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—— Abstract

For a graph G, a proper k-coloring of G is equitable if the sizes of any two color classes differ by at
most one. The EQUITABLE k-COLORING problem asks, for a given graph G and integer k, whether G
admits an equitable k-coloring. Bodlaender and Fomin (Theoretical Computer Science 2005) showed

that it is polynomial-time solvable on graphs of bounded treewidth, while it remains NP-hard on
cographs, and thus on graphs of constant clique-width. Fellows et al. (Information and Computation
2011) showed that the problem becomes W[1]-hard when parameterized by tree-width (and hence
clique-width) plus the number of colors k.

We first show that, there exists an algorithm, given an integer k£ > 1 and an n-vertex graph G
together with a w-expression whose underlying unlabelled graph is GG, computes the number of
equitable k-colorings of G in time 2°®*®) . @) I particular, we show that for every fixed k,
counting equitable k-colorings is polynomial-time solvable on graph classes of bounded clique-width,
given a clique-width expression.

We then show that, under SETH, the dependence on clique-width in this algorithm is essentially
optimal. As a consequence, our results provide a fairly tight picture of the complexity of EQUITABLE
k-COLORING with respect to the combined parameter k+clique-width in the following sense: For
variable k, the problem is W[1]-hard, however for every fixed integer k, it is polynomial-time solvable
on graphs of bounded clique-width given a clique-width expression, and this remains true even for
the counting version.

Second, we refine our clique-width algorithm for the linear setting. We show that there exists
an algorithm, given an integer £ > 1 and an n-vertex graph G together with a linear w-expression
constructing G, computes the number of equitable k-colorings of G in time max{1, 2k 2} .pf oM,
Thus, for bounded linear clique-width, we obtain a significantly sharper dependence on the width
parameter than in the general clique-width case.

Third, we consider a different structural restriction, namely the class of P;-free graphs. A graph
is called P;-free if it does not contain the path on t vertices as an induced subgraph. This is a
different setting from bounded clique-width; in particular, already Ps-free graphs have unbounded
clique-width. Nevertheless, we show that for every P;-free graph GG, the number of equitable list
3-colorings of G can be computed in subexponential time.

2012 ACM Subject Classification Theory of computation — Parameterized complexity and exact
algorithms

Keywords and phrases Equitable coloring, Clique-width, P;-free graphs
Digital Object Identifier 10.4230/LIPIcs. MFCS.2026.27

Funding Thore Husfeldt: Supported by the VILLUM Foundation grant 54451.
Amir Nikabadi: Supported by the Independent Research Fund Denmark (DFF), grant agreement
number 2098-00012B.

© Holger Dell, Thore Husfeldt, and Amir Nikabadi;

37 licensed under Creative Commons License CC-BY 4.0
51st International Symposium on Mathematical Foundations of Computer Science (MFCS 2026).
Editors: Michal Koucky and Daniela Petrigan; Article No.27; pp.27:1-27:15

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


mailto:hold@itu.dk
https://orcid.org/0000-0001-8955-0786
mailto:thore@itu.dk
https://orcid.org/0000-0001-9078-4512
mailto:amir@itu.dk
https://orcid.org/0009-0002-1446-1935
https://doi.org/10.4230/LIPIcs.MFCS.2026.27
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics
https://www.dagstuhl.de

27:2

Counting Equitable k-Colorings in Graphs of Bounded Clique-Width

1 Introduction

Let G be a graph. A proper k-coloring of G is equitable if the sizes of any two color classes
differ by at most one. Equitable coloring has a long history. A celebrated result of Hajnal and
Szemerédi [18] settled a conjecture of Erdés by showing that every graph G with maximum
degree at most k admits an equitable (k + 1)-coloring. In contrast to the classical setting,
where Brooks’ theorem states that every connected graph G with maximum degree A satisfies
X(G) < A, except when G is a complete graph or an odd cycle; the equitable analogue of this
statement is still open. In particular, Chen, Lih, and Wu [4] conjectured that every connected
graph G with maximum degree A > 2 admits an equitable coloring with A colors, except
when G is a complete graph, an odd cycle, or A is odd and G = Ka a. This conjecture
remains open in general, although it has been verified for several graph classes [4, 3, 5, 24].

—[ EQUITABLE k-COLORING
Input: A graph G and an integer k.

Task: Decide whether G admits an equitable k-coloring.

On the algorithmic side, the EQUITABLE k-COLORING problem has been studied extens-
ively. By a simple reduction from k-COLORING, it follows that EQUITABLE k-COLORING
is NP-hard. Bodlaender and Fomin [1] showed that the problem is solvable in polynomial
time on graphs of bounded treewidth, while it remains hard on cographs. Fellows et al. [14]
showed that the problem is W[1]-hard when parameterized by treewidth together with the
number of colors. The parameterized complexity of EQUITABLE k-COLORING has also been
studied under structural parameterizations [15] and on restricted graph classes [16, 7].

In this paper, we first study EQUITABLE k-COLORING with respect to the combined
parameters clique-width and the number of colors. The clique-width (introduced by Courcelle
et al. [9]) of a graph G, denoted by cw(G), is the minimum number of different labels needed
to construct G using certain graph operations (see Section 2 for details). Clique-width has
been studied extensively both in algorithmic and structural graph theory. It generalizes
the classical notion of treewidth, denoted by tw, in the following sense: For every graph G,
cw(G) < O(2™(S)) [8], whereas no converse bound holds, since there are graphs of arbitrarily
large treewidth and bounded clique-width. The importance of clique-width stems in part from
the fact that many problems, including COLORING and HamMILTON CYCLE [13, 21, 10, 23],
that are NP-hard in general become polynomial-time solvable on any graph class, say G, of
bounded clique-width, that is, for which there exists a constant ¢, such that for every graph
G € G, cw(G) < c. Tt follows from the result of [14] that EQUITABLE k-COLORING remains
WI[1]-hard when parameterized by the clique-width of the input graph together with the
number of colors. We show, however, that counting equitable k-colorings can still be done in
XP for these combined parameters. In particular, we prove the following.

