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—— Abstract

For a fixed pattern graph, we study the algorithmic complexity of counting homomorphisms, subgraph

isomorphisms, and induced subgraph isomorphisms into an n-vertex, d-degenerate host graph.
Bressan (Algorithmica, 2021) introduced the notion of DAG treewidth and showed that counting
homomorphisms and induced subgraphs can be performed efficiently using dynamic programming
that requires polynomial space. In this work, we introduce a new graph parameter, called DAG
treedepth, which enables efficient divide-and-conquer algorithms for counting homomorphisms in
d-degenerate host graphs using only constant space.

Bera, Gishboliner, Levanzov, Seshadhri, and Shapira (SODA, 2021) showed that a pattern graph
has DAG treewidth one if and only if it contains no induced cycle of length at least six. This induced
minor characterization leads to linear-time and linear-space algorithms. Building on this line of
work, we derive an induced-minor characterization of graphs with DAG treedepth at most two that
uses only constant space.

Recently, Paul-Pena and Seshadhri (ICALP, 2025) proved that all pattern graphs on at most
nine vertices can be counted in subquadratic time using polynomial space. We show that every
pattern graph on at most nine vertices can be counted as an induced subgraph in O(n?) time using
only constant space. Moreover, we show that patterns on at most eleven vertices can be counted in
O(n?) time using polynomial space.

Finally, we present a constant-space algorithm for counting induced subgraphs that matches
the running time of Bressan’s algorithm. We further show that, when polynomial space is allowed,
homomorphisms, subgraph isomorphisms, and induced subgraph isomorphisms can be counted faster
than Bressan’s algorithm. In addition, we establish several other results related to DAG treewidth
and DAG treedepth that may be of independent interest.
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1 Introduction

For simple, undirected graphs G (host) and H (pattern), we consider the problem of counting

the number of occurrences of H in G under the following three fundamental notions of

containment.

1. The number of subgraphs of G isomorphic to H. That is, the cardinality of {(V', E') |
(VI,E')2H, V' CV(G),E' C E(G)}.

2. The number of induced subgraphs of G isomorphic to H. That is, the number of vertex
subsets S C V(G) such that the induced subgraph G[S] = (S, {{u,v} € E(G) | u,v € S})
is isomorphic to H.
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3. The number of homomorphisms from H to G. That is, the number of functions ¢ :
V(H) — V(G) such that for every edge {u,v} € E(H), we have {¢(u),p(v)} € E(G).

Counting subgraphs and homomorphisms is at the heart of many problems in combinat-
orics, database theory, and network analysis [15, 22, 1, 12, 13, 19]. These problems capture
fundamental questions such as detecting specific patterns in large networks and evaluating
conjunctive queries. When the host graph G is unrestricted, the complexity of such counting
tasks is well understood, as it is closely tied to the structural measures of the pattern graph H.
In particular, the running time for counting subgraphs is governed by the treewidth of H
in the setting of unrestricted space, and by the treedepth of H when constant space is
imposed [14, 20].

In many real-world settings, host graphs are not arbitrary but exhibit additional structure
such as sparsity or bounded degeneracy [23, 18]. The class of d-degenerate graphs provides
a natural way to model such sparse networks. A graph is said to be d-degenerate if every
subgraph contains a vertex of degree at most d. This family includes many important
graph classes, such as planar graphs, graphs excluding a fixed minor, and preferential
attachment graphs [28]. Studying counting problems on degenerate graphs leads to more
refined algorithmic bounds that better reflect the structure of real data.

Existing work on counting patterns in bounded-degeneracy graphs has primarily focused
on improving time complexity. By exploiting acyclic orientations of the host graph with
bounded outdegree, Bressan [7] introduced the notion of DAG treewidth and obtained faster
algorithms for counting homomorphisms and induced subgraphs via dynamic programming.
This approach has led to a rich theory of (near) linear-time algorithms and structural
characterizations for restricted pattern classes [5, 11, 3, 24, 25].

In contrast, the space complexity of pattern counting in bounded-degeneracy graphs has
received little attention. Dynamic programming techniques underlying existing algorithms
inherently require maintaining tables whose size grows with the width of the decomposition,
and therefore do not extend naturally to the constant-space setting. This motivates the
search for structural parameters that support divide-and-conquer algorithms with bounded
recursion depth.

In this work, we introduce a new graph parameter, called DAG treedepth (dtd), which
can be viewed as a treedepth analogue of DAG treewidth. The DAG treedepth parameter
captures the reachability structure induced by an acyclic orientation of the pattern graphs.
We show that this parameter precisely governs the complexity of counting homomorphisms,
subgraphs, and induced subgraphs in bounded-degeneracy graphs. The algorithms use only
constant space, assuming that both the degeneracy and the dtd are constants.

1.1 Our Results

We begin by introducing a new structural parameter, called the DAG treedepth (see Defini-
tion 19), which serves as a natural analogue of treedepth. The DAG treedepth parameter
enables the design of efficient, constant-space, divide-and-conquer algorithms for counting ho-
momorphisms into d-degenerate host graphs. Our first main result shows that this parameter
precisely governs the complexity of counting homomorphisms using only constant space.

» Theorem 1. Let d be a fized constant. If the DAG treedepth of a k-vertex graph H ist,
then the number of homomorphisms from H to an n-vertex, d-degenerate host graph G can
be counted in O(n') time using constant space.
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We further show that the DAG-treedepth framework extends beyond homomorphism
counting. In particular, it yields constant-space algorithms for counting induced subgraphs
in bounded-degeneracy graphs whose running times asymptotically match the best known
bounds obtained via DAG treewidth [7]. Crucially, our algorithms avoid the polynomial-space
overhead inherent in dynamic programming.

