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—— Abstract

We initiate the study of the shortest reconfiguration problem for independent sets under the adjacency
relation derived from the independent set polytope. Given a graph and two independent sets, the
problem asks for a shortest sequence transforming one into the other such that the subgraph induced
by the symmetric difference of any two consecutive sets is connected. This is equivalent to finding
a shortest path on the 1-skeleton of the independent set polytope. We prove that the problem is
NP-hard even on planar graphs of bounded degree, as well as on split graphs. Notably, the hardness
for planar graphs of bounded degree still holds even when deciding whether the target can be reached
in at most two steps. For split graphs, we further show the W[2]-hardness when parameterized by
the number of steps, as well as the inapproximability of the optimal length. As a consequence, we
prove that the length of a shortest path between two vertices of a 0/1 polytope in R" described
by O(n) linear inequalities is hard to approximate within a factor of (1 — €) Inn for any constant
€ > 0, unless P = NP. On the positive side, we provide polynomial-time algorithms for block graphs,
cographs, and bipartite chain graphs. Moreover, for paths and cycles, we show that the optimal
length of the shortest reconfiguration sequence exactly matches a trivial upper bound.
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1 Introduction

Combinatorial reconfiguration [17] studies the structure of the solution space of a combinatorial
problem by introducing an adjacency relation (called reconfiguration rule) on the feasible
solutions. The resulting graph, called the reconfiguration graph, has feasible solutions as
vertices, with edges joining pairs of solutions related by the rule. This framework provides a
useful perspective on discrete solution spaces and has been connected to several algorithmic
tasks, including optimization, counting, enumeration, and sampling. In general, the number
of feasible solutions may be exponential in the input size, and hence the reconfiguration graph
can be exponentially large. This gives rise to a variety of algorithmic questions concerning
the structure of the reconfiguration graph. We focus on two of them: reachability and shortest
reconfiguration. Given two feasible solutions, the former asks whether there is a path (called
a reconfiguration sequence) between them in the reconfiguration graph, while the latter asks
for the shortest path between them.

Among the various reconfiguration problems studied so far, independent set reconfiguration
(ISR) is one of the central topics. In this problem, each feasible solution is an independent
set of a graph. The most widely studied rules include token jumping (TJ), token sliding
(TS), and token addition and removal (TAR), and these models have led to a substantial
body of work on algorithms and computational complexity (see [5, 29] for a comprehensive
review). We describe the related reconfiguration rules in Section 1.1.

In all these models, an independent set is viewed as a placement of tokens on vertices,
and a reconfiguration step modifies the solution by moving, adding, or removing a single
token. More recently, several extensions of these standard rules have also been considered,
such as k-TJ [28] and (k, d)-TJ [21], which allow one to modify multiple tokens in a single
reconfiguration step. These developments suggest that it is natural to study reconfiguration
rules beyond the classical single-token settings. Moreover, the latter is partly motivated by a
setting from multi-agent systems (MAS) [27], showing that motivations from other areas can
also lead to natural reconfiguration rules.

In this paper, we study a reconfiguration rule for independent sets that is induced by
the graph of the independent set polytope. For a graph G = (V, E), the characteristic vector
of an independent set I is the vector x € {0,1}V such that x, = 1 if and only if v € I.
The independent set polytope of G is the convex hull of the characteristic vectors of the
independent sets of G [9]. A theorem of Chvatal characterizes adjacency in this polytope as
follows.

» Theorem 1 (Chvétal [9]). Let I and J be two distinct independent sets of a graph G. Then
the characteristic vectors of I and J are adjacent in the independent set polytope of G if and
only if the induced subgraph G[I A J] is connected.

Motivated by this characterization, we consider the reconfiguration rule in which two
independent sets I and J are adjacent whenever G[I A J] is connected. Note that this rule
imitates TAR when G[I A J] is a single vertex, and TS when G[I A J] consists of two vertices
with an edge. Under this rule, the resulting reconfiguration graph coincides with the graph
of the independent set polytope. Hence, our problem can be viewed as the shortest path
problem on that polytope. Shortest path problems on combinatorial polytopes have been
studied for various structures, including associahedra [18], perfect matching polytopes [7],
and polymatroids [8]. They are also closely related to the analysis of the simplex method for
linear optimization [22].
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1.1 Related Work
Other Reconfiguration Rules for ISR

As mentioned above, the ISR problem is one of the most fundamental problems in the
context of combinatorial reconfiguration. Most previous work on ISR has considered rules in
which adjacency is defined by moving, adding, or removing tokens placed on vertices, e.g.,
TJ, TS, TAR.

For all three rules, it is known that deciding reachability is PSPACE-complete even for
planar subcubic graphs [16], planar graphs with bounded bandwidth [30], and W[1]-hard when
parameterized by the number of tokens plus the length of the reconfiguration sequence [4].
Moreover, the reachability problem under TS is PSPACE-complete on bipartite graphs [24]
and split graphs [1], whereas the one under TJ is NP-complete on bipartite graphs [24] and
polynomial-time solvable on split graphs. On the positive side, there are many algorithmic
results for the reachability problem, for example, linear-time solvability for trees under TJ
and TS [13].

More recently, several extensions beyond these standard rules have also been studied. For
instance, Suga et al. [28] introduced k-TJ, which allows up to k tokens to jump simultaneously
in a single reconfiguration step; Hatano et al. [15] introduced d-jump, which allows a single
token to move along a path of length d; and Kristdn and Svoboda [21] introduced (k, d)-T1J,
which allows all tokens to move to vertices at distances of d.

Alternating Cycle Model for Perfect Matching Reconfiguration

A related reconfiguration problem, motivated by a combinatorial polytope, has been studied
for perfect matchings, that is, edge sets such that every vertex is incident to exactly one in
the set. Ito et al. [18] introduced a corresponding reconfiguration rule in which two perfect
matchings are adjacent whenever their symmetric difference forms a single cycle. Under
this rule, deciding whether one perfect matching can be transformed into another in two

steps is NP-hard, whereas a polynomial-time algorithm is known for outerplanar graphs [18].

Cardinal and Steiner [7] later showed that constant-factor approximation is NP-hard even for
subcubic graphs. Moreover, assuming the exponential time hypothesis (ETH), they proved
that approximating the length of a shortest path on the perfect matching polytope of an

n-vertex graph within a factor of (3 — o(1)) l(fgol% is hard.

From the Viewpoint of Linear Programming

This line of research is also closely related to the complexity of the simplex method and pivot
rules in linear optimization. Since the seminal exponential lower bound of Klee-Minty [20],

many pivot rules have been shown to have exponential or superpolynomial worst-case behavior.

