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Abstract
In the standard Freeze-Tag Problem (FTP), an initially awake robot (the source) is in charge of
waking up a swarm of sleeping robots by moving towards them, given that all the awake robots can
participate in the awakening process. The goal is to minimize the makespan to wake up all robots
assuming they move at unit speed. In this paper we introduce the Freeze-Tag-with-Return Problem
(FTRP) variant, where the robots must eventually return to their initial positions.

In the Euclidean plane with n sleeping robots lying on the unit disk centered at the initial
position of the source, we show a non-trivial relationship between FTP and FTRP by proving that
the difference between the optimal makespan of both problems never exceeds 1.959, and is at least
1.732 in the worst-case. We also present several upper and lower bounds on the optimal makespan.
In particular, we show that if the sleeping robots are in convex positions, then the optimal makespan
is at most 2 ` 2

?
2, which is achieved by some instances.

From an algorithmic point-of-view, we present single-exponential algorithms for general distance
functions. In metric spaces, these algorithms are asymptotically optimal under the ETH, which we
show via an NP-hardness reduction on unweighted graphs.
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1 Introduction

The Freeze-Tag Problem (FTP) was introduced by [3] and describes the following problem:
given a set of n sleeping robots and one initial awake robot, the goal is to wake up all robots
as fast as possible. In the context of energy-constrained autonomous robotics, the sleep state
provides the necessary downtime for energy harvesting processes. What makes the problem
interesting is that an awake robot must move to a sleeping robot to wake it up. Furthermore,
once several robots are awake, they can collaborate to wake up the remaining sleeping robots.
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43:2 Freeze-Tag with Return

The makespan is defined as the time required to wake up all robots. Robots are assumed to
move at a constant speed and thus the time can also be expressed as the total length of a
longest trajectory followed by a sequence of awake robots to wake up a sleeping robot.

In the following, we propose a new version of this problem, in which the robots, once
awakened and after participating in the wake-up process, must return to their initial positions.
The objective is now to minimize the time, still referred to as the makespan, required for
all robots to be both awake and back to an initial position. We call this problem the
Freeze-Tag-with-Return Problem (FTRP). We introduce two variants: in the first, called
FTRPid, each robot has an identifier and must return exactly to its own initial position,
while in the second, called FTRPa, the robots are anonymous and only need to end at some
arbitrary initial position, provided that each initial position contains a robot at the end.

Our problem is motivated by scenarios where robots, once awakened and their wake-
up task is completed, must come back to perform specific tasks at their initial positions:
inspection of infrastructures or environment (fire detection), cleaning up an area, collecting
or delivering objects like batteries, or performing mechanical maintenance. When robots are
interchangeable, the FTRPa variant is enough, whereas when robots have specific roles or
skills, the FTRPid variant is necessary.

Note that for any configuration of initial positions, the optimal makespan for the FTRP
(both variants) is at most the makespan of the FTP plus the largest distance D between any
two initial positions (to allow each robot to come back once awakened), and is at least the
optimal makespan of the FTP plus the smallest distance between any two initial positions
(since the robot awakening the last sleeping robot needs to go to another initial position).
For the graph setting, the overhead due to returns can reach D. Take an unweighted star of
3 leaves containing sleeping robots and the initial awake robot located at the center. The
makespan of FTP and FTRP for this instance are respectively 3 and 5. In this work we
consider the question of whether these bounds for the overhead are tight.

State of the art. The FTP has received significant attention since its introduction [3].
Several complexity results have been obtained, showing that the problem is NP-hard, first
for metrics induced by weighted star graphs and unweighted trees [4], then for Euclidean
metrics in dimension 3 [13], ℓp metrics in dimension 3 for p ą 1 [9], for the Euclidean metric
in dimension 2 [1], for ℓ1 metric in dimension 3 [14], and recently claimed for ℓ1 metric in
dimension 2 [15]. On the other hand, there is a known PTAS for FTP in pRd, ℓpq that runs
in time Opn log nq ` 2pd{εq

Opdq [4], subject to ε ď εd, where εd depends on the dimension d.
A key parameter for an FTP instance is its radius, the maximum distance between the

initial robot and any sleeping robot. Obviously, the radius is a lower bound for the optimal
makespan. In the Euclidean plane, the worst-case optimal makespan for an instance of
radius 1 with n sleeping robots is denoted by γpnq. To warm up, we can observe that γp1q “ 1
and γp2q “ γp3q “ 3 (take sleeping robots being diametrically opposed). We call the wake-up
constant γ “ supnPN γpnq. As the authors of [5] proved, γ ě γp4q “ 1 ` 2

?
2 « 3.83, and

they have conjectured that this value is the worst possible, that is, γ “ γp4q. Actually they
have proposed a general conjecture claiming that the wake-up constant is reached with n “ 4,
in any norm. For instance, the conjectured wake-up constant for ℓp is 1 ` 21`maxt1{p,1´1{pu,
which holds for p P t1, 2, 8u. It turns out that γpnq is much smaller whenever n is large, as
they showed that γpnq “ 3 ` Op1{

?
n q.

