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—— Abstract

A b-coloring of a graph is a proper vertex coloring such that each color class contains a vertex
that sees all other colors in its neighborhood. The b-COLORING problem, in which the task is to
decide whether a graph admits a b-coloring with k colors, is NP-complete in general but polytime
solvable on trees. Moreover, it is known that b-COLORING is in XP but W[¢t]-hard for all ¢ € N when
parameterized by tree-width. In fact, only very few parameters, such as the vertex cover number,
were known to admit an FPT algorithm for b-COLORING.

In this paper, we consider a more restrictive parameter measuring similarity to trees than tree-
width, namely the feedback edge number, and show that b-COLORING is fixed-parameter tractable
under this parameterization. Our algorithm combines standard techniques used in parameterized
algorithmics with the problem-specific ideas used in the polytime algorithm for trees. In addition,
we present an FPT algorithm for b-COLORING parameterized by distance to co-cluster, which
is a parameter measuring similarity to complete multipartite graphs. Finally, we make several
observations based on known results, including that b-COLORING is W[1]-hard when parameterized
by tree-depth.
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1 Introduction

The CHROMATIC NUMBER problem, in which the task is to decide whether a graph admits
a proper coloring with k colors, is one of the famous 21 NP-complete problems listed by
Karp [28]. One simple heuristic for this problem works as follows. We start with an arbitrary
proper coloring and, in each iteration, we try to decrease the number of colors by one. We
search for a color ¢ such that for each vertex u colored with ¢, there is a color ¢, # ¢ that
is not present in the neighborhood of u. If we can find such a color ¢, then we assign the
color ¢, to each vertex u currently colored with ¢, and the obtained coloring remains proper.
Otherwise, the heuristic terminates.

Irving and Manlove [22] initiated the theoretical study of this heuristic in 1999 and
defined a proper coloring to be a b-coloring if each color class contains a vertex, a so-called
b-vertex, that sees all other colors in its neighborhood. It is easy to see that b-colorings are
exactly those colorings that cannot be improved by the heuristic. In addition, they defined
the b-chromatic number of a graph G, denoted x,(G), as the largest integer k such that
G admits a b-coloring with k& colors; observe that the b-chromatic number describes the
worst-case behavior of the heuristic. These concepts received a lot of attention since their
inception [31, 13, 30, 25, 21, 9, 32, 23], see the following survey [26].
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There are two natural computational problems related to b-colorings: the b-COLORING
problem, which asks for a b-coloring with exactly k colors, and the b-CHROMATIC NUMBER
problem, which asks whether x;,(G) > k. Notice that a polytime algorithm for b-COLORING
can be used to solve --CHROMATIC NUMBER in polynomial time. However, the converse
does not hold in general: if x(G) < k < x3(G), where x(G) is the chromatic number of G,
then a b-coloring with k colors does not have to exist'. Hence, b-CHROMATIC NUMBER is, in
some sense, an “easier” problem than b-COLORING.

In their seminal paper, Irving and Manlove [22] proved that >-CHROMATIC NUMBER is NP-
complete on general graphs and solvable in polynomial time on trees. The NP-completeness
was subsequently extended to bipartite graphs [31], chordal graphs [21], co-bipartite graphs [7],
and line graphs [9]. On the positive side, polytime algorithms for --CHROMATIC NUMBER
have been designed for several classes with few Pys [6, 38, 12] and for various tree-like
classes [35], such as tree-cographs [7], cacti [11], and graphs of large girth [10]. However,
almost all of these algorithms were unified by an XP algorithm for b-COLORING parameterized
by clique-width, which was recently developed by Jaffke, Lima, and Lokshtanov [23]. Indeed,
XP means that the algorithm runs in polynomial time on any class of bounded clique-width,
and all of the above-mentioned classes (except for the graphs of large girth) have bounded
clique-width [23].

Once an XP algorithm is known, the natural question is whether an FPT algorithm is
possible [14]. Unfortunately, Jaffke, Lima, Sharma [24] proved that b-COLORING is XNLP-
complete when parameterized by path-width, which implies that it is W[t]-hard for each t € N
under this parameterization. Hence, it is very unlikely that an FPT algorithm parameterized
by path-width (or tree-width) exists. We emphasize that this hardness result relies on the
fact that the number of colors is not part of the parameterization, i.e., it may be as large as
the number of vertices. In fact, if we parameterize by tree-width plus the number of colors,
then an FPT algorithm is possible [23, 1], see Proposition 3.

A trivial upper-bound on the b-chromatic number, called the m-degree [22], is defined as
the largest integer k such that there are at least k vertices of degree at least kK — 1. Since
the vertex cover number upper bounds both the m-degree and tree-width, there is an FPT
algorithm for b-COLORING parameterized by the vertex cover number [23]. The only other
structural parameters that were known to allow for an FPT algorithm for b-COLORING are
the twin cover number and neighborhood diversity [24], see Figure 1.

Our contribution. The main contribution of this paper is an FPT algorithm for b-COLORING
parameterized by the feedback edge number (Section 4), which is the smallest number
of edges that need to be deleted to obtain an acyclic graph. This parameter has been
used in several FPT algorithms [3, 37, 4, 19]. Admittedly, our algorithm is not useful
for computing proper colorings with few colors, as there is a simple FPT algorithm for
CHROMATIC NUMBER parameterized by the feedback edge number (thus, the aforementioned
heuristic is unnecessary). However, we believe that our new algorithm is interesting for the
study of b-colorings in their own right, as it is the first FPT algorithm for b-COLORING that
builds on the polytime algorithm for b-CHROMATIC NUMBER on trees [22]. In particular,
we generalize the notion of a pivot, which is, roughly speaking, a vertex that cannot be
colored because all high-degree vertices (potential b-vertices) are close to it. We remark
that the concept of a pivot was used also by the polytime algorithms for b-CHROMATIC
NUMBER on various tree-like classes [7, 11, 10]. Hence, our algorithm can be viewed as a
bridge between these polytime algorithms and the more recent FPT algorithms based on
structural parameters [23, 24].

! For example, the bipartite graph with vertex set {u;,v; | i € [4]} and edge set {u;v; | i # j} admits a
b-coloring with two or four colors but not with three colors [22].
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Figure 1 Parameterized complexity of b-COLORING under various structural parameters. A
directed path from a parameter « to a parameter 3 indicates that 8 < f(a) for some computable
function f. Green stands for FPT, blue is W[1]-hard and XP, red is paraNP-complete, and white
means that it is unknown whether the problem is FPT or W[1]-hard under given parameterization.
Our new results are marked with thick boundary, and the two parameters for which our FPT
algorithms are non-trivial are written in bold text.