In this context, it is natural to consider paths along which the objective value improves
at every step. Formally, a path on a polytope P is called (strictly) monotone with respect
to a vector c if the corresponding linear objective values increase monotonically along the
path. Such paths are directly relevant to pivot rules, since each step along a monotone
path corresponds to an improving pivot. De Loera, Kafer, and Sanita showed that finding a
shortest monotone path to an optimum is NP-hard [22]. We give an interpretation of our
result in this context in Section 1.2.

A recent line of research has focused on restricting the structure of the underlying polytope.

In particular, Cardinal and Steiner established strong inapproximability results for perfect
matching polytopes of bipartite graphs, which admit descriptions with a linear number of
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inequalities. Black and Steiner later showed that computing a shortest monotone path to an
optimum remains NP-hard even on simple polytopes [3]. On the other hand, Cunha et al. [11]
proved fixed-parameter tractability for graph associahedra parameterized by the distance,
while establishing W[2]-hardness and logarithmic-factor inapproximability for hypergraphic
polytopes.

1.2 Qur Contribution

We initiate the study of SYMISR, the problem of finding a shortest reconfiguration sequence
under the rule that two independent sets I and J are adjacent whenever G[I A J] is connected.
The shortest variant is the natural algorithmic question in our setting, since reachability is
trivial: any two independent sets of an n-vertex graph can be transformed into each other
in O(n) steps; see Section 2. We first show that it is NP-complete to decide whether the
shortest reconfiguration sequence between two given independent sets has length at most 2,
even for planar graphs of bounded degree and degeneracy 2. Since the case for length at
most 1 can be verified in linear time, our result establishes a sharp complexity boundary
with respect to the optimal length k of a reconfiguration sequence. Moreover, unless P = NP,
it implies that there is no polynomial-time (3/2 — €)-approximation algorithm for any € > 0
(hence it admits no PTAS), and no XP algorithm with respect to k, for such a restricted
condition.

We therefore turn to graph classes with simpler structure. Because SYMISR is defined in
polyhedral terms, it is natural to focus on classes whose independent set polytopes admit
well-structured descriptions. In particular, Chvatal [9] showed that, for perfect graphs, the
independent set polytope is described by: nonnegativity: x, > 0 for every v € V, and clique
inequalities: Y,,ec Xy < 1 for every maximal clique C of G. We therefore focus on subclasses
of perfect graphs.

Despite the existence of such well-structured polytopes, we prove that SYMISR is NP-
hard on split graphs, a proper subclass of perfect graphs. Our reduction further implies
W([2]-hardness parameterized by the length of the reconfiguration sequence, and inapprox-
imability for computing a shortest reconfiguration sequence. On the algorithmic side, we
give polynomial-time algorithms for block graphs, bipartite chain graphs, and cographs, all
of which are proper subclasses of perfect graphs. Note that forests, which are known to
be graphs with degeneracy 1, are a proper subclass of block graphs. Combined with the
hardness for graphs of degeneracy 2 and tractability for forests, this gives another tight
boundary for SYMISR in terms of the degeneracy of the graph. Figure 1 illustrates our
contributions regarding perfect graphs.

It is also natural to ask when the trivial upper bound (described in Section 2) derived by
the definition of adjacency is tight. We show that this is the case for paths and cycles, and
hence obtain linear-time algorithms for them.

Consequences for Shortest Paths on Polytopes

The inapproximability result for split graphs can be translated into a statement about shortest
paths on independent set polytopes. Indeed, since split graphs are perfect and have only
O(n) maximal cliques, the independent set polytope of an n-vertex split graph is described
by O(n) clique inequalities, together with the O(n) nonnegativity constraints [9]. Hence, we
directly obtain that the shortest path problem is hard to approximate on 0/1 polytopes given
by linear inequalities.
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Figure 1 A selection of our contributions focusing on subclasses of perfect graphs. In addition,
the paper establishes the NP-hardness of planar graphs with bounded degree and degeneracy, and
provides an exact formula for the length of sequences (and hence linear-time algorithms) in paths
and cycles. The complexity of SYMISR for bipartite graphs and distance-hereditary graphs remains
open; we leave this as a future direction.

» Corollary 2. Given a polytope P C R" described by O(n) inequalities with 0/1 coefficients
and two vertices u,v of P, the length of a shortest path from u to v in the skeleton of P cannot

be approximated within a factor of (1 —&)lnn in polynomial time for any fized constant € > 0,
unless P = NP.

Moreover, the same reduction can be equipped with a suitable linear objective function
to show that the relevant paths are monotone. Hence, our result implies the following (see
the bottom of Section 4.1 for proof).

» Corollary 3. Given a polytope P C R" described by O(n) inequalities with 0/1 coefficients,
a vertex u of P, and a linear objective function ¢ : R™ — R, the length of a shortest monotone
path from u to an optimal solution of the linear program defined by P and ¢ cannot be

approximated within a factor of (1 —¢&)lInn in polynomial time for any fixed constant & > 0,
unless P = NP.

This improves on the lower bound of Cardinal and Steiner under the ETH: we obtain
a logarithmic inapproximability result under the weaker assumption P # NP. A related
result was recently obtained for hypergraphic polytopes by Cunha et al. [11]. Hypergraphic
polytopes, however, can have exponentially many facets, hence cannot be input explicitly by
linear inequalities. In contrast, our lower bound holds for polytopes with only O(n) facets.

As a consequence of Corollary 3, it is unlikely that any pivot rule can simultaneously run
in polynomial time and guarantee a monotone path whose length is within a logarithmic
factor of the optimum, when a given polytope has such a structured formulation. On
the positive side, an O(n)-approximation algorithm is known when P C R" is 0/1-polytope,
namely the convex hull of a set of 0/1 vectors. Indeed, Naddef showed that every 0/1-polytope
has diameter at most n [25], and Black et al. further showed that there is a pivot rule for the
simplex method to find a monotone path of length at most n [2]. Thus, our results indicate
that improving this O(n)-factor approximation to a logarithmic factor is unlikely even for
polytopes described by only linearly many inequalities.

In what follows, we introduce preliminaries, show two hardness results and their con-
sequences, and then present our algorithmic results, along with results on when the trivial
upper bound is tight. Due to the space limitation, proofs and discussions marked (x) are
omitted in this paper.
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2 Preliminaries

Let G = (V, E) be a graph. We also denote by V(G) and E(G) the vertex set and the edge set
of G, respectively. All the graphs considered in this paper are finite, simple, and undirected.
We treat n as the number of vertices and m as the number of edges, unless specifically stated
otherwise. For a vertex v of G, the open neighborhood N(v) and the degree d(v) of v are
defined as N(v) = {w € V | vw € E} and d(v) = |N(v)|, respectively. We also define the
closed neighborhood N[v] = N(v) U {v}. For a vertex subset S € V(G), we denote by G[S] the
subgraph induced by S. A connected component of a graph is a connected induced subgraph
that is not contained in another connected subgraph. For a vertex subset V/ C V, let cc(V’) be
the number of connected components in a graph G[V’]. For two disjoint graphs G = (V1, E1)
and G = (Va, E3), their disjoint union is defined as G1 @ G = (V1 U Vs, E1 U E5), and their
join is defined as G1 ® G = (V1 UV, E1 U E5 U {vyvg | v1 € Vi,02 € Vo}). For two positive
integers i and j such that i < j, we denote [i,j] = {i,i +1,...,j}. We use the shorthand
1 =1[L/].

