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Abstract
We study the exact counting problem for all lattice rectangles contained in the square [0, n) ×
[0, n), including non-axis-parallel ones. Starting from the standard parametrization by a primitive
direction (u, v) and two side lengths, we derive a sequence of exact algorithms of complexity O(n2),
O(n3/2 log n), O(n4/3 log n), and finally O(n log3 n). The main idea behind the near-linear algorithm
is to reduce the geometric summation to a constant-size family of weighted floor sums closed under
Euclidean-style affine and reciprocal transformations, and hence evaluable in O(log n) time per query.
The intermediate algorithms expose the structural reductions leading to this final kernel and provide
independent cross-checks for the implementation.
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1 Introduction

We study the following problem.

Problem

Count all rectangles whose vertices lie in the integer lattice and are contained in the square
[0, n) × [0, n), including non-axis-parallel rectangles.

Counting lattice configurations in planar grids is a classical topic at the interface of
combinatorics, geometry of numbers, and lattice-point enumeration. In this paper we study
an exact counting problem for lattice rectangles. From an algorithms perspective, this is
a compact test case for a common phenomenon in exact evaluation of structured integer
sequences: a direct geometric summation has too many primitive objects, but after divisor-
sum rearrangements and floor-sum reciprocity it collapses to a small number of Euclidean
one-dimensional kernels.

The resulting counting function is the OEIS sequence A085582 [8]. Geometrically, it
extends the classical axis-parallel rectangle count to arbitrary lattice orientations in the
same n × n grid of points. Arithmetically, each non-axis-parallel family is governed by a
primitive direction (u, v), which brings in coprimality, divisor sums, and floor-sum recurrences.
Computationally, the OEIS entry already collects exact values, tables, and scripts, so faster
exact algorithms are useful both for extending the data and for testing asymptotic predictions.
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Table 1 Summary of the algorithms discussed in the paper.

Method Main idea Time Authors Kernel

Baseline primitive-direction
enumeration

O(n2) Radcliffe none

Square-root small/large split;
coprime prefixes

O(n3/2 log n) this paper coprime prefixes

Cubic-root dual parametrization;
six moments

O(n4/3 log n) this paper six-moment
weighted floor-sum

Final Möbius inversion;
weighted floor sums

O(n log3 n) this paper ten-moment
weighted floor-sum

The classical split appears in the OEIS decomposition A085582(n) = A000537(n − 1) +
A113751(n), where A000537(n − 1) =

(
n
2
)2 is the axis-parallel count and A113751(n) records

the non-axis-parallel contribution [8]. Our goal is to show that the full sequence is not merely
a table of values, but a structured counting problem admitting several increasingly efficient
exact algorithms.

We are not aware of prior work on this exact enumeration problem in the present
algorithmic form. Our main contribution is an algorithmic reduction from geometric enu-
meration to a constant-size family of weighted Euclidean floor-sum kernels, which yields the
complexity improvements proved below. For related background on floor-sum reciprocity,
elementary number-theoretic estimates, and lattice-point enumeration, see [4, Section 3.5]
and [5, 3, 2, 12]. The use of primitive lattice directions also connects the problem to
the broader literature on primitive lattice points in planar domains and polygonal count-
ing problems [6, 9]. The last line of work is algorithmically close in spirit: for example,
Pawlewicz and Pătraşcu obtain sublinear-time algorithms for Farey order statistics and
related primitive-lattice-point counting in polygons [9].

Our main contributions are as follows: We derive three progressively faster exact al-
gorithms beyond the quadratic baseline, with complexities O(n3/2 log n), O(n4/3 log n), and
O(n log3 n). In particular, an exact O(n log3 n) algorithm achieves near-linear time. Method-
ologically, the final algorithm is obtained by reducing the original geometric counting problem
to a constant-size recursively closed family of weighted floor-sum kernels; the Euclidean affine
and reciprocal transformations preserve this family, so each outer query can be evaluated in
O(log n) arithmetic operations. See Table 1 for more details.

The intermediate algorithms are included because they expose the structural reductions
leading to the final near-linear method: the O(n3/2 log n) split introduces the direction/side-
length duality, the O(n4/3 log n) algorithm isolates a finite floor-moment state space, and the
final O(n log3 n) algorithm emerges from the resulting recursively closed weighted floor-sum
kernel. A full version contains the longer ten-moment transition identities, a two-term
asymptotic expansion, larger exact-value tables, and the full ten-moment coefficient list.

Throughout the paper we count arithmetic operations in a standard RAM model. In
the implementation, all loop indices and intermediate affine parameters are stored in
std::int128_t, which is exact throughout the benchmarked range reported in Section 8.
Accordingly, the stated running times should be read as arithmetic-operation bounds rather
than bit-complexity bounds for arbitrarily large integers. The recursive floor-sum kernels
have O(1) state size; the remaining memory usage comes from the preprocessing tables.
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2 Preliminaries

We use the following standard arithmetic functions. The Möbius function is µ(1) = 1,
µ(m) = 0 if a square prime divides m, and otherwise µ(m) = (−1)r, where r is the number of
distinct prime divisors of m. Euler’s totient φ(m) counts residues coprime to m; τ(m) is the
divisor-counting function, and ω(m) is the number of distinct prime divisors. The Möbius
identity used to remove coprimality is 1gcd(r,s)=1 =

∑
d|r, d|s µ(d), hence, for any function f ,∑

1⩽s⩽X, gcd(r,s)=1 f(s) =
∑

d|r µ(d)
∑

m⩽X/d f(dm). We also use the elementary estimates∑
m⩽X 1/m = O(log X),

∑
m⩽X τ(m)/m2 = O(log X), and

∑
m⩽X 2ω(m)/m = O(log2 X).