As a second contribution, we present an FPT algorithm for b-COLORING parameterized
by distance to co-cluster (Section 3), which is the smallest number of vertices that need
to be deleted to obtain a complete multipartite graph. This parameter has also been used
in several FPT algorithms [29, 33, 18]. Finally, in Section 2, we observe that there are
well-studied parameters that functionally upper bound tree-width and the m-degree, which
yields new FPT algorithms for b-COLORING. These parameters are vertex integrity [20],
band-width [15], cut-width [15], and carving-width [34], see Figure 1. We complement these
algorithms with a hardness result implied by known results [24, 27]: b-COLORING is W[1]-hard
when parameterized by tree-depth.

Future research directions. Even though the feedback edge number is a restrictive parame-
ter, generalizing the algorithm for b-CHROMATIC NUMBER on trees turned out surprisingly
non-trivial. The natural open question is whether our algorithm can be further generalized
into an FPT algorithm parameterized by the feedback verter number (which allows deleting
vertices instead of edges).

Another natural question arising from our results is whether b-COLORING is FPT when
parameterized by the distance to cluster (i.e., vertex-deletion distance to a disjoint union
of cliques). We remark that a closely related and more restrictive parameter, namely the
twin-cover number, was shown to be sufficient for an FPT algorithm [24]. This parameter
provides an additional condition, which guarantees that the vertices contained in the same
clique have the same neighbors among the vertices that need to be deleted. Is this additional
condition necessary or is b-COLORING parameterized by the distance to cluster in FPT?

2 Preliminaries

For integers ¢ and j, we let [i,j] :={a € Z | i < a < j} and [i] := [1,4]. Let f: A — B be
a function. The range of f, denoted range(f), is the set {b € B | Ja € A: f(a) = b}. For
A’ C A, we denote the function {(a,b) € f|a € A’} by f ] A'. Fora € Aand b € B, we
define f[a — b] to be the function f\ {(a, f(a))} U{(a,b)}. Instead of flay > bi][az — ba],
we write flay — b1, a2 — ba].
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Let G be a simple undirected graph. We assume familiarity with basic concepts in graph
theory [16] and parameterized algorithmics [14]. Given a set of vertices U C V(G), we will
use U to denote the set V(G) \ U, G[U] to denote the graph induced on U, and G — U
to denote the graph G[U]. Similarly, for an edge set ' C E(G), G — F denotes the graph
obtained from G by removing the edges in F. The length of a path or a cycle is the number
of edges it contains. The distance between two vertices u and v, denoted distg(u,v), is the
length of the shortest path between them (or oo if no such path exists). If v € V(G) and
U C V(G) is non-empty, then distg (v, U) = min{distg(u,v) | w € U}. For U C V(G) and
v € V(G), a v-U path is a path P in G with endpoints v and w such that V(P)NU = {u}.

For u € V(G), we define Ng(u) :={v € V(G) | uv € E(G)} and Ng[u] := Ng(u) U {u}.
Similarly, for S C V(G), we define Ng(S) = U,cs Na(u) and Ng[S] = Ng(S)US. Moreover,
we define N3 (u) = Ng(u) N S. Vertices u and v are twins if N(u)\ {v} = N(v)\ {u}. When
G is clear from the context, we will omit the subscript and write, e.g., dist(u,v) or N(u).

If ~ is an equivalence relation on V(G), then G/~ is the graph such that V(G/~) are
the equivalence classes of ~, and CD € E(G/~) if and only if there are vertices u,v € V(G)
such that w € C, v € D, and wv € E(G).

Structural parameters. Given a graph class G and a graph G, we say that S C V(G) is a
G-modulator of G if G — S € G. An integer p is the distance to G of G if p is the size of a
minimum G-modulator of G. A cluster graph is a disjoint union of cliques and a co-cluster
graph is a complement of a cluster graph, i.e., a complete multipartite graph. We remark
that a minimum cluster-modulator of graph can be computed in FPT time.

» Theorem 1 ([8]). Given an n-vertex graph G with distance to cluster p, a minimum
cluster-modulator S C V(G) can be computed in time O(1.927 - n?).

An edge set F' C FE(G) is called a feedback edge set if G — F is acyclic, and the feedback
edge number of G is the size of a minimum feedback edge set in G. A dangling path in G is a
path of vertices which all have degree 2 in GG, and a dangling tree in G is an induced subtree
in G which becomes a connected component after removing at most one edge from G. The
following lemma states that a graph of bounded feedback edge number can be decomposed
into dangling trees, dangling paths, and a bounded-size subgraph. This lemma was implicitly
used in [3].

» Lemma 2. If G is a connected graph with feedback edge number p that contains no dangling
trees, then there is a set S C V(G) such that |S| < 4p, and if P is the set of connected
components of G — S, then |P| < 4p and each P € P is a dangling path in G. Moreover, S
can be found in polynomial time.

Proof sketch. Fix a minimum feedback edge set F'. Define S to be the endpoints of F' plus
vertices of degree at least 3 in G — F. <

Colorings. A (partial) k-coloring of G is a (partial) function x: V(G) — [k]. We say that
X is proper if x(u) # x(v) for each uwv € E(G). We say that u € V(G) is a b-vertezx in x if
X(Nu]) = [k], and that y is a k-b-coloring if it is proper and for each color ¢ € [k], there is a
b-vertex u in y such that x(u) = c¢. A coloring is a b-coloring if it is a k-b-coloring for some
integer k. The decision problem b-COLORING receives as input a graph G and an integer k
and asks whether there is a k-b-coloring of G.

It can be easily shown that b-COLORING is FPT when parameterized by tree-width and
the number of colors.
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» Proposition 3 ([23, 1]). The b-COLORING problem can be solved in time 2°W*) . |V (@),
where G is the input graph, w is its tree-width, and k is the number of colors.

Proposition 3 was used in [23] to show that b-COLORING is FPT when parameterized by
the vertex cover number. Now we use this proposition to obtain two other FPT algorithms.
The wvertex integrity of a graph G is the smallest integer p such that there is a set S C V(G)
such that for each connected component H of G — S, we have |SUV (H)| < p; the relationship
of vertex integrity to other parameters is depicted in Figure 1.