An independent set I of G is a vertex subset of G such that there are no edges between
any pair of vertices in I. A clique C of G is a vertex subset of G such that there is an edge
between u and v for every pair of distinct vertices u,v € C. A degeneracy d of G is the
minimum number such that every subgraph has at least one vertex of degree at most d. For
the basic concepts and definitions in parameterized complexity theory, see some textbooks,
e.g., [12].

Problem

Two independent sets I and J of a graph G are said to be adjacent if G[I A J] is connected. In
this case, J is obtained from I by a flip on a connected vertex set X = IAJ, where a flip is the
operation of reversing the membership of each vertex in X. Note that, for an independent
set I, the vertex set obtained by flipping a connected vertex subset is not always independent;
in this paper, we consider only those for which the resulting vertex set is independent.

Given a graph G, two independent sets I and I;, and an integer k, the SYMISR problem
asks whether there exists a reconfiguration sequence o = (Iy = Iy, I1,...,1I, = I;) of length
¢ < k such that for every i € [€], I; is an independent set of G and every two consecutive
independent sets are adjacent. Equivalently, G[I;—1 A I;] is connected for every i € [{].

We begin with some basic observations. First, the following observation is immediate, as
the connectivity of G[I;Al;] can be verified in linear time.

» Observation 4. When k =1, SYMISR can be solved in linear time for general graphs.

Second, one can transform I into I, by flipping the connected components of G[I; A I;]
one by one. Thus, we refer to cc(I;al;) as a trivial upper bound. We remark that the following
is also the certificate for membership in NP.

» Observation 5. For a given graph G and two independent sets I and I, a shortest
reconfiguration sequence has length at most cc(Iy A ;).

Proof. Let Cq, Co, ..., C; be connected components of G[I;Al;], where i = cc(I;3Al;). Consider
the sequence o = (I = Iy, I1, ..., I; = I;) of vertex sets, where I; is obtained from /;_; by a
flip on C; for j € [i]. We claim that o is a reconfiguration sequence from I to I; by showing
that /; is independent for every j € [0, {].

For the sake of contradiction, let j be the minimum integer such that /; is not independent.
Clearly, j > 0. Then, there exist vertices v,v" € I; such that v’ € E(G). Moreover, since
I;_1 is independent due to the minimality of j, we have v € V(C;) or v € V(C;). If both v
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and v’ belong to V(C;), we obtain v,v” € I; because a flip is performed at most once on each
vertex, which contradicts the fact that /; is independent. Suppose next that v € V(C;) and
v" ¢ V(Cj). Note that the case where v ¢ V(C;) and v" € V(C;) is symmetric. Since a flip
is performed at most once on each vertex, we have v € I;. Moreover, no flip is performed
on v’; otherwise, v and v* would be contained in the same connected component C;, since
v’ € E(G). Consequently, we have v’ € I;, contradicting the independence of ;. <

3 Hardness for Planar Graphs

A graph G is said to be planar if G can be drawn in the plane without any edge crossing.

We begin with proving the NP-completeness of SYMISR on planar graphs, even under very
restrictive conditions. Specifically, we show the following theorem.

» Theorem 6. SYMISR is NP-complete for planar graphs with mazimum degree at most 6
and degeneracy 2, even when k = 2.

We reduce LINKED PLANAR SAT (LP-SAT) to SYMISR. First, we define LP-SAT. Let

¢ be a CNF formula with clause set C = {c1,c2,...,cn} and variable set X = {x1,x2,...,x,}.

The incidence graph of ¢, denoted by G(¢), is the graph with vertex set V(G(¢)) = X U C
and edge set E(G(¢)) = {xic; | x; occurs in c¢;}. A link is an edge set {x;xjz1 | i € [1,n—
11} U{cici+1 | i € [1,m = 1]} U {x,,c1,cmx1}. Moreover, we refer to the graph obtained by
adding a link to G(¢) as the linked incidence graph of ¢. LP-SAT is the problem of deciding
whether ¢ is satisfiable, given a CNF formula ¢ such that the linked incidence graph of ¢
is planar. We assume that such a planar embedding is given. It is known that LP-SAT
remains NP-complete even under the following restrictions [26]:

(1) each clause contains at most three variables;

(2) each variable occurs in at most three clauses; and

(3) in a planar embedding, the edges corresponding to positive occurrences lie in the interior

of the link of ¢, whereas those corresponding to negative occurrences lie in the exterior.

The example of such an input and corresponding linked incidence graph is in Figure 2. We
assume that the input formula ¢ satisfies the conditions above. Given a CNF formula ¢
together with a planar embedding of its linked incidence graph, we now construct an instance
I=(G, I 1, k) of SYMISR.

3.1 Construction

We describe the construction in three parts: the variable gadget, the clause gadget, and the
occurrence paths connecting them. First, we construct the variable gadget, whose vertex set
consists of X’ = Xy UY, where Xy = {x;7,x;r | i € [n]} and Y = {y; | i € [0,n]}. The edge
set of the variable gadget is {y;—1Xi7, Yi—1XiF, XiTVi, XirYi, XirXir | { € [n]}. Next, the clause
gadget consists of m disjoint copies of K3, that is, the vertex set {c;, c;. | 7 € [m]} and the
edge set {c jc;. | j € [m]}. Finally, we connect the variable gadget and the clause gadget
by occurrence paths. For every positive occurrence (resp. negative occurrence) of x; € X in
cj € C, we connect x;7 (resp. x;r) and c; by a path (xi7,a;j, bij,cj) (vesp. (Xir,aij, bij,cj)),
completing the construction of G’. We write A = {a;; | one of x; and —x; occurs in ¢;} and
B = {b;; | one of x; and —x; occurs in c;}. Weset Iy = YUAU{C;- | j€[m]}, I, =YUAU{c; |
j € [m]}, and k = 2. Immediately, both Iy and I; are independent sets.

> Claim 7 (x). G’ is a planar graph with maximum degree 6, and degeneracy 2.
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Figure 2 An illustration of the construction, where ¢ = (x1V-xoV-x3) A (x1V-xg) A(x2 VxgV-xy).
(Left.) A linked incidence graph of ¢. A link is drawn by a dashed line. (Right.) A corresponding
instance I = (G', I, I;,2) of SYMISR. Red vertices indicate Iy, and and blue circles indicate I;. A
variable gadget is arranged along the link, with x;7 placed on the inner side of the link and x;r on
the outer side for each i € [n].

