalities, we decided to choose the
smallest one, i.e., ω1, as representative. Symmetrically, we chose −ω1 as representative of
the reverse uncountable cofinalities.

4 An Equivalence Relation on Words

We have already mentioned several times that some words cannot be distinguished by an
automaton on scattered linear orderings. We now formalize this by means of an equivalence
relation on words. Intuitively, given an automaton A, two words are equivalent if they can
be read in the exact same ways in A. This idea originates from Büchi’s proof that ω-regular
languages are closed under complementation [6, 23]. It was then adapted in [10] to automata
on linear orderings (in the restricted case of finite-rank scattered words).

Let A = (Q, Σ, ∆, I, F ) be an automaton on linear orderings. We say that two words u

and v are equivalent for A, which we denote by u ∼A v, if for any (p, R, q) ∈ Q × 2Q × Q,
there exists a path p

R−→ q reading u if and only if there exists a path p
R−→ q reading v. When

the automaton A is clear from the context, we also say that u and v are equivalent and we
write u ∼ v in place of u ∼A v.

The relation ∼ is an equivalence relation. The set of equivalence classes induced by ∼ is
denoted by S = Σscat/ ∼. We denote by φ : Σscat → S the function that maps a scattered
word on the alphabet Σ to its equivalence class. The equivalence class φ(u) of a word u can
be entirely described by the set of all the triples (p, R, q) ∈ Q × 2Q × Q such that there exists
a path p

R−→ q reading u. This set of triples is denoted by φ̃(u), and can be considered as an
unambiguous description of the equivalence class φ(u). The set of words mapped to s ∈ S

by φ is denoted by φ−1(s).
Since Q is finite, there are only finitely many triples (p, R, q). The number of sets of such

triples is thus also finite, i.e., S is necessarily a finite set.

▶ Example 8. Consider again the automaton in Figure 3a. In this automaton, the words
{(ab)n | n ∈ N>0} are all equivalent. For any n > 0, we have

φ̃
(
(ab)n

)
=

{(
1, {1, 2}, 1

)}
since the word (ab)n can be read by a path π if and only if π is of the form 1 {1,2}−−−→ 1. Now
consider the words {an | n ∈ N>1}. Again, all these words are equivalent. In fact, they cannot
be read by any path, hence φ̃(an) = ∅ for any n ∈ N>1. Finally, notice that in this case,
the language accepted by this automaton, which consists of the unique word (ab)−ω(ab)ω, is
equal to φ−1(s) where s is the equivalence class described by {(0, {0, 1, 2, 3}, 3)}.

However, given an arbitrary equivalence class s ∈ S, the language φ−1(s) is not rational
in general. Consider the automaton in Figure 3b. The language L of all the words u on the
alphabet {a} such that

φ̃(u) =
{(

0, {0}, 0
)
,
(
0, {0, 1}, 0

)
,
(
1, {0, 1}, 0

)}
is not rational. Indeed, it contains all the words aα where α is an ordinal such that:
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cf (α) ̸= 0 (since the empty word cannot be read by a path visiting {0, 1}),
cf (α) ̸= 1 (since any word with a last symbol can be read by a path π : 0 {0,1}−−−→ 1, but
(0, {0, 1}, 1) does not belong to φ̃(u)),
and cf (α) ̸= ω (given that any word aα with cf (α) = ω can be read by a path π :
0 {0,1,2}−−−−→ 2, and (0, {0, 1, 2}, 2) does not belong to φ̃(u)).

In fact, L is equal to the set of words aα where α is an ordinal such that cf (α) > ω. As
previously mentioned in Example 6, this language is not rational.

We are now ready to formalize the fact that automata on scattered linear orderings are
not able to discriminate uncountable cofinalities. This is the purpose of Lemma 14. Given
two regular uncountable ordinals α and β and an automaton on scattered linear orderings A,
we prove that if there exists a path π reading a word wα in A, then one can build another
path π′ that reads wβ and starts in the same state, ends in the same state and visits exactly
the same states as π. Our strategy is to cut π into pieces (Proposition 11), to minimize them
(Proposition 12) and finally to recompose them to build π′ (Proposition 13). We start by
two propositions related to ordinals. Their proofs are standard. They can be adapted to
deal with reverse ordinals, by replacing the cofinality by the coinitiality.