The floor-sum kernels below are evaluated by Euclidean recursion: after reducing affine
parameters modulo the denominator, a reciprocal step exchanges numerator and denominator.

3 The standard parametrization

This section fixes the basic parametrization and separates the easy axis-parallel and boundary
contributions from the primitive non-axis-parallel part.

Let (u, v) be a primitive lattice direction, so u ⩾ v > 0 and gcd(u, v) = 1. The orthogonal
direction is (−v, u). A rectangle with side lengths a, b ⩾ 1 in these two directions is generated
by a · (u, v) and b · (−v, u), hence its axis-aligned bounding box has side lengths au + bv and
av + bu. Therefore it fits into the half-open square [0, n) × [0, n) if and only if

au + bv ⩽ n, av + bu ⩽ n. (1)

For such a quadruple (u, v, a, b), the number of placements equals

(n − au − bv)(n − av − bu). (2)

We split F (n) = F0(n) + F1(n). Here F0(n) collects the axis-parallel orientations together
with the boundary direction (1, 1), while F1(n) contains all primitive directions with 0 < v < u.
The axis-parallel term is the classical rectangular-grid count, the direction (1, 1) is the simplest
genuinely tilted family, and all remaining work is concentrated in the primitive non-axis-
parallel directions. These cases are separated to avoid double counting and to isolate the
boundary direction (1, 1). The axis-parallel rectangles contribute

(
n
2
)2 = n2(n−1)2/4. For the

boundary direction (1, 1), a rectangle generated by a(1, 1) and b(−1, 1) has bounding-box side
length a+ b, hence it contributes (n−a− b)2 placements; summing

∑
a,b⩾1, a+b⩽n(n−a− b)2

gives n(n − 1)2(n − 2)/12. Hence

F0(n) = n2(n − 1)2

4 + n(n − 1)2(n − 2)
12 .

For F1(n), by symmetry in a, b, set x := max(a, b) and y := min(a, b), so x ⩾ y ⩾ 1. The
constraints become xu + yv ⩽ n and xv + yu ⩽ n, and the second inequality is redundant
because x ⩾ y and u > v. Thus the two orderings of (a, b) collapse into one term; swapping
(u, v) with (v, u) only produces the reflected direction, excluded by the convention u > v > 0.
Thus we get

F1(n) =
∑

u>v>0, x⩾y⩾1
gcd(u,v)=1, xu+yv⩽n

W(x, y) (n − xu − yv)(n − xv − yu), (3)

where W(x, y) = 2 if x = y and W(x, y) = 4 if x > y. This identity will be the common
starting point for the reparametrizations below.

MFCS 2026
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4 The classical quadratic algorithm

We record the natural O(n2) baseline obtained by sweeping over primitive directions and
summing admissible side-length pairs [8, 10].

Direction sweep

Fix a primitive direction (u, v) with u > v. For each admissible y, the variable x runs
through an interval determined by Equation (3). A straightforward implementation computes
the contribution of one primitive direction in time O(n/u) , or in time O(n/u · log n) if one
performs coprimality tests online and evaluates the inner arithmetic progressions without
the closed-form simplifications.

The number of primitive pairs with first coordinate u is φ(u) + O(1), where φ is Euler’s
totient function, so using the classical estimate

∑
u⩽n

φ(u)
u = O(n) we get:

∑
u⩽n

φ(u)n

u
= O(n2),

∑
u⩽n

φ(u)n log n

u
= O(n2 log n),

▶ Proposition 1 (classical baseline). The rectangle-counting problem admits
a direct implementation of complexity O(n2 log n) if primitivity and inner summation are
handled naively, and
an O(n2) implementation after standard preprocessing of primitive directions and ele-
mentary arithmetic simplifications.

Algorithmically, the classical baseline sweeps over primitive directions (u, v) and, for
each such direction, over the admissible values of the secondary side length parameter; for
fixed (u, v, y), the remaining interval in x is summed explicitly. We state this baseline
explicitly because every later improvement modifies exactly one bottleneck of this sweep.
Compare the standard divisor-summation and hyperbola-method viewpoints in [7, 11]; a
more implementation-oriented version is recorded in Appendix A. For readers coming from
the OEIS entry, this is also the closest formalization of the straightforward computation
behind the existing tables and scripts [10].

5 A square-root decomposition: O(n3/2 log n)

Let B := ⌊
√

n⌋ . We split the set of primitive directions into two regions

Dsmall = {(u, v) : gcd(u, v) = 1, u > v > 0, u ⩽ B},

Dlarge = {(u, v) : gcd(u, v) = 1, u > v > 0, u > B}.

5.1 Small directions

For (u, v) ∈ Dsmall, we keep the classical parametrization (u, v, x, y). The contribution of one
direction is computed in time O(n/u · log n) , and hence the total cost is

∑
u⩽B

φ(u)n log n

u
= O(nB log n) = O(n3/2 log n).
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5.2 Large directions
If (u, v) ∈ Dlarge, then u > B, hence every admissible rectangle has x ⩽ n/u < n/B.
Therefore we switch the order of summation and use the parameterization from Section 3.
Restricting the formula for F1(n) to Dlarge, we obtain

F1,large(n) =
∑

(u,v)∈Dlarge
x⩾y⩾1, xu+yv⩽n

W(x, y) (n − xu − yv)(n − xv − yu).

Fix u, x, y and set

vmax := min
(

u − 1,

⌊
n − xu

y

⌋)
.

