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—— Abstract
It has been proved by Boros and Makino that there is no output-polynomial-time algorithm
enumerating the minimal redundant sets or the maximal irredundant sets of a hypergraph, unless
P = NP. The same question was left open for graphs, with only a few tractable cases known to
date. In this paper, we focus on graph classes that capture incidence relations such as bipartite,
co-bipartite, and split graphs, motivated by their strong relation with hypergraphs. Concerning
maximal irredundant sets, we show that the problem on co-bipartite graphs is as hard as in general
graphs and tractable in split and strongly orderable graphs, the latter being a generalization of
chordal bipartite graphs. As for minimal redundant sets enumeration, we first show that the problem
is intractable in split and co-bipartite graphs, answering the aforementioned open question. Then, we
show that it is tractable on (Cs, Cs, Cs, Cs)-free graphs, a class of graphs incomparable to strongly
orderable graphs, and which also generalizes chordal bipartite graphs. Our positive results rely on
the structural properties of these graph classes and thus cannot be easily extended to bipartite
graphs, for which the question remains open for both problems.
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1 Introduction

Irredundant sets in hypergraphs are those sets of vertices I for which every element x €
has a private edge, i.e., an edge whose intersection with 7 is exactly {z}. Equivalently, they
are often presented as sets of vertices that are minimal with respect to the set of hyperedges
they intersect. Sets of vertices that are not irredundant are called redundant.

In graphs, irredundant sets are defined as the sets of vertices having private neighbors,
that is, neighbors that are not adjacent to other vertices in the set, allowing a vertex to be its
own private neighbor. Redundant sets are defined analogously as the subsets of vertices that
are not irredundant. Redundant and irredundant sets of a graph should not be confused with
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the redundant and irredundant sets of the underlying hypergraph where each edge defines a
hyperedge. Rather, they correspond to the redundant and irredundant sets of the hypergraph
of closed-neighborhoods of the graph, in an analogue of what is domination to transversality;
we refer to Section 2 for a more in-depth presentation of these notions together with some
examples.

Irredundancy in graphs was first introduced by Cockayne, Hedetniemi, and Miller in [13]
for its links with independence and domination, where it was in particular noted that every
maximal independent set is a minimal dominating set, which in turn is a maximal irredundant
set. Due to its relation to independence and domination, irredundancy in graphs has been
extensively studied [3,7,8,12,20,27,29]. Let us mention that computing the minimum or
maximum size of a maximal irredundant set is known to be NP-complete [21, 28, 33].

The generalization of irredundancy to hypergraphs has been considered for algorithmic
purposes in the contexts of minimal domination or transversality [1,32], for it is known that
minimal dominating sets (resp. minimal tranversals) are those dominating sets (resp. tran-
versals) which are irredundant.

Despite the interest for irredundant sets, little is known regarding their enumeration
and that of their dual, redundant sets. Here the goal is, given a graph or a hypergraph, to
list without repetition all its maximal irredundant sets or minimal redundant sets. In the
following, let us denote by GRAPHMIRR-ENUM, GRAPHMRED-ENUM, HYPMIRR-ENUM, and
HyPMRED-ENUM these problems (see Section 2 for the formal definition). Since the number
of minimal redundant or maximal irredundant sets can be exponential in the size of the input
(hyper)graph, evaluating the complexity of an enumeration algorithm solving either of these
problems using the input size only is not a relevant efficiency measure. Instead algorithms are
analyzed using output-sensitive complexity that estimates the running time of an algorithm
in terms of both its input and output sizes. An algorithm runs in output-polynomial time
if its execution time is polynomially bounded by the combined sizes of the input and the
output. This notion can be further detailed to analyze the delay between two solutions.
Namely, we say that an algorithm runs in incremental-polynomial time if it outputs the i-th
solution after a time being polynomial in the input size plus i. If the delay between before
the first output, between two consecutive outputs, and after the last output is polynomial in
the input size only, then the algorithm is said to run with polynomial delay. We redirect the
reader to [34] for further details on enumeration complexity.