3.2 Correctness

Since k = 2, it suffices to show that ¢ is satisfiable if and only if there exists an intermediate
independent set I; that is adjacent to both Iy and I;.

(=) Assume that there is a satisfying assignment x € {T, F}" for ¢, which is a vector such
that i-th component corresponds to the value of x;. We define X1 = {x;7 | x; =T in x} U {x;F |
x; = F in x}. For each occurrence of x; in cj, let ¢;; denote the literal of ¢; corresponding
to that occurrence. We include b;; in I if £;; is evaluated as true under x, and include a;;
otherwise. Thus, I; = X; U {c}. | j € [m]} U{zij | x; occurs in c;}, where z;; = b;; if {;; is
evaluated as true under x, and z;; = a;; otherwise. The following proposition verifies that Iy
is a proper intermediate set.

» Proposition 8 (x). I is an independent set of G, and both G[I; A I1] and G[I1 A I;] are
connected.

(&) Assume that there exists an independent set I; adjacent to both I; and I;. We can
show that there exists a truth assignment x € {T, F}" corresponding to I;, assuming the
existence of I;. The core idea of our proof is stated as follows.

» Lemma 9 (x). For every j € [m], we have ;€.
Our reduction further yields the following corollaries as consequences.

» Corollary 10. SYMISR cannot be approximated to within a factor smaller than 3/2 in
polynomial time unless P = NP, even when given graph G is planar with mazimum degree 6
and degeneracy 2.

» Corollary 11. SYMISR does not admit an XP algorithm parameterized by k, even for

planar graphs with maximum degree 6 and degeneracy 2, unless P = NP.

4  On the Subclasses of Perfect Graphs

4.1 NP-completeness and inapproximability for split graphs

A graph G is split if the vertex set of G can be partitioned into exactly one clique and exactly
one independent set. This section shows the following theorem.

» Theorem 12. SYMISR is NP-hard for split graphs.
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Figure 3 A construction of instance (G, I, Iy, k’). (Left.) An instance of DOMINATING SET,
where G consists of 5 vertices and 5 edges, and k = 2. There is a dominating set {v1,v4} of size 2.
(Right.) A simple description of resulting instance. A dotted rectangle indicates a clique, and a
bold rectangle represents an independent set. A bold line between a vertex x € X and ¥; indicates
that there are edges {xy; ; | j € [k +2]}. We highlight I and I, by circles filled with red and blue,
respectively.

Theorem 12 is proved by reducing DOMINATING SET, which is well-known to be NP-
hard, to SYMISR on split graphs. A vertex set D of a graph G is a dominating set if
Upep N[v] = V(G). Given a graph G and a non-negative integer k, the DOMINATING SET
problem asks whether G has a dominating set of size at most k. Since every dominating set
contains an inclusion-wise minimal dominating set as a subset, any dominating set of size at
most k contains a minimal dominating set of size at most k. Therefore, asking whether G
has a dominating set of size at most k is equivalent to asking whether it has an inclusion-wise
minimal dominating set of size at most k.

We transform an instance (G, k) of DOMINATING SET to an instance (G’, I, I1, k') of
SYMISR. The number of vertices of G is denoted by n, and let V(G) = {v1,v9,...,v,}. We
define X = {x; |i € [n]}, Yi ={yi; | j € [k +2]} for each i € [n], and ¥ = U;c[,) ¥i- We also
introduce two vertices z; and zo. The vertex set of G’ is represented as X UY U {z1, z2}-
Next, we define the edge set of G’. For integers i, j € [n], a vertex x; and each vertex in ¥;
are joined by an edge if and only if v; € N[v;]. Furthermore, an edge is introduced for every
pair of distinct vertices in X U {z1,z2}. Finally, set Iy =Y U{z1}, I; = {z2}, and k' = k + 1.
This completes the construction of (G’, Iy, I;, k’). An example of our construction is shown
in Figure 3.

Observe that the reduction runs in polynomial time, and G’ is a split graph, since
X U{z1,z2} is a clique and Y is an independent set. In the following, we show that (G, k) is
a yes-instance of the DOMINATING SET problem if and only if (G, I, I;, k") is a yes-instance
of the SYMISR problem.

We first show the only-if direction. Suppose that G has a dominating set D of size at
most k. Without loss of generality, assume that D = {v1,vs,...,07}, where € € [k]. We
define Ip = YU {z1} and I; = (I;_1 \ N(x;)) U {x;} for each i € [£]. Consider a sequence
o= (s =1y,1I1,....1p,Ip1 = I) of length £+ 1 < k+1 < k’. The following two lemmas
establish that o is a solution to (G’, I, I;, k’).
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» Lemma 13 (). Forie€{0,...,0+1}, I; is an independent set of G’.
» Lemma 14 (). Fori € [£+ 1], the induced subgraph G[I;—1 A I;] is connected.

Next, we show the if-direction. Suppose that there exists a sequence o = ([
In, I, ..., I, Iryq = I;) that is a solution to (G, I, I;, k'), where € € [k] and hence £ + 1 <
k +1 = k’. We here provide the following lemma.

A

» Lemma 15. For any pair of i € [n] and j € [k + 2], there exists an integer r € [€] such
that N(yi’j) NI #0.

Proof. Fix an integer i € [n]. The conditions that ¥ C Iy and I; NY = () ensure the existence
of an integer r € [£ + 1] such that y € I,_1 and y ¢ I, for every vertex y € ¥;. In particular,
given that |Y;| = k+2 > £+2, there exist two integers j1, jo € [k+2] such that y; ;,,yi j, € I—1
and y; j,, Yi,j, ¢ I for some r € [£+1]. Thus, we have y; j,,yi j, € I,—1A1,. Since G[I,_1 Al ]
is connected, it follows that there exists a vertex x € I,_1 A I, with x € N(y; j,) N N(yi,;,)-
Moreover, since y; j,,Yi,j, € Ir—1 and I,_; is an independent set, we have x € I,. By the
construction of G’, this also yields x € N(y; j) NI, for any j € [k +2]. Note that r # £ +1
because N(yi ;) N Irp1 = N(yi,j) N {z2} = 0. Therefore, N(y; ;) NI, # 0 for some r € [£],
completing the proof of Lemma 15. |

We define D = {v; € V(G) | x; € I; \ Ij_1,j € [£]}. Note that |X nI;| <1 for all j € [{]
due to the facts that X is a clique and /; is an independent set of G. Consequently, we have
|D| <€ < k. The following lemma completes the proof of Theorem 12.