Polynomial-time approximation algorithms have been proposed, leading to the following
upper bound on the wake-up constant γ: 57 [4], 10.07 [17], 7.07 [5], 4.63 [7], 4.31 [2]. In the
case of the plane equipped with the ℓ1 metric, a linear time algorithm has been proposed
with a makespan bounded by 5 times the radius, which is best possible [5].
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FTP has also been studied in online and distributed contexts. In the online context,
sleeping robots appear as time progresses [8, 12]. In the distributed context, robots do not
have knowledge of the other robots’ positions. They need to explore regions with a bounded
vision and also limited communication capabilities (two awake robots can only communicate
if they are within a certain distance) [11].

Table 1 Lower and upper bounds for the minimum makespan in the Euclidean plane.

γpnq γidpnq (our results)

Lower Bound n “ 4 1 ` 2
?

2 « 3.823 2 ` 2
?

2 « 4.823 [Theorem 1]
Lower Bound for any n ě 5 3 4.672* [Theorem 1]
UB (Convex case) for any n 1 ` 2

?
2 2 ` 2

?
2 « 4.823 [Theorem 2]

Upper Bound n large 3 ` Op1{
?

n q 4.89 ` Op1{
?

n q [Theorem 4]
Upper Bound for any n 4.31 6.269 “ 4.31 ` 1.959 [Theorem 5]

*We get a different bound for FTRPa: @n ě 5, γapnq ě 1 `
1
4 p71{4

` 73{4
q
?

6 « 4.631.

Contributions. Our goal is to compute and minimize the makespan for the FTRP. As for
FTP, γid “ supnPN γidpnq is the wake-up and return constant for the FTRPid and we use
notation γa similarly for FTRPa. γidpnq is the worst-case makespan for n sleeping robots
within a unit disk centered at the source in the FTRPid model.

Our contributions can be summarized as follows:
(1) In Section 3, we present several lower and upper bounds on the makespan of FTRPid

and FTRPa in the Euclidean plane. In particular, we show that the overhead due to
returns is at most 1.959, and thus never exceeds D “ 2. We also remark that some
distributions prove that the overhead must be at least

?
3 ą 1.732.

(2) In Section 4, we show that computing the optimal makespan is NP-hard in the (un-
weighted) graph model setting for both variants FTRPid and FTRPa.

(3) In Section 5, we present three 2Opnq-time algorithms to compute the optimal makespan
for the FTP and both variants of the FTRP for any non-negative distance function,
therefore including Euclidean and metric spaces and weighted graph instances.

More precisely, in the Euclidean plane, Theorem 1 states that γid and γa are both at
least 2 ` 2

?
2 and that this lower bound is achieved for n “ 4 (see Corollary 3). We show in

Theorem 2 that this is also an upper bound for any distribution of sleeping robots in convex
positions. Even if there are some pairs of robots at a pairwise distance D “ 2, surprisingly,
we show in Theorem 5 that the optimal makespan of any instance of FTP and FTRPid
have a difference that never exceeds 1.959.

Table 1 summarizes the different known bounds for γpnq, and the new ones we get for
γidpnq. Note that each upper bound for FTRPid is also an upper bound for FTRPa and
that each lower bound for FTRPa is also a lower bound for FTRPid. Although we exhibit
some specific distributions having different optimal makespan for FTRPa and FTRPid, we
are unable to prove a gap between the wake-up return constants γa and γid, which deal with
worst-case distributions.

In Theorem 9, we show that even if we restrict the metric space to unweighted graphs of
bounded degree, FTRPid and FTRPa are both NP-hard. Moreover, unless the ETH fails,
no algorithm can solve any of these problems in time 2opnq.

MFCS 2026
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Complementarily, in Section 5, we provide algorithms returning the optimal makespan
for any instance of FTP, FTRPid, and FTRPa in time Op3nn2q, Op3nn3q, and Op9nn3{2q

respectively. These algorithms have been implemented, and used to verify our lower bounds
for small n.

2 Preliminaries

In this section we give formal definitions of the key concepts introduced above. An instance
is defined by a multi-set of points P “ tP0, . . . , Pnu within a metric space pX, dq, each point
Pi being associated with a robot ri initially located at Pi. Depending on the context, Pr

also stands for the initial position of robot r. We assume that r0 at P0 is the initially awake
robot, and denote by R the set of all robots.