» Proposition 4. The b-COLORING problem can be solved in time 20(r*) -n, where n is the
number of vertices in the input graph and p is its vertex integrity.

Proof. Let (G, k) be the input instance, where G is a graph with n vertices and vertex
integrity p. First, we use the algorithm from [17] to compute a set S C V(G) certifying the
vertex integrity of G in time O(pPT!.n). Using S, it is easy to compute a path decomposition
of width at most p. If k¥ < p, then we may use Proposition 3 to solve the problem. Otherwise,
we answer that G admits no k-b-coloring. Indeed, in such a coloring, there would have to be
a b-vertex u € V(G) \ S of degree at least k — 1 > p, which is impossible. <

The second parameter we consider is carving-width [34]. This width parameter is certified
by a so-called carving: a subcubic tree T' and a bijection between the leaves of T and the
vertices of G (we will not need the full definition). Note that the following proposition implies
that b-COLORING is FPT when parameterized by one of two other well-known parameters [15],
namely cut-width and band-width; see Figure 1.

» Proposition 5. The b-COLORING problem can be solved in time f(w) -n, where n is the
number of vertices in the input graph, w is its carving-width, and f is a computable function.

Proof. Let (G, k) be the input instance, where G is a graph with n vertices and carving-width
w. First, we use the algorithm from [36] to compute a carving C' certifying the carving-width
of G in time fo(w) - n for some computable function fy. Using C, we can construct a tree
decomposition of width at most 3w [36]. If ¥ < w + 1, then we may use Proposition 3 to
solve the problem. Otherwise, we answer that G admits no k-b-coloring. Indeed, in such a
coloring, there would have to be a b-vertex of degree at least w + 1, and there are no such
vertices in graphs of carving-width w [5]. <

In [24], it was proven that b-COLORING is XNLP-complete when parameterized by path-
width. They obtained this result by reducing from CIRCULATING ORIENTATION parameterized
by path-width. Since this problem is W[1]-hard when parameterized by tree-depth [27,
Theorem 6.1.1.] and it can be easily observed that the reduction to b-COLORING by [24]
preserves not only bounded path-width but also bounded tree-depth, we obtain the following
result.

» Proposition 6. The b-COLORING problem is W[1]-hard when parameterized by the tree-depth
of the input graph.

3 Distance to Co-Cluster

In this section, we prove the following theorem.

O(p)
2 .po

» Theorem 7. The b-COLORING problem can be solved in time 2 ), where p is the

distance to co-cluster of the input n-vertex graph.
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Let us fix an instance of the b-COLORING problem (G, k). Let S C V(G) be a minimum
co-cluster-modulator of G, let p = min(|S|, k), and let & be the set containing all maximal
independent sets of G — S. The main idea of our algorithm is to partition I/ into a bounded
number of types based on the connection to S, and then to carefully argue that two sets of
the same type are “interchangeable” w.r.t. any b-coloring (see Lemma 13).

First, we define the types. If many vertices have the same neighborhood in S, then we do
not need to record the precise number of such vertices, which makes the number of types
bounded by a function of p.

» Definition 8. A set U € U has type t: 2° — [0,p + 1] if for each A C S, we have
t(A) =min(p + 1,|[{u € U | N%(u) = A}|). Let T be the set of all types.

Now we define signatures, which will be used to describe each proper k-coloring ¢ of G in
terms of the colors used on S. The first component of a signature, x, will be the restriction
of 1 to S. By permuting the colors, we may assume that range(x) C [p]. The other parts of
a signature describe how colors in [p] behave in G — S according to . Let Uy,...,U; € U
be the sets such that some color in [p] is used on some set U;; the function 7 describes the
types of these sets. Since ¢ is proper, each color in [p] is used on at most one such set: the
function A describes which set it is (if any). Finally, the function £ describes, for each color
¢ € [p], the connections to S of vertices in G — S colored with c.

» Definition 9. A signature is a tuple o = (x, q,7, \, &), where:
X: S = [p] is a proper coloring of G[S|;
q € [0,p] is an integer;
T:lq] = T, X: [p] = [0,q], and &: [p] — 22° are functions.
A signature is required to have the following properties.
1. It holds that [q] C range(\).
2. For eacht € T, |T71(t)| is at most the number of sets of type t in U.
3. For each i € [q] and A C S, we have |{c € [p]: A(c) =i NA € &(c)} < 7(i)(A).

We remark that the last two properties required by Definition 9 ensure that the signature
is “realizable” by some coloring: Property 2 states that there are enough sets of each type,
and Property 3 states that there are enough vertices for each neighborhood A in S. Now we
formally define the correspondence between signatures and colorings of G.

» Definition 10. Let ¢: V(G) — [k] be a partial coloring and o = (x, ¢, T, A\, §) be a signature.
We say that 1 has signature o (or that it is a o-coloring) if x = [ S and:

1. there is a set Uy = {Ux,...,Us} CU such that v~ ([p]) C S UUUy;

2. for each i € [q], T(3) is the set-type of U;;

3. for each c € [p], if Nc) =0, then ¢v=1(c) C S, and if \(c) =i # 0, then ¢ € P(U;);

4. for each c € [p], if M(c) =i # 0, then £(c) = {AC S| Fu € U;: ¢(u) = c AN (u) = A};

We say that ¢ is a minimal o-coloring if it is a o-coloring, ¥(V(G)) C [p], and for each
c € [p] and A € &(c), there is a unique vertex u € Uy(.) such that 1(u) = c and N¥(u) = A. It
can be easily observed that minimal o-colorings are exactly inclusion-wise minimal colorings
that have signature o. Next, we prove that a minimal o-coloring can be efficiently computed.

» Lemma 11. For a signature o = (x,q, 7, \,§), a minimal o-coloring v exists and can be
computed in polynomial time. Moreover, the number of vertices colored by v is 2°0P).

Proof sketch. We define 1) | S = x. For each i € [q], we find a set U; € U of type 7(i)
(different set for each ¢). For each ¢ € [p] such that A(c) =i # 0 and each A € £(c), we assign
c to a single vertex u € U; such that N*(u) = A. <
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The following lemma states the “converse” of Lemma 11: each coloring has a signature.

» Lemma 12. If v is a k-b-coloring of G, then there is a signature o = (x,q, T, \,§) such
that v is a o-coloring (up to permutation of colors in ).