» Theorem 2. Let d be a fized constant and let H be a k-vertex graph. Then the number
of induced subgraphs of an n-vertex, d-degenerate graph G that are isomorphic to H can be

k/4+0(1))

counted in O(n time using constant space.

We also show that our techniques yield faster constant-space algorithms for counting
subgraphs when the pattern graph is sufficiently sparse, with running time depending on the
number of edges rather than the number of vertices. Additionally, in Theorem 2, we show

that, instead of constant space, if we allow polynomial space, we can improve the bound
from O(n*/4+0M) to O(nk/5+0M),

» Theorem 3. Let H be a k-vertex graph and let d be a constant. Then there is an
O(nk/5+o(1))-time and polynomial space algorithm to count the number of induced subgraphs
of a given n-vertex, d-degenerate graph G that are isomorphic to H.

While DAG treewidth has proved effective for obtaining linear-time algorithms on bounded-
degeneracy graphs, its structural complexity quickly becomes intractable beyond this regime.
In particular, as we show, even deciding whether a directed acyclic graph has DAG treewidth
at most two is NP-complete. Therefore, DAG treewidth does not admit induced minor
characterizations even in the quadratic-time regime. In contrast, DAG treedepth admits a
significantly more tractable structural theory. In particular, for every fixed constant k, it can
be decided in polynomial time whether a given directed acyclic graph has DAG treedepth at
most k (see Theorem 22).

Bera, Pashanasangi, and Seshadhri [4] showed that a pattern graph H has DAG treewidth
one if and only if it has no induced cycle of length 6 or greater. Inspired by the induced-
minor characterization of patterns admitting linear-time and linear-space algorithms [4],
we develop an analogous framework for DAG treedepth. This framework enables both
constant-space algorithms and structural characterizations of tractable pattern classes. In
particular, we obtain a complete induced-minor characterization of patterns that admit
cubic-time, constant-space algorithms.

» Theorem 4. A pattern graph H has DAG treedepth at most two if and only if it is
{Cs, Pr, Hy, Hs}-induced-minor-free (See Figure 2a and Figure 2b).

More generally, we investigate the structural relationship between induced-minor—based
characterizations of bounded DAG treedepth and the classical minor-based characterizations
of bounded treedepth (see Lemma 29 and Lemma 30). We show that, for every fixed integer k,
the class of graphs of DAG treedepth less than k£ admits an induced-minor characterization
that is directly related to the minor obstruction set for treedepth and their supergraphs.

We further complement this structural connection with conditional lower bounds, relat-
ing the complexity of algorithms parameterized by DAG treedepth to that of algorithms
parameterized by treedepth. In particular, improving the running time of constant-space
algorithms for patterns of DAG treedepth three would imply a corresponding breakthrough
for classical pattern-counting problems.

» Theorem 5. For every ¢ > 0, there is no O(n3~¢)-time constant-space algorithm for
counting subgraphs isomorphic to any pattern H with dtd(H) = 3 in bounded-degeneracy
graphs of degeneracy two, unless there exists an O(n>~%)-time constant-space algorithm for
counting triangles in arbitrary graphs.
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Note that subcubic-time algorithms for triangle counting based on fast matrix multiplication
are known. However, such algorithms inherently require polynomial space and therefore fall
outside the constant-space setting considered here.

Several graph patterns can be counted efficiently when the host graph has bounded
degeneracy. Bressan established efficient counting results for certain special classes of
patterns, including K,,, K,, — {e}, and K}, x,. In [4], the authors showed that all patterns on
at most five vertices can be counted in nearly linear time using linear space. More recently,
Paul-Pena and Seshadhri [26] proved that all patterns on at most nine vertices can be counted
in subquadratic time using polynomial space. To this end, we show the following:

» Theorem 6. Let d be a constant. For all patterns with at most nine vertices, we can count
the number of occurrences as induced subgraphs in O(n®) time and constant space for an
n-vertex d-degenerate graph given as input.

We further show that the bound of nine vertices in the above theorem is tight by establishing
a conditional lower bound for a specific pattern on ten vertices.

Paul-Pena and Seshadhri [26] also identified a specific ten-vertex pattern, denoted Ha,
and conjectured that it does not admit a sub-quadratic time polynomial space algorithm.

» Conjecture 7 (Conjecture 1.8 of [26]). For any ¢ > 0, there is no O(m?2~¢)-time combinat-
orial algorithm for computing sub(Ha,G).

We resolve this conjecture affirmatively in the combinatorial setting by assuming that counting
K 4-copies needs (for combinatorial algorithms) quadratic time in the number of edges.

Beyond resolving this conjecture, we provide a structural explanation for the observed
nine-vertex barrier. We show that every pattern graph on at most eleven vertices admits an
acyclic orientation whose DAG treewidth is at most two. We also show that this bound is
tight by providing a graph on twelve vertices whose DAG treewidth is three.

» Theorem 8. Let d be a constant. For every pattern graph H with at most eleven vertices,
the number of induced subgraphs of an n-vertex d-degenerate graph G that are isomorphic to
H can be counted in O(n?) time using polynomial space.

We further establish a relation between DAG treedepth and treedepth of the pattern
graph, as well as DAG treewidth of the pattern graph. In addition, we show many properties
and bounds related to DAG treewidth and DAG treedepth, which may be of independent
interest.