Related work. We now review the state of the art concerning the four above-mentioned
problems.

The complexity status of HYPMIRR-ENUM and HYPMRED-ENUM was first stated as
an open problem by Uno during the Lorentz Workshop on “Enumeration Algorithms using
Structure” held in 2015 [6]. Shortly after, Boros and Makino announced the following as
a negative answer for both problems [9, 10], where the dimension of a hypergraph is the
maximum size of its edges.

» Theorem 1.1 (Reformulation of [10, Theorems 1 & 2]). There is no output-polynomial-time
algorithm for HyPMIRR- ENUM and HYPMRED-ENUM unless P = NP, even when restricted
to hypergraphs of dimension at most three.

Let us point that the original formulations in [6,9, 10] are stated in the context of
redundant and irredundant subhypergraphs,’ which is equivalent to ours up to considering

LA set of hyperedges (or subhypergraph) is called irredundant if each of its hyperedge contains a private
vertex, i.e., a vertex that is only contained in this hyperedge within the set; it is called redundant
otherwise.
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the transposed? hypergraph. The above statement is thus a reformulation to our context of
vertex subsets, as will be the following summary of their result. In addition to Theorem 1.1,
the authors in [9,10] show that HYPMRED-ENUM and HYPMIRR-ENUM respectively admit
polynomial and output-polynomial times algorithms in hypergraphs of bounded degree which
is the number of edges a vertex intersects. When restricted to hypergraphs of dimension
at most two, they show that HyPMRED-ENUM can be solved in polynomial time, while
HypPMIRR-ENUM is equivalent to hypergraph dualization, arguably one of the most important
open problem in enumeration for which no better than incremental-quasi-polynomial time is
known [17,19,22]. Let us stress again the fact that the results for hypergraphs of dimension
at most two do not apply to GRAPHMRED-ENUM nor GRAPHMIRR-ENUM, as (ir)redundancy
in graphs correspond to (ir)redundancy in the hypergraph of closed-neighborhoods of these
graphs, for which the dimension is not bounded.

Later in [14], Conte et al. have studied HYPMIRR-ENUM under the prism of parameterized
complexity and in particular derive a polynomial-delay algorithm on hypergraphs (hence
graphs) of bounded degeneracy.

In [5], it is shown that GRAPHMIRR-ENUM admits an algorithm running with linear
delay after polynomial-time preprocessing and polynomial space when restricted to circular-
permutation and permutation graphs.

Finally, let us briefly mention that irredundant sets enumeration has triggered some
interest in the context of input-sensitive enumeration [4,24,25], where the goal is to devise
exponential time algorithms minimizing the base of the exponent.

Our contributions. In this work, we continue the research direction that was initiated in [5],
as a restriction of the original question asked in [6], and wonder whether GRAPHMRED-ENUM
and GRAPHMIRR-ENUM are tractable. Namely, we wish to answer the following question.

» Question 1.2. Can GRAPHMRED-ENUM and GRAPHMIRR-ENUM be solved in output-
polynomial time on general graphs?

We note that the same question is posed as an open direction in [14].

In the light of Theorem 1.1, and driven by the intuition that the restrictions of HyPMRED-
ENUM and HYPMIRR-ENUM to graphs should still be intractable,® we address Question 1.2
focusing on graph classes that capture incidence relations of hypergraphs such as bipartite,
co-bipartite, and split graphs; we refer to Section 2 for their relation to hypergraphs.

First, we focus on maximal irredundant sets. On split graphs, it was already claimed
by Uno in [6] that maximal irredundant sets are in bijection with minimal dominating sets,
from which the following is derived using the algorithm in [31].

» Theorem 1.3 ([6]). There is a bijection between mazimal irredundant sets and minimal
dominating sets in split graphs. Consequently, GRAPHMIRR-ENUM can be solved with linear
delay and space on this class.

As for co-bipartite graphs, we obtain the following negative result, which shows the
problem to be challenging in this class.

» Theorem 1.4. There is an output-polynomial-time algorithm solving GRAPHMIRR- ENUM
on general graphs if and only if there is one solving the same problem on co-bipartite graphs.