The solution of an FTP-instance can be encoded by a wake-up tree T “ pP, ETq, a
weighted tree rooted at P0 that spans P. The existence of an edge pPi, Pjq P ET means that
robot rj is woken up by an awake robot previously located at node Pi. In other words, rj is
woken up by ri or by the robot r1 that moved to Pi and woke up ri. As a result, the root
has at most one child, and any node has up to two children.

Arcs of ET are called wake-up arcs and are oriented from parent to child. The weight of
arcs are given by the (metric) distance d between the positions of their endpoints, which can
be zero since we allow co-located robots.

P0 P1

P2

P5

P3

P0

P3

P4P4

P2

P1

(a)

P0 P1

P2

P5

P2

P5 P0

P3

P4

P3

P4

P1

(b)

P0 P1

P2

P5

P3

P4

(c)

Figure 1 (a) A FTRPa wake-up strategy (self-loops on P4 and P5 are omitted). (b) A FTRPid
wake-up strategy: r0 wakes up tr1, r2u and comes back, r1 wakes up tr3, r4u and comes back, r2

wakes up r5 and comes back. The robots r3, r4 and r5 do not move. (c) The same FTRPid wake-up
strategy is represented with a bicolored tree: the return arcs are between endpoints of maximal
monochromatic sub-paths.

Given a wake-up tree T, the wake-up time of a robot ri (resp. position Pi) is denoted
wuTpriq (resp. wuTpPiq) and corresponds to the weighted length of the path from P0 to Pi

in T. Thus the makespan of a wake-up strategy encoded by T is the weighted depth of T.
A solution to an instance P of FTRPa can be encoded by a tree being an extension

of the wake-up tree duplicating the initial positions and adding the clones as leaves. For
convenience, we represent a solution with a pair pT, Erq where T “ pP, ETq is a wake-up
tree of P and Er Ď P2 is a set of return arcs, such that each Pi P P is the destination of
exactly one return arc and the graph pP, ET Y Erq is an oriented Eulerian graph (i.e. each
vertex has as many outgoing arcs as incoming arcs). Self-loops are allowed and correspond



N. Bonichon, C. Gavoille, N. Hanusse, G. Le Bouder, T. Marcé, and N. Morawietz 43:5

to a robot staying still during the process (see Figure 1a). The completion time of rj is the
quantity copriq “ wuTprjq ` dpPj , Piq, where pPj , Piq P Er. The makespan of a pair pT, Erq

is the maximum over all completion times.
A solution pT, Erq for an instance of FTRPa is also a solution for the same instance of

FTRPid if each robot ri returns to its initial position Pi after waking up the other robots.
It is the case if each edge of the graph pP, ET Y Erq belongs to a unique cycle. The solution
depicted on Figure 1b satisfies this property, while the one on Figure 1a does not.

Unlike for FTP or FTRPa where robots are indistinguishable, defining a strategy in
id context requires specifying each robot’s trajectory. For ri P R we define lastri

P P as the
last position visited by ri before returning to Pi. As an example, given a FTRPid solution
encoded by a pair pT, Erq, ri’s trajectory is the unique cycle of pP, ET Y Erq containing the
return arc that ends at Pi. This arc is plastri , Piq and is called ri’s return arc.

Conversely, given a trajectory for each robot (seen as a sequence of points of P), it is
immediate to get the corresponding wake-up tree, where each trajectory (minus the return
arc) will still appear as a branch of that tree. There is a one-to-one correspondence between
robots and trajectories by introducing a bicoloring of the tree arcs (as depicted on Figure 1c).
Most strategies depicted in the present article are represented using bicolored trees. The
return arc of a robot ri always goes from the leaf of the monochromatic path rooted in Pi,
which is lastri

, to Pi.

3 Lower and Upper Bounds for Euclidean Plane

3.1 Lower bounds

As soon as n ě 3, getting a lower bound on γidpnq and γapnq is not straightforward. We
only give here some hints to explain how we get our bounds. Informally, the construction
of the lower bounds is based on regular convex configurations for n “ 3 and n “ 4 and on
properties of the wake-up trees (number of leaves and the minimum completion time for the
robots reaching the leaves).

P0 P1

P3

P2

√
3

(a)

P0 P1

P2

P3

P4

√
2

(b)

P1, P5 . . . Pn

P2

P3

P4

P0

(c)

P1, P6 . . . Pn

P2

P3

P4 P5

P0

(d)

Figure 2 (a) and (b): Worst distributions for n “ 3 and n “ 4, and their optimal wake-up trees
for FTRPid. (c): Asymptotic lower bound for FTRPa. (d): Asymptotic lower bound for FTRPid.
In these two last configurations, there are respectively n ´ 3, n ´ 4 robots at P1.