1.2 Related work

Subgraph counting is a fundamental problem in graph algorithms, with its complexity and
tractability heavily influenced by the structural properties of the host graph. In nowhere
dense and bounded degeneracy graphs, several works have established exact and approximate
algorithms, along with complexity dichotomies. A recent dichotomy hierarchy precisely
characterizes linear-time subgraph counting in such graphs [25]. In the dense graph regime,
Bressan et al. [5] classified pattern counting complexity using DAG-treewidth, providing a
sharp dichotomy for somewhere dense graph classes [8]. At the same time, related work has
addressed the complexity of counting homomorphic cycles in degenerate graphs [17], and
pattern counting in directed graphs parameterized by outdegree [10, 11]. Recent studies
have also considered counting patterns when the host graph is sparse [20]. For approximate
counting, several works have proposed efficient approximation algorithms for subgraph



B. Komarath, A. Kumar, and A. Pareek

counting problems, including a general approximation framework for sparse graphs [21], and
fast approximation algorithms specifically for triangle counting in streaming and distributed
settings [6]. Beyond graphs, subhypergraph counting has recently gained traction. In [9], the
authors extended the homomorphism basis framework to hypergraphs, while [27] characterized
the class of pattern hypergraphs H that can be counted in near-linear time when the host
graph G is a hypergraph.

1.3 Paper Organization

We begin with the necessary preliminaries, introducing the definitions, notation, and back-
ground used throughout the paper. In Section 3, we define DAG treedepth and prove
Theorem 1. We then identify the obstructions for DAG treedepth 0, 1, and 2 in Section 3.1.
Subsequently, in Section 3.2, we establish conditional lower bounds for counting patterns in
cubic time using constant space.

In the full version of the paper, Appendix D presents constant-space algorithms for
computing hom(H, G), sub(H, G), and ind(H, G). We then shift our focus to DAG treewidth
in Appendix E. In Appendix E.1, we present key properties of DAG treewidth, which are
subsequently used in Appendix E.2 to design faster algorithms for computing hom(H, G),
sub(H,G), and ind(H, G), along with several additional results. Finally, in Appendix F,
we establish relationships between DAG treedepth and treedepth, as well as between DAG
treewidth and treewidth. Proofs omitted from the main text are deferred to the full version.

2 Preliminaries

In this section, we present several definitions that will be used throughout the paper. All
graphs considered are simple and may be either directed or undirected. For standard
terminology in graph theory, we refer the reader to the textbook by Douglas West [29]. We
use the following standard notations for some well-known graphs: e or (uv) for edges in a
graph, Py for k-vertex paths, Cj for k-cycles, K} for k-cliques, Kj — e for a k-clique with
one edge missing, K, , for complete bipartite graphs. A k-star is a (k + 1)-vertex graph
with a vertex u adjacent to vertices vy, ..., v and no other edges. A star graph is a k-star
for some k. For a graph G and S C V(G), we denote by G[S] the subgraph of G induced by
the vertices in .S. We begin with the definition of graph homomorphisms.

» Definition 9 (Graph Homomorphism). Given two graphs G and H, a graph homomorphism
from G to H is a map ¢ : V(G) — V(H) such that if (u,v) € E(G), then (¢p(u),¢(v)) € E(H).

A homomorphism ¢ is called a partial homomorphism if ¢(v) is not necessarily defined for
allv € V(G) and if (u,v) € E(G) and ¢(u) and ¢(v) are defined, then (¢p(u), p(v)) € E(H).

We now recall several fundamental graph-theoretic parameters, including treewidth,
treedepth, and a few others.

» Definition 10 (Tree Decomposition). A tree decomposition of a graph G is a pair
(T, {B(t)}tcv(r)), where T is a tree and each node t € V(T') is assigned a subset B(t) C V(G),
called a bag.

A tree decomposition of a graph G has the following properties:

Connectivity Property: For every vertex v € V(G), the set of nodes {t € V(T) | v €
B(t)} forms a connected component in 7.

Edge Property: For every edge e = {u,v} € E(G), there exists a node t € V(T such
that both v and v are in B(t).

28:5
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» Definition 11 (Treewidth). Let the width of a tree decomposition be defined as
max,cy (1 |[B(t)| — 1. Then, the treewidth of a graph G, denoted as tw(G), is the min-
tmum width over all possible tree decompositions of G.

» Definition 12 (Elimination Tree). An elimination tree of a connected graph G is a rooted
tree (T, ), where r € V(QG) is the root, and each subtree rooted at a child of r is an elimination
tree of a connected component of the graph G\ {r}. For an empty graph (i.e., a graph with
no vertices), the elimination tree is defined to be empty.

The depth of an elimination tree (T,r) is the length (i.e., the number of vertices) of the
longest path from the root v to any leaf in the tree.

» Definition 13 (Treedepth). The treedepth of a graph G, denoted as td(G), is the minimum
depth among all possible elimination trees of G.

» Definition 14 (Edge Contraction). An edge contraction is an operation in which an edge
(u,v) is removed from the graph and its two vertices u and v are merged into a single vertex
uv. All edges incident to u or v are now considered incident to the new vertex uv.

» Definition 15 (Minor and Induced Minor). A graph G is said to be a minor of another
graph G’ if G can be obtained from G’ by deleting vertices, deleting edges, and contracting
edges. A graph G is an induced minor of a graph G’ if it can be obtained by contracting edges
and deleting vertices of G'.

Let H be a pattern graph and G be the host graph. We denote the number of homo-
morphism from H to G by hom(H, G), number of subgraphs of H in G by sub(H, G), and
number of induced subgraph of H in G by ind(H, G).