The transposed hypergraph is obtained by considering each edge as a vertex, and each vertex as an edge,
while keeping their mutual incidences. In terms of its incidence bipartite graph, it amounts to “swap”
its two sides. In particular, the dimension of the hypergraph becomes the degree of its transposed
hypergraph, and its degree becomes its dimension.

In what would be an analogue of transversals to dominating sets [31].
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To obtain Theorem 1.4 we consider the hypergraph of closed neighborhoods of the input
graph. We then use the symmetry of its corresponding co-bipartite incidence graph to
argue that, besides a polynomial number of solutions of bounded size, the problem amounts
to generating all maximal irredundant sets of the input graph twice, and thus obtain the
aforementioned result.

Finally, we obtain the following tractable result on strongly orderable graphs, which
generalize chordal bipartite graphs [16].

» Theorem 1.5. There is a polynomial-delay and polynomial-space algorithm solving GRAPH
MIRR-ENUM on strongly orderable graphs.

We devise the algorithm of Theorem 1.5 by using ordered generation in the trace of the
closed-neighborhood hypergraph. Our method is based on earlier work of [14], where the
algorithm aims to break any redundancies obtained from adding a new vertex into the set by
using structural properties of an elimination ordering.

We turn to minimal redundant sets and obtain the following definite answer to Question 1.2
for GRAPHMRED-ENUM.

» Theorem 1.6. There is no output-polynomial-time algorithm for GRAPHMRED- ENUM
unless P = NP, even when restricted to split and co-bipartite graphs.

Both results are obtained by reducing from HYPMRED-ENUM and arguing that, except for
a polynomial number of minimal redundant sets, the remaining solutions of the constructed
instance of GRAPHMRED-ENUM are in an one-to-one correspondence with the solutions of
the hypergraph. To argue the existence of no more than a polynomial number of solutions to
discard, we exploit the structure of split graphs and, for the case of co-bipartite graphs, the
fact that HyPMRED-ENUM remains intractable when the hypergraph has dimension equals
three.

On the other hand, we obtain the following positive results. Let us note that (Cs, Cs,
Cs, Cg)-free graphs contain chordal bipartite graphs, which are (Cs, Cs5)-free [26].

» Theorem 1.7. There is a polynomial-delay algorithm that solves GRAPHMRED- ENUM on
(Cs,Cs, Cg, Cs)-free graphs, and an incremental quasi-polynomial-time algorithm that solves
GRAPHMRED-ENUM on (C3, Cs, Cg)-free graphs.

These algorithms rely on a characterization of the minimal redundant sets of (Cs, Cs,
Cp)-free graphs. In particular, we show that the number of redundant vertices in a minimal
redundant set is bounded for these classes of graphs and that, except for the case of a unique
redundant vertex, the set either has bounded size or corresponds to the closed neighborhood
of some vertex in the set. The remaining case where the set has a single redundant vertex
is then reduced to instances of red-blue domination for which algorithms running in the
specified times are known on these classes.

Unfortunately, in our quest of characterizing the complexity of GRAPHMIRR-ENUM and
GRAPHMRED-ENUM in graph classes that capture incidence relations, we did not manage
to solve the case of bipartite graphs. The graph classes appearing in Theorem 1.5 and in
the first part of Theorem 1.7 are actually motivated by the fact that they generalize chordal
bipartite graphs [16,26], a well-studied subcase of bipartite graphs that has also served as a
first step in other enumeration contexts [11,24]. These graph classes arises when trying to
generalize as much as possible the class on which our techniques for chordal bipartite graphs
applied. The case of bipartite graphs, on the other hand, is left open, as we did not succeed
in applying our techniques to this context.
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Organization. The rest of the paper is organized as follows. We introduce concepts in
Section 2. We focus on maximal irredundant sets in Section 3. We then turn on minimal
redundant sets in Section 4. Lastly, future directions are discussed in Section 5. Due to
space constraints, all proofs are omitted and the reader is referred to the full version of this
manuscript for more details.

