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—— Abstract

We study the power of quantum witnesses under perfect completeness. We construct a classical
oracle relative to which a language lies in QMA; but not in QCMA when the QCMA verifier is only
allowed polynomially many adaptive rounds and exponentially many parallel queries per round.
Additionally, we derandomize the permutation-oracle separation of Fefferman and Kimmel, obtaining
an in-place oracle separation between QMA; and QCMA. Furthermore, we focus on QCMA and
QMA with an exponentially small gap, where we show a separation assuming the gap is fixed, but
not when it may be arbitrarily small. Finally, we derive consequences for approximate ground-state
preparation from sparse Hamiltonian oracle access, including a bounded adaptivity frustration-free
variant.
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1 Introduction

The complexity class QMA (Quantum Merlin-Arthur, a quantum analogue of NP) was
formally introduced by Kitaev [28] as the class of languages for which a polynomial-time
quantum verifier can be convinced to accept yes-instances with high probability using a
polynomial-size quantum witness, while rejecting no-instances regardless of the witness
supplied. A natural variant of QMA, introduced by Aharonov and Naveh [4], is QCMA, where
the verifier is quantum but the witness is restricted to be classical.

It is immediate that QCMA C QMA. A central question in quantum complexity theory is
whether this inclusion is strict, i.e., whether quantum witnesses provide additional computa-
tional power over classical ones in the non-interactive setting. Despite significant effort, the
status of this question in the unrelativized world remains open. Early intuition by Aharonov
and Naveh [4] suggested that quantum witnesses might not be inherently more powerful, for
instance, if ground states of local Hamiltonians were to admit efficient classical descriptions,
then QMA = QCMA.
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Considerable progress has been made in understanding this question in standard and
relativized worlds. Watrous [48] showed that the Group Non-Membership problem separates
QMA from MA with respect to an oracle and was one of the first candidates for understanding
the power of classical and quantum witnesses [3, 20]. Aaronson and Kuperberg [3] gave the
first separation between QMA and QCMA, albeit relative to a quantum oracle. Fefferman and
Kimmel [17] later obtained separations using randomized in-place permutation oracles, and
several subsequent works proposed alternative oracle constructions and candidate problems
aimed at clarifying the source of quantum advantage [36, 33, 39]. More recent efforts pursued
separations in increasingly standard oracle models [34, 42, 8, 50, 35]. In parallel, a line
of work has investigated this question through the lens of uncloneability [43, 14, 13, 15],
structural properties of QMA and its variants [23, 16, 40], as well as in communication
complexity [45, 30, 29]. The longstanding question of whether QMA and QCMA can be
separated relative to a standard classical oracle was ultimately resolved by [10, 11].

Thus a classical counterpart of the result of Aaronson and Kuperberg [3] was finally
found. However, as noted by [10] (and also not achieved by [11]), neither of these classical
oracle separations achieve perfect completeness. In contrast, [3] actually separates the class
QMA; from QCMA with respect to a quantum oracle.

QMA with perfect completeness

QMA, is the variant of QMA in which the verifier must accept every YES instance with
probability ezactly 1 (while still accepting NO instances with probability at most 1/2).
The class was formalized in [27] and gained prominence through the QMA;-completeness
of Quantum k-SAT [12, 22]. Whether QMA = QMA; remains open; Aaronson [2] gave a
quantum oracle separation, and the answer is known to depend delicately on the verifier’s
gate set. Amplification and completeness techniques for one-sided-error QMA have been
developed in [41, 31]. In contrast, the classical-witness analogue satisfies QCMA = QCMA;
under standard gate sets [32]. This leaves open the following natural question.

» Question 1. Is there a standard classical oracle separation between QMA; and QCMA?
As our first result, we answer a bounded adaptivity analog of Question 1.

» Result 2 (Theorem 25). For every polynomial R, there exists a classical oracle relative
to which QMA; € QCMA, assuming the QCMA wverifier is restricted to R rounds of adaptive
queries. Additionally, the language is in coRP with R+ 1 adaptive one-query rounds.

By bounded adaptivity, we mean that the oracle calls are grouped into rounds. Each
round of queries is performed in parallel and may only depend on the results of previous
queries. Therefore, the restriction is on the depth of the oracle dependence, not on the
total number of queries. In Result 2, the QCMA lower bound applies even when each round
makes exponentially many queries. The regime described above is the same as in [8], who
separated QCMA from QMA (but not QMA;) with o(logn/loglogn) adaptive rounds. In
contrast, Theorem 25 separates QMA; from QCMA bounded to R rounds, where R is any
fixed polynomial. On the other hand, the bounded round restriction is necessary in our
problem as a coRP algorithm solves the problem with R + 1 rounds, while the problem in [8]
was used by [11] for the classical oracle separation.

In-place oracle separation

As discussed before, in the permutation oracle model, Fefferman and Kimmel [17] separated
QMA from QCMA using randomized in-place permutation oracles. Despite the extensive
line of work on the QMA versus QCMA question that followed [34, 42, 8, 50, 35, 10, 11],
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derandomizing the [17] construction has remained elusive, and none of these works achieve
perfect completeness in the in-place model. Furthermore, the in-place oracle model has been
studied in other contexts as well [1, 26, 7, 25]. This motivates the following natural question.

» Question 3. Can randomization be removed from the in-place oracle separation of Fefferman
and Kimmel [17], and can the separation be strengthened to QMA; versus QCMA?