» Definition 16 (Spasm). Let H be a graph. If H is a clique, then Spasm(H) = {H}.
Otherwise, let T denote the set of all independent sets of H of size at least two. For any
I €7, let Merge(H, I) be the graph obtained by merging all vertices in I into a single vertex.
Then, Spasm(H) = {H} UJ;c7 Spasm(Merge(H, I)).

Note that for any fixed pattern graph H, the number of subgraph isomorphisms from H
to a host graph G can be expressed as a linear combination of homomorphism counts from
graphs in Spasm(H) to G. More precisely, there exist constants {az } g espasm(r), such that
sub(H,G) = 3 i cspasm(mr) ¢r hom(H', G). This identity is a key tool in the literature for
counting subgraphs (see, for example, [2, 12])

» Definition 17 (Directed Acyclic Graph (DAG)). Given an undirected graph H = (Vi, Exr),
an acyclic orientation of H is an assignment of a direction to each edge {u,v} € Ey,
converting it to either (u — v) or (v — u), such that the resulting directed graph H is a
directed acyclic graph (DAG) that is, H contains no directed cycles.

Let H be a directed acyclic graph (DAG), and let S = S(H) denote the set of sources
in H, i.e., the set of vertices with in-degree zero. Otherwise, we denote u € V(ﬁ \ S) as a
non-source vertex. For any two vertices u,v € V(ﬁ), we say that v is reachable from wu if
there exists a directed path from u to v in H.

For a source vertex s € S, let Ry(s) denote the set of all vertices reachable from s
in H. More generally, for a set of sources B = {s1,82,...,8¢} C S, we define, Ry (B) =
Ule Ry (s;). When the underlying graph is clear from the context, we define the set of
reachable vertices from s as R(s).
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» Definition 18 (Subdivision Vertex). Let G = (V, E) be an undirected graph and let {u,v} €
E. The graph obtained after subdividing the edge {u,v} is the graph G' = (V U {w}, (E\
{Hu,v}}) U {{u,w}, {w,v}}), where w is a new vertex not in V. The vertex w is called a
subdivision vertex.

In [7], Bressan described a way to construct a bipartite graph Bip(H) from any DAG H.
For completeness, we briefly explain this construction and then describe a simpler version
called Gg, which only uses the source vertices of H. We will use Gg later in several results
to get useful bounds.

2.1 Construction of G from Bip(H)

Given a directed acyclic graph H with a fixed acyclic orientation, Bressan [7] constructed a
bipartite graph BIP(ﬁ ) as follows:
The vertex set of BIP(H) denoted as V(Bip(H)) = (S, V(H) \ S), where S is the set of
sources in H.
An edge {u,v} € E(BIp(H)) if and only if v € Ry (u), i.e., v is reachable from the source
vertex u in H.

—

Here, every edge in Bip(H) has one of its endpoints as a source vertex and another
endpoint as a non-source vertex. Now, we perform edge contraction. Note that one non-source
vertex may be reachable from several sources and therefore have several options for edge
contraction. We sequentially contract exactly one edge for each non-source and get the
resultant graph. Note that the vertices of the resultant graph are exactly the set of source
vertices. The resulting graph may differ depending on the choice of edge contraction. We
denote by G (we drop the subscript when the DAG is clear from the context), the set of all
such graphs. We will later demonstrate how to utilize this family of graphs to derive several
bounds for DAG treedepth and DAG treewidth.

2.2 Model of Computation

The model of computation that we consider is the unit-cost RAM model. In particular, we
can store labels of vertices and edges of the host graph in a constant number of words'. In
this model, algorithms based on fast matrix multiplication and/or treewidth mentioned above
use polynomial space. However, the brute-force search algorithm uses only constant space as
it only needs to store k vertex labels at a time (Recall that we regard k as a constant).

3 DAG Treedepth

In [7], Bressan introduced DAG treewidth (dtw), a structural parameter analogous to
treewidth, and used it to design efficient algorithms for computing hom(H, G), sub(H, G),
and ind(H,G). Motivated by this, we define a related parameter called DAG treedepth
(dtd), analogous to treedepth. While DAG treewidth enables the design of fast algorithms
but suffers from hardness constraints, DAG treedepth allows the design of constant-space
algorithms and does not exhibit the same intractability barriers.

In this section, we first formally define DAG treedepth and prove Theorem 1. In Section 3.1,
we identify the obstruction sets for DAG treedepth 0, 1, and 2. In Section 3.2 we present
conditional lower bounds for pattern counting and a few results on small pattern counting.

! In the TM model or the log-cost RAM model, storing labels of vertices would take O(logn) space.
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In the full version of the paper, we compute hom(H, G), sub(H,G), and ind(H, G) using
constant space, improving the space complexity of the fast algorithms of [7] from polynomial
to constant. We also provide upper bounds using the number of vertices and the number of
edges of the pattern graph H.

» Definition 19. Let H be any DAG. A DAG elimination forest ofﬁ is defined as a collection
of rooted trees, constructed recursively as follows:
Ifﬁ is emptly, the forest is empty.
If the underlying undirected graph of H is disconnected, then construct DAG elimination
trees for each connected component, and their union is a DAG elimination forest for H.
Otherwise, H has at least one source and its underlying undirected graph is connected.
In this case, the forest is a tree. Pick a source s arbitrarily, delete that source and all
vertices reachable from it in H. The root of the tree is s, and its sub-trees are the trees in
the DAG elimination forest for the remaining DAG.

The DAG treedepth of a DAG H is defined as the minimum depth of any elimination
forest constructed in the above fashion. For an undirected graph H, its DAG treedepth is
defined as the mazimum DAG treedepth taken over all acyclic orientations of H.