▶ Proposition 9. Let α be an ordinal with uncountable cofinality, i.e., with a cofinality at
least equal to ω1. Then the set of limit ordinals strictly lower than α is cofinal in α.

▶ Proposition 10. If α is a regular ordinal, then any subset of α cofinal in α is isomorphic
to α.

Given a word w and an ordinal α, we say that a cut of the word wα is external (that is,
external to w) if it separates wα into two factors wα1 and wα2 (with α1 and α2 two ordinal
numbers, possibly equal to 0, and such that α = α1 + α2).

▶ Proposition 11. Let A be an automaton on linear orderings and let π be a path reading a
word wα in A, where w is a non-empty word and α is an uncountable regular ordinal. Let
P → q be the limit transition followed by π to reach the last cut of wα. Then, there exists a
state p and an ordering (ci)i∈α of external cuts of wα such that:

p ∈ P and P → p is a limit transition of A,
π(ci) = p for any i ∈ α,
and for any i < j ∈ α, π visits P between ci and cj,

Proof. Let J be the length of wα. The idea of the proof is to build a chain of suborderings
of Ĵ that are all cofinal in Ĵ∗ and isomorphic to α. The last element of this chain will be the
ordering (ci)i∈α.

First, let C ⊆ Ĵ∗ be the set of non-extremal cuts external to w. The ordering C is cofinal
in Ĵ∗ and isomorphic to α. Next, define CP ⊆ C as an ordering cofinal in C and such that π

visits exactly P between any two cuts in CP . The existence of this ordering and the fact
that it is cofinal in C follow from the assumption that π reaches the final cut of wα thanks
to the limit transition P → q. Given that CP is cofinal in an ordering that is isomorphic to
the regular ordinal α, CP is itself isomorphic to α (thanks to Proposition 10).

Secondly, define the ordering CP,lim ⊆ CP as the set of cuts in CP that do not have a
predecessor in CP . By Proposition 9, CP,lim is cofinal in CP (since the cofinality of CP is
α, i.e., is uncountable). By Proposition 10, CP,lim is thus isomorphic to α. Figure 4 shows
some cuts of CP . Between any two such cuts, π visits exactly P . The bigger vertical bar
represents a cut in CP,lim.
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. . .P P P

Figure 4 Several cuts of CP and a cut of CP,lim .

Each of the cuts in CP,lim (except maybe the first one) is reached by π thanks to a
left-limit transition involving P as limit set. There are finitely many such limit transitions.
Hence there exists a state p and an ordering CP →p ⊆ CP,lim cofinal in CP,lim (and thus
isomorphic to α by Proposition 10) such that π follows the limit transition P → p to reach
each cut in CP →p. Note that we necessarily have p ∈ P , since the set of states visited
between two cuts in CP →p is exactly P . Therefore, the ordering CP →p satisfies all the
properties enumerated in the proposition. ◀

▶ Proposition 12. Let A be an automaton on scattered linear orderings with set of states
Q. Let α ̸= 0 be an ordinal number and let w be a word. Assume that there exists a path
π : p

R−→ q reading wα in A, where p, q ∈ Q and R ∈ 2Q. Then, there exists a path π′ : p
R−→ q

and a countable ordinal number α′ ̸= 0 such that π′ reads wα′ in A.

Proof. We only provide a proof sketch. It can be shown that there exists an automaton B
with a unary alphabet {σ} that accepts the word σβ if and only if wβ can be read in A by a
path starting in p, ending in q and visiting exactly R. By assumption, there exists a path
π : p

R−→ q reading the word wα in A. Therefore, B accepts σα. The language accepted by B
is thus non-empty. Following the principles of the emptiness test developed in [8], one can
find a word accepted by B that has finite rank. This word takes the form σα′ where α′ is an
ordinal less than ωω, hence countable. Finally, by definition of B, the word wα′ can be read
in A by a path π′ : p

R−→ q. ◀

▶ Proposition 13. Let α and β be two regular uncountable ordinals. Let w be a scattered
word and let A be an automaton on scattered linear orderings with set of states Q. If there
exists a path π : q1

R−→ q2 reading wα, then there also exists a path π′ : q1
R−→ q2 reading wβ.