▶ Theorem 1 (Lower bounds). The following inequalities hold true.
γidp3q ě γap3q ě 1 ` 2

?
3 « 4.46,

γidp4q ě γap4q ě 2 ` 2
?

2 « 4.824,

For any n ě 5, γapnq ě 1 ` 1
4 p71{4 ` 73{4q

?
6 ą 4.631 and γidpnq ą 4.672.

MFCS 2026
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It turns out that these lower bounds are tight for n “ 3 and n “ 4 (as we show in
the next section). For n ě 5, a new phenomenon appears: the lower bounds (and the
underlying distributions of robots) are not the same for γidpnq and γapnq. Moreover, the
worst distribution of robots is no longer regular. For instance, to lower bound γapnq (see
Figure 2c) whenever n ě 5, we spread the n sleeping robots on 4 sites: n ´ 3 sleeping robots
are located on the unit circle with the same angle α1 “ 0, i.e., with P1 “ P5 “ ¨ ¨ ¨ “ Pn,
whereas the angles of the three remaining robots at P2, P3, P4 are respectively

α2 “ 2 arctan
ˆ

71{4?
6

3
?

7 ´ 1

˙

, α3 “ α2 ` 2 arctan
ˆ

71{4?
6

p
?

7 ´ 1qp4
?

7 ´ 6q

˙

, α4 “ α3 ` α2.

In this configuration, regardless of the value of n, at most 2 robots positioned at P1 need to
move to wake the other robots. It is therefore sufficient to analyze the case n “ 5, which is
done by evaluating a finite number of wake-up trees. See the full version [6] for the full proof
of Theorem 1.

3.2 Upper bounds
3.2.1 The convex case
In this section we focus on the case where sleeping robots are in a convex configuration
within a unit disk. We provide a dedicated algorithm, called Convex, and we show that it
achieves a makespan of 2 ` 2

?
2 for the FTRPid.

▶ Theorem 2. For any unit-disk instance1 P where the sleeping robots are in convex position,
the makespan of FTRPid for P is at most 2 ` 2

?
2.

Assuming that positions can be ordered cyclically with respect to their angular distances
to a fixed point, we sketch Algorithm Convex (see Figure 3) used for the proof of Theorem 2:
(1) First, we show that the worst distribution is obtained whenever the sleeping robots lie on
the boundary of the unit circle. (2) We then define a simple algorithm, called Linear, to
wake up consecutive robots according to a cyclic ordering: informally, robot ri located at
position Pi wakes up ri`1 and returns to Pi. (3) Given a specific geometric position Q, we
partition the circle into 3 arcs pP1, Qq, pQ, Pkq and pPk`1, P1q with respect to the maximum
empty cone of angle β between points Pk and Pk`1. Point P1 is diametrically opposed to
the widest empty cone of measure β. Robot r0 wakes up the extreme robots r1, r2 and rj

and returns to P0. (4) In each arc, Algorithm Linear is applied. The analysis is based on a
precise analysis of this algorithm and the position of Q.

As a corollary of Theorem 2, we can get upper bounds for γidpnq and γapnq for n P t3, 4u

by adding a specific algorithm for the non-convex distributions for n “ 4 (for a proof, see
the full version [6]). According to Theorem 1, these upper bounds are best possible.

▶ Corollary 3. It holds that γap3q “ γidp3q “ 1 ` 2
?

3 and γap4q “ γidp4q “ 2 ` 2
?

2.

3.2.2 Asymptotic upper bound
We adapt the FTP algorithm from [5, Theorem 2] (cone+return+cone). In this version, the
disk is divided into

?
n cones of equal angle. First, we wake up the robots in the densest cone.

This cone contains at least
?

n robots. For each remaining cone, we use one awake robot.

1 That is a distribution of robots in the unit disk of pR2, ℓ2q where the initial awake robot is at the origin.
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Figure 3 Bi-colored wake-up tree resulting from Algorithm Convex in the proof of Theorem 2.
Highlighted arcs are woken up using Algorithm Linear.

This algorithm is called SplitConeStrategy. It runs in Opn log nq time and produces
a makespan of at most 3 ` Op1{

?
n q for the FTP problem. Unfortunately, for the FTRP

problem, the makespan of this algorithm can reach 5 ` Op1{
?

n q (for example, for n points
equally distributed on the unit circle). Indeed, the robot that must wake up the cone opposite
to its initial position might have a return arc of length up to 2.