» Remark 20. Notice that the definition of DAG treedepth is analogous to the definition of
treedepth except that at each step we can delete a source and all non-sources reachable from
it, instead of only a single node. For DAG treedepth, the nodes of the DAG elimination
forest correspond exactly to the DAG’s sources.

» Observation 21. Figure 1 shows two examples where the treedepth is unbounded. For
instance, cliques and complete bipartite graphs have unbounded treedepth. However, the DAG
treedepth of a clique is 1, and for complete bipartite graphs, it is 2.

1 1 1

7

(a) The first figure is K5 with one source. The  (b) The first figure is K34 with 3 sources. The
second figure is the elimination tree of K5. The second figure is the elimination tree of K3 4. The
third figure is the DAG Elimination tree of K. third figure is the DAG Elimination tree of K3 4.

Figure 1 The black nodes are sources, and the white nodes are non-sources. In figure (a), the
DAG treedepth is 1, but the treedepth is 5. In figure (b), DAG treedepth is 2, but treedepth is 4.

Next, we provide one of our main theorems, which is implied by Algorithm 1.

» Theorem 1. Let d be a fized constant. If the DAG treedepth of a k-vertex graph H is t,
then the number of homomorphisms from H to an n-vertex, d-degenerate host graph G can
be counted in O(n') time using constant space.

Proof. See Algorithm 1. The required count is obtained by COUNT-HOM(G, T, r, H, {}),
where T is the DAG elimination tree of depth ¢ and r is the root of T
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Algorithm 1 COUNT-HOM(G, T, v, H, o).

Require: G - The d-degenerate host graph
Require: T - The DAG elimination tree for H
Require: v - A vertex in T (or H)

Require: H - The pattern DAG

Require: o - A partial homomorphism from H to G

1: ¢+ 0

2: for all v € V(G) do

3 p+ 0

4 for all ¢’ extending o to {v} U R(v) such that ¢’(v) = u do
5: p+1

6 for all children w of v in T" do

7 p + px COUNT-HOM(G, T, w, H, ¢')
8 end for

9 end for

10: c<c+p

11: end for

12: return ¢

We claim that COUNT-HOM(G, T, v, H, o) correctly computes the number of homo-
morphisms that extend the partial homomorphism o to all the sources in the sub-tree of
T rooted at v and all the non-sources reachable from those sources when o is a partial
homomorphism that maps all ancestors of v in T" and all non-sources reachable from those
vertices. We prove this using an induction on the height of the node v in 7.

In the base case, v is a leaf. In this case, the algorithm is correct because we are simply
iterating over all possible mappings v. Any non-source reachable from v is already mapped
in ¢ or is only reachable from v. So once we fix the image of v and all vertices only reachable
from it, we only have to check whether these added images to ¢ are consistent with the other
defined vertices in ¢. This is constant-time.

If v is an internal node, then observe that after mapping v and all non-sources reachable
from it, the subgraphs of H spanned by subtrees of v in T' are disjoint. That is, if v and
w are two sources in separate subtrees of v in T, then for any non-source = reachable from
v, w is also reachable from v or one of its ancestors. So o(z) is defined. We can count
extensions of o to sources in each of the subtrees and new non-sources reachable from them
independently and compute the total by multiplying these counts.

In each iteration of the outer loop of Algorithm 1, observe that the loop in line 4 can only
have g(k,d) many iterations for some function g as there are at most d outgoing edges from
any vertex in H. The length of any simple path from v in H is bounded by k. The number
of iterations of the loop in line 6 is bounded by k. When a recursive call is made, the depth

of v increases by 1. Therefore, the time complexity is f(k,d)n' = O(n') for some function f.
Recall that we consider k and d as constants. So we can absorb them into the O(.) notation.

Each level of the recursion uses only constant space, and the depth of the recursion is at
most t. Since we regard t as a constant, the algorithm uses only constant space. |

Having established that bounded DAG treedepth enables constant-time homomorphism
counting, a natural algorithmic question arises: given a directed graph G, how can one
determine its DAG treedepth? In particular, since our main result assumes the parameter as
part of the input, it is essential to understand the computational complexity of detecting and
computing this parameter. We therefore study the problem of deciding whether a graph has

DAG treedepth at most k, and of constructing a corresponding decomposition when it exists.
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» Theorem 22. Given a DAG H, it can be verified in O(g(k)nf®)) time whether dtd(H) < k
or not, where f(k) and g(k) are some computable functions.

Proof. We can design an XP algorithm to check whether, for a given DAG H, dtd(H) < k.
The algorithm (Algorithm 2) recursively constructs a DAG elimination tree that satisfies the
required properties.

We proceed as follows. Initially, we pick a source vertex s of H, delete s and all non-source
vertices reachable from it (denoted by R(s)), and obtain the reduced DAG H' = H—{s}—R(s).
In the elimination tree, s becomes the root.

If H’ is connected, we recursively pick a source s; from H’, delete s; and its reachable
vertices, and make s; a child of s in the elimination tree.

If H' is disconnected, say H' has connected components Hy, H), ..., H.., we recursively
apply the same process to each H]. In the elimination tree, the roots of the elimination trees
of H] are made children of s.

The above process continues until the graph becomes empty. If there exists a sequence of
choices of sources that yields an elimination tree of height at most k, then dtd(H) < k.

Since at each step we try all possible choices of sources and the depth of recursion is at
most k, and there can be at most O(n) sources at any step, the running time is bounded by
O(g(k)nf®). Hence, the algorithm runs in XP time with respect to parameter k. <

Next, we analyze the structure of the DAG elimination tree and derive a structural
constraint on the sources. Intuitively, if two sources have a unique common reachable vertex,
then any elimination tree must reflect this dependency by placing them along a common
root-to-leaf path. The following lemma formalizes this observation.