We answer both parts affirmatively.

» Result 4 (Theorem 22). There exists a deterministic in-place permutation oracle relative
to which QMA; € QCMA, even when the QCMA werifier is allowed 2°™ rounds of adaptivity
and exponentially many queries per round.

Viewed as a query problem, Result 4 is a set-preimage sampling lower bound. Formally
defined in Problem 15, the problem is to estimate the parity bias of the preimage set
Sy = 7~ 1([N]) where 7 is the given permutation. The QMA; witness is simply |S,). Without
a witness, one may sample S, by drawing some j € [N] and applying 7 for b — 1 steps. This
differs from the standard permutation inversion problem, where given some y, one must find
771 (y), which has query complexity ©(v/N) both in the standard XOR and in-place oracle
models [24, 9, 17, 25]. Thus Result 4 shows that even when given a classical witness, the
simple b — 1 round sampling algorithm is optimal.

Witness verification with an exponentially small gap

A natural question in the study of verification classes with error is how they behave under
various completeness-soundness gaps. For QMA and QCMA, standard error-reduction [37]
shows that any inverse-polynomial gap can be amplified to a constant, meaning the specific
choice of parameters is irrelevant. However, when the gap is allowed to shrink to 27 P2 (") ng
error-reduction techniques are known. The resulting classes PreciseQMA and PreciseQCMA
have been characterized as PSPACE [18] and NPFF [38, 21], respectively.

» Question 5. Is there a classical oracle separating QMA from QCMA when the completeness-
soundness gap is exponentially small?

We partially answer this question. Specifically, by tweaking the original proof technique
of [11], we show that when the gap is fixed to O(27"), the classes may be separated. However,
PreciseQCMA, which considers the union over all 27P°¥(") gaps solves the problem.

» Result 6 (Theorem 31). There exists a classical oracle relative to which a problem lies in
QMA(2™™) and PreciseQCMA, but not in QCMA(2™™).

The PreciseQCMA inclusion holds due to the fact that the problem is in M5, which is in
NPPP due to Toda’s theorem [47]. In particular, this provides evidence against an efficient
gap amplification procedure for PreciseQMA and PreciseQCMA.

Circuit complexity of sparse Hamiltonian ground states

The No Low-Energy Trivial States (NLTS) theorem of Anshu, Breuckmann, and Nirkhe [5],
resolving a conjecture of Freedman and Hastings [19], establishes that there exist families of
local Hamiltonians whose low-energy states cannot be prepared by constant-depth quantum
circuits. In an oracle setting, one can ask whether sparse Hamiltonians given via Hamiltonian
query access O have approximate ground states that provably require large circuits to
prepare.
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» Question 7. Are there families of sparse Hamiltonians, given via oracle access, whose
approximate ground states provably require large circuits to prepare?

A natural question in a similar spirit is whether the oracle separations between QMA and
QCMA yield circuit complexity lower bounds for ground states of sparse Hamiltonians given
via Hamiltonian query access O}5. To the best of our knowledge, this connection has not
been made explicitly in prior work, although it follows relatively directly from applying the
circuit-to-Hamiltonian construction [27] to the QMA verifiers in [10, 11].

» Result 8 (Theorem 32). There exists a family of O(1)-sparse Hamiltonians {H;} on n;

/% /1ogni)

qubits such that any state preparable by a circuit of size 90(n; which has access to H

via the oracle O has energy at least \o(H;) + 1/poly(n;).

Furthermore, using Result 2, we are able to extend this to frustration-free Hamiltonians,
except the circuit is restricted in adaptivity (see Theorem 33). Note that extending this
without the restriction would resolve Question 1.

Techniques

The problem used to obtain Result 4 is a pointer-chasing permutation oracle instance. The
permutation consists of disjoint chains through buckets Iy, ... I;, with the first bucket being
[N] and the last bucket mapping to [IN]. The problem is to decide whether parity of the
items in I, which map to [N] is 0 or 1, given the promise that it is either 0 in all items, or
only over half of them (for a formal definition, see Problem 15). In a YES instance, the
QMA; witness is the uniform state on S, = 7~ 1([N]), which is used to test the parity of S,
and whether it maps back to [N], both of which are checked with perfect completeness.

The QCMA lower bound is as follows. Given a fixed verifier and classical witness, we
record a transcript 7" of all the points of the oracle which the algorithm “knows” after
r adaptive rounds of queries. Each round, 7(") may only add points by either querying
them with heavy weight or from the previous step in the chain. We describe a canonical
permutation 7’ based on 7" and show that the verifier’s state using 7 is close to that
with /. Assuming 7(") satisfies several conditions which we call “good”, which occurs with
high probability, each YES instance may be transformed into a NO instance with the same
canonical permutation by altering the last bucket I,. A union bound over witnesses and
diagonalization finishes the lower bound.

Result 2 uses the tools developed above. First, the QCMA lower bound applies using the
standard XOR oracle. Second, the QMA; algorithm is obtained by considering the algorithm
which uses R + 1 rounds of queries and parallelizing it using the Feynman-Kitaev history
state. As we show, any R-round QMA (and QMA,) algorithm may be parallelized to a
single-round verifier with O(R*) parallel oracle queries.

