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—— Abstract

Finite-state dimension quantifies the asymptotic density of information in an infinite sequence as

seen by finite automata, and can be viewed as a bounded-memory analogue of Hausdorff dimension.
The theory is by now well developed for base-b expansions. In this paper we initiate the study of
finite-state dimension in the setting of continued fractions. This setting brings several new difficulties.
The natural reference measure is the Gauss measure, which is the canonical invariant probability
measure for the Gauss transformation governing the continued fraction shift. Unlike in the base-b
setting, however, this measure is not a product measure. In addition, the digit space is inherently
infinite, so the symbolic setting is markedly less rigid than the usual finite-alphabet framework.
Continued fraction analogues of effective dimension have received considerable attention in recent
years, but a finite-state theory in this setting has so far been missing.

Finite-state dimension in the classical setting admits several equivalent formulations. We begin
from the original finite-state s-gale viewpoint. In the continued fraction setting, however, the betting
odds are no longer fixed in advance: unlike in the base-b case, the fair payoff for the next symbol is
determined by conditional Gauss probabilities, and these vary with the current continued fraction
cylinder. This makes the choice of a finite-state betting model genuinely nontrivial. We first examine
a natural local finite-state betting model for truncated continued fraction digits, in which a gambler
may use both the visible local context and an additional finite internal memory. We show that
this model is too strong: there is a fixed finite-state gambler that wins at a positive exponential
rate on every continued fraction normal point. Consequently, full dimension in this model does not
characterize continued fraction normality, and the classical Schnorr—Stimm dichotomy fails.

We then isolate the source of this failure and introduce a restricted context-gambler model in
which the gambler is allowed to use only the visible truncated context, with no additional hidden
finite-state memory. For this restricted model, we obtain, in direct analogy with the base-b setting,
an entropy-rate characterization of finite-state dimension in terms of conditional entropy rates, and
from this derive an exact finite-state characterization of continued fraction normality: an irrational
real has finite-state dimension 1 if and only if its continued fraction expansion is normal. Finally,
we prove that the Schnorr-Stimm dichotomy does hold in this restricted setting: on a continued
fraction normal point every such gambler either preserves constant capital or loses at an exponential
rate, while on every non-normal point some such gambler wins at an exponential rate.
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1 Introduction

Finite-state dimension is a quantitative notion of randomness measured using finite-state
automata. Introduced by Dai, Lathrop, Lutz, and Mayordomo as a finite-state analogue
of Hausdorff dimension [7], it measures the lower asymptotic density of information in an
infinite sequence as detected by finite-state automata, and thus isolates exactly the amount
of structure visible to bounded-memory computation. It admits several robust equivalent
formulations, including ones via finite-state s-gales, block entropy rates, prediction, and
finite-state compression [7, 5, 11]. From the gambling viewpoint, finite-state dimension is
defined using finite-state s-gales. A finite-state gambler reads the sequence left to right,
keeps only finitely many internal states, and in each state g chooses a betting distribution
B4 on the next digit. In the base-b setting the reference measure is the uniform product
measure, so after any prefix w the fair conditional probability of seeing the next symbol a is
‘L(([m])) = %. Accordingly, if the gambler is in state ¢ and bets according to 4, the capital
update at exponent s is

d(wa) By (a) _ Bq(a)

d(w)  (u(fwa])/p([w)))”  (A/b)*

The parameter s controls how favorable the game is to the gambler: larger s makes capital
growth easier, while smaller s requires stronger detectable bias in the sequence. A gambler
succeeds at exponent s if its capital is unbounded along the sequence, and the finite-state
dimension is the infimum of the exponents s > 0 for which some finite-state gambler
succeeds. In the classical base-b setting, this notion aligns perfectly with Borel normality. If
x = 0.x1z0x3 - -+ with z; € {0,1,...,b— 1}, then z is normal in base b precisely when every
block w of length m appears with the expected limiting frequency

lim l|{O << N :Ti 100 Tigm = u}| =b".

n—oo N
A real number is normal in base b if and only if its base-b expansion has finite-state dimension
1[5, 21]. Moreover, the Schnorr-Stimm dichotomy theorem [21] gives a sharper dynamical
picture: on a normal sequence every finite-state gambler either keeps its capital constant or
loses at an exponential rate, while on every non-normal sequence some finite-state gambler
wins at an exponential rate.

In this paper we initiate the study of finite-state randomness in the setting of continued
fractions. Every irrational real z € (0,1) has a unique continued fraction expansion

33:[0;011,&2,0/3,-.-]: ’

ag + ——
as + -

where the digits a; are positive integers. Continued fractions are one of the most natural
symbolic representations of real numbers in number theory and dynamics, and continued
fraction normality is defined with respect to the Gauss measure [9, 13]. Concretely, z is
continued fraction normal if for every finite block ¢y, ..., cm,

.1 )
lim —[{0<i<n: (a1, - 0ipm) = (€1, em)} = Y(Coyvcn)
n—so0o N
where C, ..., is the corresponding continued fraction cylinder. Here v denotes the Gauss
measure, given by vy(A) = @ N 1‘1—2
fractions because it is invariant under the Gauss transformation T'(x) = % —|1/z], which

. This is the natural reference measure for continued
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acts as the left shift on continued fraction expansions. Several explicit constructions of
continued fraction normal numbers are also known [1, 4]. It is therefore natural to ask for a
finite-state theory that plays, for continued fractions, the role that finite-state dimension
plays for base-b expansions.