» Lemma 23. Let H be a directed acyclic graph (DAG) with a fized orientation. Suppose
there are two source vertices u and v such that there exists a vertex w € Ry(u) N Ry (v),
and w ¢ Ry (s) for any other source s # u,v. Then, in any DAG elimination tree of I;T, the
sources u and v must lie on the same root-to-leaf path.

» Remark 24. Note that, unfortunately, dtd is not minor closed like td. One can observe that
Kg has only one source and, therefore, dtd(Ks) = 1. However, considering the Cg subgraph
of Kg, we know that dtd(Cs) = 3. Thus, dtd is not even subgraph-closed.

Let I be an induced minor of a graph H, then we show the following theorem.

» Theorem 25. If I is an induced minor of H, then dtd(H) > dtd(I).

3.1 DAG Treedepth Obstruction

In this section, we obtain a complete induced-minor characterization of patterns with DAG
treedepth at most 2. This helps in identifying exactly those patterns that admit cubic-time,
constant-space algorithms. In addition, we show that, for every fixed integer k, the class
of graphs of DAG treedepth less than k admits an induced-minor characterization that is
directly related to the minor obstruction set for treedepth and their supergraphs.

» Definition 26 (Reduced DAG Elimination Tree). A DAG elimination tree is called a reduced
DAG elimination tree if for every source vertex s, there exists a non-source vertex u such that
in the elimination tree, u € R(PARENT(s)) N R(T(s)) and u ¢ R(ancestor of PARENT(s)).

One can check that the leaf source vertex has a unique intersection with its parent source
in the DAG elimination tree T. We now establish the following lemma.

» Lemma 27. Let H be a DAG with dtd(H) = d. Then, there exists a reduced DAG

elimination tree of H with maximum depth d.
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Algorithm 2 Checking whether dtd(H) < k for a DAG H.

Require: A directed acyclic graph H = (V, E) and an integer k > 1
Ensure: Returns true if dtd(H) < k, otherwise false

1: function CHECKDTD(H, k)

2: if H is empty then

3: return true

4: end if

5: if k <1 then

6: return false

7 end if

8: for each source vertex s of H do

9: Let R(s) be the set of non-source vertices reachable from s
10: Let H = H — {s} — R(s)

11: if H’ is disconnected then

12: Let {Hj, H), ..., H,} be the connected components of H’
13: valid < true

14: for each component H! do

15: if CHECKDTD(H/, k — 1) is false then
16: valid < false

17: break

18: end if

19: end for
20: if valid then
21: return true
22: end if

23: else

24: if CHECKDTD(H',k — 1) is true then

25: return true

26: end if

27: end if

28: end for

20: return false

30: end function

Next, we derive the induced minor obstructions for DAG treedepth 0, 1, and 2.

» Theorem 28. The induced minor obstructions for connected DAGs with DAG treedepth
are as follows:

1. For DAG treedepth 0: the obstruction is K.

2. For DAG treedepth 1: the obstruction is Ps.

3. For DAG treedepth 2: the obstructions are the graphs Cg, Py, Hy, Hs.

Proof. We can easily verify the DAG treedepth of the listed graphs. We now show that
these graphs form the complete set of induced minor obstructions for each treedepth level.

Treedepth 0. Any DAG with DAG treedepth one must have at least one source. A single-
vertex DAG is trivially an example with one source, and its DAG treedepth is one. In fact,
having exactly one source is also a sufficient condition for the DAG treedepth to be one. For
example, all DAGs that are cliques (i.e., complete DAGs with a single source) have DAG
treedepth one.

28:11
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4 3
7 6 5 1 2 4 1 2 5 6 7
(a) Hi. (b) H.

Figure 2 H; and Hs are obstruction for DAG treedepth 2.

Treedepth 1. A DAG with treedepth two must have at least two source vertices. In such a
case, there must exist at least one non-source vertex that is reachable from both sources.
This implies that the path on three vertices, P3, where a single non-source is reachable from
two distinct sources, forms a minimal induced minor obstruction for DAG treedepth one.

Treedepth 2. A DAG with treedepth three must have at least three source vertices. Also,
there is no source s such that for each pair of sources s, and s;, R(s;) N R(s;) C R(s).
Otherwise, we make s the root and all other sources as children and get a DAG elimination
tree of depth two.

Let T be its reduced DAG elimination tree, defined over the set of sources S, and let r
be the root of T'. For every source vertex s € S that is a leaf of T at depth three, let s; be
its parent in T. Then there must exist at least one non-source vertex v € V' \ S such that:
v € (R(s) N R(si)) \ R(r).

Moreover, for any source vertex s; € S that is a child or grandchild of r, there exist a non-
source vertex v that is reachable from both s; and r, i.e.,3v € V'\ S such that v € R(r)NR(s1),
otherwise, the graph would not be connected. Otherwise, we can make r the root of a child.
There are two cases: 1) the root r has only one child s in the elimination tree T, 2) the
root r has more than one child.