We note that the oracle separations underlying Results 2 and 4 were developed inde-
pendently of the two recent classical-oracle separations between QMA and QCMA [10, 11].
On the other hand, the results in Section 3.3 directly use the machinery developed in [11].
In Result 6, we solely modify the bias parameter. Furthermore, Result 8 is obtained by
applying the circuit-to-Hamiltonian construction [27] to the QMA verifier in [11] and using
sparse-Hamiltonian energy estimation. In the frustration-free case, we use the QMA; verifier
for Problem 15.
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2 Preliminaries

We assume the reader is familiar with standard quantum computing and complexity theory
background. For introductions, see [44, 6]. We use the following notation. We use [a] to
denote the set {1,...a} and [a,b] to denote {a,a + 1,...,b}. Given a set of integers S,
let S¢ve and S°44 denote the subset of S which only contains its even or odd elements,
respectively. For any finite non-empty set S, we let

|S>:ﬁ§|8>-

Given a matrix H, we let \g(H) denote the smallest eigenvalue of H. Let us describe the
oracle models we will use. For a string « € {0,1}", the standard XOR oracle is,

O, ‘iv b> = |ia bd $z> s

where i € [n] and b € {0,1}. We call this a classical oracle as, when x represents a function
f:{0,1}°8™ — 10,1}, O, is the associated unitary applied. A forward in-place oracle for a
permutation 7 is the oracle O, defined as,

Or |z) = |7 (2)).

We emphasize that we do not provide access to the inverse of O,. Lastly, we will use the
Hamiltonian query model. We say a Hamiltonian H is d-sparse if for each row, there are

at most d non-zero terms, while H = ), H; is frustration-free if H; = 0 and Ao(H) = 0.

Consider a d-sparse Hamiltonian H € CM*M_ Tet i, € [M], k € [d] and f(i, k) be the kth
column index of a non-zero term in row ¢ of H. The Oy and Oy oracles are defined as,

OH |i7ja Z> = |i7jaZ®Hi,j>
Oy li, k) = [i, f(i,k)) .

We call the pair Oy and Oy the row-column oracle gates O%.

An algorithm A with R adaptive rounds of ¢ queries to an arbitrary oracle O is a sequence
of unitaries A = (Up, Uy, ...,Ug) interlaced with parallel calls to O. On some input |¢)) it
behaves as,

Alp) = UrO®1Ug_,0% ... U;0%90,.

2.1 Complexity Classes

» Definition 9 (Variants of BQP). A language L C {0,1}* is in BQP(c, s) where ¢ > s if
there exists a uniform polynomial-time family of quantum circuits Q@ = {Q,} such that,

]
]

We define BQP = BQP(Z,1), RQP = BQP(%,0) and ZQP = RQP N coRQP.

x €L = Pr[Q(z)
r¢ L = Pr[Q(x)

1
1

IN IV

c
S.

Equivalently, ZQP is the class of zero-error quantum algorithms which may output 1,0 or
“maybe”, where the probability of “maybe” is at most % and the algorithm never answers
incorrectly. Lastly, RP is defined analogously to RQP, with the quantum circuit replaced by
a probabilistic Turing machine.
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» Definition 10 (Witness classes). A language L C {0,1}* is in QMA(c, s) where ¢ > s if
there exist a uniform polynomial-time quantum verifier V. and a polynomial p such that for
every x € {0,1}*,

Y

rel = 3 e (C)®PUED: PrV(z, ) = 1]
w¢ L = V) € (C)*PID: Pr(V(z,|¢)) = 1

]

QCMA(c, s) is the restriction of QMA(c, s) in which the witness is a classical string y €
{0,1}2U=D . We define the following classes,

C
S.

IN

QVA= | QMA(cs),

1
¢=52 boly(n)
QCMA= | QCMA(c,s),
1
CTS250ly(n)
QVA = [ QMA(Ls),
sgl—m
PreciseQMA = U QmA(s),
c—s>2—poly(n)
PreciseQCMA = U QCMA(c, s),

0_822—p01y(71)
where the parameters c, s are functions of the input length.

By standard completion and soundness gap amplification techniques [37], QMA =
QMA(2, 1), QCMA = QCMA(2, £) and QMA; = QMA(1, 3). However, the same techniques
are not known to apply to PreciseQMA and PreciseQCMA.

» Definition 11 (Bounded adaptivity oracle classes). Let O = {O,}, be a family of oracles
and R,q: N = N be query bounds. A language L C {0,1}* is in QVAC[R, q] if there exist a
uniform quantum verifier V. and a polynomial p such that V. makes at most R(|z|) adaptive
rounds of q(|x|) parallel queries to O and for every x € {0,1}*,

ze L = 3y) e (€D pr VO, [y)) =1]

Y

IN
Wl =Wl

v ¢ L = VY|p) € (CH)®PUeD: Pr[VO(x, |y)) = 1]

The classes QCMA® [R,q] and QM/—\lo[R, q] are defined analogously.

» Definition 12 (Advice classes). A language L C {0,1}* is in BQPqpoy if there is a
polynomial-time family of quantum circuits Q@ = {Qn}, a polynomial p(n) and a family of
quantum states {|1,) € (C?)®P(M} such that,

v €L = Pr[Q(z, |¢)) =1]

Y
— W N

)

¢ L = Pr[Q(m,

=1 < -.
Yiel)) = 1] < 3
BQP/poly is defined analogously, except the advice states |v,) are replaced by classical strings
y € {0, l}p("). Similarly, ZQPqpoly s defined as BQPqpol, with the zero-error semantics of
ZQP.
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2.2 Tools
We will use a parallel-query hybrid method [9].