Proof. We denote by J the length of w. If w is the empty word, wα = wβ , hence the
proposition is proven correct. We thus assume that w is not the empty word. The idea of the
proof is to analyze π, and then to build a path π′ reading wβ that keeps the properties of π.

First, notice that since α is regular and uncountable, it is an initial ordinal greater or
equal to ω1. Therefore it is necessarily a limit ordinal. The path π thus reaches the last
state q2 via a limit transition P → q2 where P ⊆ Q. Then, there exists a state p ∈ P and
a sequence of cuts (ci)i∈α with the properties enumerated in Proposition 11. Let Ĵmin be
the first cut of wα. We assume without loss of generality that c0 ̸= Ĵmin (if c0 = Ĵmin,
then redefine the sequence (ci)i∈α by setting c0 to c1, c1 to c2, etc.). Let us define π1 as
the restriction of π to the prefix w[Ĵmin : c0], and π2 as the restriction of π to the subword
w[c0 : c1]. From Proposition 11, we infer the following properties of π1 and π2 (together with
the fact that P → p is a limit transition of A):

π1 reads wθ1 for some ordinal number θ1 > 0, starts in q1, ends in p and visits exactly
some set of states U ⊆ Q,
π2 reads wθ2 for some ordinal number θ2 > 0, starts in p, ends in p and visits exactly P ,
and U ∪ P ∪ {q2} = R.

Now let us apply Proposition 12 twice (once for π1 and once for π2). This yields a path
π′

1 : q1
U−→ p reading a word wθ′

1 and a path π′
2 : p

P−→ p reading a word wθ′
2 , where θ′

1, θ′
2 are

countable ordinal different from 0.
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We are now ready to build a path π′ : q1
R−→ q2 reading wβ . First, notice that β > θ′

1 > 0
and β > θ′

2 > 0 (since β is uncountable and θ′
1, θ′

2 are countable), and β is an initial ordinal
(since it is regular). This implies that θ′

2 · β = β and θ′
1 + β = β (see e.g. [19, Exercise 3.39]).

In terms of words, this means that

wβ = wθ′
1 · (wθ′

2)β .

Now consider the path π′ that first follows π′
1 to read wθ′

1 , then follows β times π′
2 to read

each copy of wθ′
2 , and eventually reaches the last cut of wβ via the limit transition P → q2.

This path reads wβ , starts in q1, visits R and ends in q2. Moreover, it can be checked that
this path is valid. Any cut of the word (wθ′

2)β that is external to wθ′
2 and that does not

have a predecessor that is external can be reached thanks to the limit transition P → p (or
P → q2 for the last cut). ◀

▶ Lemma 14. Let α and β be two regular uncountable ordinals. For any automaton on
scattered linear orderings A and for any scattered word w, the words wα and wβ are equivalent
for A. Symmetrically, w−α and w−β are also equivalent for A.

Proof. It follows from the fact that Proposition 13 is symmetric regarding α and β. Hence,
the set of triples (q1, R, q2) ∈ Q × 2Q × Q that characterize the equivalence class of wα are
the same as those characterizing the equivalence class of wβ , i.e., wα and wβ are in the same
equivalence class.

The proof that w−α and w−β are equivalent for A is essentially the same. It relies on the
mirrored versions of Propositions 9 to 13. ◀

The next step is to understand how the equivalence classes induced by ∼A behave with
respect to the concatenation of words. Lemma 15 addresses this question. It will be used
intensively in Section 5.

▶ Lemma 15. Let A be an automaton on scattered linear orderings and let I be a non-empty
scattered linear ordering. Let {ui | i ∈ I} and {vi | i ∈ I} be two sets of words such that
ui ∼A vi for all i ∈ I. Then the words u and v respectively defined as

(∏
i∈I ui

)
and(∏

i∈I vi

)
are equivalent for A.

Proof. We only give a proof sketch. Given two paths π and τ in A, we write π ≡ τ if both
paths start in the same state, end in the same state, and visit exactly the same set of states.
Since ui ∼A vi, the existence of a path πi reading ui in A implies that there also exists a
path τi ≡ πi reading vi in A. The idea of the proof is thus to consider a path π reading
u =

∏
i∈I ui in A and then to split it into a set of paths {πi | i ∈ I} such that πi reads ui.