» Lemma 16. D is a dominating set of G.

Proof. It suffices to show that N[v;] N D # @ for every i € [n]. By Lemma 15, there exists an
integer r € [£] such that N(y;.1) N1 # 0. Note that |[N(y;.1) N1| = 1, since N(y;.1) is a clique
and I, is an independent set of G. Let x; be the unique vertex in N(y; 1) NI, where j € [n].
The fact that x; ¢ Ip ensures the existence of an integer r* < r such that x; € I, \ I,=_1,
leading to v; € D. Furthermore, by the construction of G’, the adjacency of y; 1 and x; in G’
implies that v; € N[v;]. Consequently, we obtain v; € N[v;] N D. |

It is known that DOMINATING SET is W[2]-hard when parameterized by k [23]. Moreover,
DOMINATING SET on graphs with n vertices cannot be approximated within a factor of
(1 -¢)Inn in polynomial time for any fixed constant 0 < &, unless P = NP [14], which follow
from those for SET COVER, a problem equivalent to DOMINATING SET under approximation-
preserving reductions [19]. Since the reduction described above is an FPT-reduction with
respect to k and preserves the approximation ratio for k, the following corollaries hold.

» Corollary 17. SYMISR on split graphs is W [2]-hard when parameterized by k.

» Corollary 18. SYMISR on split graphs with n vertices cannot be approrimated within a
factor of (1 —¢)Inn in polynomial time for any fixed constant € > 0, unless P = NP.

We also remark that, due to the minimality of the dominating sets, the subsets (I; NY)
in the solution (I, = Ip, I1,...,1Ir = I;) for (G’, I, I;, k’) form a strictly decreasing sequence
with respect to set inclusion. Formally, the following proposition is obtained.

» Proposition 19. Let (G, I, I;, k') be the constructed instance of SYMISR as above, where
G’ is a split graph. Then, there exists a sequence o = (Iy = Iy, I1,...,Ip—1,1r = I;) such that
o is a solution to (G', I, I;, k") and I;_1 NY D I; NY for everyi € [{].
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Proof of Corollary 3. Combining Corollary 18 and the discussion in Section 1.2, the inap-
proximability of finding the shortest path from u to v on P is readily shown. The remaining
task is finding a suitable linear function ¢ to ensure that the corresponding path on P is
monotone with respect to at least one objective. To this end, we consider the objective
¢ :{0,1}V() — R such that c(x) = x;, + Yyey (=1)x,. We remark that I, = {z} is the only
independent set with positive objective value among all independent sets of G’.

We now show that every reconfiguration sequence of the shortest length strictly increases
the objective value. Here, we note that the second term },cy (—1)x, of ¢ is strictly increasing
on the shortest path, by Proposition 19. Moreover, for every integer i € [£], we have zo ¢ I;;
if zo € I;, then we have I; N X = {z2} and I,_1 A I; must be {x;_1,z2}. This contradicts
Proposition 19, since I;_1 NY = I; NY. Thus, the objective value corresponds to I; can be
computed as: —|I; NY| when i € [( —1], 0 when i = ¢, and 1 when i = £ + 1. It is clear that
the value is strictly increasing, completing the proof of Corollary 3. <

4.2 Block Graphs

In this section, we show that SYMISR is solvable in polynomial time on block graphs. We
begin by introducing some notations to define block graphs. A biconnected component of G
is a maximal biconnected subgraph, that is, a subgraph H such that the subgraph induced
by V(H) \ {v} is connected for every v € V(H). A graph G is block if every biconnected
component of G forms a clique [6].

» Theorem 20. SYMISR can be solved in O(n®) time for block graphs.

Here, for the simplicity of our algorithm, we inductively define rooted block graphs by the
following three operations. A rooted block graph consists of a graph G together with a root
r(G) € V(G), and a root clique C(G) C V(G) containing r(G).

1. A graph G = ({v},0) with only one vertex is a rooted block graph with r(G) = v and
C(G) = {v}.

2. Let G1 and G5 be two rooted block graphs with V(G1) N V(G2) = {r(G1)} = {r(G2)}.
Then G = (V(G1) UV(G2),E(G1) UE(G2)) is a rooted block graph with r(G) = r(G1)
and C(G) = {r(G)}.

3. Let G1 and G2 be two rooted block graphs with V(G1) NV(G2) = 0. let G be obtained
from G1 & G2 by adding the edges {r(Gz)c | ¢ € C(G1)}. Then G is a rooted block
graph with V(G) = V(G1) UV(G2), E(G) = E(G1) UE(G2) U{r(Ga)c | c € C(Gy)},
r(G) =r(G1) and, C(G) = C(G1) U{r(G2)}.

This definition naturally raises a decomposition tree, which forms a rooted binary tree,
where each leaf corresponds to a single-vertex graph constructed in Operation 1, and each
internal node corresponds to either Operation 2 or 3. An example of a decomposition tree
for a block graph is shown in Figure 4. We write T(G) as a decomposition tree of G.

» Lemma 21 (x). Let G = (V,E) be a connected block graph and r € V. Then we can
compute a decomposition tree T(G) for G with r(G) =r and O(n) nodes in polynomial time.
For this decomposition holds that r is in exactly one maximal clique or C(G) = {r}.

We begin with the following observations. Let G be a rooted block graph. Recall that,
when two independent sets I and J are adjacent, the operation that transforms I into J
can be viewed as a flip on a connected vertex set X =1 A J. For a reconfiguration sequence
Iy = Ip,I1,...,Ip = I,), consider three consecutive independent sets I;, I;+1, I;+2 of G such
that ; NC ={u}, I;;1 NC =0, and I;1o N C = {v}, where u and v are two distinct vertices of
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Figure 4 Construction of a decomposition tree for block graphs.

a maximal clique C of G. Let X; = I; A I;4+1 and X;41 = I;4+1 A Ii42. Observe that X; N C = {u}
and X;4+1 N C = {v}. Since G is a rooted block graph, X; and X;;1 are disjoint. Moreover, the
fact that uv € E(G) ensures that G[X; U X;41] is connected. This implies that ;4o is obtained
from I; by a single flip on X; U X;,1, without passing through I;,1. We call this operation a
synchronized flip. Note that a synchronized flip at C cannot be performed simultaneously
with another flip involving a vertex of the same clique, since every set in the reconfiguration
sequence is independent and hence contains at most one vertex of C.