» Lemma 13 (Parallel-query hybrid method). Let w, 7" be permutations over [M], |¢) an
arbitrary state over q query registers, I1 be projector I1:= 3, (. [2Xz| and 11; be 11
over the query register j € [q]. Furthermore, define p; = (¢|IL; |¢). Then,

[(021-02) o) <2 | s
j€lql

» Lemma 14. Let U be a finite set such that |U| = B and let S C U be uniformly random
subset of size N. Letting p be an arbitrary distribution on U and H = {x € U : u(x) > ¢/N},

eN ON
> < == .
Erfsn 2 v < (55 W
3 Results

Let us formally list the results of the paper.

3.1 In-place oracle separation via pointer-chasing

Let us begin by fixing multiple variables we will use throughout the section. Fix some

constants [ > 4 and o € (0,3). For any n € N, let N = 2", M := 2" b = [2°"] and

B = 2[55-1y)." Lastly, for i € [b], define the buckets I; as,
L[ ifi=1
"IN+ (G —2B+1,N+(i—1)B] ifi>2.

Therefore, for i > 2,|I;| = B. Lastly, Ijunk = [M]\ U, I;- Let us define the problem we
will analyze.

» Problem 15 (Permutation pointer-chasing). For i € [b], let S; C [M] be a set such that
|Sil = N and S; C I;, and f; : [N] — S; be a bijection. Let us fix the permutation
7 [M] — [M], defined as,

fir1(4) ifx = fi(§) for j € [N],i € [b—1]
m(z) =437 if x = fo(j) for j € [N] (2)
The problem is to decide whether (YES) |SgVe"| = N or (NO) |Sgven| < &
Let us show that the problem is in QMA;.

» Lemma 16 (QMA; algorithm). For any in-place oracle 11 = {r,, },, where 7, are instances
of Problem 15, the language L = {1™ : 1, is a YES instance} is in QMA;™[1,1].

Next, we show a QCMA lower bound on the problem.

1 Although all the variables are functions in terms of n, we omit writing the input n.
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» Lemma 17 (QCMA lower bound). Fiz >4, a € (0,3), and 8 > 0 such that,
B+5a<l—2. 3)

There exists an in-place oracle II = {m,},, such that the language L = {1™ : m, is a YES
instance} is not in QCMA™[b(n) — 2, ¢(n)] where g(n) < 2°™.

Proof. Let us fix some instance n. We first fix an in-place algorithm V' which takes in some
witness v € {0, 1}“’(”) and makes R := b — 2 rounds of ¢ parallel queries per round. Let
|tho) = |0) |[v) be the initial state and for any permutation o and r € [R], let |¢7) denote the
state right before the r + 1 query,

W) = U,0%7... 0%, [ihy) .

The distribution DYES over YES instances of PC,, is defined as follows. First, set S; = [N]
and f1(j) =j. For i € [2,b— 1], draw S; uniformly from (]I\lf) and f; be a uniformly-random
bijection. Last, Sp is uniformly-drawn from (Ig]\\';n) and fp is uniformly-random. Given a
fixed element from DY®S we may define 7, using Equation (2).

Next, we define the transcript and its canonical completion. For each round r € [R], the
transcript 7 tracks the known and unknown parts of each set S; of an oracle. It consists
of the following parts:

(a) Discovered sets D" C S;,

(b) Commited sets QZ(-T) C S; and their associated commited values 7(x) for all € QET),
(c) Frontier sets F" := D{"\ Q\",

(d) Uneaplored sets U™ C I, \ D",

(e) Excluded sets B =1, \ (U uD").

We initialize 7(©) as follows,

0 0 0 0 0
D\ = F9 = [N] U = Q0 = p® —y,
Vi > 2, U’L(O) =1 DZ(O) _ QEO) _ Ez(O) _ Fz(r) =0
Notice that we may use 7" to partition I; as follows,
L=Q"uF" uu uE™, (4)

Assuming ‘UZ Fi(r)

= ‘[N] \ 7( l()r)) , we define the root function f()(z) : |, Fi(r) —

[N]\ m( l(f)) to be the first bijection from an enumerated list of functions. The canonical
completion 7, is defined as,

m@)  ifzel,Q",
F@) = fO@) itz e U, F, ®)
T if 2 € Ijunk U, Ei(r) U, Ui(r).

Intuitively, each point « € | J; Fi(r) is at the end of a known chain from [N]. Using ("), we
ensure that 7,.(x) is a permutation.

> Claim 18. Assume that for a 7(") based on permutation 7 and for all = € J, FZ‘(T)7 there
exists some sequence of points xg, ...x;—1,z such that for all t € [i — 1], a1 € Q,Er). Then,
1. there exists a bijection f(z) : |, F" 5[N] \W(Ql(f)),

2. 7, is a permutation and,

3. forall z € [M], n(z) =2 = 7 (x) = 2.



D. Miloschewsky, S. Podder, and D. Rudolph

Proof. Based on Equation (5), partition [M] = AU B U C where A ==, QET), B =, FZ-(T)7
and C = Iy UU, B U, U,

Due to the assumption on z € |J; Fi(r), we have that z € J; Fi(r) if and only if for all
z€[b—i], m*(x) € Ui(iﬂ).2 As the number of such points is |[N] \W(Qbr)) , Item 1 follows.