Then the inner summation runs over all v ∈ [1, vmax] with gcd(u, v) = 1, and the placement
factor is a quadratic polynomial in v:

(n − xu − yv)(n − xv − yu) = A0(u; x, y) + A1(u; x, y) v + A2(x, y) v2,

where

A0(u; x, y) = (n−xu)(n−yu), A1(u; x, y) = −(x(n−xu)+y(n−yu)), A2(x, y) = xy.

Hence for fixed u, x, y we need only the three coprime prefix sums

Cj(u; X) :=
∑

1⩽v⩽X
gcd(u,v)=1

vj , j ∈ {0, 1, 2}.

Indeed, applying the Möbius identity from Section 2 gives 1gcd(u,v)=1 =
∑

d|u, d|v µ(d), and
therefore

Cj(u; X) =
∑
d|u

µ(d)
∑

m⩽X/d

(dm)j .

Consequently the v-sum becomes∑
1⩽v⩽vmax
gcd(u,v)=1

(n − xu − yv)(n − xv − yu) = A0C0(u; vmax) + A1C1(u; vmax) + A2C2(u; vmax).

So the whole large-direction contribution is

F1,large(n) =
∑
u>B

∑
x⩽n/u

∑
y⩽x

W(x, y)
(
A0C0(u; vmax) + A1C1(u; vmax) + A2C2(u; vmax)

)
.

For each fixed u, the number of pairs (x, y) is O((n/u)2), and one coprime-prefix query is
answered in O(τ(u)) time from the squarefree divisors of u. Summing over u > B gives

∑
u>B

O

(
τ(u)

(n

u

)2
)

= O

(
n2
∑
u>B

τ(u)
u2

)
= O

(
n2 log n

B

)
.

▶ Theorem 2 (square-root decomposition). Choosing B = ⌊
√

n⌋ and treating small directions
and large directions by dual parametrizations yields an algorithm of complexity O(n3/2 log n).

At the algorithmic level, one chooses the threshold B = ⌊
√

n⌋, evaluates the small-
direction range u ⩽ B by the one-direction routine from the previous section, and evaluates
the complementary range by the dual sweep in the (x, y) variables. Appendix A records a
fuller pseudocode version of this decomposition.

MFCS 2026
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6 A cubic-root decomposition: O(n4/3 log n)

The next refinement follows the same philosophy as the square-root split, but with a stronger
one-direction kernel. Let

B :=
⌊
n2/3

⌋
.

We again split the set of primitive directions at the threshold u = B.

6.1 Small directions: one primitive pair in O(log n)
Fix a primitive direction (u, v) with

u > v ⩾ 1, gcd(u, v) = 1.

Denote by cu,v(n) its total contribution in the parametrization of (3):

cu,v(n) :=
∑

x⩾y⩾1
xu+yv⩽n

W(x, y) (n − xu − yv)(n − xv − yu),

We sum over x, with y as the inner variable. For fixed x, the admissible values of y satisfy

1 ⩽ y ⩽ min(x, M(x)) , where M(x) =
⌊

n − xu

v

⌋
Thus the x-range splits at the transition point x = n

u+v . Therefore we obtain two segments:

I1 =
[
1,

⌊
n

u + v

⌋]
, I2 =

[⌊
n

u + v

⌋
+ 1,

⌊n

u

⌋]
.

On the first segment I1, the bound coming from xu + yv ⩽ n is inactive, so 1 ⩽ y ⩽ x.
On the second segment I2, the active upper bound is 1 ⩽ y ⩽

⌊
n−xu

v

⌋
. Thus cu,v(n) is the

sum of two segment contributions.
On I1, we separate the diagonal y = x from the strict range 1 ⩽ y < x. The diagonal

contribution is computable in O(1) time.
On I2, the upper bound for y is M(x), and since M(x) < x throughout this segment, we

always have x > y, hence W(x, y) = 4. Expanding

(n − xu − yv)(n − xv − yu) = P0(x) + P1(x)y + P2y2,

where P0(x) is quadratic in x, P1(x) is linear in x, and P2 is constant, and then carrying out
the inner summation over y, we obtain a polynomial in x and M(x). More precisely, the
total contribution of I2 is a fixed linear combination of the six floor moments∑

x∈I2

M(x),
∑
x∈I2

xM(x),
∑
x∈I2

x2M(x),
∑
x∈I2

M(x)2,
∑
x∈I2

xM(x)2,
∑
x∈I2

M(x)3. (4)

To formalize the required queries, for integers N ⩾ 0, m ⩾ 1, and a, b ⩾ 0, define the
six-moment kernel

Hp,q(N ; m, a, b) :=
N−1∑
t=0

tp

⌊
at + b

m

⌋q

, (p, q) ∈ {(0, 1), (1, 1), (2, 1), (0, 2), (1, 2), (0, 3)}. (5)

The interval sums appearing in (4) have negative slope in the summation variable, so before
invoking the kernel we first reverse the index.



D. Babichev and S. Babichev 26:7

▶ Lemma 3 (sign reversal for floor moments). Let m ⩾ 1, u ⩾ 0, B ∈ Z, and L ⩽ R. Put
N := R − L + 1. Then for every p ⩾ 0 and q ⩾ 1,

R∑
x=L

xp

⌊
B − ux

m

⌋q

=
p∑

j=0
(−1)j

(
p

j

)
Rp−jHj,q(N ; m, u, B − uR).

Proof. Let x = R − t, where 0 ⩽ t ⩽ R − L. Then⌊
B − ux

m

⌋
=
⌊

B − uR + ut

m

⌋
, xp = (R − t)p =

p∑
j=0

(−1)j

(
p

j

)
Rp−jtj .