Our new algorithm relies on two ideas. The first idea is to use the initial robot to wake
up the cone Cb opposite to the initial cone and assign it a larger opening αb « 0.9439.
The second idea is to use a second robot if Cb contains another robot at a distance of at
most ρc « 0.9445 from P0. With these two ingredients, we can reduce the makespan to
4.89 ` Op1{

?
n q.

▶ Theorem 4. For any unit-disk instance with n sleeping robots, we can build in
time Opn log nq an FTRPid solution with a makespan of 4.89 ` Op1{

?
n q.

3.2.3 General upper bound
In this section, we present the general ideas of the proof of Theorem 5. The detailed proofs
are deferred to the full version [6].

▶ Theorem 5. Let t be the makespan of a solution of the FTP for a unit-disk instance P.
There exists a solution of makespan tR for the FTRPid on P such that tR ă t ` 1.9583. In
particular, for every n P N, γidpnq ă γpnq ` 1.9583.

We observe that the constant 1.9583 in Theorem 5 cannot be replaced by any constant
less or equal to

?
3 « 1.732. Indeed, consider the worst-case distribution for γidp3q, where

the sleeping 3 robots are pairwise at distance
?

3 (cf. Figure 2a). Clearly, such distribution
has a solution for FTP with makespan t ď 1 `

?
3, whereas the makespan of any solution

for FTRPid or FTRPa must be at least tR ě 1 ` 2
?

3 ě t `
?

3 (cf. Theorem 1).
Let us sketch the proof of Theorem 5. We show that there is some ε ą 0 such that, for

each distribution P of robots, for which there is a wake-up tree T with makespan t solving
FTP on P , there is also a wake-up tree and return arcs for FTRPid with makespan at most
t ` 2 ´ ε. For a specific value of ε, we show that 0.0417 can be chosen, but most of our
arguments apply for possibly way larger values of ε. However, from the previous discussion
such ε must be less than 2 ´

?
3 « 0.2679.

MFCS 2026



43:8 Freeze-Tag with Return

Starting with a wake-up tree T for P, we can consider any solution pT, Erq for FTRPid.
For each robot r P R, its completion time is wuTplastrq ` |lastrPr|. Let pr, r1q be a pair of
robots such that Pr1 is an ancestor of Pr in T. We say that pPr, Pr1 q is an ε-good pair, if
wuTpPrq ` |PrPr1 | ď t ` 2 ´ ε. Otherwise, we call pPr, Pr1 q an ε-bad pair. Similarly, we call a
return arc plastr, Prq ε-good if plastr, Prq is an ε-good pair, and ε-bad otherwise. We denote
by B Ă R the set of all robots r such that plastr, Prq is an ε-bad return arc.

The overall goal of the proof is to build on the top of T a wake-up tree T1 for FTP, and
a set of return arcs E 1

r such that there are no ε-bad return arcs in pT1, E 1
rq. As it is necessary

to alter T in order to remove its ε-bad return arcs, T1 is possibly different of T. For the
construction, it is relevant to start with a solution pT, Erq that minimizes the number of
ε-bad return arcs among all solutions for FTRPid based on T. Given a set of return arcs
Er, we can define the ε-cost of Er as the sequence pbkqkPN where bk is the number of robots
r P B such that the path from Pr0 to Pr in T has k edges. In the following, we consider
that Er minimizes the number of ε-bad return arcs and, among all such solutions, has the
lexicographic largest ε-cost.

Construction of T1. The first part of the construction is disconnecting branches of T as
low as possible, so that there are no ε-bad return arcs in the remaining wake-up tree. The
resulting wake-up tree does not completely span P, meaning we will have to complete the
tree later. Informally, for every r P B, we let r follow the wake-up tree as long as its return
does not induce an ε-bad return arc, and then come back to its initial position. For every
r P B, let Gr be the closest ancestor of lastr in T for which pGr, Prq is an ε-good pair. Such
an ancestor exists since pPr, Prq is guaranteed to be a ε-good pair. Moreover, let Br be the
child of Gr leading to lastr, and let TBr

be the subtree of T rooted in Br. We denote by Lr

the set of the robots with initial positions in TBr . The first operation is disconnecting Lr

from T and adding the ε-good return arc pGr, Prq to E 1
r.

To state our results about the robots in Lr, we define a crown of angle α and width w as
the region containing all points between distance 1 ´ w and 1 from P0 and whose angular
coordinates are within a cone of angle α centered at P0. Moreover, we call a crown of width
ε and of angle 2π an ε-crown. Our result is based on the following technical lemma about
makespan of crowns, that we believe interesting on its own.

▶ Lemma 6. Let C be a crown of angle α and width w. Assuming that the initial awake
robot is anywhere inside C, there exists a strategy for solving FTRPid in C with a makespan
MpCq ď 2α ` w ¨ p4 ` φq where φ “ p1 `

?
5q{2 is the Golden ratio.