Case 1: The root r has only one child s in the elimination tree T
If s has only one child s; in T, then we know that there exists u € R(s1) N R(s) and
u ¢ R(r). Also, there exists v € R(r) N R(s1) and v ¢ R(s) otherwise we can root at s.
Also, there exist w € R(r) N R(s) and w ¢ R(s1). Otherwise, we can root at s;. Thus,
the structure induces a Cg; otherwise, the DAG treedepth would be at most two.
If s has more than one child. Let {s1, $2,...s;} be the children of s in T. So, R(s;) N
R(s;) € R(s). Given T is reduced elimination tree, there exists u € R(s) N R(s;) and
u ¢ R(r). Also, there exists v € R(r) N R(s;) and v ¢ R(s), otherwise, we can root at s
and get a DAG elimination tree of depth two. Now, there exist w such that either

w € R(s) N R(s;) and w ¢ R(s;) or

w € R(s) N R(r) and w ¢ R(s;)
Otherwise, we can root at s; and get an elimination tree of depth two. Considering the
case w € R(s) N R(s;) and w ¢ R(s;), we can check that it forms a structure over seven
vertices, such that P; is a subgraph. So, the induced minor would be either P; or one of
its supergraphs, such that the dtd of the supergraph of P; is greater than two. We can
check that those supergraphs are either Hy or Hy. So, the induced minor obstructions in
this case are P;, Hy, and Hs.
Now, consider the case w € R(s) N R(r) and w ¢ R(s;), we can check that it forms an
induced Cg.
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Case 2: The root r has more than one child.

In this case, we first handle the case when one child has a child in 7. So, there exists
u € R(s)NR(s1) and u ¢ R(r). Also, there must exist some non-source in the intersection
set of pairwise source vertices other than s that is not reachable by s. So, there exist
v € R(s1) N R(r) and v ¢ R(s). Now, there exists a non-source in pairwise source
reachability intersection; otherwise, we can root at s; and get a DAG elimination tree
of depth two. So, there exist w such that w € R(r) N R(s') and w ¢ R(s1), where s’ is
another child of r in T; or w € R(r) N R(s) and w ¢ R(s1). One can identify P; or its
supergraphs of dtd three as induced minors.

Consider the case when more than one child of r has children in T. Let s and s’ be child
of r and {s1, s2,...s;} are children of s and {s7, sh,...s),} are children of s’. Since T is
reduced DAG elimination tree, there exist u € R(s) N R(s;) and u ¢ R(r). Also, there
exist v € R(s') N R(s; and v ¢ R(r). It is possible u = v or v € R(s). Let u # v, then
we know that there exist w € R(s;) N R(r) and w ¢ R(s). Again, we can check that P;
is a subgraph. Now, consider the case u = v, then there exist w’ € R(s") N R(r) and
w’ ¢ R(s). Again, we get P;.

Thus, the induced minor obstructions for treedepth two are C, P, and the supergraphs
of P; with dtd = 3. We can check that H; and Hs are such graphs. Hence, the induced
minor obstructions of tree depth two are Cg, Py, Hi, and Ho. <

In the following two lemmas, we now give relations between the set of minor obstructions
of treedepth and the set of induced minor obstructions of DAG treedepth. Let Hg,, be the
graph obtained by subdividing each edge of H exactly once. Then we have the following two
lemmas.

» Lemma 29. Let H be a minor obstruction for treedepth k — 1. Then dtd(Hgyp) > k.

» Lemma 30. Let H be an induced minor such that dtd(H) = k. Then, there exists a
sequence of edge contractions between source and non-source vertices such that the resulting
graph H' is a minor of treedepth k.

Using Lemma 29, we observe that the subdivision of any minor obstruction for treedepth &
is an induced-minor obstruction for DAG treedepth k. Conversely, by Lemma 30, from any
induced-minor obstruction for DAG treedepth k, one can obtain a minor obstruction for
treedepth k via a sequence of edge contractions.

Let S denote the set of minor obstructions for treedepth k. For each H € S, we construct
a corresponding pattern Hg,,. By construction, each Hg,p, is an induced-minor obstruction
for DAG treedepth k. Moreover, we must also consider all supergraphs of Hg,,. Let H* be a
supergraph of Hg,p such that dtd(H*) > k. Then H* is also an induced-minor obstruction
for DAG treedepth k.

Therefore, the set of induced-minor obstructions for DAG treedepth k can be derived
from the set of minor obstructions for treedepth k. Since the number of minor obstructions

—1_g k=1_g
for treedepth k is (2 )(1+22

) [16], it implieb that the number of induced-minor
- *k><1+22’“ =)

obstructions for DAG treedepth k is at least (27

Giannopoulou and Thilikos [16] have listed the obstructlon set of treedepth up 3. The
number of graphs in the obstruction set of treedepth 3 is twelve. Consequently, to obtain the
induced minor obstructions, one must consider the subdivisions of these graphs together with
all of their supergraphs. Therefore, we gave induced minor obstruction till DAG treedepth
at most 2.
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3.2 Conditional Hardness and Small Pattern Counting

In this section, we present conditional lower bounds for counting patterns in cubic time using
constant space. We then show that all patterns on at most nine vertices can be counted in
cubic time and constant space. Finally, we exhibit a specific pattern on ten vertices and
prove a conditional lower bound, showing that it cannot be counted in O(n*=¢) time and
constant space.

We have observed that DAGs with dtd = 1 are precisely those having a single source.
Moreover, specific orientations, such as the star graph with all leaves as sources, may
contain multiple sources but still admit a linear-time, constant-space algorithm for counting
homomorphisms. More generally, if a DAG admits an orientation where either the number of
sources or non-sources is one, then homomorphism counting remains tractable in linear time
and constant space. The set of patterns with dtd = 1 is cliques and star graphs. Leveraging
the framework of [12], we extend our result for subgraph counting. One can observe that
the spasm of cliques and star graphs is a clique or a star graph and therefore has dtd one.
Hence, one can count the number of star graphs and cliques appearing as subgraphs in linear
time and constant space. However, for the path Py, an alternating edge orientation yields
two sources and two non-sources, suggesting a potential boundary of tractability. This leads
us to the following conjecture:

» Conjecture 31. Let d be a constant. For any constant € > 0, there is no O(n?~¢) time
constant-space algorithm for counting hom(Py, H), where the input graph H is a d-degenerate
graph.