Substituting and exchanging the finite sums gives the claim. ◀

In particular, each of the six sums in (4) is a linear combination of six-moment kernel
values with nonnegative slope a = u; these six direct states are already recursively closed,
since the affine and reciprocal Euclidean steps do not increase the total weighted degree
p + q, so the family with q ⩾ 1 and p + q ⩽ 3 is stable. The common recursive structure
is summarized in Appendix B. The reciprocal step used below is analogous to the classical
conjugation/reciprocity viewpoint in integer-partition decompositions [1].

▶ Lemma 4 (affine closure of the six-moment kernel). Each affine normalization step expresses
a state Hp,q(N ; m, a, b) as a linear combination of states Hp′,q′(N ; m, a′, b′) inside the same
six-state family, together with ordinary polynomial sums.

Proof. Write the floor argument as q1t+q0 +g(t) after removing the easy Euclidean quotients.
Expanding (q1t + q0 + g(t))q shows that every nontrivial term still has the form tp′

g(t)q′ with
(p′, q′) ∈ {(0, 1), (1, 1), (2, 1), (0, 2), (1, 2), (0, 3)}, while the terms with q′ = 0 are ordinary
polynomial sums. The coefficient identities are obtained by this expansion; the full expanded
list is left to the implementation and full version. ◀

▶ Lemma 5 (reciprocal closure of the six-moment kernel). Under the reciprocal Euclidean step,
each state of the six-moment family is expressible as a linear combination of states of the
same family and polynomial sums.

Proof. Write

Hp,q(N ; m, a, b) =
N−1∑
x=0

xpy(x)q, y(x) :=
⌊

ax + b

m

⌋
,

and assume 0 ⩽ a, b < m. Put

Y :=
⌊

a(N − 1) + b

m

⌋
.

Instead of summing by columns indexed by x, we regroup the same staircase region by
horizontal levels t = 0, 1, . . . , Y − 1. The condition y(x) ⩾ t + 1 is equivalent to

x ⩾

⌊
mt + (m − b − 1)

a

⌋
+ 1.

Hence the transposed staircase is encoded by the reciprocal floor function

g(t) :=
⌊

mt + (m − b − 1)
a

⌋
, 0 ⩽ t < Y,

MFCS 2026
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which is exactly the same construction with the roles of a and m interchanged. When one
rewrites the sums over the horizontal strips, the lower bounds contribute only polynomial
weights in t, so every term becomes a linear combination of moments

Y −1∑
t=0

tp′
g(t)q′

= Hp′,q′(Y ; a, m, m − b − 1),

with (p′, q′) ∈ {(0, 1), (1, 1), (2, 1), (0, 2), (1, 2), (0, 3)}, together with ordinary power sums.
Thus the same six-state family is preserved under the reciprocal step, and the larger Euclidean
parameter decreases from m to a < m. The coefficient identities are obtained by this
transposition; the full expanded list is left to the implementation and full version. ◀

▶ Corollary 6 (evaluation of the six-moment kernel). For fixed integers (n, m, a, b), the six
moments in (4) can be computed in time O(log n) by an Euclidean recursion. The recursive
system is closed: no moments outside the family (4) are generated.

Proof. By Lemmas 4 and 5, the recursion alternates between two Euclidean-style operations:
affine normalization replaces (a, b) by their residues modulo m, and the reciprocal step then
swaps the active pair (m, a) to (a, m) with a < m. Thus after each nontrivial cycle the
larger Euclidean parameter strictly decreases, exactly as in the ordinary Euclidean algorithm.
The recursion therefore has depth O(log m) = O(log n), and each step performs only O(1)
arithmetic operations on the constant-size family of moments. Hence the six-moment kernel
is evaluable in O(log n) time. ◀

On the first segment, all required quantities reduce to polynomial sums, hence are
computable in O(1) time. On the second segment, Lemma 3 and Corollary 6 gives an
O(log n) evaluation.

▶ Corollary 7. For a fixed primitive direction (u, v) with u ⩾ v ⩾ 1, the contribution cu,v(n)
can be computed in time O(log n).

Since the number of primitive pairs with u ⩽ B is O(B2), the total cost of the small part
is O(B2 log n) = O(n4/3 log n).

6.2 Large directions
We now consider the complementary region u > B = n2/3. Geometrically, this is completely
analogous to the large-direction analysis in Section 5. The difference is only that the cutoff
is now B = n2/3 and that, instead of the square-root sweep, we evaluate the resulting
one-dimensional sums by coprime prefix sums.∑

u>B

O

(
τ(u)

(n

u

)2
)

= O

(
n2
∑
u>B

τ(u)
u2

)
= O

(
n2 log n

B

)
= O(n4/3 log n).

Thus the large-direction part matches the cost of the small-direction part, but it uses a
different kernel: coprime prefix sums of orders 0, 1, 2, not floor moments.

▶ Theorem 8 (cubic-root decomposition). The lattice-rectangle counting problem admits an
algorithm of complexity O(n4/3 log n).

Fix B =
⌊
n2/3⌋. For u ⩽ B, each primitive direction is reduced to O(1) queries to the

six-moment kernel; for u > B, the dual parametrization is handled by the coprime prefix
sums C0, C1, C2. The main text proves the reduction and the resulting complexity bound,
while Appendix A and Appendix B record the corresponding implementation details and
explicit kernel transitions.
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7 The final reduction to weighted floor sums: O(n log3 n)

We now turn to the fastest algorithm. This section explains how the quantities Ru,y,d arise
and how they reduce to weighted floor sums. We first isolate the required weighted floor-sum
queries and derive the global complexity conditionally on an O(log n) query bound; this
temporary assumption is discharged below by proving that the relevant kernel is recursively
closed and evaluable in O(log n) time.