Moreover, consider a subsequence I;, I;41, ..., 1, 1j4+1 such that ; NC = {u}, I NC = 0 for
every i’ € [i +1, ], and I;11 N C = {v}. Then, for each i’ € [i, j], Iy+1 can be obtained from
I by flipping X;» = Iy Aly41. Let G” be the graph obtained from G by removing C. Observe
that there is a connected component of G’, say H, such that X; C V(H) U {u}. If there is
an integer i’ € [i + 1, j — 1] such that Xy N V(H) = 0, then the flip on X;» can be performed
before the flip on X;. This claim is justified because the flips on X; and X;» can be done
independently, since X;s is contained in a different connected component from H. Therefore,
the order of the flips can be rearranged while ensuring that the sequence of independent
sets generated by these flips remains a reconfiguration sequence: performing flips on X;» for
all i € [i + 1, j — 1] satisfying X;» N V(H) = 0, followed by the synchronized flip on X; U X,
and finally flips on X;» for all i/ € [i + 1, j — 1] satisfying X;; € V(H). Consequently, any flip
involving exactly one vertex of C can be synchronized with the subsequent flip involving
exactly one vertex of C.

A similar discussion can be applied to the root r(G). Let H; and Hs be two connected
components in the graph obtained from G by removing r(G). For vertex sets X; C V(Hy) U
{r(G)} and X5 C V(H2) U {r(G)}, if X3 N X2 = {r(G)}, then the flips on X; and X, can be
merged.

We now briefly describe the strategy of our algorithm. Suppose that a rooted block graph
G is obtained from rooted block graphs G; and G2 by Operation 2 or Operation 3. Several
flips that are counted separately in G; and G can be synchronized or merged into a single
step in G. Our algorithm records information about flips that may later be synchronized
or merged on each rooted block graph constructed by a subtree in T(G). It then processes
the rooted block graph in a bottom-up manner and accounts for possible synchronization or
merging when Operation 2 or Operation 3 is applied. If G is obtained by Operation 2, then G
is formed by identifying r(G1) and r(G2). Hence, only flips involving r(G) = r(G1) = r(G2)
can be merged. Accordingly, we record the number of flips involving the root. If G is obtained
by Operation 3, then a flip involving exactly one vertex of C(G1) can be synchronized with a
flip involving r(G2). We record the number of flips involving C(G) that remain available for
synchronization. As discussed above, for a reconfiguration sequence p, this number equals
to the number of independent sets I; in p satisfying |I; N C(G’)| =1 A L;z1 N C(G’) = 0 or
LNC(G)=0A|L;1NC(G)| =1.
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Formally, for each rooted block graph G’ constructed by a subtree in T(G) and each
pair of integers p,q € [0,n], the value f(G’, p,q) represents the shortest length over all
reconfiguration sequences on G’ such that exactly p flips involve the root r(G’), and exactly
q flips are left to be synchronized. If no such sequence exists, we set f(G’, p,q) = +o0. The
value f(G’, p,q) can be computed using dynamic programming in a bottom-up manner on
T(G). We omit the discussion for analysis of the running time.

4.2.1 COperation 1: base case

Consider the case when a graph G consists of a singleton v. Suppose that there is a shortest
reconfiguration sequence p of G such that flips on r(G) = v occur exactly p times. By the
minimality, the length of p is exactly p. Let ©® denote the XNOR operator. When p is
even, it holds that ve Iy Avel, =T orv ¢ I;Av ¢ I, =T, that is, v € Iy ©v € I; must be
F. On the other hand, when p is odd, v € Iy ®v € I; must be T. Consequently, we have
(piseven)© (v e I;0v € I;) =T. Moreover, an index g must be equal to p, since C(G) = {v}
and hence every flip involving v is counted toward future synchronized flips. Conversely,
if (piseven)© (v e I;®v e l;) = F and p = g, such a reconfiguration sequence p can be
constructed. We thus obtain the following.

if(piseven)© (vely0Qvel;))=T A p=gq,

+oco otherwise.

f(G,p,q) = {p

4.2.2 Operation 2

Next, we consider the case where G is obtained from two rooted block graphs G; and G2 by
Operation 2. To compute f(G, p, q), consider a shortest reconfiguration sequence p such that
flips on r(G) occur p times. Since r(G) = r(G1) = r(G2), the roots r(G1) and r(G2) must be
flipped exactly p times in both G; and Gs, respectively. On the other hand, the number of
indices i satisfying |[I; NC(G1)| =1AL1:1NC(G1) =0,0or [ NC(G1) =0A|l;:1NC(Gy1)| =1,
and the analogous condition for Gg, may be arbitrary. Thus, when combining the two
sequences, we may use any values f(G1,p,q1) and f(Ga,p,q2) with 1,92 € [n]. Since
C(G) = {r(G)}, every flip involving r(G) is counted toward future synchronized flips by the

same argument as in the base case, and hence f(G, p, q) has a finite value only if p = ¢q.

Finally, although f(G1,p,q1) and f(Ga2, p,g2) count the flips involving r(G1) and r(G2)

separately, these correspond to the same p flips once r(G1) and r(G2) are identified in G.
Hence, p overcounts arise, and we subtract p accordingly. Thus, we now have the following.

+00 ifp#gqg
f(G’p’ q) = minql,qge[o,n]{f(Gl,P’ CI1) + f(G].»p’ CIQ) _p} OtherWise
=ming, c(o,n] f(G1, P, q1) + ming,e(0,n] f(G2,p,q2) = p

4.2.3 Operation 3

Consider the case where G is obtained from two rooted block graphs G and G2 by Operation 3.

We now explain how to compute f(G, p, q) from the already computed values f(G1, p1,q1)
and f(Gq, p2,q2), where p1, p2,q1, g2 € [0,n]. Let o, and o, be shortest reconfiguration
sequences witnessing f(G1, p1,q1) and f(Ga, p2, q2), respectively. First, every flip involving
r(G) corresponds exactly to a flip involving r(G1), and vice versa. Hence, we must have

P =rp1
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We consider joining o, and o, into a single reconfiguration sequence o = (lo, I1, ..., Ir)
of G. We define binary sequences Lc and L, of lengths |G, | + 1 and |og,| + 1, respectively.
For eachi € {0,...,|0G,|}, Lc[i] =T if and only if |og, [{] N C(G1)| = 1. Similarly, for each
J€A{0,... 06,1}, L-[j] =T if and only if r(G2) € 0, [j]. By the definition of Lc[0] and
L,[0], we have (Lc[0],L,[0]) # (T,T). Here, for a sequence A of length |A| and integers
a,b with 0 <a <b<|A|l-1,let A[a : b] denote the subsequence consisting of the (a + 1)-th
through (b + 1)-th elements of A.

We use the following simple observation. Assume that q; < ps and L¢[0] # L, [0]. By
the definition of g;, there are exactly ¢; indices i such that either |I; N C(G1)| = 1 and
[I;:1NC(G1)| =0, 0r |I;NC(G1)| =0and |[;:1NC(G1)| = 1. All these flips can be synchronized
with flips involving r(G2). Since the symmetry also holds, we have the following.