Assuming the above conjecture, we now give a characterization of patterns that appear
as subgraphs and can be counted in linear time and constant space.

» Theorem 32. Patterns that are countable as subgraphs in linear time and constant space
are precisely the graphs with dtd = 1 and the star graphs.

Proof. A DAG with dtd = 1 has exactly one source vertex. Such graphs are either cliques or
stars. Moreover, every graph in the spasm of a clique or a star also has dtd = 1. Hence, for
each vertex in the spasm of a dtd = 1 graph, the number of homomorphisms can be counted
in linear time and constant space. Consequently, the number of subgraphs of a DAG with
dtd = 1 can also be computed in linear time and constant space.

Furthermore, there exist orientations of star graphs in which the number of sources is
greater than one. However, in such cases, the number of non-sources is exactly one. Therefore,
counting star subgraphs only requires computing the degree of each vertex in the host graph,
which can be done in linear time and constant space. |

Next, to characterize patterns that can be counted in cubic time and constant space, we
assume the following conjecture for a general graph.

» Conjecture 33. For any constant ¢ > 0, there is no O(n3~¢)-time and constant-space
algorithm for counting Cs (triangles) in an arbitrary input graph G.

It is shown in [4] that the problem of counting Cs even in degeneracy two is equivalent to
counting triangles in a general graph. Thus, assuming Conjecture 33, there is no O(n3~¢)-
time and constant-space algorithm for counting Cg in a graph G with degeneracy equal to
two. Further, consider the obstruction set of graphs with dtd = 2. It can be verified that the
spasm of every graph appearing in this obstruction set contains a triangle C3 when reduced
in a manner similar to [5]. Hence, we have the following :



B. Komarath, A. Kumar, and A. Pareek

» Theorem 34. There is no O(n®>~¢)-time and constant-space algorithm for counting graphs
with dtd = 3 in a graph G with degeneracy equal to two.

Next, we prove that every pattern graph on at most nine vertices has DAG treedepth at
most three. Consequently, by applying the framework of [12], it follows that homomorphisms,
subgraphs, and induced subgraphs of all such patterns can be counted in O(n?) time using
constant space.

» Theorem 35. Let d be a constant. For all patterns with at most nine vertices, we can
count the number of occurrences as induced subgraphs in O(n3) time and constant space for
an n-verter d-degenerate graph given as input.

Proof. Assume that the pattern is connected. Consider a DAG with at most three sources.
It is easy to observe that the dtd of such a DAG is bounded by three.

Now consider the case when the number of non-source vertices is at most three. If the
number of non-sources is at most two, then we can construct an elimination tree by taking
one source vertex as the root and another source vertex reaching the other non-source vertex,
while all remaining source vertices can be attached as leaves. If the number of non-sources is
three, since the graph is connected, there must exist a source vertex that reaches at least
two non-source vertices. We then select one more source vertex that reaches the remaining
non-source vertex. Thus, we obtain an elimination tree of height at most three.

Next, consider the case where the DAG has four source vertices. The dtd of this DAG
equals four if and only if there exist unique reachable non-source vertices for every pair of
source vertices. Hence, such a DAG must contain at least six non-source vertices.

Now consider the case when the number of source vertices is five. Then the number of
non-source vertices is four. Let s be a source vertex with the maximum reachability set R(s),
so |R(s)| > 2. If there exists another source vertex s’ such that |R(s) U R(s")| = 4, then
we again obtain an elimination tree of height three. Otherwise, for every remaining source
vertex s', we have |R(s) \ R(s)| < 1. In this case, we make s the root of the elimination tree
and attach one source vertex as a child corresponding to each remaining non-source vertex.
Thus, we again obtain an elimination tree of height at most three.

Therefore, every DAG with at most nine vertices has dtd < 3. Since the spasm and all
supergraphs of any graph with at most nine vertices also have at most nine vertices, we can
count the induced subgraphs of all patterns with at most nine vertices in O(n?) time and
constant space. <

Using the above theorem and the fact that dtd(Pig) = 3, we can conclude that
» Corollary 36. We can count subgraph Pig in time O(n3) using constant space.

Using Theorem 35, we get an O(n?) time constant space algorithm up to nine vertices.
We now present the hardness results for ten vertices. Consider a DAG on ten vertices, which
is one subdivision of k4. Using the reduction shown in the proof of Conjecture 7, we get
that it reduces to counting k4 in a general graph. Now, assuming the conjecture that no
O(n*~¢)-time and constant-space algorithm exists, for counting k4 in general graphs. We
get that there is no O(n*~¢)-time and constant-space algorithm for counting k4 with one
subdivision in bounded degenerate graphs.

It is worth noting that efficient algorithms for counting cliques exist using combinatorial
techniques or fast matrix multiplication. However, both these approaches require non-
constant space. To achieve constant-space algorithms, one must rely on divide-and-conquer
strategies based on tree depth or matched tree depth. As shown earlier, dtd is bounded above
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by tree-depth. For sparse patterns, matched tree-depth can lead to faster algorithms. For
example, all patterns with at most eleven edges can be counted in O(n?) time and constant
space. Consequently, as a corollary, the paths Pjo and cycles C7; can also be counted as
subgraphs in O(n?) time and constant space. However, for dense patterns and induced

subgraph counting, DAG treedepth provides a more advantageous framework compared to

previously known constant-space algorithms.
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