Several aspects of the continued fraction setting are immediately different. First, the
digit alphabet is countably infinite rather than finite, so unlike in the usual finite-alphabet
setting, some additional modeling choice is needed in order to formulate a finite-state theory.
In this paper we do this by truncating the digits at a threshold K and collapsing all larger
digits into a single overflow symbol. Second, the relevant reference measure is the Gauss
measure, the canonical invariant measure for the continued fraction system, and it is not a
product measure.! In particular, unlike in the base-b case, the law of the next digit is not
fixed in advance. In the base-b setting, if u denotes the uniform product measure, then

plwa]) _ 1

p([w]) b7
independently of the past w. In the continued fraction setting, by contrast, the fair payoff
for betting on the next truncated symbol after a prefix w is governed by

Y(Cuwa)
V(Cw) ’

and this conditional probability genuinely varies with the current cylinder. This moving-payoff
phenomenon is the basic obstruction that makes the finite-state theory nontrivial.

Several recent works studied continued fraction analogues of effective randomness and
effective dimension [16, 19, 18, 23]. This line of work shows that continued fractions support

a rich and subtle algorithmic theory, but it does not address the finite-state regime. Our
aim here is to seek a notion of dimension that captures exactly the randomness detectable
by finite automata in continued fraction expansions, and in particular recovers continued
fraction normality at dimension 1.

We take as our starting point the finite-state s-gale viewpoint [7]. In the base-b setting,
the update may be written using the ratio p([wa])/p([w]), but since y is a product measure
this is just the fixed one-step law 1/b. In the continued fraction setting, by contrast, the
corresponding conditional probability depends genuinely on the past. This leads to the
following natural first model: after reading a prefix w, the gambler reaches a state g and
bets according to a distribution 3, with capital update

Bua)
('Y(C’wa)/'V(Cw))s

We call this the full-past model. Although mathematically natural, it is not the bounded-
memory notion relevant here, because the payoff rule itself depends on the entire prefix.

d(wa) = d(w)

Continued fraction normality is instead a finite-block frequency notion. In the base-b setting
this distinction disappears because the one-step law is constant; in the continued fraction
setting it does not, so the full-past model is tied to the whole history rather than to finite-state
local behavior.?

The next natural step is to localize the changing payoff rule. We therefore pass to
truncated continued fraction digits and let the fair payoff depend only on a bounded visible
context, while still allowing the gambler an additional finite internal state. Write vx (w)

1 See the preliminaries for an example.
2 See Section 8 for further discussion on the full-past model.
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for the Gauss measure of the truncated cylinder determined by a finite truncated word w.
Concretely, after a truncated prefix w, let v denote its current visible suffix of some fixed
length r, and let ¢ be the gambler’s internal state. The gambler then bets according to
a distribution 3, on the next symbol, while the fair payoff is determined by the reference
conditional probability of that next truncated symbol given the visible context v. The update
rule therefore takes the form

Bq(a) .
(vx (va) vk (v))°

where the denominator uses only the visible context, but the numerator may also exploit the
hidden state g. One might expect this to be the appropriate continued fraction analogue of
ordinary finite-state gamblers. We show that it is not.

In fact, this model is too strong: there is a fixed gambler of this type that wins at a
positive exponential rate on every continued fraction normal point. If a gambler already grows
like e“™ at exponent 1 for some ¢ > 0, then the same strategy still has positive asymptotic
growth for all s < 1 sufficiently close to 1. Consequently, any notion of dimension built
from this class of gamblers fails to characterize continued fraction normality: even continued
fraction normal reals can have dimension below 1 in that sense. The same counterexample
also shows that the classical Schnorr—Stimm dichotomy fails in this setting.

The failure is not accidental. It stems from the non-product nature of the Gauss measure:
the gambler’s finite-state memory can retain information that is invisible to the payoff rule,
and this mismatch creates systematic gain even on normal sequences. This issue is absent
in the base-b setting, where the reference measure is product and the next-symbol payoff is
independent of the past. We therefore introduce a restricted context-gambler model in which
the gambler uses only the visible truncated context, with no additional finite-state memory,

d(wa) = d(w)

so that the information used in the betting rule and the fair-payoff rule are aligned.

For this restricted model, the classical finite-state picture re-emerges. First, in direct
analogy with the base-b setting, we obtain an entropy-rate formulation of finite-state dimension
in terms of conditional entropy rates. Second, we prove that an irrational real has finite-state
dimension 1 if and only if its continued fraction expansion is normal. The converse direction
uses, in a controlled way, the finite Markov chain induced by the truncated process together
with a stationary-distribution argument. Finally, we establish a Schnorr—Stimm dichotomy
for the restricted model: on a continued fraction normal point every such gambler either
matches the reference conditional law and preserves constant capital, or else loses at an
exponential rate; on every non-normal point some such gambler wins at an exponential rate.

The main contribution of the paper is the identification of the exact gambler model for
which the classical finite-state theory extends correctly to the continued fraction setting. In
this sense, the paper provides the first finite-state randomness theory for continued fractions
that simultaneously respects the Gauss dynamics, admits an entropy-rate formulation,
characterizes continued fraction normality by finite-state dimension 1, and satisfies the
expected Schnorr-Stimm dichotomy.