» Theorem 1. There exists an algorithm that, given an integer k > 1 and an n-vertex graph
G together with a w-expression whose underlying unlabelled graph is G, computes the number
of equitable k-colorings of G in time 20+ ®) . nOW)  In particular, for every fized k, counting
equitable k-colorings is polynomial-time solvable on graph classes of bounded clique-width,
given a clique-width expression.

The proof of Theorem 1 is by dynamic programming over a given clique-width expression.
Let us distinguish our approach from more standard dynamic programming algorithms over
clique-width expressions. While the overall framework is the usual bottom-up dynamic
programming over a given expression, the state representation is different. Ordinary coloring
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needs only local information about how colors interact with the current label classes. For
equitable coloring, however, one must also keep track of the global sizes of the color classes.
Accordingly, for each subexpression we use a signature that records, for every label, the set of
colors appearing on that label class, and, for every color, the current size of its color class. It
is this additional global information that makes it possible to enforce the equitable condition
at the root.

We then present a complementary SETH-based lower bound for graphs of bounded clique-
width. Although it does not fully match the running time in Theorem 1, it shows that for
every fixed k& > 3 one cannot hope for a running time of the form O*((2% — 2 — g)*V(%)).
More precisely, we prove the following.

» Theorem 2. Let G be a graph. For every fized k > 3 and every € > 0, unless SETH
fails, EQUITABLE k-COLORING cannot be solved in time O*((2F — 2 — )*() where cw(G)
denotes the clique-width of G.

The proof of Theorem 2 is based on the SETH-based lower bound of Lampis [22] for
k-COLORING parameterized by clique-width. We reduce from k-COLORING by padding the
input graph with an independent set, in such a way that proper k-colorings of the original
graph correspond exactly to equitable k-colorings of the new graph, while the clique-width
increases by at most one.

We next refine our Theorem 1 by turning to linear clique-width, which plays a role
analogous to that of pathwidth relative to treewidth. Because linear expressions have a
prescribed left-to-right structure (we will get back to this in Section 4), they admit a more
economical dynamic-programming state space. This yields a sharper running time than in
the general clique-width setting.

» Theorem 3. There exists an algorithm that, given an integer k > 1 and an n-vertex graph
G together with a linear w-expression constructing G, computes the number of equitable
k-colorings of G in time max{1,2F — 2}® -k tOM) - In particular, for every fized integer k,
counting equitable k-colorings is polynomial-time solvable on graph classes of bounded linear
clique-width, given a linear clique-width expression.

We finally turn to P;-free graphs. Since graphs excluding a fixed induced subgraph
form one of the most natural classes in structural graph theory, P;-free graphs provide a
particularly appealing test case: they are far beyond bounded treewidth, and even already
Ps-free graphs have unbounded clique-width [12].

For ordinary k-COLORING (which asks whether a given graph is k-colorable) on P;-free
graphs, polynomial-time algorithms are known for ¢ <5 [19], for (k,t) = (4,6) [6], and for
(k,t) = (3,7) [2], while Huang [20] showed that 4-COLORING is NP-complete for Pr-free
graphs and 5-COLORING is NP-complete for Ps-free graphs; in particular, the complexity
of 3-COLORING on P;-free graphs remains open for ¢ > 8. This makes P;-free graphs a
particularly natural setting in which to seek subexponential-time algorithms for equitable
coloring. Groenland et al. [17] showed that the number of proper 3-colorings of a P;-free
graph can be computed in subexponential time. We extend this result to equitable colorings.

» Theorem 4. Let t € N. There is an algorithm that, given a P;-free graph G on n vertices
and a list assignment L: V(G) — 2123} computes the number of equitable proper list

3-colorings of (G, L) in time 2°00V™1°87) . poly(n)1,

! Since t is fixed, the factor depending on t is absorbed in the O(-)-notation.
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Counting Equitable k-Colorings in Graphs of Bounded Clique-Width

The remainder of the paper is organized as follows. In Section 3 we prove Theorem 1
and Theorem 2. In Section 4 we prove Theorem 3. Finally, in Section 5 we prove Theorem 4.
Proofs of statements marked with “&” can be found in the attached full version.

2 Preliminaries

Sets and numbers. We use N to denote the set of positive integers. We let [n] = {1,...,n}
for every n € N. For a set U, we denote by 2V the set of all subsets of U. The identity map
on U is denoted by idy. We write O*(f(n)) for a non-decreasing function f(n) of the input
size parameter n to suppress polynomial factors in n. For two sets A and B we denote by
AW B the disjoint union of A and B. Let f: D — R be a function and let A C D. The
restriction of f to A, denoted by f|a, is the function f|4 : A — R defined by f|a(z) == f(z)
for all x € A. For composable maps f and g, g o f denotes their composition.