Let us show Item 2. As elements in C are mapped to themselves in 7, it suffices to show
that 7| aup is a bijection on AU B. By definition of A, the only points z € A for which
there does not exist a y € A such that z = 7,.(y) € A are in [N] \W(Ql(:)). Similarly, all
points in « € A such that 7.(z) ¢ A are in |, Fi(T). Per Item 1 combined with the fact that
7 is a permutation, 7| aup is a permutation.

By Equation (2), n(z) = « implies that « ¢ |J,; S, so z ¢ |, D) = AU B. Therefore,
x € C, proving Item 3. <

The canonical state |¢..) is defined to be,
— ® ® ®
[vy) = U070, 1077 ... 0Ly |ibo)

which depends on the transcripts 7 for i € [r]. We say that a permutation o is consistent
with 7 if T() is its transcript after r rounds under a verifier V. Furthermore, we define
heavy sets, the sets which have a large weight in the query registers of [¢/7) (i.e. right before
the oracle call O£7). Formally, let r € [R], i € [b] and j € [g] be some variables. Letting X;
denote the j-th query register and H(Sj) =1%0-1 g (erS |x>(a:\) ® I®(4=9) the projector
onto S C [M] acting on the j-th query register, consider the following variables,

p) = (| P )

A= )

J€ld
r 1 ;
w(8) = 5 3 (U vl (ST,
Pi "~ jelq)

Note that when pzm =0, we let ,u(r)(S) = 0. The heavy set Hi(r) is defined as,

i
T T €
u? = {ee i )tah 2+,

where € is a variable we will set later. Next, let us define how the transcript is updated each
round. For r > 1, let the undiscovered part of S; be S’i(r) =5N Ui(rfl) and the heavy hits
be G = H n s,

For each g € Ggr), let chain(g) denote the following maximal sequence,

chain(g) = g,97 %, ..., :Vme[k—1]:n 1 (g™™) = g~ and g7 F € 5.

Essentially, chain(g) represents the sequence of steps of m which bring us from g back
to S1. The path points at level i are elements of chain(g) lying in I; that have not yet been
committed,

PZ.(T) = {z :3k>4,3g € G,(:) s.t. z € chain(g) N L;} .

2 By 7*(z), we mean applying the permutation on input z z-times.
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We commit these path points to the transcript in order to ensure that we may define a
valid root function f(" and completion 7, in Equation (5). For i > 2 and going from round
r — 1 to 7, the transcript is updated as follows,

Q" =" VuprYuc”upr (6)
D" =DV ua u P ur(Q!”) (7)
U =ulIN (=D u D). 8)

Note that for ¢ = 1 and r > 0, the committed set is QY) = [N]. One may see that the
condition in Claim 18 is satisfied for all 7.

> Claim 19 (Transcript indistinguishability). For any pair of oracles mq, w2 consistent with the
same transcript history 7 for ¢ € [r],

1) = o)l < 4ry/ge.

Proof. To show the statement, it suffices to show that for any permutation ¢ consistent
with 7,

I17) = [l < 2ry/ge, 9)

as applying Equation (9) to 7y and o and using the triangle inequality gives the claim. We
prove Equation (9) by induction on ¢ € [0,7]. The base case ¢t = 0 is immediate since the
witness and verifier are fixed. For the inductive step,

195) = 1l = |02 [vi_1) — OFF |wi_y)]
< |[[0f-1) = [Wi—)l| + 1084 = 027 [wi_1) |
<2t —1)y/ge+ [|(027 = O2) vy 1), (10)

where the equality follows due to unitarity of U; and the inequality is an application of the

triangle inequality and inserting O%4 ‘¢2_1>-

We claim that o and 7; may disagree only on Ui(Si(t) \Hi(t)). This can be shown case by
case. First, if © € Ijynk, both oracles are the identity. Let us check each part of the partition
of I; in Equation (4),

1. Ifzx e QZ(-t), then by Equation (5) both o and 7; agree with m(x).

2. If z € Fi(t) = Dgt) \Ql(t)7 then x € S’i(t) \Hi(t). This is due to the fact that since
Dgt) \Qgt) C W(Qgt_)l) \Qgt) CS; \Dl(t_l), we have x € Ui(t_l) nsS; = Si(t). Furthermore,
x ¢ Hi(t) as otherwise z € GZ(-t) - Qgt), contradicting z € Fi(t).

3. Ifz € UZ@7 then ¢ and 7; may only disagree on Ui(t) N S; as all other points are self-loops.
As Ul culM DY nu =g and GY € DY, we have U n'S; € S\ H (the
Hi(t) elements in Ui(tfl) were added to th) C Qgt) C Dgt)7 so they left Ui(t)).

4. Ifx € Ei(t), there is no disagreement as 7(z) = z = 7,.(z).

In all cases, potential disagreement is contained in Si(t) \ Hi(t). Letting p; be the probability

that the j-th query register holds a value in {J;¢ (SZ-(t) \Hi(t)) and using the fact that each

z ¢ HY has (" ({z}) < ¢/N,

€
N

s

K2

s\ B <

<e
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we have that,

>opi=y p s\ HY)
jel  ieh)

<Y <a
1€[b]

By Lemma 13, the second term of Equation (10) is bounded by 2,/ge, finishing the proof.
<

Let § € (0,1] be a constant we fix later. We say a transcript 7 is good if,
Vie[r+2,b): D" < 4rbsN
Vie[r+1,0): Q"] <4rbsN.

If 7(") does not satisfy the criteria above, we call it bad.