Proof sketch. All components of o can be easily defined based on . <

The following lemma is the technical core of this section. It says that any minimal
o-coloring can be extended to a b-coloring (if at least one b-coloring with signature o exists).

» Lemma 13. If 0 = (xs,49,7,\,€) is a signature, ¥: V(G) — [k] is a b-coloring of G
with signature o, and x: V(G) — [p] is a minimal o-coloring, then there is a b-coloring
X': V(G) = [k] of G such that x C x’.

Proof sketch. Let U, = {Un,...,U,} and Uy = {V4,...,V,} be the sets as per Definition 10.
For w,v € V(G), we say that u ~q v if u,v € W for some W € U, Uy, u and v are twins,
and ¢ (u) = ¢¥(v). Let ~ be the equivalence relation on V(G) generated by ~q, let H = G/~
and let n: G — H be the natural homomorphism, i.e., n(u) = [u]~. It can be seen that
there is a k-b-coloring ¥ of H such that ¥ = ¢y on. Now we carefully define another
homomorphism h: G — H and then we set x' = ¥y o h, see Figure 2. |

Kk<—’K

AN
\ /

Figure 2 A commutative diagram depicting the proof of Lemma 13. The arrows are graph
homomorphisms: colorings are viewed as homomorphisms into cliques. Gy is the subgraph of G

induced by the vertices on which x is defined. The unnamed arrows are inclusion maps.

We will need one more definition.

» Definition 14. Let 0 = (xs,9,7, A, €&) be a signature and x: V(G) — [p] be a minimal
o-coloring. We say that B C V(QG) is a x-candidate subset if |B| = p, x(B) = [p], and for
each uw € B, it holds that [p] C x(Nu]). Let us fix a x-candidate subset B. We say that
U eU is a (x,B)-candidate if each u € B has a neighbor v € U that is uncolored by x, and
there is a vertex w € U that is uncolored by x such that [p] C x(N(u)). We say that U is
x-flexible if each u € U uncolored by x has a twin v € U that is colored by x.

We have defined two properties of sets in U: (x, B)-candidates are those that may contain
a b-vertex for some color in [p + 1, k], and x-flexible are those that do not have to contain
such a b-vertex. If some set will have neither of these properties, then x cannot be extended
into a b-coloring of G such that B is a set containing a b-vertex for each color in [p]. Another
issue occurs when there are too many or too few (x, B)-candidates that are not y-flexible:

the reason is that we need to assign each color in [p + 1, k] to exactly one (x, B)-candidate.

The following lemma precisely states the sufficient and necessary conditions for a b-coloring
extending x to exist.

36:7
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» Lemma 15. Let 0 = (xs,¢,7,\§) be a signature and x: V(G) — [p] be a minimal
o-coloring. There is a b-coloring : V(G) — [k] of G with signature o such that x C ¢
if and only if x is proper and there is a x-candidate subset B and a set C C U such that
IC| = k —p, all sets in C are (x, B)-candidates, and all sets in U\ C are x-flexible. Moreover,
given B and C satisfying these properties, the b-coloring ¥ can be computed in polynomial
time.

Proof sketch. First, assume that 1 exists. We define B to be a set containing a b-vertex u
for each color ¢ € [p] in ¥ (we must ensure that x(u) is defined). Consequently, we define C
to be the minimal subset of U such that v~ 1([p + 1,k]) C JC.

Conversely, given B and C, we define 9 so that for each U € C, all vertices from U
are colored with some color ¢ € [p + 1, k] (different color for each U). Since U is a (x, B)-
candidate, it contains a b-vertex for c¢ in 1, and each vertex of B gains a neighbor colored
with ¢. Moreover, sets in U\ C can be colored with colors from [p] since they are x-flexible. <«

Using Lemmas 13 and 15, we are able to finish the proof of Theorem 7.

Proof sketch of Theorem 7. First, we compute a minimum co-cluster-modulator S of the
input graph G using Theorem 1. Second, we try all signatures o, and we find a minimal
o-coloring x of G using Lemma 11. If x is not proper, we discard it and continue with
the next signature. Otherwise, we try all y-candidate subsets B, and we compute for each
set U € U whether it is y-flexible or a (x, B)-candidate. If there is a set U € U that is
neither y-flexible nor a (y, B)-candidate, we reject B. Otherwise, we compute the sets
Co={U €U | U is a (x, B)-candidate but not x-flexible} and C; = {U € U | U is a x-flexible
(x, B)-candidate}. If |Co| > k — p or |Co| + |C1] < k — p, we reject B. Otherwise, we can find
a set C such that |C] =k — p and Cy C C C Cyp UCy, which allows us to compute a b-coloring
of G by Lemma 15. If we do not find a b-coloring for any ¢ and B, we reject (G, k).

The correctness of the algorithm follows from the lemmas proven in this section. Regarding
the running time, observe that there are 229" signatures and y-candidate subsets B. For
the latter, this holds because the number of vertices colored by a minimal o-coloring is 2°()
by Lemma 11 (and each vertex of B is colored by x). <

4 Feedback Edge Number

In this section, we prove the following theorem.

» Theorem 16. The b-COLORING problem can be solved in time 20(p*) -nOW  where p is
the feedback edge number of the input n-vertex graph.

A key notion used in the proof of Theorem 16 is a pivot, which originates in the polytime
algorithm for >-CHROMATIC NUMBER on trees [22]. In order to smoothly introduce pivots to
the reader, we now briefly describe the original algorithm for trees.

Let T be a tree and let k be the m-degree of T'; recall that k is an upper bound on the
b-chromatic number of T'. Informally, this upper bound can be achieved “almost always”: the
only exception are so-called pivoted trees, which can be recognized in linear time [22]. Let us
call vertices of degree at least kK — 1 candidates; notice that candidates are those vertices that
may serve as b-vertices in a k-coloring of T. We say that T is pivoted if there are exactly k
candidates and there is a vertex u, a so-called pivot, such that:

1. u is not a candidate;
2. each candidate is adjacent to u or to another candidate that is adjacent to u;
3. each candidate that is adjacent to w and to another candidate has degree k — 1.
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It is not hard to see that a pivoted tree does not admit a k-b-coloring: each candidate
would have to be a b-vertex and a vertex of degree k — 1 can be a b-vertex only if it sees no
color twice, which means that no color may be assigned to the pivot w. It was shown that
xo(T) =k —1if T is pivoted, and x;(T) = k otherwise [22].