2 Preliminaries

We write N ={1,2,3,...} and A for the empty word. Every irrational real 2 € (0,1) has
a unique continued fraction expansion z = [0;a;(z),az(x),az(x),...]. For a finite word
w = (w1,...,Wy) € N we write C,, = {z € (0,1)\ Q: a1(x) = wy,...,am(x) = wy,} for
the corresponding continued fraction cylinder. We denote by p the Lebesgue measure on
(0,1), and by ~ the Gauss measure [14, 9],

1 dz
A) = —
v(4) log2/Al—|—J;
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The Gauss transformation is T'(z) = L — [1/z]. It acts as the left shift on continued fraction
expansions: if © = [0; a1, ag,...], then T(x) = [0; as,as,...]. The measure v is the canonical
invariant probability measure for this transformation [9, 13]. A real z € (0,1) \ Q is called
continued fraction normal if for every finite word w € N™,

lim ly{o <i<n:T'z€Cu}|=7(Cu).

n—o0o N,

The Gauss measure is not a product measure. Indeed, if C};; and C[y ;) denote the
cylinders corresponding to the blocks 1 and 11, then +(Cy)) = log(4/3)/log 2 and y(Cpy 1)) =

log(10/9)/log 2, so v(Cp11) # v(Cpy)?-
To obtain a finite observable alphabet, we fix K > 1 and define ¥ = {1,2,..., K, x}.
The truncation map 7x : N — Y is given by

n, 1<n<K,
7x(n) = *, n>K

For x = [0; a1, ay, . ..], we write y5) (z) = 75 (a1) 7K (a2) Tk (a3) - - - € L) for the truncated
digit sequence. If u = uy - - - u,, € ¥, we define the truncated cylinder

CH) = {2 e (0,1)\Q: 7 (a1(x)) = u,..., T (am () = U},
and set vk (u) = ’y(Cl(LK)).
» Lemma 1. For every K > 1 and every finite word u € X, one has yi (u) > 0.

Fix r > 0. If r =0, let Vo = {A}, and if > 1, let Vi, = X% For a finite word u € X},
we write suf,(u) for its suffix of length r when r > 1, and let sufy(u) = A. For v € Vi, and
a € Y, define

Vi (va)
i (v)

prr(a|v) =

Thus pg (- | v) is the order-r truncated conditional law induced by the Gauss measure.

» Lemma 2. For every fited K > 1 and r > 0, every v € Vi, and every a € Li, one has
pr.r(a|v) >0, and also ) 5, pr.r(a|v) = 1. Moreover, if Mk, = max{pr ,(a|v):vE€
VK,T, a € ZK}, then 0 < MK,T < 1.

The following elementary lemma shows that continued fraction normality is preserved when
one passes to truncated digit sequences.

» Lemma 3 (Truncation preserves normality). Let x = [0; a1, az,...] be continued fraction
normal. Fizx K > 1 and a truncated word u € X%. Then

nl;ngo%|{0 <i<n:Tr(aiv1) T Qi) = ul| = vk (u).

For a finite set A, we write P(A) for the simplex of all real-valued probability distri-
butions on A. If p € P(A), its Shannon entropy is H(p) = — >, 4 p(a)log p(a), with the
convention 0log0 = 0. If p,o € P(A) and o(a) > 0 for every a € A, we write H(p,0) =
> acapla)log ﬁa) for the cross-entropy of p relative to o, and D(p[lo) = >, 4 p(a)log g%zg
for the Kullback-Leibler divergence. Thus H(p, o) = H(p)+D(p||o). We shall use repeatedly

the standard fact that D(p||o) > 0, with equality if and only if p = o [6].

39:5
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Finite-state dimension in the base-b setting

For comparison with the continued fraction setting, we briefly recall the classical notion of
finite-state dimension in base b, following Dai, Lathrop, Lutz, and Mayordomo [7].3 Fix an
integer b > 2 and let 3, = {0,1,...,b— 1}. A finite-state gambler over X is a quadruple
G =(Q,qo,9, ), where @ is a finite set of states, go € @ is the initial state, § : @ x X, — Q is
the transition function, and 8 : @ — P(X) is the betting function. Writing 6*(go, w) for the
state reached after reading a finite word w € X}, the associated s-gale is defined recursively
by dg)(/\) = 1 and dg)(wa) = dg)(w)bsﬁ(é*(qo,w))(a) for w € ¥} and a € X. Thus at
each step the gambler redistributes its current capital according to the betting distribution
prescribed by its current state, and the factor ° determines the growth rate relevant to
dimension. If S € lef is an infinite sequence, we say that G succeeds at exponent s on S if

lim sup,,_, - d(cf)(S[n) = 00. The finite-state dimension of S is then

dimpg(S) = inf{s > 0 : some finite-state gambler succeeds at exponent s on S}.

Intuitively, dimpg(S) measures how much randomness remains visible to finite automata:
the smaller the value, the more regularity a finite-state gambler can exploit.

» Theorem 4 ([21, 5]). Let b > 2 and let S € %)\, Then S is normal in base b if and only if
dimps(S) =1.