2 Preliminaries

In this paper, we consider undirected finite simple graphs. We assume the reader is familiar
with standard terminology from graph and hypergraph theories, and refer to [2,15] for the
notations not defined below. Given a vertex v and an integer d, by N¢(v) and N%[v] we
respectively mean the set of vertices lying at distance exactly d and at most d from v.

Strongly orderable graphs. Given a graph G, a pair of vertices z and y of G are comparable
if either N(z) \ {y} C N(y) \ {z} or N(y) \ {z} C N(z)\ {y}. A vertex x is quasi-simple if
the vertices in N(z) are pairwise comparable. In Figure 1, we give an example of a graph
admitting a quasi-simple vertex. Lastly, a quasi-simple elimination ordering is an ordering
v1,...,0, of V(G) such that for every ¢ € [n] it follows that v; is quasi-simple in the graph
G[{v1,...,v;}] induced by the i first vertices. Graphs that admit a quasi-simple elimination
ordering are precisely the strongly orderable graphs, which were introduced as a generalization
of both chordal bipartite and strongly chordal graphs in [16].

Figure 1 A graph G in which the vertex v is quasi-simple. Within its neighborhood, we have
u1 < u2 < usz < ug where < indicates comparability.

Hypergraphs. Let H be a hypergraph. Then, the vertices and edges of H are denoted by
V(H) and E(H), respectively. We call incy(z) :={E € E(H) | « € E} the set of hyperedges
containing z. The subscript is omitted when the hypergraph is clear from context. If G is a
graph, then its closed-neighborhood hypergraph, denoted N (G), is defined on the same vertex
set and hyperedge set {N[z] | z € V(G)}.

Let E1, ..., E,, be an ordering of £(#H). The transposed hypergraph of H is the hypergraph
H' with V(H') == {e1,...,en} and E(H) = {F1,...,F,} where F;, = {e; e V(H') | v; €
E;}. Moreover, given a set S C V, the trace of H with respect to S is the hypergraph Hg
where V(Hg) =S and E(Hg) ={ENS|Ee€&(H), ENS # 0}.

Incidence graphs. Let H be a hypergraph with V(H) = {v1,...,v,} and E(H) = {E4, ...,
En}. The incidence bipartite graph of H is the bipartite graph B(H) with parts V = V(H)
and U = {e1,...,en}, and edge set {vie; | v; € E;}. Similarly, the incidence co-bipartite
graph of H is the co-bipartite graph C(H) obtained from B(#) by turning V and U into
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cliques. Finally, we can define two incidence split graphs for H depending on which of V
and U is the independent set. We define S1(H) to be the split graph obtained from B(H)
by making U a clique, and S3(H) to be the split graph where V' is the clique. We give in
Figure 2 an example illustrating all four definitions.

Figure 2 An hypergraph H and its incidence graphs B(H), C(H), S1(H) and S2(H). In graphs,
cliques are indicated by dotted grey zones.

Domination. Let G be a graph. We say that a subset of vertices D is a dominating set of
G if V(G) = N[D]. Given a bipartition (A, B) of the vertices, we say that a subset D C A
dominates B if B C N(D). In this latter context, these sets are usually referred to as red-blue
dominating sets, where elements of A are assumed to be colored red, and those in B to
be blue. Generating every minimal red-blue dominating set is known to be solvable with
polynomial delay and space when restricted to chordal bipartite graphs [11,23]. It can also
be solved with polynomial delay in (Cg, Cg)-free bipartite graphs [30] as long as red and
blue vertices belong to distinct parts of the graph. In general, the problem is equivalent to
hypergraph dualization and can thus be solved in incremental-quasi-polynomial time; see
e.g. [19,23].

(Ir)redundancy. Let H be a hypergraph, I C V(H), and « € I. We call private edges of x
with respect to I the edges in the set privy(z,I) ={E € E(H) | ENI = {z}}. If H is clear
from the context, we drop it from this notation. We say that I is an irredundant set of H if
every element x of I has a private edge, and that it is a redundant set otherwise.