4.1 Overview of the proof of Theorem 16

Let G be a graph with feedback edge number p. Our goal is to decide whether G admits
a b-coloring with k colors. If y is a partial coloring of G, then a x-candidate is a vertex
that may become a b-vertex in a k-coloring extending x (for example, if x colors no vertices,
then y-candidates are vertices of degree at least k — 1). The first step is to compute a set
S C V(G) of size O(p) such that all cycles in G have an edge in G[S] and each vertex not in
S is close to at most one vertex of S. For simplicity, assume that p = |S|. The second step
is to guess a coloring x of S and a set B C S; now it suffices to decide whether there is a
b-coloring ¥ of G such that ¥ extends x, and each vertex in B is a b-vertex in ¢». We may
assume that x(S) = [p] and x(B) = [b] for some integer b < p.

The next step is to choose b-vertices for colors in [b+ 1, k]. What needs to be carefully
handled are the colors in [b + 1, p] because we need to ensure that ¢ will be proper and that
vertices in B can become b-vertices. For example, if a vertex u € B has degree k — 1 and it
has a neighbor of color p in x, then the b-vertex for p cannot be adjacent to u. We begin
by guessing a so-called color plan, which is a function determining the location of b-vertices
for the colors in [b+ 1, p]. Crucially, the number of color plans will be small. The next step
is to compute a so-called color realization p, which is an injective assignment of colors in
[b+ 1,k] to x-candidates outside of S. We show that using a “valid” color plan, we can

compute a color realization such that each chosen candidate can indeed become a b-vertex.

More precisely, each vertex in B Urange(p) will be x,-candidate, where x, = x U p~! is the
coloring obtained by “extending” x according to p.

Now it may occur that the coloring x, we have constructed has a “pivot”, i.e., a vertex
that cannot be assigned any color, see the above described algorithm for b-CHROMATIC
NUMBER on trees for an idea what a pivot is. Sometimes, the realization p can be slightly
modified to get rid of the pivot. However, this is not straightforward because we must ensure
that each vertex in B Urange(p') is a x,/-candidate, where p’ is the new realization. On the

other hand, sometimes the pivot is “unavoidable”, and we must try a different pair (y, B).

In fact, there are more properties we need p to have but achieving “pivot-freeness” will be
the most challenging.

Once we have a “feasible” color realization p, we are ready to extend yx, into a b-coloring
of G. First, we color the neighborhoods of all chosen candidates. Roughly speaking, we
proceed in a BFS-order from S, but there may be an “exceptional” candidate that needs to be
handled first. Finally, we color the remainder of the graph. This last step is also non-trivial
because there may be a vertex which already sees all colors. However, one property we
require from p will ensure that this cannot happen.

For a structured overview of the proof, see Algorithm 2.

4.2 Technical definitions and lemmas

Let us fix an instance (G, k) of the b-COLORING problem, and let pg be the feedback edge
number of G. We will assume that & > 96ps + 18 since otherwise we could simply use
Proposition 3.
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Figure 3 A depiction of the fen-core S, see Definition 17. If k¥ < 9, then the green vertices may
be used as b-vertices. Note that in contrast to this figure, G[S] may be disconnected.

First, we define a small vertex set .S, which will play a central role in the algorithm, see

Figure 3. To handle the connected components of G which are trees, we also define a superset
STt of S.

» Definition 17. Let S C V(G) be a set. An S-outer path P is a path in G such that
V(P)NS =0 and V(P) N N(S) = {u,v}, where u and v are the endpoints of P. We say
that S is a fen-core if each cycle in G has at least one edge in G[S], there are at most two
(u, S)-paths for each u € S, each S-outer path has length at least 7, and |S| < 32pg. An
extension of S is a minimal set ST D S such that each connected component of G contains a
vertez of ST.

Observe that if S is a fen-core, then no vertex in S has two neighbors in S because it
would induce an S-outer path of length 0. Now we show that S can be efficiently computed.

» Lemma 18. A fen-core exists and it can be found in polynomial time.

Proof sketch. Remove all dangling trees from G. Apply Lemma 2 to each connected
component of G, and define S to be the union of all obtained sets of vertices. Now it suffices
to add all S-outer paths of length at most 6 to S. <

Let us fix a fen-core S and an extension St of S, and let p = |S|. From now on, we may
view p as the parameter of our algorithm because p € O(pg). Note that k > 3p + 18.

Now we present a key definition. Informally, a vertex is a y-candidate if it may become
a b-vertex in a coloring of G that extends a partial coloring x. We also define an S-profile,
which consists of a coloring of S and a set B C S of vertices that should become b-vertices.

» Definition 19. Let U C V(G) and let x be a proper coloring of G[U]. The x-redundancy
of a vertex v € V(G) is the integer red,(v) = |[N[v] \ U| + |x(N[v])| — k. If red,(u) > 0, we
say that u is a x-candidate. If red, (u) =0, we say that u is x-tight.

Let x: S — [p] be a proper coloring of G[S], and let B C S be a set such that each vertex
in B is a x-candidate and x(B) = [b], where b = |B|. We say that ¢ := (x, B) is an S-profile.
We call a k-b-coloring ¢ of G described by ¢ if x = [ S, all vertices in B are b-vertices in
¥, and no color in [b+ 1,p] has a b-vertex in S.

Let us fix an S-profile ¢ := (x, B). Let K = {u € S | red, (u) > 0} and K™ = KUB. The
reader should think of Kt as the set of our candidates for b-vertices, in a sense formalized
by the following observation.

» Observation 20. If ¢ is a k-b-coloring of G described by C, then each color ¢ € [k] has a
b-vertex u € KT in 1. Moreover, if |KT| =k, then all vertices in K+ are b-vertices in 1.
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Proof. Let ¢ € [k] be a color and let u € V(G) be a b-vertex for ¢ in ¢. If w € S'\ B, then
by Definition 19, ¢ € [b] and there is another b-vertex for ¢ in ¢ that is in B. Hence, we
may assume u ¢ S\ B. By definition of a b-vertex, we know that |¢)(Nu])| = k. Since
INTu] \ S|+ |x(N[u])| > [¢(N[u])|, we deduce that the y-redundancy of u is non-negative,
which implies that v € K+. The second part of the statement follows by the pigeonhole
principle. <

Next, we define a link, which is a vertex that cannot become a b-vertex if the two linked
vertices have the same color. We also define a pivot, generalizing the definition from the
algorithm for trees. In particular, v-links in our definition correspond to vertices of degree
k — 1 in the algorithm for trees.