From this, we can infer the existence of a set of paths {τi | i ∈ I} such that τi reads vi and
τi ≡ πi, and finally build a path τ ≡ π reading v in A. By symmetry of the problem, this is
sufficient to show that u and v are equivalent for A. ◀

In the particular case where α = 2, Lemma 15 actually shows that it makes sense to define
a binary product operation between the equivalence classes induced by ∼A. Given two
equivalence classes s1 and s2, their product s1 · s2 is defined as the equivalence class of any
word u1 · u2 such that u1 belongs to s1 and u2 to s2. Equivalently,

φ(u1) · φ(u2) = φ(u1 · u2). (1)

for any u1, u2 ∈ Σscat. Notice that the product we defined on S is an associative operation,
since

φ(u1) ·
(
φ(u2) · φ(u3)

)
= φ(u1 · u2 · u3) =

(
φ(u1) · φ(u2)

)
· φ(u3).
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Therefore, the set S containing the equivalence classes induced by ∼A has a finite-semigroup
structure, since it is a finite set equipped with a binary product operation that is associative.
Moreover, it follows from Equation 1 that φ : Σscat → S is a semigroup morphism from
Σscat (which can be seen as an infinite semigroup where the associative operation is the
concatenation) to the finite semigroup S.

The links between automata and semigroups are well studied in the literature. In [18],
rational languages of words indexed by countable scattered linear orderings are shown to be
exactly the languages recognizable by a special form of finite semigroups. That is, a language
L ⊆ Σ⋄ (where Σ⋄ is the class of all the words on the alphabet Σ indexed by countable
scattered linear orderings) is rational if and only if it can be written as

⋃
t∈T φ−1(t) where T

is a subset of a finite semigroup S and φ : Σ⋄ → S is a semigroup morphism (i.e., φ satisfies
Equation 1). This result generalizes the correspondence between regular languages of finite
words and finite semigroups [13]. It also proves that rational languages of words indexed by
countable scattered linear orderings are closed under complementation.

These results do not extend to rational languages of scattered words (countable and
uncountable). Given a finite semigroup S and a semigroup morphism φ : Σscat → S, the
languages φ−1(s) (where s ∈ S) are not rational in general, hence the equivalence between
rationality and recognizability by semigroups does not hold in our settings. If it were the
case, then automata on scattered linear orderings would be complementable. Nevertheless, it
is still possible to exploit the fact that the set of equivalence classes induced by ∼A has a
finite-semigroup structure. This is the objective of Section 5.

5 Constructible Words Characterize Rational Languages of Scattered
Words

In this section, we prove that the language accepted by an automaton on scattered linear
orderings A is characterized by the constructible words accepted by A (Theorem 20). We first
prove Theorem 19, stating that for any non-empty equivalence class s induced by ∼A, the
language φ−1(s) contains a constructible word (despite being non-rational in general). The
proof of this result relies on the application of a theorem of Colcombet [12]. We introduce
this theorem in Section 5.1 and apply it to our problem in Section 5.2.

▶ Remark 16. In the restricted case of automata on countable scattered linear orderings,
Theorem 19 follows immediately from the fact that each equivalence class is a rational
language [18, Proposition 27], and any non-empty rational language contains a countable
constructible word [8, Theorem 2]. Alternatively, the fact that the semigroups introduced
in [18] (as an algebraic model equivalent to automata on countable scattered linear orderings)
can be described by an algebra whose operators are the concatenation, the ω-power and the
reverse ω-power, yields another proof of Theorem 19 in the restricted case of countable scat-
tered words. In this restricted case, automata can be complemented [18], hence Theorem 20
can also be directly proven by adapting the proof of the characterization of the ω-regular
languages by their ultimately periodic words [7, Fact 1].