» Proposition 22. If Lc[0] # L,[0], then the number of possible synchronized flips is
min{q1, p2}.

We now show how to compute the value f(G, p,q), by separately showing the equation for
three cases: g1 > p2, g1 < p2, and g1 = pa.

Case: q1 > p2

Let ¢1(G, p, q) denote the minimum length of a reconfiguration sequence for G in the case
q1 > po. First, if po = 0 and r(G2) € I, then any choice of g1 > 0 yields no reconfiguration
sequence, since no vertex of C(G1) is contained in any independent set.

We distinguish two cases according to the initial values of L¢ and L,: either L¢[0] # L, [0],
or Lc[0] = L, [0] = F. Recall that (Lc[0], L,-[0]) # (T,T) by the definition.

If Lc[0] # L, [0], then Proposition 22 applied to the pair (L¢, L,) implies that the
number of synchronized flips is min{q1, p2} = p2. Now assume that Lc[0] = L,[0] = F.
Here, let i be the smallest index such that L¢[i] = T. Then the first value L¢[i] and L, [0]
of the two sequences are different. Moreover, the truth value in L¢[i : |0, |] changes exactly
q1—1 times, whereas the truth value in L, [0 : |0,|] changes exactly ps times. Since g1 > pa,
we have g1 — 1 = ps. Hence, by Proposition 22, the number of possible synchronized flips
is min{g1 — 1, pa} = p2. Now, to compute the value ¢1(G, p, q), we introduce an auxiliary
positive integer s € [0, p2], which indicates the number of synchronized flips. The number of
indices i satisfying either |[;NC(G)| =1AL;z1NC(G) =0 or ;NC(G) =0A|[;;:;NC(G)| =1
is exactly (g1 —s) + (p2 —s) = g1 + p2 — 25 in both cases, since the numbers of possible
synchronized flips in C(G1) and r(G2) decrease by s in both cases. Therefore, we consider
pairs (g1, p2) satisfying g = g1 + p2 —2s. Moreover, the length of the reconfiguration sequence
for G is reduced by s from f(G1, p1,q1) + f(G2, p2,q2).

Therefore, the value ¢, (G, p,¢q) can be computed as follows. For each ps € [0,n], we
compute f*(Gg, p2) = ming,c[o0,n] f (G2, P2, q2), since g2 may take any value. For this value,
we have:

mini<p,<qi<n {f(G1,p,q1) + (G2, p2) — s}t it r(Ga) € I
se[O,gg]
g1 (G,p,q) — ) qi1+p2—28s=q . )
mino<p,<q<n {f(G1, p,q1) + f*(G2, p2) —s}  otherwise.
s€[0,p2]
q1+p2-2s=q

Case: ¢ < p2

Let g2(G, p, q) denote the minimum length of a reconfiguration sequence for G in the case
g1 < p2. By symmetry with the case g1 > p2, the number of possible synchronized flips is ¢,
and the numbers of possible synchronized flips in C(G1) and r(Gsz) decrease by s € [0,¢1] in
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both cases. Moreover, if g1 = 0 and |C(G1) N I5| = 1, then any choice of ps > 0 yields no
reconfiguration sequence, since r(G2) is not contained in any independent set. Thus, the
value ¢2(G, p, q) can be computed as:

mini<g,<ps<n {f(G1,p,q1) + (G2, p2) —st i |C(G1)NI| =1
s€[0,q1]
g2(G’p’q) — ) p2+q1-2s=q )
mino<g,<ps<n {f(G1,p,q1) + (G2, p2) — s}  otherwise,
s€[0,q1]
p2+q1-2s=q

where f*(G2, p2) = ming,e(0,n] f(G2, p2,q2).

Case: q1 = p»

Let g3(G, p, q) denote the minimum length of a reconfiguration sequence for G in the case
g1 = p2. We distinguish three cases according to the initial values of L¢, L, and ¢1: either
Lc[0] # L,[0], Lc[0] = L,[0] = FAgq1 =0, Lc[0] = L,[0] = F A g1 > 0. Recall that
(Lc[0],L,[0]) # (T,T) by the definition. In each case, we count the number of possible
synchronized flips.

First, if Lc[0] # L,[0], then we can apply Proposition 22, and the number of possible
synchronized flips is g;. Note that, the condition Lc[0] # L,[0] can be translated to
(JC(G) NI | =1Ar(Gs) ¢ I;,) V(|IC(G1) NIl =0Ar(Gse) € I). Thus, either |C(G1)NI;| =1
or r(Gs) € I holds. Since C(G) = C(G1)U{r(G2)}, the condition L [0] # L, [0] is equivalent
to |[C(G)NI| =1.

Next, if Lc[0] = L[0] = F A g1 =0, then there is no possible synchronized flip.

Finally, consider the case Lc[0] = L,-[0] = F A g1 > 0. We claim that the number of
possible synchronized flips is g1 — 1 in this case. The condition g3 = p2 > 0 ensures that

each of C(G1) and r(Gs) is intersected by at least one independent set in the sequence.

Furthermore, since there is no independent set I of G such that |[INC(G1)| =1 and r(Gs) € I,
there exists the minimum integer j € [£] such that exactly one of |[I; N C(G1)| = 1 and
r(G2) € I holds, that is, exactly one of L¢[j] and L[] is T. If Lc[j] =T, then we apply
Proposition 22 to L¢[j : |og,|] and L,. If L,.[j] = T, then we apply Proposition 22 to
L.[j : |oG,|] and Lc. Hence, in either case, the number of possible synchronized flips is
q1— 1.

Let s be the number of synchronized flips. As discussed in Case g1 < p2, we have
q =q1+p2—2s=2(p2—s), and the length of the reconfiguration sequence for G is reduced
by s from f(G1,p1,q1) + f(Ga, p2,q2). Therefore, g3(G, p,q) can be computed as follows.

min 4, efo,n] {f(G1.p,q1) + f*(G2,q1) — 5} if [C(G)NIs[=1
s€[0,g1]
2(q1-s)=q
93(G,p,q) = f(G1,p,0) + f*(G2,0),

min|min g ¢r1,0) {f(G1,p,q1) + f*(G2,q1) —s}| otherwise,
s€[0,q1-1]
2(q1-5)=¢q

where f*(G2,q1) = ming,c[o0,n] f(G2,41,4q2)-

Finally, f(G, p, q) is computed by the minimum among ¢ (G, p, q), 92(G, p,q), 93(G, p, q).

Trees

A graph is a tree if every biconnected component of G forms a clique with two vertices.

Thus, every tree is a block graph, and hence the polynomial-time solvability for trees follows
immediately from Theorem 20. We improve the running time to be faster than O(n°) through
some observations.
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Our core observation is that Operation 3 can only be applied when C(G1) = {r(G1)} to
obtain a tree, since joining Go into Gy with |C(G1)| > 2 results in a cycle consisting of at
least three vertices. Thus, all synchronized flips involving a vertex of C(G) also involve r(G),
implying that they can be tracked using only by r(G).