Graphs. Graphs in this paper have finite vertex sets and no loops or parallel edges. Let
G = (V,E) be a graph. A clique in G is a set of pairwise adjacent vertices. An independent
set in G is a set of pairwise non-adjacent vertices. For X C V(G), we denote the subgraph
of G induced by X as G[X], that is G[X] = (X, {uwv: u,v € X and uv € E}). We denote
by N(X) vertices of G\ X with a neighbor in X, and N[X] = N(X) U X. For disjoint
X,Y CV(G), we say that X is complete to Y if every vertex in X is adjacent to every vertex
in Y, and X is anticomplete to Y if there are no edges between X and Y. For given graphs G
and H, we say that G is H-free if G does not contain H as an induced subgraph. We let P,
C,, and K, denote the chordless path, chordless cycle, and the complete graph on n vertices.
A coloring of G is a mapping ¢: V' — {1,2,...} that gives each vertex u € V a color ¢(u) in
such a way that, for every two adjacent vertices v and v in G, we have that p(u) # ¢(v).
For k > 1, a coloring ¢ of G is a k-coloring if p(u) € {1,...,k} for every u € V, and a graph
is k-colorable if it admits a k-coloring. The chromatic number x(G) is the smallest k for
which G is k-colorable. A k-coloring of G is equitable if ||p~1(i)| — |~ 1(j)|| < 1 for every
1,7 € [k]. Equivalently, G is equitably k-colorable if it is k-colorable and every color is used
either [n/k] or [n/k| times where n = |V(G)|. The equitable chromatic number x=(G) is
the smallest k for which G is equitably k-colorable.

Clique-width and linear clique-width. For a fixed w > 1, a w-labelled graph is a graph G
together with a labelling function lab : V(G) — [w]. Equivalently, it may be described by
the partition V(G) = Cy W --- W C,,, where C; = lab™"(4) is the set of vertices of label i. On
w-labelled graphs we consider the following operations:
for each i € [w], the introduce-operation i(v), which constructs a single-vertex graph
whose unique vertex v has label i;
the union-operation union(-, -), which forms the disjoint union of two w-labelled graphs;
for distinct 4, j € [w], the relabel-operation rename;_, ;(-), which changes the label of every
vertex of label i to j;
for distinct 4, j € [w], the join-operation join; ;(-), which adds all edges with one endpoint
of label i and the other of label j.

A w-expression is any valid term built from these operations. If u is a w-expression, we
write G, for the w-labelled graph constructed by u, and lab,, for its labelling function. The
clique-width of an unlabelled graph G, denoted by cw(G), is the least integer w such that
there exists a w-expression whose underlying unlabelled graph is G. Associated with every
w-expression f is its syntax tree T}, in the natural way. For any node ¢t € V(7},), the subtree
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rooted at ¢ induces a subexpression p;. Whenever p is fixed, we write Gy = G,,,V; =
V(Gy), Ey = E(Gy), lab; := lab,,. We use this notation to refer conveniently to the labelled
graph associated with a node of the syntax tree of u. A clique-expression u is linear if in
every union-operation, the second operand is a single-vertex w-labelled graph. The linear
clique-width of an unlabelled graph G, denoted by lew(G), is the least integer w such that G
is the underlying unlabelled graph of some linear w-expression.

Complexity. For basics of parameterized complexity, see [11].

3  Graphs of bounded clique-width: The proofs of Theorem 1 and
Theorem 2

We first prove Theorem 1. We use the clique-width operations introduced in Section 2. In
particular, a w-expression is a term whose leaves are single-vertex w-labelled graphs and
whose internal nodes apply one of the operations union(, -), join; ;(-) (¢ # j), and rename; _,;(-)
(i # 7). We introduce the signature notation used by the dynamic programming algorithm.

» Definition 5 (X -signature). Let k,w € N. Let X be a subexpression of a given w-expression,
and let Gx be the w-labelled graph constructed by X, with vertex set Vx and labelling function
labx : Vx — [w]. An X-signature is a pair o = (S,a) where S = (S1,...,Sw) with Sy C [k]
for all ¢ € [w], and a = (ay,...,a;) € {0,1,...,|Vx|}*.

We say that a proper k-coloring ¢ : Vx — [k] is represented by o = (S, a) if
Se={ce[k]:3veVx with labx (v) = ¢ and p(v) = ¢} for all £ € [w], and
a. = |~ t(c)| for all ¢ € [K].

The key point is that this signature stores precisely the information needed by the
clique-width operations: for join-operations it is enough to know which colors appear on
each label class, while for equitable coloring one must additionally know the global sizes of
the color classes.

» Lemma 6 (&). Let n = kq+r with ¢ = [n/k] and 0 <r < k. If X* is a w-expression
for G, then G admits an equitable k-coloring if and only if there exists an X*-signature
o = (S,a) represented by a proper k-coloring of G such that a. € {q,q + 1} for every c € [k],
and [{c € [k] :ac =q+ 1} =r.

» Definition 7. Let X = rename;_,;(Y) with ¢ # j. For a Y-signature ¢ = (S,a) and an
X -signature o' = (S',a’), we write o —;_,; o’ ifa’ =a and

Se if € & {i,j},
Sp=10 if b =1,
S;uS; ifl=j.

We can now prove the main result of this section.

» Theorem 8. F'ix an integer k > 1. There exists an algorithm that, given an n-vertex graph
G together with a w-expression € of size m whose underlying unlabelled graph is G, computes
the number of equitable k-colorings of G in time 2°% %) .m . nO®) (up to polynomial factors
for arithmetic on integers of size at most k™). In particular, for standard polynomial-size
encodings of clique-width expressions, the running time is 20%w) . pOK)

27:5
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Proof. Let £ be the given w-expression, and let X* := £. For every subexpression X of &,
we denote by G x the w-labelled graph constructed by X, with vertex set Vx and labelling
function labx : Vx — [w]. For an X-signature o = (S,a), we write S = (51,...,S5,) and
a=(ay,...,a;). Recall that a proper k-coloring ¢ : Vx — [k] is represented by o if
Se={ce[k]:Fve Vx with labx (v) = ¢ and p(v) = c} for all £ € [w], and
a. = |~ t(c)| for all c € [K].