7.1 From primitive directions to Möbius inversion
We start from the contribution of the non-axis-parallel directions, restricting to u > v ⩾ 1.
The coprimality condition is removed by the Möbius identity stated in Section 2. Writing
v = dt with d | u, t ⩾ 1, and dt < u, we obtain

F1(n) =
n∑

u=2

∑
d|u

µ(d)̸=0

µ(d)
∑

1⩽t<u/d

∑
x⩾y⩾1

xu+y dt⩽n

W(x, y) (n − xu − y dt)(n − x dt − yu).

Now fix u, y, and d. The remaining inner contribution depends only on these three outer
parameters, so we define

Ru,y,d :=
∑

1⩽t<u/d

∑
x⩾y⩾1

xu+y dt⩽n

W(x, y) (n − xu − y dt)(n − x dt − yu). (6)

Since necessarily 1 ⩽ y ⩽ ⌊n/u⌋, the whole sum becomes

F1(n) =
n∑

u=2

∑
1⩽y⩽⌊n/u⌋

∑
d|u

µ(d) Ru,y,d. (7)

7.2 How many outer triples?
Let T (n) be the number of admissible outer triples (u, y, d), where 1 ⩽ y ⩽ ⌊n/u⌋ and d | u

is squarefree. For fixed u, the number of squarefree divisors of u equals 2ω(u), where ω(u) is
the number of distinct prime divisors of u. Thus

T (n) =
∑
u⩽n

2ω(u)
⌊n

u

⌋
.

For the algorithmic analysis we only need the upper bound T (n) = O(n log2 n). Indeed,
this upper bound follows from ⌊n/u⌋ ⩽ n/u, which gives T (n) ⩽ n

∑
u⩽n 2ω(u)/u. Next,

using 2ω(m) =
∑

d|m µ2(d), where µ2(d) is the indicator of squarefree integers, we obtain

∑
u⩽n

2ω(u)

u
=
∑
d⩽n

µ2(d)
d

∑
m⩽n/d

1
m

.

Now
∑

m⩽X 1/m = O(log X) and
∑

d⩽n µ2(d)/d = O(log n), so
∑

u⩽n 2ω(u)/u = O(log2 n)
and therefore T (n) = O(n log2 n). Consequently, if each set Ru,y,d can be processed in time
O(log n) then the total running time is O(n log3 n). The remainder of this section proves
exactly this O(log n) evaluation bound by showing that all required weighted floor sums
belong to a finite recursively closed Euclidean kernel.
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7.3 Weighted floor-sum reduction
The purpose of this subsection is to isolate the one-dimensional arithmetic kernel behind
the final algorithm. The explicit affine and reciprocal transition identities for this kernel are
somewhat lengthy; here we state the kernel, explain why it is the right one, and derive the
global O(n log3 n) bound from the closure argument summarized in Appendix B.

Fix u, y, d. By definition,

Ru,y,d =
∑

t<u/d

∑
x⩾y⩾1

xu+y dt⩽n

W(x, y) (n − xu − y dt)(n − x dt − yu).

For each fixed x ⩾ y, the variable t runs over

1 ⩽ t ⩽ T (x), T (x) := min
(⌊u − 1

d

⌋
,
⌊n − ux

yd

⌋)
.

Write

T0 :=
⌊u − 1

d

⌋
, G(x) :=

⌊n − ux

yd

⌋
.

Then the summation over x naturally splits into two zones:
the capped zone, where G(x) ⩾ T0 and therefore T (x) = T0;
the active-floor zone, where 1 ⩽ G(x) < T0 and therefore T (x) = G(x).

The split point is determined by the inequality n − ux ⩾ ydT0, that is,

x ⩽ X0 :=
⌊n − ydT0

u

⌋
.

Hence the capped zone contributes only polynomial sums in x, while the active-floor zone is
exactly where the weighted floor-sum kernel appears. More precisely,

Ru,y,d =
∑

y⩽x⩽X0

W(x, y) Scap
x +

∑
x>X0

W(x, y) Sact
x , where

Scap
x :=

∑
1⩽t⩽T0

(n−xu−y dt)(n−xdt−yu), Sact
x :=

∑
1⩽t⩽G(x)

(n−xu−y dt)(n−xdt−yu).

In the capped zone the inner sum is a polynomial in x because the upper limit T0 is
constant, and in the active-floor zone the same expansion reduces everything to moments of
G(x) = ⌊(n − ux)/(yd)⌋. Expanding the summand as a quadratic polynomial in t, we obtain

(n − xu − y dt)(n − xdt − yu) = P0(x) + P1(x)t + P2(x)t2, where

P0(x) = (n − xu)(n − yu), P1(x) = −d
(
y(n − yu) + x(n − xu)

)
, P2(x) = xyd2.

Using the identities
T∑

t=1
1 = T,

T∑
t=1

t = T (T + 1)
2 ,

T∑
t=1

t2 = T (T + 1)(2T + 1)
6 ,

we see that each inner sum is a polynomial in x and in its upper limit T0 or G(x). Thus the
direct expansion expresses Ru,y,d through the following seven basic weighted floor sums:∑

T (x),
∑

xT (x),
∑

x2T (x),∑
T (x)2,

∑
xT (x)2,

∑
x2T (x)2,

∑
xT (x)3.

Now W(x, y) = 4−2 1x=y, so the diagonal contribution x = y contributes only a constant-size
correction.
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▶ Lemma 9 (direct weighted floor-sum reduction). For fixed (u, y, d), the quantity Ru,y,d is a
linear combination of the seven basic sums displayed above over the active-floor zone x > X0,
together with ordinary polynomial sums in x coming from the capped zone y ⩽ x ⩽ X0 and
the diagonal correction x = y.