5.1 A Ramsey-like Theorem for Semigroups
The theorem presented in this section comes from [12]. It can be seen as an extension of
Ramsey’s theorem [17] to graphs whose edges are colored according to a semigroup structure.
Its proof relies on the axiom of choice.
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Let J be a linear ordering and let S be a finite semigroup. The product of two elements
s1, s2 ∈ S is denoted by s1 · s2. A multiplicative labeling σ is a function that maps each pair
(i, j) ∈ J × J such that i < j to an element of S, and such that

σ(i, j) · σ(j, k) = σ(i, k)

for all i < j < k ∈ J . In other words, if we consider J as an ordered set of vertices of a
complete graph, the multiplicative labeling σ is a coloring of the edges of this graph, where
the colors satisfy a semigroup structure (which is not the case in the classical infinite form of
Ramsey’s theorem [17]).

A split of J is a function r : J → {1, 2, . . . , N} where N ∈ N is called the height of the
split. Given a split r and an integer m ∈ {1, 2, . . . , N}, two elements i, j ∈ J are said to be
m-neighbors if r(i) = r(j) = m and r(k) ≤ m for all k between i and j. The relation “being
m-neighbors” is in fact an equivalence relation, for any m ∈ {1, 2, . . . , N}. An m-class is
an equivalence class induced by this equivalence relation. A split r : J → {1, 2, . . . , N} is
Ramseyan for the multiplicative labeling σ if for any m ∈ {1, 2, . . . , N} and for any m-class
X, there exists an idempotent element e ∈ S such that σ(i, j) = e for all i < j ∈ X (an
element e ∈ S is idempotent if e · e = e).

▶ Theorem 17 (Colcombet [12]). For any linear ordering J , for any finite semigroup S and
for any multiplicative labeling σ : J × J → S, there exists a split of J of height at most 2|S|
that is Ramseyan for σ.

▶ Example 18. The following example comes from [12]. Consider the graph with J = 17
vertices represented in Figure 5. The edges are labeled by the elements of the semigroup
S = Z/5Z (the set of integers modulo 5, equipped with addition modulo 5, that we denote

0 0 0 0 0 012 2 2 2 2 23 3 3

3 3 3 3 3 3 32 2 2 2 2 2 2 21 1
r :

Figure 5 Example of Ramseyan split.

by + here). This semigroup is in fact a group, but it does not matter in this example. Note
that all the edges are not represented, but the label of any edge can be retrieved thanks to
the multiplicative property of the labeling. For instance, the edge linking the first vertex to
the third one is labeled by 2 + 1 = 3.

Theorem 17 predicts the existence of a Ramseyan split of height at most 2|S| = 10. In
fact, in this case there exists a Ramseyan split r of height 3, represented below the graph in
Figure 5. Indeed, consider a 3-class (there is only one such class, which is the set of vertices
mapped to 3). Two distinct vertices in this class are always linked by an edge labeled by
the idempotent element 0. Now consider a 2-class (this time, there exist 4 such classes, two
of them being a singleton). Again, two distinct elements in a 2-class are linked by an edge
labeled by 0 (in fact, 0 is the only idempotent element of the semigroup). Finally, there are
two 1-classes that are both singletons. Hence one cannot find two distinct vertices in these
1-classes, which implies that the Ramseyan condition is automatically satisfied.

5.2 Application to Constructible Words
Let A = (Q, Σ, ∆, I, F ) be an automaton on linear orderings and let S be the set of equivalence
classes induced by ∼A. We regard S as a finite semigroup, as established in Section 4. We
denote by φ : Σscat → S the semigroup morphism mapping a scattered word to its equivalence
class.

MFCS 2026



25:14 Constructible Words and Automata on Scattered Linear Orderings

Let w be a word indexed by a linear ordering J . We now build a multiplicative labeling
of Ĵ from the equivalence classes of each subword of w (this idea is already present in [12]).
More precisely, we define the multiplicative labeling σ : Ĵ × Ĵ → S as follows:

σ(c1, c2) = φ(w[c1 : c2])

for any c1 < c2 ∈ Ĵ . Thanks to Theorem 17, we know the existence of a split r : Ĵ →
{1, 2, . . . , N} whose height N is at most 2|S| and that is Ramseyan for σ. We refer to this
Ramseyan split as a Ramseyan split of w.

▶ Theorem 19. Let A = (Q, Σ, ∆, I, F ) be an automaton on scattered linear orderings.
For any non-empty equivalence class s induced by ∼A, the language φ−1(s) contains a
constructible word.