3 Natural betting models that do not capture continued fraction
normality

We begin by considering two natural betting models that arise before one arrives at the
restricted context model used later in the paper. The first is the most direct analogue of the
usual gale update: after reading a truncated prefix u € ¥}, the finite-state gambler reaches
some internal state ¢ and then bets according to a probability distribution 8, € P(Xk)
on the next symbol. The fair payoff is given by the exact conditional Gauss probability
v (ua)/vK (u), so the capital update takes the form

By(a)
(vk (ua) /i (u))®

d(ua) = d(u)

This model is mathematically natural, but it is not the finite-state notion sought here, since
the fair-payoff rule itself depends on the entire prefix v and is therefore tied to full-past
prediction rather than bounded-memory behaviour. In the base-b setting this issue is invisible,
because the corresponding ratio is constantly 1/b, independent of the past; in the continued
fraction setting it is not. This indicates that some restriction on the past is necessary. The
next natural candidate is therefore to replace the whole prefix by a bounded visible context,
while still allowing the gambler a finite internal state. As we shall see, however, even this
local finite-state model is too strong.

Fix K > 1 and r > 0. Write ¥ = ¥k, V = Vg, and p(a | v) = px,(a | v). An
unrestricted local finite-state gambler at parameters (K, r) is a quadruple G = (Q, qo, 0, ),
where

3 Dai et al. define finite-state dimension for a sequence via the infimum of the exponents s for which some
finite-state s-gale succeeds on that sequence. The formulation used here is equivalent for individual
sequences and is adopted only for convenience of presentation.
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@ is a nonempty finite set of internal states,
qo € @ is the initial state,

0:Q X X — @ is the transition function,

B :Q — P(X) is the betting function.

Thus the gambler itself is an ordinary finite-state gambler in the sense of Dai et al. [7],
while the local feature of the model lies in the fair-payoff rule, which is indexed by the visible

suffix context. For a word u € ¥*, let g (u) denote the state reached by G after reading u.

For s > 0, the associated local s-capital process is defined by d(cf)(u) =1if |u| =r, and

, . u))(a
0 wa) = d () PRI (ul > 7 a e )

If € (0,1)\ Q and y = y) (z) = y1y2ys - - -, we say that G succeeds at exponent s on
if lim sup,,_, o dg (Y1 yn) = 0.

Thus success means that the capital process is unbounded along the truncated digit
sequence of x. This is exactly the model that looks natural at first sight, but it allows
the gambler to use more information than the denominator uses. We now show that this
unrestricted local model admits a fixed finite-state gambler that wins exponentially on every
continued fraction normal point. We give this example in the case when (K,r) = (1,0).

For K =1, we have ¥; = {1, *}. Since r = 0, the visible context set is V3 o = {A}, and
the local reference probability is just the one-symbol marginal: p1 o(a | A) = 71(a) for a € ;.

» Theorem 5. There exists a fized unrestricted local finite-state gambler G at parameters
(K,r) = (1,0) such that for every continued fraction normal real number x,

- @, (1) 1) 1 (ba)
lim — logd T)--- z))=1; >0 where I = ba)log ———.
Jim —logdg’ (y;(x) -y (2)) = i bg@l n(ba)log —7s s

In particular, the gambler G succeeds on every continued fraction normal point at some
exponent sg < 1.

Proof sketch. Take a 3-state gambler G with states {L, 1, x}, where after the first step the
state simply remembers the previous truncated digit. From state b € 31, let the gambler bet
according to the conditional pair law 8(b)(a) = v1(ba)/~1(b), while at the initial state L it
bets according to the marginal v;. The key point is that for the unrestricted local model
with r» = 0, the payoff denominator still uses only the one-symbol marginal law 71 (a). Thus,
after the first step, the capital multiplier at symbol y; is

Y1 (Yi-1Y:)
Y1(Yi-1)71 (vi)*

so truncation normality gives = log dg)(yl - yn) = L1(s), where

_ ) log —10e)
Ll(s) - b7§:1 At (b )lOg ’Yl(b)’71 (a)s .

At s = 1, this becomes Li(1) = D (%2) ||7£1) ® %”). Since v1(Cpi17) # 71 (Cpp)?, the
pair law is not a product measure, so L1 (1) > 0. Hence G wins at a positive exponential
rate on every continued fraction normal point. Finally, L;i(s) = L1(1) — (1 — s)H;, where
Hy = =3, cx, m(a)logyi(a) > 0. Therefore Li(s) > 0 for some s < 1 sufficiently close to 1,
so the same gambler already succeeds at an exponent strictly below 1. <

39:7
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4 Context gamblers

The counterexample from the previous section identifies the source of the problem with the
unrestricted local model. There, the denominator used only the visible local context, while
the gambler was allowed to retain additional hidden information in its internal state. Even
t (K,r) = (1,0), this mismatch lets the gambler use the previous truncated digit while
the payoff rule sees only the one-symbol marginal law, and this creates a positive gain on
continued fraction normal points. We therefore now restrict the gambler to use only the
visible context and no additional hidden finite-state memory.
In this section we introduce the restricted model that will be used throughout the rest
of the paper. We define context gamblers and their capital processes, record the exact gale
identity they satisfy, and then define the associated notion of continued fraction dimension.

4.1 Definition

Fix (K,r) and abbreviate ¥ = X, V = Vi ., and p(a | v) = px »(a | v). We first isolate the
betting object itself.

» Definition 6. A (K, r)-context gambler is a function 8 : V — P(X), that is, for each
v eV, Bw)(:) is a probability distribution on X.

Intuitively, a (K, r)-context gambler is a finite-state gambler whose state information is
exactly the currently visible truncated context: unlike in the unrestricted local model, its
behaviour is determined entirely by that context. Given such a gambler, the corresponding
capital process is defined by using exactly the same visible context in both the betting rule
and the fair-payoff rule.