» Theorem 23 (x). SYMISR can be solved in O(n?) time on trees.

4.3 Cographs

In this section, we prove that SYMISR is solvable in polynomial time on cographs, also
known as P4-free graphs [10]. To this end, we work in a slightly more general graph class,
defined later. A graph G = (V, E) is a cograph if it can be constructed recursively according
to the following rules:

1. A graph consisting of a single vertex is a cograph.

2. If G and G are cographs, then their disjoint union G @ G is also a cograph.

3. If Gy and G- are cographs, then their join G; ® G is also a cograph.

We now state the theorem for graphs of the form G; ® G, where G1 and G+ are arbitrary
graphs.

» Theorem 24. Let G be the class of graphs of the form G1 ® G2, where G1 and G4 are
arbitrary graphs. Then SYMISR can be solved in linear time for G.

This class trivially contains all connected cographs. Since disconnected cographs can
be solved independently on each connected component, the theorem immediately yields
tractability on cographs.

We prove the following lemma, which provides Theorem 24 when combined with Obser-
vation 4.

» Lemma 25 (x). Let G be a class of graphs of the form G1 ® Ga, where G1 and Go are
arbitrary graphs. For a graph G € G and two independent sets I, I; of G, the length of the
shortest reconfiguration sequence from I to I, is at most 2.

4.4 Bipartite Chain Graphs

Now we consider bipartite chain graphs. These are bipartite graphs G = (V, E) with the
partition classes A, B and some linear ordering <4 on A, such that for all ay,as € A, a1 <4 as
implies N(a1) € N(az). Such an ordering also exists for B. In this subsection, we will prove
that SYMISR is polynomial-time solvable on bipartite chain graphs. We start with results
on general bipartite graphs.

» Observation 26 (). Let G = (V,E) be a bipartite graph with the classes A, B and two
independent sets I1,Is. If Iy and Iy are adjacent, then (1) Iy \I2 € A and I;\ I; € B, or (2)
I>b\I1 CAand 1\ I C B.

Let G = (V, E) be a connected bipartite chain graph with the classes A = {a1,...,an,},B =
{b1,...,bn,} as well as the orderings <4 and <. Without loss of generality, a1 <a ... <4 an,
and by <p ... <p bu,. Let I, and I; be the initial and target independent sets. By
Observation 4, the case k = 1 is trivially solvable. Now, we consider k£ > 3. Define the
independent sets § := {a,,} U (s NA) € Aand T := {b,,} U (; N B) € B. Since G is
connected, N(an,) = B and N(b,,) = A. This implies that S A Iy € {a,,} U (I N B) and
T AL C{by,} VU (I, NA) are connected. Since {an,,bn,} € E and V = N(a,,) U N(bp,),
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S AT is connected. Hence, (I, S, T, I;) is a reconfiguration sequence. Hence, we only need to
consider the case k = 2; we now show the equivalent condition for the existence of a shortest
reconfiguration sequence with length 2. The following lemma gives an equivalent condition.

» Lemma 27 (x). Let G be a bipartite chain graph and two independent sets Iy and I; such

that G[I; A I;] is not connected. The length of the shortest reconfiguration sequence is 2 if

and only if

1. there is an independent set I such that |I; o I| =1 (resp. I al;|=1) and G[I A I] (resp.
GlI; A 1)) is connected, or

2. (Iy;NnB)\ N(amax) = (It " B) \ N(amax) or (Is N A)\ N(bmax) = (It N A) \ N(bmax), where
Amax = Max<, AN (I3 UI}) and byax = max<, BN (I; U ).

The constraint (Iy N B) \ N(admax) = (It N B) \ N(amax) can be checked in linear time. If
|I; A I] =1, we have to go through all vertices and check if they could be the vertex in I A I,

(resp. I; AT). These are n possibilities for which we have to check if the graph G[I; A I] (resp.

G|I; A 1)) is connected. This implies the following Theorem.

» Theorem 28. SYMISR can be solved in O(n?) time on bipartite chain graphs.

5 When the Optimum meets the Trivial Upper Bound

One might expect that sequentially flipping the connected components of G[I A I;] yields a
good approximation ratio. While this algorithm results in a worst-case Q(n) approximation
(for instance the reduction in Section 3), the length of a shortest reconfiguration sequence
coincides with this upper bound when we restrict the classes to paths and cycles. This is
formalized in the following theorem.

» Theorem 29 (x). For paths and cycles, the minimum length of a reconfiguration sequence
from I to I, is exactly cc(Iy A ).

As an immediate consequence of Theorem 29, we obtain the following corollary.

» Corollary 30. SYMISR can be solved in O(n) time for paths and cycles.

Remark. We remark that our analysis for paths and cycles is tight in some sense. Specifically,
we now show that sequentially flipping the connected components of G[I; A I;] yields Q(n)
approximation, for (1) a caterpillar with maximum degree 3, and (2) a graph with maximum
degree 3, and contains only one cycle. To this end, we show that there is at least one instance
for both cases such that ¢(Is A I;) is ©(n), whereas the optimal length is 2.

(1). Let G be the graph obtained from a path P = (p1, p2, ..., p2;) with 2¢ vertices by adding
t vertices L = {¢; | i € [t]]} and ¢ edges {{;po; | i € [t]}. We set Iy = {pai—1 | i € [t]},
and I, = Iy U L. Then, the number c(I; A I;) is exactly ¢(L), thus is equal to t. Despite
this, we now show that the optimal length is 2. If we let I’ = {po; | i € [¢]}, then both
G[I; A I'] and G[I’ A I;] are connected.

(2). We add an edge p1pas to G, and set I; and I; in the same way as above. The discussion
is also the same as above; thus, it is clear that this results in Q(n) approximation.

6 Conclusion and Future Work

We study the shortest reconfiguration problem for independent sets under the adjacency
relation derived by the independent set polytope; that is, each reconfiguration step corresponds
to traversing an edge of the polytope. Our results establish hardness for both sparse and
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dense graph classes, and tractability for some subclasses of perfect graphs. Moreover, for
paths and cycles, we prove that the optimal length of the reconfiguration sequence meets the
trivial upper bound, derived from the definition of the adjacency relation.

Several directions remain for future work. First, it is natural to ask about the complexity

of SYMISR on bounded-treewidth graphs. Second, our inapproximability results still leave a
gap to the trivial upper bound, and it would be interesting to narrow this gap. Third, it is
worth investigating whether our algorithmic result can be extended to broader graph classes,
such as bipartite graphs and distance-hereditary graphs.
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