Proof. The main idea is to consider an arbitrary word w ∈ Σscat of length J and to show
that w is equivalent to a constructible word. This shows that the equivalence class of w

contains at least one constructible word.
Given a Ramseyan split r of w, we proceed by induction on the internal height of r,

defined as

N∗ =

 max
{

r(c) | c ∈ Ĵ∗
}

if Ĵ∗ is non-empty

0 otherwise.

Since the height of r is finite by Theorem 17, so is its internal height. In what follows, we
say that w is of internal height N∗ if it admits a Ramseyan split of internal height N∗.

Let w be a word of internal height 0. The set of non-extremal cuts Ĵ∗ of w is empty,
hence w contains 0 or 1 letter. Hence in both cases, w is constructible. In particular, w is
thus equivalent to a constructible word.

Now, let w be a word of internal height N∗ > 0 and r a Ramseyan split of w with internal
height N∗. Let C ⊆ Ĵ be the set of cuts of w mapped to N∗ by r. Formally,

C = {c ∈ Ĵ | r(c) = N∗}.

Importantly, all the elements of C are in the same N∗-class (indeed, they are all mapped to
N∗ by r, and by maximality of N∗, any element of Ĵ between two elements of C is mapped
to k ≤ N∗). Note that C is necessarily non-empty, since it contains at least one non-extremal
cut (otherwise, r would not be a split of internal height N∗ > 0). We now distinguish two
cases, depending on whether C is a singleton or not. In each case, the idea of the proof is to
use some cuts belonging to C as separators to factorize w.

If C contains a single element c, consider the following factorization of w:

w = w[Ĵmin : c] · w[c : Ĵmax ].

The words w[Ĵmin : c] and w[c : Ĵmax ] are of internal height at most N∗ − 1 (since none
of the non-extremal cuts of w[Ĵmin : c] and w[c : Ĵmax ] is mapped to N∗). Hence by
induction hypothesis, they admit equivalent constructible words u1 and u2, respectively.
Therefore, by Lemma 15, the word u1 · u2 is equivalent to w, and it is a constructible
word.
If C contains strictly more than one element, then it contains two elements that are
consecutive in C. Let c < d be these two elements. Their existence relies on the fact that
J is scattered, hence Ĵ is also scattered, and any subordering of Ĵ as well. From the
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existence of c and d, one can infer the existence of a word w[c : d] of internal height at
most N∗ − 1. By induction hypothesis, this word thus admits an equivalent constructible
word, that we denote by v. It remains to show how to use the existence of v to build a
constructible word equivalent to w. We need to distinguish four cases, depending on the
presence or the absence of a greatest/least element in C.

Case 1: C has a greatest and a least element, denoted respectively by cmax and cmin.
Then, consider the following factorization of w:

w = w[Ĵmin : cmin] · w[cmin : cmax ] · w[cmax : Ĵmax ].

Since cmin, cmax , c and d belong to the same N∗-class, σ(cmin, cmax) = σ(c, d) by
definition of a Ramseyan split, hence the word w[cmin : cmax ] is equivalent to w[c : d],
which is itself equivalent to the constructible word v. Moreover, the words w[Ĵmin : cmin ]
and w[cmax : Ĵmax ] are of internal height at most N∗ − 1, since none of their non-
extremal cuts is mapped to N∗ by the split r. Hence by induction hypothesis, there
exist two constructible words u1 and u2 respectively equivalent to w[Ĵmin : cmin] and
w[cmax : Ĵmax ]. Therefore, thanks to Lemma 15, w is equivalent to u1 · v · u2, which is
constructible.
Case 2: C has a least element cmin but does not have any greatest element. Let ξ be
the cofinality of C, and csup ∈ Ĵ its least upper bound (which necessarily exists since
Ĵ is complete, as stated in [5]). Consider a subordering (ci)i∈ξ of C that is cofinal in
C, and such that c0 = cmin. Now factorize w as follows:

w = w[Ĵmin : cmin] ·

∏
i∈ξ

w[ci : ci+1]

 · w[csup : Ĵmax ].