For every subexpression X and every X-signature o, define count[X,o] € Z>¢ to
be the number of proper k-colorings ¢ of Gx that are represented by o. Equivalently,
count[X, o] = ’{4,0 : @ is a proper k-coloring of G x and is represented by J}|. We compute
all values count[X, o] by dynamic programming over the subexpressions X of £, proceeding
from smaller subexpressions to larger ones. We show, by induction on the structure of X,
that for every subexpression X of £ and every X-signature o, the value count[X, o] equals
the number of proper k-colorings of Gx represented by o. The base case is when X is a leaf.
For the induction step, we assume the claim holds for the immediate proper subexpressions
of X, and prove it for X according to whether the last operation of X is a union, join, or
relabel operation.

Leaf. Suppose that X is a leaf subexpression creating a single vertex v with label £ € [w].
For ¢ € [k], let e, € {0,1}* be the vector whose cth coordinate is 1 and whose other
coordinates are 0. For each color ¢ € [k], define the signature o(“¢) = (S,a) by S, = {c},
Se =0 for all ¢ € [w]\ {¢}, and a = e.. We set

1 if 0 = 0(®®) for some ¢ € [k],
count[X, o] :=
0 otherwise.

This is correct because Gx has a single vertex and no edges, so for each ¢ € [k] there is
exactly one proper coloring with ¢(v) = ¢, and it represents exactly o®¢); no other signature
can be represented.

Union. Assume X = union(Y, Z). By the semantics of union, the graphs Gy and Gz are
vertex-disjoint induced subgraphs of G x, there are no edges between Vy and Vz, and

Vx =Vy uVy, E(Gx)ZE(Gy)&JE(Gz), |abx|vy =|aby,|abx|VZ = laby. (1)
Fix an X-signature o = (S, a). We define count[X, o] by

count[X, o] := Z Z count[Y, (S8Y,a¥)] - count[Z, (S%,a%)]. (2)
a¥t+aZ=a sY 8%
Se=8y USZ Vecw)]

Let us justify (2). Let ¢ be any proper k-coloring of Gx. Define ¢y = ¢|y,. and
vz = ¢lv,. Then py and ¢z are proper colorings of Gy and Gz, respectively, because Gy
and Gz are induced subgraphs of Gx by (1). Conversely, for any pair (¢y, 1z) where 1y is
a proper coloring of Gy and vy is a proper coloring of Gz, there is a unique coloring v of
G x obtained by combining them:

. 'LZJy(’U) 'UEVy,
w( ) B {wz(v) NS Vz,



H. Dell, T. Husfeldt, and A. Nikabadi

and 1) is proper since there are no edges between V3 and Vz. Now let oy = (SY,aY) and
oz = (SZ,a%) be the signatures represented by ¢y and ¢z, respectively. We claim that ¢ is
represented by o = (S, a) if and only if

a=a"+a? and S,=S) USZ forall £ € [w)]. (3)

Indeed, fix any color ¢ € [k]. Since Vx = Vi W V7, we have |1 (c)| = ¢y ()| + |¢, ()],
hence a. = a} + aZ, which is exactly the cth coordinate of a = a¥ + a?.

Next fix any label £ € [w]. Using (1), the set of vertices of label ¢ in Gx is the disjoint
union of the label-¢ vertices in Gy and in Gz, so the set of colors used by ¢ on label £ is

exactly the union of the sets of colors used by ¢y and ¢z on label ¢, that is, S, = S} U SZ.

This proves (3), and the converse direction is immediate from the definitions. Finally, for
every pair (oy,oz) satisfying (3), the number of proper colorings ¢ of Gx represented by o
whose restrictions induce these particular signatures equals count[Y, oy] - count[Z, o 7], since
the choice of py and the choice of ¢z are independent and determine ¢ uniquely. Summing
over all such pairs yields (2).

Join.  Assume X = join, ;(Y') with i # j. Then Vx = Vy, labx = laby, and G'x is obtained
from Gy by adding every edge between a vertex of label i and a vertex of label j. Fix an
X-signature o = (S,a). We set

(4)

t]Y, if S;NS; =10,
connt[X, o] = {coun [Y,o] i ;=0

otherwise.

Let us justify (4). Let ¢ be a proper k-coloring of Gy represented by o. Then ¢ is
also a coloring of Gx (same vertex set). If S; N.S; = 0, then no color ¢ is used on both
labels i and j by ; hence for every new edge uv added by join, ; (with labx (u) = i and
labx (v) = j) we have ¢(u) # ¢(v). Thus ¢ remains proper in Gx. Conversely, if S;N.S; # 0,
choose ¢ € S; NS;. By definition of S; and S;, there exist vertices u,v with labx (u) = ¢ and
labx (v) = j and ¢(u) = p(v) = ¢, and join; ; adds the edge uv, contradicting properness
in Gx. Hence no proper coloring of Gx can be represented by o, so count[X, o] = 0. This
proves (4).

Relabel. Assume X = rename;_,;(Y) with ¢ # j. Then Vx = V3, E(Gx) = E(Gy), and
labx is obtained from laby by changing every label-i vertex into label j.
Fix an X-signature o’ = (S’,a). We set

count[X, o'] == Z count[Y, a], (5)

o o0

where o +—;_,; 0’ is the relation of Definition 7.