Observe that, given H, one can check in polynomial time whether a set I of vertices is
redundant or irredundant by computing priv(z, I') for each z € I. We denote by Maxlrr(H)
the family of inclusion-wise maximal irredundant sets of 7, and by MinRed(#) its family of
inclusion-wise minimal redundant sets. The two problems HYPMIRR-ENUM and HYPMRED-
ENUM are respectively defined as producing, given H, the sets Maxlrr(H) and MinRed(#).

We recall that these problems were shown intractable even on hypergraphs of dimension
at most three [9,10] and refer to the introduction for the state of the art on these problems.

In this paper, we are interested in the analogues of redundancy and irredundancy in
graphs, that we recall now. Let G be a graph, I C V(G), and = € I. We call private
neighbors of x the elements of the set privg(x,I) == {y € Nz] | Nly]nI = {z}}. Note
that a vertex may be self-private. Analogously, as for hypergraphs, a subset I of vertices is
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called irredundant if privg(x,I) # 0 for all € I, and redundant otherwise. We denote by

Maxlrr(G) and MinRed(G) the set of maximal irredundant and minimal redundant sets of G.

To avoid any confusion between graphs and hypergraphs, we will only refer to hypergraphs
using calligraphic letters. The two problems GRAPHMIRR-ENUM and GRAPHMRED-ENUM
are respectively defined as producing, given G, the sets Maxlrr(G) and MinRed(G).

As stated in the introduction, it is easily seen that Maxlrr(G) and MinRed(G) coincide
with the maximal irredundant and minimal redundant sets of A/(G). They should, however,
not be confused with the maximal irredundant and minimal redundant of G seen as a
hypergraph of dimension 2.

3 Maximal irredundant sets

In this section we characterize the complexity of GRAPHMIRR-ENUM in strongly orderable
graphs, a generalization of chordal bipartite graphs. Moreover, we show that the existence
of an output-polynomial-time algorithm solving GRAPHMIRR-ENUM on co-bipartite graphs
implies solving the same problem on general graphs.

3.1 Strongly orderable graphs

We give an algorithm that generates all maximal irredundant sets of strongly orderable
graphs with polynomial delay and space. Our algorithm is based on the ordered generation
framework (also known as the sequential method) that has been successfully applied to various
instances admitting elimination orders [1,11,18]. Our algorithm, however, differs from the
strategy used in the aforementioned works by considering traces of the hypergraph (instead
of its induced subhypergraphs) in the decomposition, following what has been done in [14]
for irredundant sets.

Let G be a graph. In the remaining, let us fix an arbitrary ordering v1,...,v, of the
vertex set of G, and let V; := {vy,...,v;} denote the set of its i first vertices.

Let H = N(G) be the closed-neighborhood hypergraph of G, and H; = Hy, be a
shorthand for the trace of H on V;. For each I CV; and z € I, by priv,(z, I) we mean the
set of private edges of x with respect to I in H;, and by inc;(x) we mean the collection of
hyperedges of H; that contain x. Note that Maxlrr(#H;) = {{v1}}. This is due to N[v;] being
a hyperedge in H, hence the singleton {v;} is the only hyperedge of #;.

The goal of the algorithm will be to construct Maxlrr(?;) for ¢ ranging from 1 to n, from
which we only output Maxlrr(H,,) = Maxlrr(#). We will call partial solutions the maximal
irredundant sets of H; for i < n, and solutions those of H,,. However, and to guarantee
polynomial delay between consecutive outputs, we will not construct the sets Maxlrr(H;) one
after the other. Rather, we will define a tree over the set of solutions and partial solutions
that will be traversed by our algorithm.

To define this tree, we start with an easy observation whose proof is omitted; see also [14].

The intuition is that whenever a vertex v; has a private edge in #H; for some ¢ > j, then it
keeps that private edge in any subhypergraph Hy, where j < k <.

» Proposition 3.1. Leti € {2,...,n} and I € Maxlrr(H;). Then I\ {v;} is an irredundant
set of Hi_q.