> Claim 20 (Probability of a bad transcript). Assume 4rbd < 1 and (1 + 4b8) rN < £. Then
for a fixed verifier V' and witness v,

46N)6N. (11)

Pr [T is bad| <rb ( —

~DYES
w~DY €

Proof. We prove this by induction on r € [R]. The base case holds as, except for D§O),
DEO) = QEO) = (). For the inductive step, assume that 7("~1) is good and fix some i € [r+1, b].
Asi>r+4+1>(r—1)+2, goodness of 7"~ and the condition (L +4b0) (r—1)N < B/4
imply ‘Ui(rfl)‘ > %.

If i <b—1, then Si(r) =5 N Ui(rfl) is a uniformly-random subset of Ui(rfl) of size
N — ’Dgr_l)’ < N. Fori=b, S}ET) is uniform over Uér_l) N [M]ever; since I, has > B/2 even

elements and at most B/4 total have been removed, Uéril) N [M]ever

> %. In both cases,

as H") is determined by 7"~ (as the verifier and witness are fixed), S{" is stochastically
dominated by a uniformly-chosen set of size N from a universe of size at least %. By
Lemma 14,

Pr HGET)

4eN>5N. 12)

> 6N | TV < (53
€

Let E denote the event that for all t < r and ¢ > ¢+ 1, ’Gl(-t)
if E occurs, then 7() is good. Let,

< 0N. Next, we show that

JO = e[N]:H<rk>tst fulj) €GP},
denote the indices of paths which were guessed earlier than expected. Under the assumption
on ‘G’Et) , we have that |J(™| < rbdN. We claim that every point in DZ(T) with 4 > 7 + 2

and QET) with ¢ > 7 + 1 has a label in J("). We prove this by induction on 7. The claim is
immediate for r = 0. For the inductive step, consider Ql(-r) with ¢ > r + 1. By Equation (6),

QZ('T) c Ql("r—l) U Dgr—l) U G§7) U P1(7)
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By the inductive hypothesis, the terms Qgrfl) and Dgrfl) have labels in J=1 C J() . The
terms Gl(-r) have labels in J™ as i > r + 1, while a label j in Pi(r) implies that it is in some
G,(f) where k > i. By similar reasoning, we find the same for Dlm. Therefore |J (r)‘ bounds
the size of all DET) and Qgr) we care about, meaning 7" is good.

All that remains is bounding the probability of event E. Applying Equation (12),
union-bounding over b buckets with ¢ > r 4+ 1 and applying the chain rule over r rounds,

4eN>‘5N
. <

Pr [T is bad| <rb
WND%ES T isbad| <7 5B
> Claim 21 (NO-instance transformation). Suppose that for all » € [R], T(") is good for
7 € supp(DYFS) where R = b — 2, 8RbJ < + and (2 + 4b6)RN < £. Then there exists a
NO instance mno of PC,, which is consistent with 7).

Proof. We may entirely describe the permutation 7 using f1,... f5. Notice that by definition,
B is always even. As € supp(DY®S), f,([N]) = S, C I¥*". Let Jgy denote the fixed points
which certify that some x € S is even,

Jhix = {j D fo-1(d) € Qz(f)l} U {j s fo(d) € DéR)}-
As TWH is good, |Jax| < 8RBSN < Y. Let F = {f,(4) : j € Jax} C Ipver. Per our

1
assumption, elements leave U, by entering D, or H,. Over R rounds, at most ’D,()R)‘ +

Zre[R] ‘HIST)‘ < 4RbSN + RN/e < (% +4b5) RN < % elements have been removed, so

’UIER)’ > %. Since B is even, I, is an interval of size B with exactly B/2 even elements

and B/2 odd elements. At most B/4 elements in total have been removed, so at most B/4

even (resp. odd) elements were removed. Hence ’U;R) nIgver| > % — % = % and similarly

’UZER) N Ig’dd‘ > %. Note also F'n U,fR) = () since F' C DZSR).

Choose O’ C UéR) NI and E' C UZER) N Ig¥*" such that |O'| = & and |E'| = & — |F|
(feasible since both sets have size > B/4 > N). Then we set SNC := F U E' U O/, giving
’S},\IO| = N and |(S§O)°dd‘ = N/2.

Define fNO : [N] — SN© by fNO(j) = f,(j) for all j € Jgx and bijectively assigning the
remaining indices to Sy© \ F (feasible since |SNC \ F| = N — |Jg«|). We define mxo using
f1,..., fo—1 unchanged and replacing f, with fg\lo.

We claim that mno generates the identical transcript to 7 through every round r € [R].
Since fi,..., fo—1 are unchanged, the heavy-hit sets Gz(-r) and path points PZ-(T) for buckets
i < b—1 are identical for m and mno at every round. For bucket b: every point of UéR)
avoided Dl()r) and ngr) for all » < R (otherwise it would have left U, before round R). Since
E', O C UZER), replacing elements of S, inside Ub(R) by other elements of UZSR) cannot change
any Gl(f) or Dl()r) for r < R. Moreover, for j € Jgx, we have fNO(j) = f,(j), preserving all
committed values. It follows inductively on r that the entire transcript 7(") is identical for
7 and mno for every r € [R)]. <