The situation is similar to the previous case. The words w[Ĵmin : cmin] and w[csup :
Ĵmax ] are of internal height at most N∗ − 1, hence by induction hypothesis they admit
equivalent constructible words, say u1 and u2. Moreover, σ(ci, ci+1) = σ(c, d) for all
i ∈ ξ since c, d, ci and ci+1 are in the same N∗-class. Subsequently, each subword
w[ci : ci+1] is equivalent to w[c, d], which is itself equivalent to v. Therefore, by
Lemma 15, w is equivalent to u1 · vξ · u2, where u1, v and u2 are all constructible.

Note that ξ is larger or equal to the ordinal ω (if it was not the case, C would be
empty or would have a greatest element). If ξ = ω, then u1 · vξ · u2 = u1 · vω · u2 is
constructible, since the ω-power is a constructible operator. If ξ > ω, then ξ is an
uncountable regular ordinal. Lemma 14 then ensures that u1 · vξ · u2 is equivalent to
u1 · vω1 · u2, which is constructible. In both cases, w is equivalent to a constructible
word.
Case 3: C has a greatest element cmax but does not have any least element. This case
is the mirrored version of the previous one. With the same arguments as before, it is
possible to prove that w is equivalent to u1 · v−ω · u2 or u1 · v−ω1 · u2, where u1, u2
and v are constructible.
Case 4: C does not have a greatest element nor a least element. This case is the
combination of the two previous ones. Following the same reasoning as above, it can be
proven that w is equivalent to u1 · v−ω · vω · u2, to u1 · v−ω · vω1 · u2, to u1 · v−ω1 · vω · u2
or to u1 · v−ω1 · vω1 · u2, where u1, u2 and v are constructible.

This concludes the proof. ◀
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▶ Theorem 20. Let A1 and A2 be two automata on scattered linear orderings accepting the
same constructible words. Then, A1 and A2 accept the same language.

Proof. Let A be the automaton obtained by mere juxtaposition of A1 and A2 (i.e., A is the
union of A1 and A2). We assume that the states of A1 and A2 are disjoint. If two words u

and v are equivalent for A, then these two words are also equivalent for A1 and for A2. Let
w be a word accepted by A1. Our goal is to show that w is also accepted by A2. Thanks
to Theorem 19, there exists a constructible word u such that u ∼A w. This implies that
u ∼A1 w and u ∼A2 w. Therefore, u is also accepted by A1. Since u is constructible, it is
thus accepted by A2 as well. Finally, since u ∼A2 w, the word w is also accepted by A2. ◀

▶ Remark 21. In the proof of Theorem 19, we actually showed that any word w admits an
equivalent constructible word whose notation involves a bounded number of constructible
operators. This comes from the fact that Colcombet’s theorem guarantees the existence of a
Ramseyan split of w that is not only of finite height, but also of bounded height. Therefore,
Theorem 20 could actually be slightly strengthened. To show that two automata on scattered
linear orderings accept the same language, it is not necessary to check that they accept
the same constructible words. It suffices to show that it is the case for constructible words
involving a bounded number of operators. We believe that this slight improvement might be
important in future applications of this theorem.

6 Conclusion and Further Work

We proved that rational languages of words indexed by scattered linear orderings are
characterized by their constructible words. This generalizes the characterization of ω-regular
languages by their ultimately periodic words. The proof of our result is interesting in itself,
since it does not rely on complementation but rather exploits semigroup theory.

We expect our result to be used in future developments. It is likely to simplify some
proofs, since constructible words are simple objects to work with, in the sense that they
admit a finite notation (which is not the case of non-constructible words). We also believe
that it sheds light on the expressiveness of automata on scattered linear orderings.

It would be interesting to understand the connections between our result and other
theorems of the same flavor in logic. For instance, a result of Läuchli and Leonard states that
two formulas in the monadic first-order theory of order (MFO) are equivalent on scattered
domains (i.e., have the same scattered models) if and only if they have the same simple
(“constructible”) countable scattered models [14] (see also [19, Corollary 7.10]). To the best
of our knowledge, it is not known whether a language definable in MFO on unrestricted
scattered domains is always rational. Hence it is not clear whether this result of Läuchli and
Leonard aligns with Theorem 20, or is of a different nature. We would like to answer this
question in some future work, by studying the languages definable in MFO.

Our result could potentially be extended to rational languages over unrestricted linear
orderings. It would also be worthwhile to investigate whether it yields decidability results
(for instance, regarding equivalence checking between two automata on scattered linear
orderings).
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