The seven direct states are not closed under the Euclidean transitions. We therefore
enlarge them to the ten-moment family from Appendix B. For integers N ⩾ 0, m ⩾ 1, and
a, b ⩾ 0, define

Hp,q(N ; m, a, b) :=
N−1∑
x=0

xp

⌊
ax + b

m

⌋q

, q ⩾ 1, p ⩾ 0, p + q ⩽ 4. (8)

Equivalently, the state space is indexed by

(p, q) ∈ {(0, 1), (1, 1), (2, 1), (3, 1), (0, 2), (1, 2), (2, 2), (0, 3), (1, 3), (0, 4)}.

As in the six-state kernel discussed earlier, the affine and reciprocal Euclidean steps do not
increase the total weighted degree p + q; since the seven direct queries all satisfy p + q ⩽ 4,
their closure is therefore contained in the ten-state family above, while the five cases with
q = 0 are ordinary monomial sums treated separately. Since the floor term has negative
slope in x, we first reverse the index. Thus for any interval [L, R],

R∑
x=L

xp

⌊
N − ux

yd

⌋q

=
p∑

j=0
(−1)j

(
p

j

)
Rp−jHj,q(R − L + 1; yd, u, N − uR).

▶ Lemma 10 (affine closure of the weighted kernel). For the evaluation of (8), each af-
fine normalization step expresses a state Hp,q(N ; m, a, b) as a linear combination of states
Hp′,q′(N ; m, a′, b′) with q′ ⩾ 1, p′ ⩾ 0, p′ + q′ ⩽ 4, together with polynomial sums.

▶ Lemma 11 (reciprocal closure of the weighted kernel). Under the reciprocal Euclidean step,
each state of the extended family is expressible as a linear combination of states of the same
family and polynomial sums.

▶ Corollary 12 (evaluation of the weighted kernel). The ten-moment kernel (8) is evaluable
in O(log n) time.

The proof follows the same Euclidean-recursion scheme as in Lemmas 4 and 5 and Corol-
lary 6. The affine step expands (Ax+B +g(x))q, and the reciprocal step transposes the same
staircase by horizontal levels; neither operation increases the weighted degree p + q. Thus
the enlarged ten-state family is closed, and the Euclidean parameter decreases after each
reciprocal step. The explicit coefficient formulas are mechanical extensions of the six-moment
identities in Appendix B; they are omitted from this conference version and are included in
the full version and implementation.

▶ Corollary 13 (evaluation of outer contributions). Each outer contribution Ru,y,d is computable
in time O(log n).

Proof. By Lemma 9, each Ru,y,d reduces to a constant number of shifted instances of the
ten-moment kernel (8) plus polynomial sums. By Corollary 12, each such kernel query costs
O(log n) time, while the polynomial-zone contribution is evaluated in O(1) time. ◀

Combining the O(log n) evaluation of each outer contribution Ru,y,d with the O(n log2 n)
bound on the number of admissible outer triples yields the final complexity bound.
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Table 2 Sample exact values for powers of two.

k F (2k) k F (2k)
1 1 19 172327747508964813792096
2 44 20 2907742868855598433202344
3 1192 21 48931868439876126051425552
4 27128 22 821437615651793675198669752
5 564120 23 13759445380252558103053449112
6 11114080 24 230014222561387209679445816240
7 211224480 25 3838037104619867210112196814232
8 3914221216 26 63933546372113490066412405897360
9 71182606216 27 1063335985124949941305863686097296

10 1275797150128 28 17659763652737469299382592232330696
11 22602804487208 29 292898424695610564494215857912343064
12 396685572297544 30 4851850095158746095561485451592336296
13 6907621416632376 31 80277206323003614389748671287223855080
14 119492377263166968 32 1326796977975476403092689286862986516504
15 2055404973525169560 33 21906538476526319541299023010218991588136
16 35182910663019639384 34 361349204887120272089523042249821840571528
17 599669468453524178752 35 5955100706397110811260922659812491131662432
18 10182597857710132553464 36 98057826153604756744005601368029402514221504

▶ Theorem 14 (final complexity). The lattice-rectangle counting problem admits an exact
O(n log3 n) algorithm.

Proof. There are O(n log2 n) admissible triples (u, y, d), and each corresponding contribution
Ru,y,d is computable in O(log n) time by Corollary 13. Summing over all outer triples proves
the stated bound. ◀

Algorithmically, the final method iterates over the admissible outer triples (u, y, d), evalu-
ates each contribution Ru,y,d by the recursive weighted floor-sum kernel, and accumulates it
with weight µ(d). The main text proves the reduction and the complexity bound; Appendix A
gives pseudocode, while the full ten-moment transition identities are included in the full
version and in the accompanying implementation.

8 Experiments

All four implementations were benchmarked in single-threaded C++ on one core of an
Intel i7-13700 at 5.2 GHz, compiled with clang++ 20.1.8 and -O3 -march=native, using
std::int128_t throughout the tested range. The plots report wall-clock seconds for n =
213, . . . , 230; each point is the median of repeated runs, with relative variation below 0.5%.
The exact values in Table 2 were produced by the fastest implementation; small entries were
cross-checked against the slower algorithms.

Comparison of algorithms
Figure 1 shows close agreement with the predicted asymptotic bounds. The log–log plots are
nearly linear with the expected slopes, and the normalized runtimes remain stable or slowly
decrease for the faster algorithms, indicating entry into the asymptotic regime.

In the tested range, the O(n log3 n) implementation overtakes the O(n4/3 log n) one near
the largest inputs and has the smallest normalized runtime among the nontrivial exact
methods.