» Definition 21. Let ¢ be a partial coloring of G such that x C ¥. If u,v € V(G)
are distinct vertices, then we say that u and v are -linked if there is a -tight vertex
w € N(u)NN@w)NKT. We also say that w is a (1, u,v)-link.

Let D CV(G) be a set. We say that a vertexr u € SU D is a D-pivot if for each v € D,
either uv € E(G) or there is a vertexr w € N(u) NN (v)ND. The vertices in N(u)NN(D)ND
will be called (u, D)-links. We say that u is a (¢, D)-pivot if u is a D-pivot and each
(u, D)-link is a (¢, u,v)-link for some v € D.

» Observation 22. If 1 is a k-b-coloring of G described by (x, B), u € V(G), v € S, and
w € KT is the (x,u,v)-link and also a b-vertex in 1, then (u) # ¥(v).

Proof. Let u,v,w, and ¢ be as in the statement. Let f: [k] = x(N[w]) U (N[w] \ S) be
a function such that for ¢ € x(N[w]), we have f(c) = ¢, and otherwise f(c) is a vertex of
N[w] colored with ¢ by . Since w is a b-vertex in ¢, f is indeed a well-defined function.
By Definition 21, w is x-tight, which means that |[N[w] \ S|+ |[x(N[w])| = k and that f is
a bijection. Suppose for contradiction that ¢ := 1 (u) = ¢(v). If uw € S, then f(c) = ¢, and
otherwise f(c) = u since f is a bijection. Both cases lead to a contradiction since f(c) =v
(and u # v by Definition 21). <

Now we define a color plan, which is a function deciding, for each color ¢ € [b+ 1, p],
whether the b-vertex for ¢ should be in N(5), and if yes, which vertex of S it should be
adjacent to (it may be adjacent to at most one vertex of S by Definition 17). The b-vertices
that should not be in N(S) must be in K* := K\ N(5), and the color plan assigns * to their
colors. Only some color plans may be used to produce a b-coloring: we call such plans valid.

» Definition 23. 64 function 7: [b+1,p] — SU{*} is called a color plan of . Ifc € [b+1, p]
is a color, then 7 is c-critical if w(c) = * and each vertex in K* is x-linked to a vertez in
X~ Y(c). We say that 7 is critical if it is c-critical for some ¢ € [b+ 1,p]. We say that 7 is
valid if:

1 (4)] < K°; and

for each u € S, we have |7~ (u)| < |N(u) N K|; and

for each uw € S, if x(u) € b+ 1,p], then w(x(u)) # u; and

for each u € B, we have |t~ (u) N x(N(u))| < redy (u); and

if w is critical, then |K+| > k and there is a vertex u € S, called a m-anchor, such that
|7 (uw)| < |N(u) N K| and there is a vertex in K* x-linked to u.

LA ol o

Let us present an intuition behind the five properties of a valid color plan. First,
Properties 1 and 2 ensure that there are enough vertices for the plan to be realized. Second,
a violation of Property 3 would mean that the obtained coloring cannot be proper. Third,
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Property 4 ensures that each vertex in B can still become a b-vertex. Finally, if 7 is c-critical,
then the b-vertex for ¢ must be linked to a vertex in S colored with ¢, which means that the
link cannot be a b-vertex. Property 5 ensures that there exists such a link that does not have
to be a b-vertex, which will enable us to find a b-vertex for c.

There are three possible reasons for the non-existence of a b-coloring described by (. The
most obvious reason is that there are not enough candidates, i.e., |[K| < k. The second
natural reason is that there is no valid color plan of (. In the following definition, we describe
the third possible reason: informally, it says that there is an “unavoidable” pivot.

» Definition 24. We say that ¢ is candidate-failing if |K | < k and plan-failing if there is
no valid color plan of (. We say that { is pivot-failing if there is a set D C KU S and a
vertez u € SU D such that u is a (x, D)-pivot, K C D, [b] C x(D), and (a) |K*| <k or (b)
{v,w} NS %0 for every v,w € D such that w is the (x,u,v)-link.

We say that ¢ is failing if it is candidate-failing, pivot-failing or plan-failing.

Definition 24 provides a sufficient and necessary condition for a b-coloring described by (
to exist: ¢ must not be failing. In the following lemma, we show the necessity.

» Lemma 25. If ( is failing, then there is no k-b-coloring of G described by (.

Proof sketch. Suppose for contradiction that ( is failing and there is a k-b-coloring 1 of
G described by ¢. By Observation 20, |KT| > k, which means that ¢ is plan-failing or
pivot-failing. If ¢ is plan-failing, then we obtain a contradiction by constructing a valid color
plan 7 based on 9. Namely, for each color ¢ € [b+1, p], if there is a b-vertex v € N (u) Ny ~1(c)
for some u € S, then we set 7(c) = u, and otherwise we set 7(c) = *.

Now suppose that ( is pivot-failing. Let D and u be as in Definition 24, and let ¢ := ¥ (u).
If ¢ € [b], let v € D be a vertex such that x(v) = ¢, and otherwise, let v be the b-vertex for ¢
in K (v exists by Observation 20). In both cases, we have v € D. Since v is proper, we have
wv ¢ E(G). Hence, u and v are x-linked via a vertex w € K. Since ¢(u) = ¢(v) and u ¢ S,
we may use Observation 22 to deduce that w is not a b-vertex in ¥. By Observation 20,
we obtain |K ™| > k, which means that {v,w} NS # 0, see Definition 24. If w € S, then
w e KT NS =B, and w would be a b-vertex in 1, which it is not. Hence, w ¢ S and v € S.
It can be observed that D NS = {v} (otherwise there would be a short S-outer path, which
would contradict Definition 17). Observe that b < 1 because [b] C x(D). If v/,w’ € D are
such that w’ is the (x, u, v’)-link, then {v’,w'} NS # @) by Definition 24, which implies v" = v.
Hence, D \ N(u) = {v}. Since |K| = |KT|—b >k —b >k — 1, we have |K| > k. Since
K CDandv ¢ K, we have K C N(u). Hence, u has degree at least k, which implies u € K;
a contradiction with u ¢ D. <

Now we define a color realization p, which is a function selecting concrete vertices as
b-vertices for colors in [b+ 1, k], based on some color plan. We also define damage-freeness,
which is a property of p saying that the chosen vertices do not interfere with each other.