» Definition 7. Fiz s > 0. Let 8 be a (K,r)-context gambler. Its s-capital process d(ﬁs)
defined on words of length at least r by setting d(;)(u) = 1 whenever |u| =, and
f(u))(a)
d(s)ua :d(s)uﬁ(suT— ul >r, a€X).
Because the numerator and denominator are now indexed by the same context, the capital
process satisfies the following exact gale law.

» Proposition 8 (Exact gale law). For every finite word u € X* with |u| > r, d;;)(u) =
Saespla | sufr(w)* g (ua).

Proof.
: (o) (3) (o) Bsutr (W) (@)
gp(a | suf,(u))®dy” (ua) %p a | suf,(u))® dy (u)p(a TSuf, ()¢
=dS () Y Blsuf,(u)(a) = dY (w). <
a€X

Let z € (0,1)\ Q, let y = y)(z) = y1y2 - - -, and let § be a (K, r)-context gambler. We
say that 8 succeeds at exponent s on x if

limsup d§” (y1 - yn) = 00
n—oo
This leads, for each fixed pair (K, r), to the quantity

dim%r (x) = inf{s > 0 : some (K, r)-context gambler succeeds at exponent s on =},

which measures the least exponent at which a gambler using truncation level K and context
length r can succeed on z.
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» Definition 9. The continued fraction finite-state dimension of = is defined as

dimGp(z) = inf inf dimi, ().

5 Entropy-rate formulation of finite-state dimension

We now turn to the entropy formulation of the theory. Just as in the classical base-b setting [5],
we obtain an entropy-rate characterization of the continued fraction finite-state dimension
defined in the previous section. For each fixed truncation level K and context length r, we
first define empirical conditional entropy quantities from the truncated expansion of . These
quantities measure, in a block-frequency sense, the uncertainty of the next truncated digit
given the current visible context. We then show that the resulting entropy-rate quantity is
exactly equivalent to the gambler-based notion.

Fix (K,r) and abbreviate again ¥ = Xg, V = Vg, and p(a | v) = pxr(a | v). Let
z € (0,1)\Qandlet y = y) () = y1ya - - -. Foreach j € N, define v; = suf,.(y; -+ yr4;) €V
and a; = yr4j+1 € L. Thus v; is the current visible r-context immediately before the symbol
a;. For n > 1, define

P,(v,a) = M, an(v) = ZPn(v,a).

Nn(v,a):’{O§j<n:(vj,aj):(v,a)} , -
acX

Whenever «,(v) > 0, define the empirical conditional distribution by P,(a | v) = w. If

(v)
an(v) = 0, we define P, (- | v) arbitrarily; such contexts carry zero weight in all the formulas

below. Using the information-theoretic notation from the preliminaries, we now define
K, r
h,, Zan P, ( ZZP valogp(a|v)

veV veV aeX

and

T P, (v,a)l
x) Zan(v) P.(-|v),p ZZ (v,a)log ——— (a|v)

veV vEV a€X

Thus kX7 (x) is the empirical conditional entropy of the next symbol given the current
context, while j57(z) is the corresponding empirical cross-entropy relative to the reference
probability px . We then define 4

hK r( )
FEg., = hmlnfi.
K, ( ) n— 0o ]Kr(x)

» Definition 10. The continued fraction entropy dimension of = is

. E
dimer(e) = Juf, Juf Prer(®)

The next lemma records the basic inequalities satisfied by these quantities and identifies the
gap between h$"(z) and j&7(z) as an average Kullback-Leibler divergence.

» Lemma 11. For every x, K, v, and n > 1, one has 0 < hf57(z) < jE7(2) and 57 (z) >
log ﬁr > 0. More precisely, j57(x) — hET(2) = Zvev (V) D(Pn(o | v) |l p(- | v))

4 This is the continued fractions analogue of the usual normalized block entropy rate. In the base-b case

the reference law is umform, so the cross-entropy denominator is constant: for L-blocks it is Llogb.

Thus the ratio hX" /dn KT reduces exactly to the standard block entropy rate in [5].
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5.1 Equivalence of gamblers and entropy

We now prove that the entropy-rate formulation introduced above is exactly equivalent to
the gambler-based notion of continued fraction finite-state dimension. We begin with the
direction from entropy to gamblers.

» Theorem 12. For every irrational x, every K > 1, and every r > 0, dim%T(:z:) < Bk (x).

Proof sketch. Fix s > Ex (). Choose a subsequence on which h"(z) /557 (z) has limit
< s, and pass further so that the empirical pair laws P,, converge to some P on V x X.
Continuity of the finite entropy expressions gives s j(P) + >, , P(v,a)log P(a | v) > 0. We
now build the gambler from this limiting law. In context v, it bets according to a small
full-support perturbation of P(- | v). This removes zero-probability issues while preserving, by
continuity, the above strict positivity for all large P, along the subsequence. The log-capital
identity then gives

logd$) (y1 -+ Yren) = n (wfﬂ”(a:) + 3" Pu(v,a)log B(v)(a)> :

v,a

The bracketed term is eventually positive along the subsequence, so the capital grows
exponentially there. Hence 8 succeeds at exponent s, giving dim%r(x) < s. Since this holds
for every s > Ek ,(x), the claim follows. <

» Theorem 13. For every irrational x, every K > 1, and everyr > 0, Ex »(z) < dim%r(x).