The key lemma about robots in Lr is the following.

▶ Lemma 7. Let plastr, Prq be an ε-bad return arc in T and let x P Lr. Then, Px is on the
ε-crown and has distance at most ε to some leaf of the subtree of T rooted in Br.

After the previously mentioned trimming operation, robots of L “
Ť

rPB Lr are discon-
nected from the wake-up tree. The second step is to find a strategy for the awakening of
these robots. Lemma 7 guarantees that for each r P B, the robots of Lr are located within
an ε-crown. Now, for every r P B, we will designate some robot r1 P RzL that was not
disconnected during the first operation, and such that Pr1 is within the ε-crown. This robot r1,
after being awakened, wakes up all the robots of Lr using a dedicated FTP algorithm. Since
the returns are confined to a small sub-crown of width ε, this step will not significantly
increase the makespan as stated in Lemma 6.
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More precisely, given r P B, we first define r‹ and its initial position Ar, under the
assumption that ε P p0, 1q. Let Ar, called the best ancestor of r, be the closest ancestor of
Pr in T such that the arc plastr‹ , Arq is an ε-good return arc and r‹ wakes up r or a robot
located at an ancestor of Pr. Now we can define r1 as being the robot initially located at
lastr‹ . Note that r1, r‹ and Ar always exist (cf. the full version [6]).

It is possible that several distinct robots of B share the same best ancestor. Thus we
denote by Br‹ the subset of robots in B whose best ancestor is also Ar.

What is left to do is to show that r1 P RzL and that the positions of r1 and robots in
Ť

r2PBr‹
Lr2 are close to each other. Roughly, the latter is done by exhibiting one position,

denoted Wr‹ , that is far enough from both the position of r1 and robots of
Ť

r2PBr‹
Lr2 , to

guarantee that they lie in the same area of the unit disk. See Figure 4.

Figure 4 Robots r, r‹ and rW are initially located at positions Pr, Ar and Wr‹ . Robots of Lr

within the highlighted sub-crown of angle αε (given by Lemma 8) are awakened from a robot located
at lastr‹ . Positions lastr‹ and leaves of TBr are at distance at least 2 ´ ε from position Wr‹ .

▶ Lemma 8. If ε P p0, 1{2q, then there is a crown of width ε and angle αε “

2 arcsin
´

ε
2p1´εq

¯

` 4 arccos
`

1 ´ ε
2

˘

that contains lastr‹ and the initial position of each robot
in

Ť

r2PBr‹
Lr2 .

Now, the makespan of robots in RzL is at most t`2´ε since by construction there are no
ε-bad return arcs. On the other hand, Lemma 6 and Lemma 8 guarantee that the makespan
of robots in L is at most t ` 2αε ` p4 ` φqε. By setting ε “ 0.0417, we obtain a makespan
dominated by t ` 1.9583 in both situations, which completes the proof of Theorem 5.

4 NP-Hardness for Unweighted Graphs

In this section, we study the two variants of FTRP on graphs. The space is defined by a
graph G with non-negative weights on the edges. Each vertex of the graph initially contains
one robot and the robots move along edges. A robot sleeping on a vertex v is woken up as
soon as an awake robot reaches v.

▶ Theorem 9. FTRPid and FTRPa are NP-hard on unweighted graphs of constant
maximum degree and diameter Oplog nq. Moreover, unless the ETH fails, neither of these
problems on graphs can be solved in 2opn`mq time, where n and m denote the number of
vertices and edges, respectively.
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We reduce from a variant of 3-SAT where we assume that each literal occurs at most
twice. This variant is NP-complete and cannot be solved in 2op|F |q time, unless the ETH
fails, as the reduction by Tovey [16] uses a linear space reduction. This property allows us to
describe a construction of bounded degree and where the number of vertices is linear in the
size of the formula F .

Let F be an instance of this 3-SAT variant with variable set X. For technical reasons,
we add for each variable x P X the clause px _ xq to the formula. We denote by F 1 the
resulting formula, and by C the clauses of F 1. It is clear that F is satisfiable if and only
if F 1 is satisfiable. Note that each variable occurs at most three times positively and at most
three times negatively in F 1.

Construction. We now define the unweighted graph G “ pV, Eq for our instance of FTRP.
Let n “ |X|. For the sake of simplicity, we assume that n is a power of 2.

(a) Set-up gadget. (b) Variables and clauses gadget.

Figure 5 An example for the gadget constructions.