Let us justify (5). Since E(Gx) = E(Gy), a mapping ¢ : Vx — [k] is a proper coloring
of Gx if and only if it is a proper coloring of Gy . Thus relabeling does not change the set of
proper colorings; it only changes which colors are recorded in which label-set Sy. For a fixed
proper coloring ¢, let o be its Y-signature and ¢’ its X-signature. Then necessarily a is the

same in both signatures, and the label-sets satisfy exactly the update in Definition 7, i.e.

0 +i; o'. Therefore, for each fixed o’, the set of proper colorings of Gy represented by o’
is the disjoint union over all Y-signatures ¢ mapping to ¢’ of the sets of proper colorings
represented by o in Gy. Taking cardinalities yields (5). We compute count[X™*, o] for all
signatures o of X*. Let n = kq + r with 0 < r < k. By Lemma 6, a proper k-coloring of G

27:7
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is equitable if and only if its size vector a satisfies a. € {q,q+ 1} for all ¢ € [k] and exactly r
indices satisfy a. = ¢ + 1. Hence the number of equitable k-colorings of G equals the sum of
count[X™*, o] over all signatures o = (S,a) of X* with this property.

It remains to discuss the running time. For fixed k, represent each S; C [k] by a k-bit
mask, so unions and intersections take constant time. The number of possible choices of
S is (2%)", and the number of possible vectors a € {0,...,n}* is (n + 1)¥. Thus for each
subexpression X the table contains at most M = (2%)" - (n+1)* entries. For join nodes, each
entry can be computed in constant time from the child table, hence these subexpressions
can be processed in O(M) time. For relabel nodes, fix a target signature o’ = (S’,a). By
Definition 7, a preimage under —;_,; can exist only if S; = ); otherwise count[X,o’] = 0.
Assume therefore that S = (). Then the only possible preimages are obtained by choosing,
for every color in S, whether it came from old label 4, old label j, or both, while all other
coordinates are forced. Hence the number of preimages is at most 3155 < 3%, which is
constant for fixed k. Therefore relabel subexpressions also take O(M) time. For a union
subexpression, we may evaluate (2) by iterating over all pairs of child signatures (at most
M? pairs), computing the unique combined signature, and adding the product of the two
child counts; this takes O(M?) time. If m denotes the size of the given expression £, then
the number of subexpressions of £ is O(m). Therefore the arithmetic-operation count is
O(m - M?) = 20kw) .y . nOK) | Finally, count[X, o] < klVx| < k", so for fixed k each table
entry has O(n) bits, and exact integer arithmetic contributes only a polynomial factor in n.
This completes the proof of Theorem 8. <

We deduce the following.

» Corollary 9. There exists an algorithm that, given an integer k > 1 and an n-vertex graph
G together with a w-expression for G, decides whether G admits an equitable k-coloring in
time 200 w) . nO®) " gssuming a standard polynomial-size encoding of the expression.

Proof. Compute the number of equitable k-colorings using Theorem 8 and accept if and
only if the count is nonzero. |

For the remainder of the section, we provide a SETH-based lower bound for EQUITABLE
k-COLORING on graphs of bounded clique-width. We first need the following result of [22].

» Theorem 10 (Lampis [22]). For every fized k > 3 and every € > 0, if there exists an
algorithm solving k-COLORING in time O*((2F — 2 — &)™) on an input graph G, then
SETH is false.

» Theorem 11. Let G be a graph. For every fixed k > 3 and every ¢ > 0, unless SETH
fails, EQUITABLE k-COLORING cannot be solved in time O*((2F — 2 — £)™(D)) | where cw(G)
denotes the clique-width of G.

Proof. We proceed by a reduction from k-COLORING that increases clique-width by at most
one. Suppose for a contradiction that there exists an algorithm A which, on input a graph H,
decides EQUITABLE k-COLORING in time O*((2F — 2 — g)™(#)). Let G be an instance of
k-COLORING and put n := |V(G)|. Let I be an independent set on a fresh vertex set U with
|U| = (k — 1)n, and define G’ := G W I. Note that V(G') = V(G)wW U and E(G’) = E(G).

> Claim 12 (&%). G is properly k-colorable if and only if G’ admits an equitable proper
k-coloring.

> Claim 13 (&%). cw(G") < cw(G) + 1.
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We are now ready to complete the reduction. Given G, we construct G’ in polynomial

time and run A on G’. By Claim 12, A answers YES on G’ if and only if G is k-colorable.

Moreover, by Claim 13, cw(G’') < cw(G) + 1. Hence the running time of A on G’ is
o*((2" -2 - E)CW(G/)) < O*((2F — 2 — g)*™(@+1)  Since for fixed k and € > 0, the factor
(28 —2 — ¢) is a constant absorbed by O*, it follows that A would yield an algorithm for
k-COLORING running in time O*((Qk -2 —5)°W(G)). This contradicts the result of Theorem 10,
and hence completes the proof of Theorem 11. <

4 Graphs of bounded linear clique-width: The proof of Theorem 3

We prove Theorem 3 in this section. Since the dynamic programming algorithm follows a given
linear w-expression from left to right, we work with the intermediate labelled graphs obtained
after executing prefixes of the expression. Accordingly, we view a linear w-expression as a

sequence of operations evaluated from left to right, starting from the empty w-labelled graph.