Proof sketch. Fix s > dim%r (z), and let 8 be a (K, r)-context gambler that succeeds at
exponent s on z. For infinitely many n, its capital satisfies dgs)(yl “+ Ypan) > 1. Writing the

logarithm of the capital in terms of the empirical transition law P,, gives the inequality

sjff”’(x) + Z P, (v,a)log B(v)(a) > 0

v,a

for infinitely many n. The second term is controlled by the empirical conditional entropy:
applying the nonnegativity of KL divergence separately in each context and then averaging
with weights a, (v) gives -, , Pn(v,a)log B(v)(a) < —hEr(x). Hence hEm (x) < 557 (2)
along infinitely many n, and therefore Ek .(z) < s. Since s > dim%r(x) was arbitrary,
Bk, (z) < dim§ . (z). <

Together, the two theorems give the exact equivalence at each fixed pair of parameters.
» Corollary 14. For every irrational x, every K > 1, and every r > 0, dim%T(aj) = FEk ().

Taking the infimum over all truncation levels and context lengths now yields the entropy-
rate formulation of continued fraction finite-state dimension.

» Corollary 15. For every irrational x, dimSp(z) = dimEp ().

6 A dimension characterization of continued fraction normality

We now prove that full continued fraction finite-state dimension is exactly the same as
continued fraction normality. First we show that continued fraction normality forces entropy
dimension to be equal to 1. For the converse, starting from a failure of normality, we pass to
a limiting empirical law on contexts and next symbols. The consistency relations between
block frequencies forces its context marginal to be the stationary distribution for the finite
Markov chain induced by the conditional probabilities and yields a positive entropy defect.
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» Theorem 16. If x is continued fraction normal, then dimgp(z) = 1.

Proof. Fix arbitrary K > 1 and r > 0, and let y = y(*) (x). For each v € Vi, and each
a € Yk, the event (vj,a;) = (v, a) is exactly the event that the truncated word va occurs in
y starting at position j + 1. Therefore

1
Py(w,a) = =|{1 <i<n:yi yir, = va}|.
n
By Lemma 3, we have P, (v, a) — vk (va) as n — oo for every v € Vi, and every a € Y.
Consequently, o, (v) = >, Pa(v,a) = vk (v) and Py(a | v) = vk (va)/vx (v) = prr(a | v)

for every v € Vg ,. By continuity of entropy and cross-entropy on the finite simplex,
hET(x) — h* and jX7(z) — j*, where

=3 @) Y pla| v)logm

veEV a€EX
and
1
=Y k@)Y pla]v)log ——.
2 wel) 2 ple ] e)log s

Thus h* = j*. By Lemma 11, we have j57(z) > log(1/Mg,) > 0 for all n, so in particular
j* > 0. Therefore

hK,r
Exo(z) = lim 2@ _
n—oo gob (Z‘)
Since K and r were arbitrary, it follows that dim&p(z) = inf x> inf,>o Ex () = 1. <

» Theorem 17. If dim&p(z) = 1, then x is continued fraction normal.

Proof. We prove the contrapositive. Assume that x is not continued fraction normal. Then
there exists a finite ordinary word b = by - - - b; € N such that

%|{O§i<N:Tix€Cb}|

does not converge to v(Cp) as N — oco. Choose K > max{b1,...,b:}. Then b may also be
regarded as a word in X% with no occurrence of *. Let y = y ) (x) = y1y2---. Because
every digit in b is at most K, an occurrence of b in the continued fraction digit expansion of
x is exactly the same thing as an occurrence of the truncated word b in y. Therefore

%|{1§i§N:yi"’yi+t—l :b}|

does not converge to vi (b) = v(Ch). Set r =t — 1. Then for v € Vi, and a € X,
P,(v,a) = %Hl <i<niypYige =val|.

In particular, writing v* = by -- - b;_1 and a* = b;, we have
Py (v*,a") = %Hl <i<niyeyire-1 = b},

which does not converge to vk (b). Therefore the family (Pn(v,a))vevK acs, does not

converge to (“YK (va)) . Since the simplex of probability distributions on the finite

veEVK r,a€XK
set Vi x Lk is compact, there exists a subsequence (n,,) and a probability distribution
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v € P(Vk, x £k) such that P, _(v,a) — v(v,a) for every v € Vi, and every a € g,
and such that v(v*,a*) # vk (b). Define a(v) = >, o5, v(v,a). If a(v) > 0, define
v(a | v) =v(v,a)/a(v); if a(v) =0, define v(- | v) arbitrarily. We now pass to the limiting
entropy quantities. Since

n ZP v,a)log P, (v,a +Zoénm )log an,, (v),

continuity on the finite simplex gives

1
hffmr( ) — h(v) = vza: v(v,a)logv(v,a +Z v)log a(v) = ;V(v,a)log Salw)
Also, jir(z) — j(v) := > v.a V(v,a)log m, since j,ﬁ”( ) is linear in the empirical

distribution. Moreover, Lemma 11 gives 557 (z) > log M ->0 for all n, so in particular

j(v) > log M}(” > 0. By Lemma 11,

JW)=hw)= Y ) D((|v) | px.r(- | v).

veVE, r

We claim that j(v) — h(v) > 0. Suppose for contradiction that j(v) — h(r) = 0. Then every
term in the sum is zero, so for every v with a(v) > 0, we have v(- | v) = pg (- | v). Hence

v(v,a) = a(v) prr(a|v) for every v € Vi ,, a € L.

We now split into two cases.

Case 1: » = 0. Then Vx = {A} and a(X) = 1. Therefore v(\,a) = pxo(a| ) = vk (a)
for all a € ¥k, so v = vk on Vi X Xk, contradicting the choice of v.