Set-up gadget. We start with a vertex s at which the source robot is initially located, and
the graph obtained from subdividing each edge of a balanced binary tree rooted at a vertex
s1 with n leaves. The leaves are denoted by ax for each x P X.2 We connect s to s1, where
log Next, for each x P X we add a path pax “: v1

x, v2
x, v3

x, v4
x, v5

x, v6
x “: vxq. We get a binary

tree rooted at s having n leaves that has height 2 log n ` 6. See Figure 5a.
Variable gadget. For each variable x P X, we add two paths px, x1, x2q and px, x1, x2q, and

we connect x and x to vx. These two paths will encode the truth assignment of x depending
on which of the robots on x or x is woken up first. For each i P r1, 5s, connect to vx a path
on 6 vertices whose first vertex (the one adjacent to vx) is denoted by αi

x and whose last
vertex is denoted by ωi

x. The distance from s to any ωi
x is exactly 2 log n ` 12.

Clause gadget. For each clause c P C, add a path pc, c1, c2q. For each literal x (x) occurring
in clause c, there is an edge connecting c and x2 (x2). Since each clause contains at least one
literal, for c P C, the distance from s to c2 is 2 log n ` 12. See Figure 5b.

Notations. We define the depth of G, d :“ 2 log n ` 12, which is the eccentricity of
s. Let 0 ď i ‰ j ď d. We denote by Li the i-th layer of the graph, formally Li :“
tv P V | |sv| “ iu where |sv| denotes the length of a shortest path from s to v. We say that
a vertex u P Li is an ancestor of v P Lj , if the distance from u to v is j ´ i. Note that
this is the case if there is a shortest path from s to v that contains u. Furthermore, note

2 Note that this implies that each leave ax has distance exactly 2 ¨ log n ` 1 from s, where the log function
is in base two.
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that Lvar “ tvx | x P Xu, where var :“ d ´ 6 “ 2 log n ` 6. Moreover, note that the number
of vertices of the graph is linear in the size of the formula F 1 and thus linear in the size of
the formula F .

Proof summary. The correctness of the reduction is shown by proving the following.

▶ Lemma 10. If F 1 is satisfiable, then there is a FTRPid solution of makespan d ` 1.
Moreover, if there is a FTRPa solution of makespan d ` 1, then F 1 is satisfiable.

As each wake-up tree for FTRPid is also a solution for FTRPa, this then shows that
both problems are NP-hard. Moreover, no wake-up tree with any kind of return can have a
makespan smaller than d ` 1.

Sketch of the proof. (See the full version [6] for full proof of Lemma 10.) Our arguments
rely on the fact that robots in layer Ld have to be woken up in a time that is exactly d,
which is their distance from the root vertex. This strongly constrains the robot’s trajectories,
as almost every robot must follow a shortest path. The graph structure also ensures that
only a fixed number of robots can reach some critical layers, as the number of positions to
return to within a fixed radius is bounded.

The first 2 log n ` 1 layers are designed in a way, such that all robots that are initially
located on these layers can be woken up and return to their initial position at time at
most 2 log n ` 2 ă d ` 1, while ensuring that robots of the vertices ax with x P X are all
woken up at time 2 log n ` 1. These robots then follow their respective shortest paths to
the variable gadget, that is, to the vertex vx for each x P X. The robots woken up on these
paths follow toward the variable gadget. At time var, we will then have 6 awake robots
located at each vertex vx. For each x P X, five of these robots wake up the robots on the
vertices αi

x with i P r1, 5s, whereas the sixth robot can only wake up the robot on one of the
vertices x or x at time var ` 1. The set of literals for which the respective vertex is woken up
at time var ` 1 then models a truth assignment. Moreover, this truth assignment satisfies
formula F 1 if and only if the overall makespan with return is at most d ` 1. See Figure 6 for
an example of such wake-up strategy represented by a bi-colored wake-up tree.

For the anonymous return (FTRPa), this wake-up strategy is in fact necessary: To
obtain a makespan with return of d ` 1, each robot initially located at a vertex of layer Ld

needs to be woken up at time d. This holds in particular for the robot on vertex c2 for each
clause c P C. Based on the structure of the clause and variable gadgets, this ensures that at
time var ` 1 the robot on at least one literal of c is woken up, as otherwise, no robot can
reach c2 at a time prior to d ` 1. The only remaining obstacle is then to ensure that for
each variable only one robot on one of its literals is woken up at time var ` 1. Intuitively,
this holds due to two facts: Firstly, for each variable x, at least one of the robots located on
a literal of x needs to be woken up at time var ` 1, as px _ xq is a clause of F 1. Secondly,
no more than 6n robots can wake up robots on vertices of layer Lvar`1 at time var ` 1, as
otherwise, not all of these robots can return to pairwise distinct positions in the remaining
time until the end of the makespan of d ` 1. This is essentially due to the fact that the
layers Lℓ with ℓ P rvar ´ 5, vars together only contain 6n vertices, and each vertex needs to
contain exactly one robot at time d ` 1 “ var ` 7. By the fact that 5n of these robots are
necessary to wake up the robots initially located on the vertices of tαi

x | x P X, P r1, 5su, for
only one literal per variable can the initially located robot be woken up at time var ` 1.