» Definition 26. An injective function p: [b+ 1,k] — K is called a color realization. Let
B, := BUrange(p), S, :==SUB,, and x, := x U p~'; note that x, is a k-coloring of G[S,].
We say that p realizes a color plan w (or is a color realization of 7) if for each ¢ € [b+ 1,p]:
(a) m(c) = * if and only if p(c) € K*;

(b) for each w € S, it holds that w(c) = u if and only if p(c) € N(u).

A wvertex u is damaged in p if there is a color ¢ € [b+1,p] and a vertex v € x~1(c) such that
p(c) € K* and v and p(c) are x-linked via u. We say that p is damage-free if no verter in
range(p) is damaged in p.
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The following lemma says that the vertices chosen by a “good” color realization can
become b-vertices.

» Lemma 27. If p is a damage-free color realization of a valid color plan w, then:
(a) x, is a proper partial coloring of G; and
(b) each vertex u € B, is a x,-candidate.

Proof sketch. Observe that (a) holds because x is proper, x C x,, and because Property 3 of
Definition 23 is satisfied. Hence, it suffices to focus on (b). If w € B, then u is a x,-candidate
by Property 4: informally, 7= (u) N x(N(u)) is the set of colors “seen twice” by u in y,. On
the other hand, if u ¢ B, then u is a x,-candidate because p is damage-free. |

Now we define when a color realization p is feasible, which is a property that ensures that
Xp can be extended into a b-coloring. Indeed, Lemma 27 says that damage-freeness ensures
that each vertex in B, can be made a b-vertex individually but not necessarily that they can
all become b-vertices at the same time. The definition of feasibility is rather technical so we
first give intuition for each of its component.

Informally, a p-pivot u is a vertex that cannot be assigned any color: each color c¢ is either
in its neighborhood or u is linked to a vertex colored with ¢ (this is analogous to the role
of a pivot in the algorithm for trees). Similarly, a vertex u is p-blocked by ¢ if ¢ cannot be
added to the neighborhood of u: each uncolored vertex either has a neighbor colored with ¢
or it is linked to a vertex colored with c. Finally, almost 13-safeness is a property used to
ensure that high-degree vertices that are not chosen to become b-vertices can be colored at
the end of the algorithm.

» Definition 28. Let p be a color realization. A vertex u € S, is a p-pivot if there is a set
D C S, such that x,(D) = [k] and u is a (x,, D)-pivot. We say that D is p-pivoted by wu.
We say that p is pivot-free if there is no p-pivot.

A vertex u € B, is p-blocked by a color c € [k] if ¢ ¢ x,(Nu]) and for each v € N(u)\S,,
there is a vertex w € X, *(c) such that w € N(v) or w is x,-linked to v via a vertez in B,.
We say that p is block-free if no verter u € B, is p-blocked by any color ¢ € [k].

A wvertez u € V(G) is l-safe in p if |[{c € [p+ 1,k] | dist(u,ST) < dist(p(c), ST)}| < £.
We say that p is {-safe if all vertices in K \ B, are {-safe in p. We say that p is almost ¢-safe
if all vertices in K \ B, are {-safe in p, possibly except for one vertex v such that either
v € N(B,) or v has at most p+ 2 neighbors in N(B,).

We say that p is feasible if it is damage-free, almost 13-safe, pivot-free, and block-free,
and it realizes a valid color plan.

The following lemma is the technical core of the proof.

» Lemma 29. If { is not failing, then given a wvalid color plan m of (, a feasible color
realization can be computed in polynomial time.

Proof sketch. First, we compute a damage-free and almost 0-safe color realization p, as
described in Algorithm 1. In a nutshell, the algorithm computes an auxiliary bipartite graph
H such that an edge cu means that a vertex u can be colored with color ¢, see line 5. In the
correctness proof, we use Hall’'s theorem to show that a maximal matching in H covers all
colors present in H, which is needed for line 11. However, not all colors are present in H;
other colors are handled on lines 9, 10, and 13. Concerning lines 9 and 13, we must show
that the required vertex v can always be found. We remark that almost 0O-safeness is ensured
by line 13 (in fact, p is even O-safe unless = is critical). See [2] for more details.
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Algorithm 1 Constructing a damage-free and 0-safe color realization.

Input: A graph G, an integer k, a fen-core S, an S-profile (x, B), a valid color
plan 7.

1 if 7 is c-critical for some ¢ € [b+ 1,p] then
2 let u. be a m-anchor and let v, € K* be x-linked to u. via w,
// uc, ve, and w. exist by Definition 23 since m is valid
3 U:= K\ {w};
4 elseU =K
5 let H be a bipartite graph with parts C* := 7=1(x) and K* such that
E(H)={cu|ce C*,ue K*,uis not x-linked to a vertex in xy~1(c)}
6 let 1 be a maximal matching in H
7 for ¢ from b+ 1 to p do
8 if w(c) = u for some vertex u € S then
9 L p(c) := v, where v € (U N N(u)) \ range(p)
10 if 7 is c-critical then p(c) := v,
11 else if m(c) = * then p(c) := u, where u € K* is the vertex matched with ¢ in p

12 let < be an ordering of U such that if u < v, then dist(u, ST) < dist(v,S™)
13 for ¢ from p+1 to k do p(c) := v, where v is the <-smallest vertex in U \ range(p)
14 return p

If the color realization p found by Algorithm 1 is feasible, we are done. Otherwise,
we need to slightly modify p to obtain a feasible realization p’. There are two types of
modifications we need: swaps and shifts. We say that p’ is obtained by swapping two
colors ¢,d € [b+ 1,k] if p' = ple — p(d),d — p(c)], and that p’ is obtained by shifting a
color ¢ € [b+ 1,k] if p' = p[c — v] for some vertex v € K \ range(p). We need to show
“safeness” of these operations: for example, if p is ¢-safe and p’ obtained by a swap, then p’
is (£ + 2)-safe. The fact that feasibility requires almost 13-safeness gives us a limitation on
the number of modifications we can make. We must be very careful, as we must ensure that
p’ is damage-free, pivot-free, and block-free. We elaborate on pivot-freeness, as it is the most
challenging to achieve (but it can be achieved since ¢ is not pivot-failing).