D. Babichev and S. Babichev 26:13

2
13

2
14

2
15

2
16

2
17

2
18

2
19

2
20

2
21

2
22

2
23

2
24

2
25

2
26

2
27

2
28

2
29

2
30

input size n= 2k

10 2

10 1

100

101

102

103

104

105

ru
nn

in
g 

tim
e 

(s
ec

on
ds

)

Running times of the algorithms
O(n2)

O(n3/2logn)

O(n4/3logn)

O(nlog3 n)

2
13

2
14

2
15

2
16

2
17

2
18

2
19

2
20

2
21

2
22

2
23

2
24

2
25

2
26

2
27

2
28

2
29

2
30

input size n= 2k

1.0

1.5

2.0

2.5

3.0

3.5

4.0

T
(n

)/
(t

h
eo

re
ti
ca

l
co

m
p
le

x
it
y
)

1e 9 Normalized running times

Figure 1 Wall-clock running times of the four algorithms on inputs n = 213, . . . , 230 (left) and
after normalization by the theoretical complexity (right).

9 Summary and future work

We obtained exact algorithms of complexity O(n2) for the classical primitive-direction
sweep, O(n3/2 log n) for the square-root decomposition, O(n4/3 log n) for the cubic-root
decomposition with floor moments, and O(n log3 n) for the final weighted floor-sum reduction,
where the weighted floor-sum family from Section 7 admits an O(log n) Euclidean evaluation.
The key structural feature of the last two stages is the collapse of the geometric summation
to one-dimensional arithmetic kernels: a six-state floor-moment kernel in the O(n4/3 log n)
algorithm and a ten-state Euclidean kernel in the final O(n log3 n) reduction. The full version
contains implementation-level simplifications and the two-term asymptotic expansion.

Natural directions include further reducing the complexity, extending the methods to
other lattice objects and higher dimensions, and evaluating F (k) over [1, n] in total complexity
better than O(n2). A genuinely sublinear algorithm for a single value F (n) would likely
require a different idea: even in the final formulation there are Θ(n) natural outer scales
to account for, so an Ω(n)-type barrier appears heuristically unavoidable unless one finds
additional global cancellations or a new transform-level description of the count.
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A Algorithmic appendix: expanded pseudocode

This appendix records more explicit procedural versions of the four algorithmic stages. The
aim is not to specify low-level implementation details, but to make the control flow of each
algorithm and the interfaces between the geometric summation and the one-dimensional
kernels transparent. Throughout this appendix, the three directions (0, 1), (1, 0), and (1, 1)
are excluded from the loops and are handled separately through the closed-form term F0(n).

Algorithm 1 Classical quadratic baseline.

1: Initialize ans← 0.
2: for each primitive (u, v) with u > v > 0 do
3: determine ymin ⩽ y ⩽ ymax from Equation (1)
4: for y = ymin, . . . , ymax do
5: determine the induced interval xmin(y) ⩽ x ⩽ xmax(y)
6: if nonempty, add the closed polynomial sum of (2) over x

7: end for
8: end for
9: return F0(n) + ans.

Algorithm 2 Square-root decomposition.

1: Set B ←
⌊√

n
⌋

and ans← 0.
2: for each primitive (u, v) with u ⩽ B and u > v > 0 do
3: evaluate cu,v(n), defined in Section 6.1, by the baseline routine
4: add the resulting small-direction contribution to ans

5: end for
6: for u = B + 1, . . . , n do
7: for each (x, y) with 1 ⩽ y ⩽ x ⩽ ⌊n/u⌋ do
8: set vmax ← min{u− 1, ⌊(n− xu)/y⌋}
9: accumulate the primitive contribution on 1 ⩽ v ⩽ vmax by coprime prefix sums

10: end for
11: end for
12: return F0(n) + ans.

The squarefree divisor lists used in the final algorithm can be generated once by a sieve
for the smallest prime factor together with the recursive construction of all squarefree divisors
of each u. Their total size up to n is

∑
u⩽n 2ω(u) = O(n log n), so this preprocessing does

not affect the final O(n log3 n) complexity bound.
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Algorithm 3 Cubic-root decomposition.

1: Set B ←
⌊
n2/3⌋ and ans← 0.

2: for each primitive (u, v) with u ⩽ B and u > v > 0 do
3: rewrite cu,v(n) as a fixed linear combination of six moments
4: evaluate the required values H(·; ·, ·, ·) by Appendix B
5: add the resulting small-direction contribution to ans

6: end for
7: for u = B + 1, . . . , n do
8: set xmax ← max{x ∈ Z⩾0 : xu < n}
9: for each (x, y) with 1 ⩽ y ⩽ x ⩽ xmax do

10: set m← 2 if x = y, and m← 4 otherwise
11: set vmax ← min{u− 1, max{v ∈ Z⩾0 : yv < n− xu}}
12: evaluate (C0, C1, C2) on 1 ⩽ v ⩽ vmax by coprime prefix sums
13: add m

(
(n− xu)(n− yu)C0 − (x(n− xu) + y(n− yu))C1 + xyC2

)
14: end for
15: end for
16: return F0(n) + ans.

Algorithm 4 Final weighted-floor-sum algorithm.

1: Precompute the squarefree divisor lists D(u) = {(d, µ(d)) : d | u, d squarefree} for all u ⩽ n.
2: Initialize ans← 0.
3: for u = 2, . . . , n and each y with 1 ⩽ y ⩽ ⌊n/u⌋ do
4: for each (d, µ(d)) ∈ D(u) with d < u do
5: form the Möbius-expanded quantity Ru,y,d from (6)
6: split Ru,y,d into its polynomial and weighted floor-sum parts
7: evaluate the weighted queries by the ten-state version of Appendix B
8: add µ(d)Ru,y,d to ans

9: end for
10: end for
11: return F0(n) + ans.