Fix v = v1--v. € Vi, Then 3 5 Po(v,a) = %’{1 << n:

Case 2: r >
= while

YiYitr—1

1.
v},

1 .
Z P, (cvy - vp_1,v,) = f|{2 <i<n+1l:y - Yirr_1= v}’
CcEX K "

These two counts differ by at most 1, so

Z Py (v,a) — Z Po(cvr - vp_1,0,)| <

a€EX K cEX K

S

Passing to the subsequence limit gives
alv) = Z v(cvy - Vp_1,0p).
CcEX K
Using v(v,a) = a(v)pk r(a | v), we obtain

Z Z Oé(U)pK,T(a | 'U) (w S VK,T)'

veEVK,r a€EXk
suf, (va)=w

Thus « is a stationary distribution for the finite Markov chain on Vi, whose transition rule
is: from v, output a with probability px -(a | v) and move to suf,(va).
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This chain is irreducible, because every one-step probability px (a | v) is positive by
Lemma 2, and from any state v one can reach any state w = ws - - - w, by reading the symbols
wy, ..., w,. Hence the chain has a unique stationary distribution.

On the other hand, the distribution 7 (v) = vk (v) for v € Vi, is stationary for the same
chain. Indeed,

Z Z m(v) pxr(a | v) = Z Z 7K(U)W{(va)

veEVEK A€YK vEVEK a€EX K VK(’U)
suf, (va)=w suf, (va)=w
= > ().
zEZ}jl
suf,.(z)=w
Because the truncated process under + is stationary, the probability that coordinates 2,...,r+
1 equal w is the same as the probability that coordinates 1,...,r equal w, namely v (w).

The probability of the event “coordinates 2,...,r + 1 equal w” is exactly the last displayed
sum. Therefore

Yo > wpkalalv) =k (w) = m(w).
vEVEK,» a€Xk
suf, (va)=w
So = is stationary.

By uniqueness of stationary distributions, cw = m, that is, a(v) = yx (v) for every v € Vi ..
Hence v(v,a) = a(v)pkr(a | v) = vi(v) LY
a € Y. This contradicts the choice of v.

In both cases we get a contradiction. Therefore j(v) — h(v) > 0. Since j(v) > 0, it follows
that h(v)/j(v) < 1. But along the subsequence (n,), we have

= vk (va) for every v € Vi, and every

hir(2) h(v)
gm () W)

Therefore
hK,r
Ek (x) =lim inf%(@ <1

Hence dimgp(z) < Ex(z) < 1.
This proves the contrapositive: if x is not continued fraction normal, then dimgF(x) <1
Therefore dimEp(z) = 1 implies that z is continued fraction normal. <

Together with Corollary 15, the above results give the desired characterization.

» Corollary 18. For every irrational x € (0,1) \ Q,
x is continued fraction normal <= dimgp(z) =1 <= dim&p(z) = 1.

At the other extreme, the dimension also identifies simple deterministic continued fraction
expansions as having dimension zero. Recall that quadratic irrationals are exactly those real
numbers whose continued fraction expansions are eventually periodic [14]. Let = € (0,1) \ Q
be a quadratic irrational. Its continued fraction digits are eventually periodic, and hence
bounded. Choose K large enough to contain all digits appearing in the expansion, and choose r
large enough that every length-r context occurring after the initial prefix uniquely determines
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the next digit. For any s > 0, define a (K, r)-context gambler that bets probability 1 on
this uniquely determined next digit on the contexts occurring along the eventual period,
and define it arbitrarily elsewhere. Along the expansion of z, after the initial context, every
bet is correct. Hence the capital grows exponentially for every s > 0. Since dimensions are
nonnegative, it follows that

dim&p (z) = dim&p (z) = 0.

Thus all quadratic irrationals have continued fraction finite-state dimension zero.

7 A Schnorr—Stimm dichotomy for continued fractions

The previous sections introduced the restricted context-gambler model, established its entropy-
rate formulation, and showed that continued fraction normality is equivalent to continued
fraction finite-state dimension 1. In the classical base-b setting, a foundational theorem
of Schnorr and Stimm [21] gives a sharp dynamical picture of finite-state randomness: on
every normal sequence a finite-state gambler either preserves constant capital or loses at
an exponential rate, while on every non-normal sequence some finite-state gambler wins
at an exponential rate. The goal of this section is to prove the corresponding dichotomy
for context gamblers in the continued fraction setting. A quantitative refinement of the
classical Schnorr—Stimm picture was given by Huang, Lutz, Mayordomo, and Stull, who used
asymptotic KL divergences and gambler risk to measure the exponential rates of winning
and losing for finite-state gamblers over product reference measures [12].

We begin by recording the exact exponential growth rate of the capital process at
exponent 1. Fix K > 1, r > 0, and a (K,r)-context gambler 3 : Vi, — P(Xk). Let
y = y(K)(ac) = y1y2y3 - - - be the truncated digit sequence of x. For n > 1, define v; =
suf,(y1 - Yr4i) € Vir and a; = ypqi41 € Lk for 0 < i < n. Thus v; is the visible context
before the (i + 1)st step after the initial r symbols, and a; is the next symbol read at that
step. Iterating the defining recursion for the capital process gives, for every n > 1,

& o Bi)(a)

log dy” (y1 -+ Yrin) = log —————. 1
B8 ( 1 + ) ; pK,r(ai | Ui) ( )
For v € Vi, and a € Sk, let P,(v,a) = * ’{0 <i<n:(v,a)= (v,a)}’ be the empirical
frequency of the pair (v,a). Grouping the sum in (1) by the pair (v,a) yields

%IOgd(ﬁl)(yl"'yr—ﬁ-n - Z Z n U a log 6( )( ) (2)

vEVEK,» aEXK PK, T(a | ’U)

We first analyze what happens on continued fraction normal points. The conclusion is
that a context gambler either matches the reference distribution exactly and keeps its capital
constant, or else it loses at an exponential rate.