To distinguish this from the term representation used earlier for clique-width expressions,
we denote the creation of a new single vertex of label ¢ by add(i), while the operations
corresponding to join; ; and rename;,; are written as (i, j) and p(i — j), respectively. We
write such a sequence as Il = w7y -+ - 7.

Intermediate graphs. Let Il = mymy--- 7y be a fixed linear w-expression. For each t €
{0,1,...,L}, let F; = (Fy; Cft), o, C’q(ut)) denote the intermediate labelled graph obtained
after executing the prefix my - - - 7, with F( the empty w-labelled graph. Thus F, is the
w-labelled graph produced by the whole expression II. We write V; := V(F}), E; = E(Fy),
and n; = |V4].

» Definition 14. For distinct p,q € [w], let rpq @ [wW] — [w] be the map defined by
Tpoq(P) = ¢, 7pq(x) = @ for allx # p. Fort < s, define the map 15 : [w] — [w] by
Tts = fs0 fs—10---0 fii1, where for each r € {t +1,...,s},

f= P if mr = p(p = q),
" idp,)  if T = add(:) or m. =n(-,-).

In other words, T s(i) is the label at time s of a vertex that had label i at time t. We also let
Tt = id[w] .

> Lemma 15 (&). Fizt < s and let v € V; be any vertex. Ifv € C’i(t), then in Fs the vertex
v has label 1,5(7), that is, v € ct

Te,s() "

» Definition 16 (Live labels). Let t € {0,...,L} and i € [w]. We say that label i is live at
time ¢ if C’Z-(t) # 0 and there exists s € {t +1,..., L} such that 75 = n(p, q) with p # q and
either Ty s—1(i) = p,C'(gs_l) #0, or 1 s-1(1) = q, C’,(,S_l) # (. We write Live(t) C [w] for the
set of live labels at time t.

Intuitively, a label ¢ is live at time t precisely when the set of colors currently used on
vertices of label i may still affect properness at some future join operation; labels that are
not live can therefore be ignored by the dynamic programming algorithm.

> Claim 17 (&). Given a linear w-expression II = 7y - - - 71, one can compute Live(t) for all
t €{0,...,L} in time O(L?w?).
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» Definition 18. A proper k-coloring ¢ : V; — [k] of Fy is extendible if there exists a proper
k-coloring ¢ : Vi, — [k] of the graph F, produced by the whole linear expression I such that

L)0|Vt = Pt-

» Lemma 19 (&). Let t € {0,...,L} and let p; be an extendible proper k-coloring of Fy.
Then for every live label i € Live(t) the set of colors used on Ci(t), Si(pr) ={ce[k]:Tve

C’i(t) with o (v) = ¢}, satisfies Si(w) # 0 and S;(pr) # [K].

> Claim 20 (&%). If m = add(i), then Live(t) \ {i} = Live(t — 1) \ {i}.
> Claim 21 (&). If m = add(i) and i € Live(t) but i ¢ Live(t — 1), then C"™") = ¢.

If 7 = n(p, q), then Live(t) C Live(t — 1).

> Claim 23 (&%). If 7y = p(p — ¢), then for every £ € [w] \ {p, ¢} we have £ € Live(t) if and

)
)
> Claim 22 (&)
)
only if ¢ € Live(t — 1).

> Claim 24 (&%). If m, = p(p — q) and ¢ € Live(t) but g ¢ Live(t — 1), then C’étil) =0.
> Claim 25 (&). If m, = p(p — q), q € Live(t), and Cétil) # (), then p € Live(t — 1).

We are now ready to prove the main result of this section.

» Theorem 26. There exists an algorithm that, given an integer k > 1 and an n-vertex
graph G together with a linear w-expression constructing G, computes the number of equitable
k-colorings of G in time max{1,2* — 2} . nk*+OW) I particular, for every fived integer k,
counting equitable k-colorings is polynomial-time solvable on graph classes of bounded linear
clique-width, given a linear clique-width expression.

Proof. We first handle the case k = 1 separately. A proper 1-coloring of G exists if and only
if G has no edges, and in that case it is unique. Thus the number of equitable 1-colorings
is 1 if E(G) =0, and 0 otherwise. This can be checked in polynomial time from the given
linear expression. In the remainder of the proof, assume that & > 2. Let Il = mymy--- 7y,
be the given linear w-expression, where L is its length. Let F; = (Fy; Cft), . ,C’fp), for
t =0,1,...,L, be the intermediate labelled graphs, with Fy empty and F, = G. Let
Vi = V(F;) and n; := |V4|. By Claim 17, we may assume that Live(t) is known for all t. We
use a distinguished symbol L to denote that a label is not tracked. For each ¢t € {0,..., L},
a state at time t is a pair o = (S,a) where a = (ay,...,ax) € {0,1,...,n:}*, lezl ae. = ny,
and S = (51,...,S5,) satisfies

S 1 if i ¢ Live(t),
"] an element of 2[4 \ {0, [k]} if i€ Live(t).

For a proper k-coloring ¢y : V; — [k] of F}, its projected signature at time t is the pair
o = (S,a) defined by

{celk]:Tve C’i(t) with ¢;(v) =c} if i € Live(t),

ac = oy H(c)| (c € [k]), Si = {L if ¢ ¢ Live(t).

We now construct the DP table. For each ¢ and each state o at time ¢, let DP[t, 0] € Z>¢
be the number of proper k-colorings ¢; of F; whose projected signature equals o.