B Euclidean floor-moment kernels

We record the common recursive structure behind the six-moment kernel used in Section 6
and the ten-moment kernel used in Section 7. For integers n ⩾ 0, m ⩾ 1, and a, b ⩾ 0, put

Hp,q(n; m, a, b) =
n−1∑
x=0

xp

⌊
ax + b

m

⌋q

.

In the cubic-root algorithm we need the six states with q ⩾ 1 and p + q ⩽ 3, namely
(0, 1), (1, 1), (2, 1), (0, 2), (1, 2), (0, 3). In the final algorithm we use the ten states with q ⩾ 1
and p + q ⩽ 4, listed in (8).

The base case a = 0 is immediate because the floor term is constant. For the affine step,
write a = Am + a′ and b = Bm + b′, where 0 ⩽ a′, b′ < m. Then⌊

ax + b

m

⌋
= Ax + B +

⌊
a′x + b′

m

⌋
,

and expanding (Ax + B + g(x))q expresses every Hp,q(n; m, a, b) as a linear combination
of moments with parameters (n; m, a′, b′) and ordinary power sums

∑
x<n xr. The total

weighted degree p + q never increases.
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After this reduction assume 0 ⩽ a, b < m and a > 0. Let

Y =
⌊

a(n − 1) + b

m

⌋
, g(t) =

⌊
mt + (m − b − 1)

a

⌋
, 0 ⩽ t < Y.

Transposing the staircase y ⩽ ⌊(ax + b)/m⌋ and summing by horizontal levels rewrites each
moment for (n; m, a, b) as a linear combination of moments for (Y ; a, m, m − b − 1) and
power sums in n and Y . Again the total weighted degree is preserved. Thus each nontrivial
reciprocal step decreases the Euclidean parameter from m to a < m, while all computations
remain inside the same constant-size state space.

Consequently both the six-state and ten-state kernels are evaluable in O(log m) arithmetic
operations. For the six-state kernel, the affine formulas are short enough to include here. Let

B = H(n; m, a′, b′) = (b01, b11, b21, b02, b12, b03), Pr =
n−1∑
x=0

xr.

Then

H0,1 = b01 + AP1 + BP0,

H1,1 = b11 + AP2 + BP1,

H2,1 = b21 + AP3 + BP2,

H0,2 = b02 + 2Ab11 + 2Bb01 + A2P2 + 2ABP1 + B2P0,

H1,2 = b12 + 2Ab21 + 2Bb11 + A2P3 + 2ABP2 + B2P1,

H0,3 = b03 + 3Ab12 + 3Bb02 + 3A2b21 + 6ABb11 + 3B2b01

+ A3P3 + 3A2BP2 + 3AB2P1 + B3P0.

For the reciprocal step, let

Y :=
⌊

a(n − 1) + b

m

⌋
.

If Y = 0, then all six moments vanish. Otherwise put

G = H(Y ; a, m, m − b − 1) = (g01, g11, g21, g02, g12, g03), Qr :=
Y −1∑
t=0

tr.

Staircase transposition gives

H0,1(n; m, a, b) = P0Y − Q0 − g01,

H1,1(n; m, a, b) = 2P1Y − g01 − g02

2 ,

H2,1(n; m, a, b) = 6P2Y − g01 − 3g02 − 2g03

6 ,

H0,2(n; m, a, b) = P0Y 2 − Q0 − g01 − 2Q1 − 2g11,

H1,2(n; m, a, b) = 2P1Y 2 − g01 − g02 − 2g11 − 2g12

2 ,

H0,3(n; m, a, b) = P0Y 3 − Q0 − g01 − 3Q1 − 3g11 − 3Q2 − 3g21.

These identities are obtained by summing horizontal strips between the two complementary
staircases. They also make the algorithmic closure explicit: all right-hand-side non-polynomial
terms are moments for the reciprocal instance (Y ; a, m, m − b − 1), while all other terms are
ordinary power sums.
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The affine step reduces (a, b) modulo m, and the reciprocal step replaces (n; m, a, b) by
(Y ; a, m, m − b − 1), so the active modulus strictly decreases from m to a < m. Hence
the recursion has Euclidean depth O(log m), and each step performs only O(1) arithmetic
operations on the stored moments and the power sums.

The ten-state expansion is the same calculation with the larger family q ⩾ 1, p + q ⩽ 4.
We omit only the expanded coefficient table in this conference version; it is included in the
full version and in the accompanying implementation.

C Implementation notes and verification

The implementation follows the reductions above literally, but uses two constant-factor
simplifications in the final weighted-floor kernel. First, the affine and reciprocal transition
formulas are hard-coded as straight-line arithmetic rather than constructed symbolically at
run time. Second, the two most common affine subcases, namely B = 0 and then A = 1, are
handled separately; these cases occur frequently in the Euclidean recursion and remove a
large number of temporary products.

The four algorithms are kept in the repository as separate implementations. This is useful
both for benchmarking and for validation: the quadratic implementation checks the small
range, the square-root and cubic-root implementations check intermediate sizes, and the final
implementation is then compared against all earlier methods on their overlapping ranges.
The scripts also reproduce the timing plot in Figure 1.

For reproducibility, the code separates the mathematical kernels from the drivers enu-
merating the outer parameters. The same weighted-floor routine is used by the cubic-root
and final implementations with different state families, enabling tests of the Euclidean recur-
sion independently of the surrounding geometry. All benchmarked runs use exact integer
arithmetic.
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