Let i € {2,...,n} and I € Maxlrr(H;). The parent of I with respect to i, denoted
parent([, 1), is defined as the set obtained by the following procedure. First, if v; belongs
to I, we remove it. Then, while there exists a vertex x € V;_1 \ I such that I U {z} is
irredundant in H;_1, we add the smallest such vertex = into I. Note that the obtained set is
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uniquely defined. By Proposition 3.1, it is an irredundant set of H;_; after the first step,
and it is extended into a maximal irredundant set of H;_; at the end of the procedure. By
construction we thus get parent(I,i) € Maxlrr(H;_1) and parent(I,i) = I whenever v; ¢ I.
Conversely, given i € [n—1] and I* € Maxlrr(H;), we define the children of I* with respect
to i as children(I*,7) := {I € Maxlrr(H;+1) | parent(l,i+ 1) = I*}.
The following shows that any partial solution has at least one child, and that it has
precisely one child if it can be extended into an irredundant set of H;,; by adding v;41.

» Lemma 3.2. Leti € [n— 1] and I* € Maxlrr(H;). Then, either:
I* € Maxlrr(H;11), in which case I* € children(I*,i); or
I* U{viy1} € Maxlrr(H;11), in which case children(I*,3) = {I* U {v;+1}}.

Note that the parent relation defines a tree 7 on the set of nodes {(I,¢) | I € Maxlrr(H,),
1 < i < n}, whose root is ({v1},1), and where there is an edge between two nodes (I*,4) and
(I,i+ 1) if T € children(I*,7). Moreover, by Lemma 3.2, every node (I, ) corresponding to
a partial solution I has a child. Hence the set of leaves of this tree is precisely the family
{(I,n) | I € Maxlrr(H)} we wish to enumerate.

In the following, we show that it is sufficient to be able to list the children with polynomial
delay and space to derive a polynomial delay and space algorithm for GRAPHMIRR-ENUM.

» Proposition 3.3. Let f,s: N — N be two functions. Suppose that there is an algorithm
that, for any i € [n — 1] and I* € Maxlrr(H;), generates children(I*,i) with f(n) delay and
s(n) space. Then there is an algorithm that generates Maxlrr(H) with O(n - f(n)) delay and
O(n - s(n)) space.

We now focus on generating children(I*, ) for fixed ¢ € [n — 1] and I* € MaxIrr(H;) such
that I* U {v; 11} is redundant. Recall by Lemma 3.2 that I* is one of these children, and we
may thus focus on those containing v; 11, which we shall call non-trivial children.

Our strategy is to find all sets of the form Z := (I*\ X) U {v;41}, where X C I*, that
are maximal irredundant sets of ;1. We call each such set Z an extension of I* to i+ 1.
Note that these extensions do not define supersets of I*, as they are obtained by adding v;41
and removing elements of I*. As another remark, note that possibly not all extensions of
I* to i + 1 are children of I* with respect to ¢. However, all non-trivial children I of I'* are
extensions of I* to i+ 1: by definition, if I* = parent(I) then I'* is of the form (I'\ {v;41})UX
for some X CV;, and so I = (I* \ X) U{v;11} with X C I'*.

Let us now assume that G is strongly orderable and that vq,...,v, is a quasi-simple
elimination ordering of its vertices. In the following, by N;(x) we mean the neighborhood of
x intersected with V.

To compute all extensions efficiently, we will rely on a characterization of their intersection
with the set of vertices that become redundant when adding v;+1 to I*. More formally, let
R(I*,i) = {x € I" | priv;; 1 (x, I*) Cinci11(vi+1)} denote such a set. Note that the vertices
in R(I*,i) lie at a distance of at most 2 from v;41 in G[V;41]. An upper bound on the
number of elements in R(I*,7) found in an extension of I* is given in the following lemma.

» Lemma 3.4. Let Z be an extension of I* to i+ 1. Then:
|R(I*,i) N Niy1(vig1) N Z] < 1; and
[R(I*,4) N NZ (vir)] < 1.