Suppose that u is a p-pivot and recall that u is a (x,, D)-pivot for some set D C S, by
Definition 28. However, u is not necessarily a (x, D)-pivot. Indeed, if a (u, D)-link v has two
neighbors of the same color in x,, one in S and one in range(p), then v is not x-tight. The
case when u is not (x, D)-pivot is the easier one: a single swap suffices to obtain the desired
realization p’, see Section 4.3.3 in [2]. From now on, suppose that u is a (x, D)-pivot.

The basic idea how to modify p so that u is no longer a p-pivot is simple: choose a color
¢ € [p+ 1, k] and move it far away from u (via a swap or a shift). After such a movement,
we obtain a color realization p’ such that u is not a p’-pivot because there is only one vertex
colored with ¢, namely p’(c). The second possibility is to move ¢ to u itself; this is, of course,
possible only if u € K. We formalize this idea as follows: let @ C S U K be the maximal set
such that u is a (x, Q)-pivot. Observe that D C Q. If K ¢ @, then we can simply move ¢ to
a vertex in K \ Q. The more interesting case occurs when K C ). Now we use the fact that
¢ is not pivot-failing. By Definition 24, we can find two vertices v,w € @\ S such that v is
the (x,u,w)-link. Using a few swaps and/or shifts, we can achieve the situation in which
p'(¢) = w and v ¢ range(p’); recall that ¢ € [p + 1, k]. Now it can again be easily observed
that u is not a p’-pivot. In other words, u can be safely colored with c.
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Figure 4 A case in the proof of Lemma 29 in which a shift (depicted by the red arrow) destroys
a pivot u but a different pivot u’ emerges. The gray vertices are in S, and v € S. The vertex w is
X-tight and for each color ¢’ € [b+ 1,k] \ {c,d}, we have p(c’) € N[w].

C2

Figure 5 A case in which there is an exceptional vertex u € B,, which needs to be handled first
in the proof of Lemma 30. The gray vertices are in B, and the depicted wi-w2 path is a subpath of a
long S-outer path such that dist(wi, S) = dist(ws, S). We have c1,c2 € [k], p(c1) = w1, p(c2) = wo,
and each color ¢ € [k]\ {c1,c2} is present in N[u], i.e., ¢ € x,(N[u]). Moreover, u is x,-tight. Hence,
if w1 and we are processed before u, then v1 (resp. v2) might be colored with ca (resp. ¢1), as
depicted in red. If this occurs, v becomes a -pivot, which is a problem because it cannot be colored.

If our goal was to find a color realization p’ such that u is not a p’-pivot, then we would
be done. Unfortunately, there may be a p’-pivot v’ such that u’ # u. We are able to show
that if p’ is obtained by a swap, than such a vertex u’ cannot exist. However, this is not true
for a shift: a case in which a different pivot emerges is depicted in Figure 4. Hence, we must
be very careful which color ¢ we choose to shift. For more details, see Section 4.3 in [2]. <«

The following lemma shows how to color N(B,).

» Lemma 30. Given a feasible color realization p, we can compute a partial k-b-coloring
' S,UN(B,) — [k] described by ¢ such that ¢’ D x, in polynomial time.

Proof sketch. We iteratively build a coloring 1. Initially, we set v := x,. In each iteration,
we choose a different vertex u € B,, and color N(u) so that u becomes a b-vertex. Our

invariant is that all vertices in B, are i-candidates; this holds at the beginning by Lemma 27.

We process the vertices in B, in order of increasing distance from S* (recall that S* equals
S plus one vertex from each component of G that is a tree). However, there may be an
exceptional vertex u € B,, which needs to be handled first. In particular, the issue may occur
when w lies on an S-outer path and the two u-S paths have very similar lengths, see Figure 5
for an illustration. Nevertheless, all vertices in B, can be processed using the pivot- and
block-freeness of p. Once N(B,) is colored, we set ¢’ := 1). For more details, see Section 4.4
in [2]. <

Now we show how to color the remainder of the graph to obtain a (total) k-b-coloring.
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» Lemma 31. If p is a feasible color realization and vo: S, U N(B,) — [k] is a partial
b-coloring described by C, then there is a (total) k-b-coloring 1 described by (. Moreover, 1
can be computed in polynomial time given .

Proof sketch. We need to assign colors to vertices uncolored by . Since p is feasible, it is
almost 13-safe. Observe that it suffices to discuss vertices of degree at least k£ and that all
such vertices are in K \ B,. If the exceptional vertex mentioned in the definition of almost
{-safeness exists, then we color this vertex first (its properties specified in Definition 28 make
it possible). We color the remaining vertices from K \ B, in order of increasing distance
from S this is possible because they are all 13-safe and k > 3p + 18. |

Finally, we are ready to prove Theorem 16.

Proof sketch of Theorem 16. The algorithm is summarized in Algorithm 2. Its correctness
follows from the lemmas proven in this section. Let us now analyze its running time. Observe
that for graphs with pg feedback edges, we can easily compute a tree-decomposition of width
pe + 1. Hence, if k < 96pas + 18, then the running time is 202 by Proposition 3 (which
will actually dominate the running time).

Assume k > 96pi + 18 and recall that p € O(pg) by Definition 17. Observe that the
number of S-profiles is at most p? - 27 € p®® and the number of color plans is at most
(p+1)P=t e p®®) . The conditions on lines 4 and 7 can clearly be verified in polynomial
time. Since Lemmas 29, 30, and 31 also guarantee polynomial time, we achieve the desired
running time. <

Algorithm 2 Finding a b-coloring.

Input: A graph G with feedback edge number pg, an integer k
Output: A k-b-coloring of G or NO if it does not exist.
1 if k < 96pg + 18 then use the tree-width based algorithm, see Proposition 3
2 compute a fen-core S of G using Lemma 18
3 for each S-profile ¢ := (x, B) do
4 if ¢ is candidate-failing or pivot-failing, see Definition 24 then

5 L continue with next S-profile

6 for each color plan 7 of ¢ do

7 if 7 is not valid, see Definition 23 then continue with next color plan
8 compute a feasible color realization p using 7 and Lemma 29

9 compute a partial coloring 1 of G using p and Lemma 30
10 extend v to a k-b-coloring ¢ of G using Lemma 31
11 return

12 return NO
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