» Theorem 19. Let x be continued fraction normal, and fit K > 1, r > 0, and a (K,r)-
context gambler 5. Then

lim llogal;;)(zn-“ywrn):— Z vk (V) (pKr( | v) || B(v ))

n—oo N
vEVEK -

In particular, dg)(yl--yn) =1 for alln > r if B(v) = pr.(- | v) for every v € Vi .

) =
Otherwise there exists ¢ > 0 such that d(ﬁl)(w e Ypan) < e for all sufficiently large n.
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We next show that every failure of continued fraction normality can be exploited by
some context gambler at a positive exponential rate. The construction reuses the limiting
distribution obtained in the proof that non-normality forces the entropy ratio below 1.

» Theorem 20. If x is not continued fraction normal, then there exist parameters K > 1,
r >0, and a (K,r)-context gambler B such that limsup,,_, . + log dg)(yl e Ypyn) > 0. In
particular, B wins at a positive exponential rate along an infinite subsequence.

We can now state the dichotomy in its final form.

» Theorem 21 (Schnorr-Stimm dichotomy for context gamblers). Let z € (0,1)\Q be érrational,

and for each K > 1 let y =y (x) be its K-truncated continued fraction expansion. Then

the following dichotomy holds.

1. If x is continued fraction normal, then for every K > 1, every r > 0, and every (K, r)-
context gambler B, either

d(ﬁl)(yl o Ypan) =1 foralln >0,

or there exists ¢ > 0 such that

—Ccn

dg)(yl o Yran) < e for all sufficiently large n.

2. If x is not continued fraction normal, then there exist K > 1, r >0, and a (K, r)-context
gambler B such that, for some ¢ > 0,

dg)(lh cYpgn) > € for infinitely many n.

Thus the restricted context-gambler model recovers the exact continued fraction analogue
of the classical Schnorr—Stimm picture: normality is precisely the point at which finite-state
betting loses all positive exponential advantage.

8 Discussion and open questions

We have introduced a bounded-memory dimension theory for continued fractions with the
expected core features: an entropy-rate formulation, a characterization of continued fraction
normality at dimension 1, and a Schnorr—Stimm dichotomy. These results suggest several
further questions.

A natural question concerns the full-past model. Here, the payoff rule depends on the
entire past while the gambler still has only finite memory, a distinction that does not arise in
the base-b setting because the one-step conditional law is constant. This leads to the following
question: Does there exist a continued fraction non-normal real number x such that, under
the full-past payoff rule, no finite-state gambler wins on x at a positive exponential rate? A
positive answer would show that the model fails to capture non-normality as well, while a
negative answer would say that full-past gamblers still detect every failure of normality.

A broader problem is to understand how much of the classical finite-state dimension
program extends to continued fractions. In the base-b setting, one guiding theme is Lutz’s
Normality-Dimension Thesis [15], which postulates that every theorem concerning Borel
normality is the dimension-1 special case of a more general theorem concerning finite-state
dimension. Our results make it possible to pose the continued fraction version: “FEvery
theorem concerning continued fraction normality is the dimension-1 special case of a more
general theorem concerning continued fraction finite-state dimension.” However, the continued
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fraction setting is less rigid because the Gauss measure is not a product measure. One basic
example is selection: in the base-b setting, arithmetic-progression subsequences preserve
normality, whereas in the continued fraction setting every nontrivial arithmetic-progression
subsequence of a continued fraction normal number is non-normal [10]. This does not by
itself refute the Normality—Dimension Thesis for continued fractions, but it suggest that the
continued fraction setting is a natural place to test its limits.

Two concrete tests for the Normality—Dimension Thesis in the continued fraction setting
are the following. First, Vandehey proved that nondegenerate rational matrix transformations
preserve continued fraction normality [22]. Similar preservation phenomena are known for
base-b normality and base-b finite-state dimension [24, 8, 20, 3]. Does the same kind of
transformation also preserve continued fraction finite-state dimension? Second, sliding-block
and disjoint-block definitions of continued fraction normality are known to be equivalent [17].
Since our entropy formulation is based on sliding empirical frequencies, one can ask whether
the corresponding definition using disjoint blocks gives the same value. Equivalently, do the
sliding-block and disjoint-block entropy rates lead to the same notion of continued fraction
dimension?

A further direction is to develop a theory of continued fraction finite-state strong di-
mension [2]. On the gambling side, this means replacing infinitely-often unbounded capital
by capital tending to infinity along the sequence. On the entropy side, the corresponding
change is to replace the lower entropy rate by the upper entropy rate. In the base-b setting,
known entropy-rate arguments for strong finite-state dimension use finite-state memory in
an essential way, for instance to combine finitely many local betting strategies. Since context
gamblers have no additional state information beyond the visible truncated context, these
arguments no longer apply in the current setting. A strong-dimension theory in this setting
therefore seems to require new methods.
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