Let us point out that Z cannot be removed from the above statement. In fact, the
cardinality of R(I*,7) N N;1+1(v;+1) is unbounded in general. This can be seen by considering
the situation where N;11(v;+1) is an independent set whose elements are self-private with
respect to I*.
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Additionally, let us point that the set X C I* such that Z = (I* \ X) U {v;31} is an
extension may contain vertices that are not in R(I*,i). Indeed, removing vertices from
I* \ R(I*,4) may provide private edges to the remaining vertices in R(I*,1).

However, from Lemma 3.4 we know that at most two vertices from R(I*,) may be kept
in an extension, from which we derive the following.

» Lemma 3.5. The number of extensions of I* to i + 1 is bounded by O(n?), and these
extensions can be computed in polynomial time in n.

We get that generating the children of a partial solution can be done with polynomial
delay and space, by enumerating all extensions.

» Lemma 3.6. There is an algorithm that generates children(I*,i) in polynomial time.

We conclude to Theorem 1.5 as a corollary of Proposition 3.3 and Lemma 3.6.

3.2 Co-bipartite

To show that GRAPHMIRR-ENUM on co-bipartite graphs is as hard as GRAPHMIRR-ENUM
on arbitrary graphs, we consider the co-bipartite incidence graph C(N(G)) of the closed-
neighborhood hypergraph A/ (G) of a given graph Gj; see Figure 3 for an illustration.

Figure 3 The reduction of Theorem 1.4. On the left a graph G where shaded vertices indicate a
maximal irredundant set. On the right the incidence co-bipartite graph C(N(G)) of N (G). Grey
dotted zones indicate the clique bipartition and the shaded vertices form the maximal irredundant
set C(N(G)) induced by the maximal irredundant set in pictured in G. The vertices boxed in blue
illustrate how N{vs] (in G) is encoded in C(N(Q)).

Using the fact that C'(N(G)) is symmetric, we prove that listing the maximal irredundant
sets of C(N(G)) amounts to list each maximal irredundant set of G twice, plus a polynomial
number of other solutions of size 2 spread across the parts of C(N(G)). We refer to the full
version for the details. This proves Theorem 1.4.

» Theorem 1.4. There is an output-polynomial-time algorithm solving GRAPHMIRR- ENUM
on general graphs if and only if there is one solving the same problem on co-bipartite graphs.

4 Minimal redundant sets

In this section, we investigate the complexity of GRAPHMRED-ENUM. We propose a
polynomial-delay algorithm for the class of (Cs3, Cs, Cg, Cg)-free graphs. Recall that this class
contains chordal bipartite graphs, which are precisely (Cs, C>5)-free graphs [26]. Then, we
prove that the problem is intractable for co-bipartite and split graphs.
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4.1 Graphs excluding small cycles

In this section, we characterize the minimal redundant sets of graphs excluding small cycles.
Our characterization relies on the number of redundant vertices in a minimal redundant
set and involves minimal red-blue dominating sets within a ball of radius 2. This yields a
polynomial-delay algorithm for GRAPHMRED-ENUM on (Cj, C5, Cg, Cs)-free graphs — which
generalize chordal bipartite graphs — relying on existing results from the literature on red-blue
domination, and an output quasi-polynomial-time algorithm on (Cj3, Cs, Cg)-free graphs.

The remainder of the section is organized as follows. We start by stating preliminary
properties in general graphs in Section 4.1.1, and then turn to graphs with no small cycles. We
prove properties for these graphs in Section 4.1.2, provide the aforementioned characterization
of minimal redundant sets in Section 4.1.3, and describe the algorithm in Section 4.1.4.

4.1.1 Preliminary properties in graphs

If R is a redundant set, we denote by red(R) := {x € R | priv(z, R) = 0} the set of its
redundant vertices. The next lemma states that in a minimal redundant set R with redundant
vertex x, any vertex other than x prevents x from having a dedicated private neighbor.

» Lemma 4.1. Let G be a graph and R € MinRed(G). Then for any two distinct vertices
x,y € R such that x € red(R) there exists a vertex z € priv(z, R\ {y}) Npriv(y, R\ {z}).