▶ Corollary 11. FTRPid and FTRPa are NP-hard in metric spaces and cannot be solved
in 2opnq time, unless the ETH fails.
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Figure 6 Bi-colored wake-up tree for the variable and clause gadget. Curved arcs to hints the
path taken in the graph.

5 Optimal Algorithms

In this part we develop algorithms for FTP and its variants. They return an optimal solution,
that is, the optimal makespan, assuming any non-negative distance function between the
initial positions of the robots. In particular, they apply to metric spaces as well as weighted
graphs, even if the triangle inequality does not hold.

It is clear that any brute-force algorithm needs to consider at least n! solutions, that is at
least as many solutions as the path-TSP3 and the classical TSP, since these latter problems
are valid solutions for the FTP and FTRP. Actually, this is even worse when considering
all possible wake-up trees (that can be seen as labeled and binary trees), as this number
raises up to 2Ωpnq ¨ n!. In the following, we assume that the given distance function can be
evaluated in constant time.

▶ Theorem 12. For FTP, FTRPid, and FTRPa with any non-negative distance function,
there are deterministic algorithms returning the optimal solution in time complexity Op3n ¨n2q,
Op3n ¨ n3q, and Op9n ¨ n3{2q respectively, with space complexity Op2n ¨ nq, Op2n ¨ n2q, and
Op4n ¨ nq respectively, where n is the number of sleeping robots.

We stress that from our hardness results in Theorem 9 and under the ETH, no 2opnq-time
algorithms can exist for these problems. Here, we sketch our approach, details and proofs
being available in the full version [6]. These algorithms have been implemented4 and have
contributed in determining some lower bounds of Theorem 1.

3 In the Path Traveling Salesperson Problem, one asks for a path of minimum length connecting all given
points.

4 For the FTP version, a code is available in [10], and for the two variants with returns, FTRPid and
FTRPa, their codes are available on demand.
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Our algorithms are inspired by the famous Held–Karp’s algorithm, independently dis-
covered by Bellman in the 1960s. We use a recursive approach which for FTP is actually
quite close to the original Bellman–Held–Karp’s formulation of the path-TSP sub-problem
decomposition of TSP. Then, we use a dynamic programming with exponential space. For
the implementation of FTP and FTRPid, we can use a relatively simple pair of tables
of respectively 2n ˆ n and 2n ˆ n2 cells, where each cell is assumed to be large enough to
store a distance. Whereas for FTRPa, the most complicated variant, we analyze a standard
memoization technique which leads, to a roughly 9n-time algorithm.

6 Conclusion

We introduced two versions of the Freeze-Tag-with-Return Problem, a natural variant of the
Freeze-Tag Problem. We showed that both versions are NP-hard when the underlying space
is an unweighted undirected graph. However, it remains open whether the problems are
NP-hard in other metric spaces, like pRd, ℓpq spaces (d “ 2 and p “ 2, the Euclidean plane).

Regarding the presented lower and upper bounds for the optimal makespan, we conjecture
that they are not optimal for large instances. We found a distribution of positions (for any
n ě 5) with an optimal makespan of 4.67. We still have a gap between this lower bound and
the two upper bounds of 4.89 ` Op1{

?
n q for arbitrary distribution and of 2 ` 2

?
2 « 4.83

for convex distribution.
In general, we conjecture that the optimal makespan of worst-case instances of both

introduced problems, i.e., the wake-up return constants, never exceeds 2 ` 2
?

2. In other
words:

▶ Conjecture 13. γid “ γa “ 2 ` 2
?

2.

It is also interesting to further analyze the connection between the worst-case makespan
between FTP and FTRP for any fixed distribution of sleeping robots P . We gave examples,
where this difference can be larger than 1.732 but showed that it never exceeds 1.959. The
latter was shown via an algorithm that takes any solution for FTP for the set P and computes
a solution for FTRP for the set P where the makespan does only increase by at most 1.959.
There are two main directions to improve in this area: (1) reduce the difference between
upper and lower bounds and (2) obtain an efficient and constructive algorithm to achieve a
solution for FTRP from a solution for FTP with an overhead of less than 2.

Finally, the definition of the FTRP might inspire the introduction of other variants of
FTP, like for example, the task where all robots have to gather at the same point after the
wake-up process is finished.
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