With the claims above, we may finally set the parameters ¢ and 9,

1 1

= o 0 G
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With these assignments, the conditions of Claims 20 and 21 are satisfied. The first condition
holds as 8RbJ < 8b2- 641172 < %. The second condition follows since (% + 4b5) RN < 2-10%gb3 N,
so it suffices to show 2 - 104qb3N < %. For large n, B > ng:{v > %,
16 - 10* ¢b*N < M. Substituting ¢ < 2°", b < 29"+ and N = 2",

so it suffices to show

16 - 10%gb* N < 256 - 10* - 2(B+4a+n
As M = 2!, this holds whenever 256 - 10* - 2(7 e+ < 2In meaning for all n such that,

logy (256 - 10%)
> = | 1
tem [llﬂlla ’ (13)

which is finite since [ — 1 — § — 4a > 0 by Equation (3). Therefore, for all n > nq, the
conditions of the claims are satisfied. Furthermore, these variables mean that 4R,/ge is

always bounded by 2—15 Lastly, we bound the bad transcript probability in Equation (11).

The base is bounded by,

4eN BN
<512 -10% ———
5eB = 00¢ M

<512-32-¢-10% . 2B H5at1=ln < o g=An

where C' = 16384 - ¢ - 10* is a constant and A = | — 1 — 3 — 5a. By Equation (3), A > 1.

Therefore for n > ny = [(log, C + 1)/A], the base is bounded by 1. Therefore,
Pr [T(’”) is bad] <rb-279N, (14)
TrNDXES

Let us show argue for the QCMA hardness. Fix any QCMA verifier V with R =b — 2
rounds of ¢ queries and a witness of size w = poly(n). By taking the union bound over
Equation (14), we have that,

Pr [Fve{0,1}¥: 7 is bad] < 2% . Rb- 27N,

rDYES

where ’ﬁ,m denotes the transcript using verifier V and witness v. Let w < ¢ - n? for some
constants ¢, d and notice that,

N 2(17204)71
SN= " >2
6462 — 256
Therefore,
2% . Rp - 275]\7 S 22+20m+cnd .9~ 2(1;‘32604)71 . (15)

We have that this quantity is strictly less than 1 for all n such that,

256(c + 20+ 2)(d + 1)!
(1 — 2a)d+1(In 2)d+1

n>mng:=

Therefore, for all n > max(ny,n2, n3), there exists a yes-instance mpg € supp(Dy E5) such
that 7'U(R) is good for every witness v. However, by Claims 19 and 21, V' cannot distinguish
Tops from a no-instance mj, consistent with 7 of 73,4 with probability above 7% -
Therefore, the completeness condition is not satisfied for {g, or soundness for m3. Letting

7 being one of these, by standard diagonalization techniques, we may create the oracle
family IT = {7} such that L ¢ QCMAY[b(n) — 2, q(n)]. <
Combining the two results above, we obtain the following theorem.

» Theorem 22 (In-place oracle separation between QCMA and QMA;). There exists an in-place
oracle IT with respect to which, QMA; " Z QCMA™,

32:13

MFCS 2026



32:14

En Route to a Standard QMA; vs. QCMA Oracle Separation

3.2 Bounded adaptivity standard oracle separation

One may observe that the proof of Lemma 17 works using classical oracles.

» Remark 23. Define the oracle family O = {O,,} as the family of instances of Problem 15
m, where,

On |$7y> = Ix,y S ﬂ—n(x» (16)

There exists an oracle O such that the language L := {1™ : m,, is a YES instance} is not in
QCMA®[b(n) — 2, ¢q(n)], where b(n) and ¢(n) are as in Lemma 17.

Next, we show that any QMAC query protocol can be parallelized by using Kitaev’s proof
that the Local Hamiltonian problem is QMA-complete. [27].

» Lemma 24. For any unitary O, QMAO = QMAHO and QMAlo = QMAl”O. In terms of the
number of rounds, QMA®[R, 1] € QMA®[1,O(R")] and QMA;°[R,1] € QMA;°[1,0(RY)].

Therefore, we may obtain a bounded adaptivity oracle separation using Problem 15 with
respect to classical oracles. We emphasize that the restriction is important as allowing even a
single additional round of queries puts the problem into QCMA. Thus, even when R(n) = n*

this is not an oracle separating QMA; from unrestricted QCMA.

» Theorem 25 (Lifting to unitary oracles). For any fized R € poly(n) and q(n) < 2°™ where
B >0, there exists a unary language L and an oracle O = {O,,} such that, L € coRPO[R, 1],
L € QMA;°[1,0(RY)], but L ¢ QCMA®[R — 1, ¢(n)].

3.3 Extensions of prior results

Below, we focus on extending the results of [11]. Let us first fix the key terminology. We
will use X as the input size. Fix ¢ to be the smallest prime with A> < ¢ < 2)\% and set
Cy = Multr, 1 (an error-correcting code) with k = ANos=) % = F;. For a function
H :[g] x ¥ — {0,1}. The relation R¢, g associated with the code intersection problem is,

Rey g ={(z,v) € {0,1}4 x X9 :v e Cy, Vj € [q], H(j,vj) =x;},

Based on [49], it was shown that there exists a state |advy) and an algorithm BiasYZ
which, given some input x, finds a v such that (z,v) € R¢, g with high probability [11]. In
their proof, the function H is drawn from a biased distribution, meaning that the random
function drawn will output 1 with probability p* as opposed to %

We define the distribution Bias,, s over functions H as the product of ¢ distribu-
tions Bias, 5 over functions H; from ¥ to {0,1} where Pr[H,(y) =1] = p. Let Good C

supp(Biasy p, 5;) be a subset which we define later.