We do not store colorings whose projected signature is not a state at time ¢; equivalently,
we discard colorings for which some live label uses all k colors. By Lemma 19, such colorings
are not extendible to a proper coloring of Fy, and hence discarding them cannot affect
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the final count. Moreover, once a coloring is discarded for this reason, it can never later
contribute to a valid state: if some live label uses all k colors at time ¢, then under subsequent
add and relabel operations the corresponding live descendant label still uses all k colors,
while when the witnessing future join is performed the coloring becomes improper.

At ¢t = 0 the graph is empty, so Live(0) = (). There is exactly one proper coloring, namely
the empty map, whose projected signature is the unique state oy with a =0 and S; = L for
all 7. Set DP[0,00] = 1 and DP[0, 0] = 0 for all other states 0. Assume that DP[t — 1,-] has
been computed. Before processing step ¢, initialize DP[t, o] := 0 for every state o at time t.
We now describe the DP update from time ¢ — 1 to time ¢, depending on the operation 7.

Case 1: m; = add(z). Let v be the new vertex, so V; = V;_1 W {v} and v € C’i(t). Fix a
state 0~ = (S™,a™) with DP[t — 1,0~ > 0. For each color ¢ € [k], define a* by af = a; +1
and a}; = a, for ¢’ # c. Define S* by:

for every ¢ € Live(t) \ {i}, set S, := S, , which is well-defined by Claim 20;

for every ¢ ¢ Live(t), set S, == L;

for label 17, set

S; U{c} if i€ Live(t) NLive(t —1),
SH=<{c} if ¢ € Live(t) \ Live(t — 1),
1 if i ¢ Live(t),

where the second case is valid by Claim 21.
If i € Live(t) and S;” = [k], discard this update. Otherwise set DP[t,(S*,at)] =
DP[t,(ST,a™)] + DP[t — 1,(S™,a)]. This is correct since proper colorings of F} are in
bijection with pairs consisting of a proper coloring of F;_; and a color for the new isolated
vertex v, and the projected signature changes exactly as above.

Case 2: m = n(p,q) with p # q. If C,()t_l) =0 or Cét_l) =0, then F;, = F;_;. By
Claim 22, we have Live(t) C Live(t — 1). For each state ¢~ = (S7,a), define o+ = (ST, a)
by S5 =S, for ¢ € Live(t), and S = L otherwise, and update DP[t,o "] := DP[t,0"] +
DP[t—1,0]. This simply projects the same proper coloring onto the smaller live set. Assume
now that Cl(yt_l) # () and Cét_l) # (). Then p, q € Live(t — 1), because the current join step
itself witnesses liveness at time ¢t — 1. Fix a state 0~ = (S7,a) with DP[t — 1,07] > 0. If
S, NS, #0, add nothing. If S; NS~ =0, define o+ = (S*,a) by ;7 =5, for £ € Live(t),
and S = L otherwise, and update DP[t,o*] :== DP[t,0"] + DP[t — 1,07]. Indeed, when
both label classes are nonempty, a proper coloring survives the join if and only if no color is
used on both sides, that is, if and only if S, NS = 0.

Case 3: m, = p(p — q) with p # q. Fix a state o~ = (S7,a) with DP[t — 1,07] > 0.
The relabel operation does not change the graph F;_1, only the labels, so the color-count
vector remains a. For every ¢ € Live(t) \ {¢}, set S, := S, . This is well-defined for ¢ ¢ {p, ¢}
by Claim 23, and label p cannot belong to Live(t) because after the relabel its class is empty.
For every £ ¢ Live(t), set S} = L.
For label ¢, define

1 if ¢ ¢ Live(t),
t) N Live(t — 1) and p € Live(t — 1),
)N Live(t — 1) and p ¢ Live(t — 1),
S if ¢ € Live(t) \ Live(t — 1).

(
S US; if g € Live(
ST if ¢ € Live(t
(
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These cases are exhaustive: if ¢ ¢ Live(t), we are in the first case; otherwise either g €
Live(t—1) or g ¢ Live(t— 1;, and in the former situation either p € Live(t—1) or p ¢ Live(t—1).
In the third case, if Cgil # (), then Claim 25 would imply p € Live(t — 1), a contradiction.
Hence C,(,tfl) = [, so no vertices are moved from label p to label ¢, and therefore Sj =5,
In the last case, Claim 24 gives C’,gt_l) = (. Since g € Live(t), we have C’ét) # 0 by
definition of liveness. Because p(p — ¢) relabels all vertices of C’I(,t_l) to label g, we
have C(gt) = Cét_l) U C’,(,t_l) = C,(,t_l), and therefore C’,(,t_l) # 0. Now Claim 25 implies
p € Live(t — 1), so S, is defined. If ¢ € Live(t) and S = [k], discard this update. Otherwise
set DP[t, (ST,a)] := DP[t,(ST,a)] + DP[t — 1, (S™,a)|. This is correct because relabeling
induces a bijection between proper colorings before and after the operation, and the projected
signature changes exactly as above. Any update yielding S;{ = [k] can be discarded
by Lemma 19, since such a coloring cannot extend to a proper coloring of F. This completes
the case analysis for the DP update. By induction on ¢, for every state ¢ at time ¢, the
table value DP[t, o] equals the number of proper k-colorings of F; whose projected signature
equals o. At time L, we have Live(L) = (J, so every state has the form (L,..., L;a), and the
projected signature records only the color-class sizes. For n = kq + r with 0 < r < k, the
number of equitable proper k-colorings of G = Fy, is obtained by summing DP[L, o] over
all states whose vector a satisfies a. € {¢,q + 1} with ¢ € [k] and exactly r coordinates are
equal to g + 1.