3.3.1 Zero error advice separation

We first strengthen the advice separation result of [11]. As ZQP C BQP, this affirmatively
answers a variant of Question 1 where the witness is replaced with advice.

» Theorem 26 (Extension of Theorem 7.5 in [11]). There exists a classical oracle O such that
0 0
ZQP/qpoly Z BQP/poly'
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3.3.2 Precise verification

The oracle separation of [11] gives a separation between classes which have a constant
completeness and soundness gap. We show that their argument extends to the setting where
the gap is 27P°W(") when this gap is fixed. The proof is the same, except we make a slight
modification to the bias parameter p*. The result uses the following problem.

» Problem 27 (Code Intersection Subset Size CISS,). Let H € Good be a random function,
o :N — N a function and E C {0,1}*. Given access to the following oracle,

1 4 E and .
OlH, E(z,v) = ifx € E and (z,v) € Re, 1

0 otherwise,
decide whether (YES) |E| = 2* or (NO) |E| < 2* — a()).

The original problem [11] set o(n) = QA% Instead, we will use o(n) = 2. For simplicity

of notation, in this section we will write that QCMA(27") = QCMA(1 — 27", 1 —27"*1) and
QMA(27") = QMA(1 — 27,1 — 27"F1). Let us show that CISS; is in QMA(2™™).

» Lemma 28. CISS; may be solved by QMA(2™™).

Next, we will show the QCMA(2™™) lower bound. The main argument in [11] is that
the existence of a QCMA algorithm which makes 7 queries and runs unitaries {Uj};c[y]
implies the existence of a Guesser algorithm, a zero-query algorithm which can guess elements
(x,v) € Re, g without making any queries to O[H, E]. In the algorithm below, we will use
Ogs to denote the unitary which, given a set S, behaves as follows,

Os |z, y) = |z, y @1z € 9]).

Algorithm 1 Guesser.

Input: String 1 and unitaries {U; };e[-
Sample y « {0,1}* and set So = 0;
for i € [l] do
Sample j < [0,r — 1];
Compute |¢;) = U;O0g, , ...0g, U |y,0);
Measure the query register of |¢);) to get some (z,v);
Set S; = S;_1 U{(z,v)};
Output: {(zp y,v): (z,v) € St}

[ B L 2

The following statements are directly from [11], except we parametrized the soundness
and completeness gap as §. The first is a lower bound on the success probability of Guesser.

» Lemma 29 (Guesser lower bound; Lemma 6.4 in [11]). Let 6 > 0 and suppose there exists a
QCMA(¢, c—9) algorithm A that uses a t(\)-bit classical witness, Q(\) oracle queries solving
CISSy. Then for all 1 < 2* — 1, there exists a no-query Guesser such that for every H € Good,

. Vi # 3§, (xi,v:) # (x5,v5)

N (xiHOq_’\,vi) S RCMH

_t & l
:{(xi,m}i-_l%Guesserﬂl)] >2 “)'(W> ‘

Below is the upper bound on the success of Guesser, which will be used for a contradiction
of the existence of A.
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» Lemma 30 (Guesser upper bound; Lemma 6.6 in [11]). For all sufficiently large A and any
algorithm Guesser making no oracle queries, for all 1 < 27,

{(mi,vi)}ézl — Guesser(ll) :

T < 2421/32'
HeBias e s Vi # j, (24,0;) # (25,v;) and (2;]097*,v;) € Roy | —

With the results above, we may show the main result.

» Theorem 31. There exists a classical oracle O such that,

NP9 A PreciseQCMAC N QMAC (27™) ¢ QCMAC (277).

3.3.3 Circuit complexity of sparse Hamiltonian ground states

Suppose that, for some sparse Hamiltonian, we are given oracle access via Of. Can we
lower-bound the circuit complexity of preparing an approximate ground state of H? As we
will show below, this is a straightforward consequences of the classical oracle separation
between QMA and QCMA [10, 11]. Nonetheless, to the best of our knowledge, this connection
has not been established yet in prior literature, and shows an interesting parallel to the
NLTS theorem [5].

In our proofs, we will assume that verifiers are using the gate set G = {X, CNOT, Toffoli,
H @ H}, which is computationally universal as it can simulate H [46].

» Theorem 32. There exists a family of O(1)-sparse Hamiltonians H = {H; }ien onn; > n;—q
qubits with integer entries bounded by O(1) such that for all i, any state |) generated by a

circuit with 20(”3/3 log(ni) ™) gates (using G and O}fi B

(Y| Hi ) = Xo(Hi) + 5

poly(ni)”

We note that one may obtain a similar result using the classical oracle separation in [10].
With our work, we can extend Theorem 32 to frustration-free Hamiltonians in the bounded
adaptivity parallel-query setting. Note that extending Theorem 32 to the frustration-free
setting without query restrictions would imply a classical oracle separation between QCMA
and QMA, an open problem.

» Theorem 33. For any k € N, there exists a family of O(1)-sparse frustration-free Hamilto-
nians H = {H;}ien on n; > n;_1 qubits with integer entries bounded by O(1), such that for
all i, any state |¢) generated by a circuit with 20(ni) gates (using G and O ) using n* rounds
of queries to O} has

1
(W H;i[Y) = sonmn-

Additionally, the ground state of H; may be prepared using nk + O(1) adaptive queries to O%.
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