For the running time, first consider the case k > 2. At each time ¢, there are at most
(2F — 2)lbve®l < (2% — 2)¥ choices for the tracked label-sets and at most (n 4 1)* choices
for a, so the number of states is at most (2% — 2)*(n + 1)*. Each state update requires only
polynomially many operations on labels and on subsets of [k]. Representing subsets of [k] by
k-bit vectors, every union, intersection, equality test, and membership test can be carried
out in time polynomial in k. Hence each transition can be processed in time polynomial in k&
and w. Since a linear w-expression that constructs an n-vertex graph uses at most n labels,
we have w < n, and therefore every polynomial factor in w is absorbed into n®™). Moreover,
for k > 2 and w > 1, the factor (2¥ — 2)* dominates every polynomial factor in k. Thus, up
to polynomial factors in n, the total running time is (2¥ — 2)“(n + 1) = (28 — 2)w . pk+0),
Together with the polynomial-time treatment of the case k = 1, this yields the claimed bound
max{1,2* — 2}% . nF+O0) This completes the proof of Theorem 26. <

» Corollary 27. For every fized integer k, deciding whether a graph admits an equitable
k-coloring is polynomial-time solvable on graph classes of bounded linear clique-width, given
a linear clique-width expression.

Proof. Run the algorithm of Theorem 26 to compute the number of equitable proper
k-colorings of G and accept if and only if the computed number is nonzero. |

5 Graphs with no long induced paths: The proof of Theorem 4

In this section we prove Theorem 4. Recall that a list 3-coloring ¢ of (G, L) is equitable if,
writing |V(G)| = n = 3¢ + r with r € {0,1,2}, the multiset {{o='(1)],|¢~1(2)],|¢1(3)[}
equals {q,q,q} if r =0, {¢g+1,q,q} if r =1, and {g+ 1,¢+ 1,9} if r = 2. Let H be a
multigraph. A graph homomorphism from G to H is a map f: V(G) — V(H) such that
fw)f(v) € E(H) whenever wv € E(G). Thus, a proper 3-coloring is precisely a graph
homomorphism to K3. A list H-coloring instance is a pair (G, L), where L: V(G) — 2V (),
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A list H-coloring of (G, L) is a graph homomorphism f from G to H such that f(v) € L(v) for
all v € V(G). Following [17], we denote the set of list H-colorings of (G, L) by LC((G, L), H).
For a given multigraph H, we define the partition polynomial p(, 1) m(x) by

pa,Ly—u(x) = > I zs- (6)

feLC((G,L),H) veV(G)

We first note how equitable list 3-colorings can be recovered from the coeflicients of
a suitable partition polynomial. The strategy is to compute the polynomial pq,r)-xk,
using Theorem 30 and then extract from it exactly those coefficients corresponding to
equitable color-class sizes.

» Lemma 28 (&). Let H = K3 and let p = p(g,1)— kK, (71, T2,73) be as in (6). For every
triple (a,b,c) € Z%O satisfying a + b+ c = n, the coefficient of x{x5z$ in p equals the number
of list 3-colorings f of (G, L) such that |f~*(1)| = a, |f~1(2)| = b, and |f~1(3)| = c.

» Lemma 29 (&). Let n = 3q +r with r € {0,1,2}, and let p = p(q,)— K, (*1, T2, 3) be as
in (6). Then the number of equitable proper list 3-colorings of (G, L), denoted by A(G, L), is

[x{z523] p, r=0,
AG,L) = [x‘f“xgxg]p + [x‘fﬂ;gﬂm‘g}p + [a:‘fx%x%“]p, r=1,

[ 2 2] p + [2f 2l p + (22 2 p, r=2.

We need the following consequence of [17].

» Theorem 30 (Groenland, Okrasa, Rzazewski, Scott, Seymour, and Spirkl [17]). Lett > 4
and let H be a multigraph such that for all distinct h,h' € V(H), |[Ng(h) N Ng(h')| < 1.
Then for every Pi-free graph G on n vertices and every list assignment L : V(G) — 2VH),

the polynomial p(c,1)—m(x) can be computed in time 20(y/nlogn) - poly(n).
We are now ready to prove Theorem 4.

Proof of Theorem 4. Ift =1 or t = 2, then G is edgeless. In this case every list 3-coloring is
simply a choice of an allowed color from L(v) for each vertex v, and the number of equitable
list 3-colorings can be computed in polynomial time by a dynamic program whose state

records the three current color-class sizes. If ¢ = 3, then G is a disjoint union of cliques.
A clique component of size at least 4 has no 3-coloring, so in that case the answer is 0.

Otherwise, each component has size at most 3, and one can again use a polynomial-time
dynamic programming algorithm over the components, where the state records the three
current color-class sizes and the transitions respect the list assignment on the vertices of the

next component. Hence we may assume that ¢ > 4. We invoke Theorem 30 with H = K3.

Since for all distinct h,h’ € V(K3) we have [Nk, (h) N Ng,(h')] = 1, the theorem applies,
and we can compute the polynomial p := p(g 1)— K, (71, 22, 73) in time 20(y/t:nlogn) -poly(n)
(note that since ¢ is fixed, the factor depending on ¢ is absorbed in the O(-)-notation). Write
n = 3q + r with » € {0,1,2}. By Lemma 29, the desired number of equitable list 3-colorings
is exactly the corresponding sum of coefficients of p. Since every monomial of p has total
degree n, the polynomial p contains at most (";2)
coefficient is at most 3" and therefore has O(n) bits. Hence, once p is computed, extracting

= O(n?) monomials. Moreover, each

the required coefficients and summing them takes only poly(n) time. Correctness follows
from Lemma 29. <
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