The minimality of the redundant sets also implies the following.

» Proposition 4.2. Let G be a graph and R € MinRed(G) be a minimal redundant set. Then
R C N?[z] for every z € red(R).

4.1.2 Properties in graphs excluding small cycles

» Lemma 4.3. Let G be a (Cs,Cs)-free graph. Then for every vertex x € V(G), the graph
induced by N?[x] is bipartite.

In the following, we show that a minimal redundant set containing a redundant vertex
x and one of its neighbor y such that N(y) # {2} may contain other elements in N(y), or
in N(z), but not in both sets at the same time, while it should intersect exactly one if y is
redundant. This is illustrated in Figure 4.

» Lemma 4.4. Let G be a (Cs,Cs)-free graph, R € MinRed(G) be a minimal redundant set,
and z € red(R) be a redundant vertex. If y € R is adjacent to x and N(y) # {x}, then at
most one of the following holds:

RO (N(y) \{z}) #0; or

RO (N(z)\{y}) # 0.

Moreover, if y € red(R) then ezactly one of the items is satisfied.

» Lemma 4.5. Let G be a (C3,C5)-free graph, R € MinRed(G) be a minimal redundant
set, and suppose there exists an edge xy such that x,y € red(R). Then either R = N[y] or
R = NJz].

We continue by proving properties on (Cs, Cs, Cg)-free graphs.

» Lemma 4.6. Let G be a (Cs,Cs5,Cg)-free graph, R € MinRed(G) a minimal redundant
set, v € red(R) a redundant vertex, and z1,z be two distinct vertices in RN N%(x). Then
(N(z1) 1 N(22)) \ N(z) = 0.
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N(z)\ {y} N(z)\{y}

QO QO

N(y)\ {z} N(y) \ {z}

5

Z Z
N(x)\{y} N(x)\{y}

QO - Q

PR

N(y)\ {=} N(y) \ {«}

Figure 4 The situations of Lemma 4.4. In each case, a minimal redundant set is indicated by
shaded vertices with (yellow) bold vertices being redundant. The top-left, top-right, and bottom-left
cases illustrate that R intersects at most one of N(z) \ {y} or N(y) \ {z}. The bottom-right graph
illustrates one of the two cases of Lemma 4.5, where y is also redundant: R = N[y]. The other case,
not pictured here, is R = N|[z].

» Lemma 4.7. Let G be a (Cs,C5,Cs)-free graph. If R € MinRed(G) and x € red(R), then:
|red(R) N N(x)| <2; and
|red(R) N N2(z)| < 1.

From Lemma 4.7 we conclude that if G is a (Cs, C5, Cg)-free graph, then the maximum
number of redundant vertices a minimal redundant set contains is 4. This bound can be
further improved by analyzing what happens when there exists a redundant vertex at distance
two from another redundant vertex.

» Lemma 4.8. Let G be a (Cs3,C5,Cs)-free graph. If R € MinRed(G) such that x € red(R)
and |red(R) N N?(z)| = 1, then |[RN N(z)| =1, and so |R| = 3.

We now conclude the following.

» Corollary 4.9. If G is (Cs3,C5,Cg)-free and R € MinRed(G), then R contains at most 3
redundant vertices.

The bound in Corollary 4.9 is tight, as witnessed by 3 consecutive vertices in a cycle of
length 4.

We end this section with a last property that will be used in the characterization of
minimal redundant sets.

» Lemma 4.10. Let G be a (Cs,Cs5, Cg)-free graph. If R € MinRed(G) such that z € red(R)
and |red(R) N N(z)| = 2, then |R| = 3.

4.1.3 Characterization of redundant sets in graphs with no small cycles

In the remainder of this section, we assume G to be a (C3, Cs, Cg)-free graph. By Corollary 4.9

we know that the number of redundant vertices in a minimal redundant set of G is at most 3.

In the following, we characterize the minimal redundant sets depending on whether their
number of redundant vertices is 3, 2, or 1.
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Let us recall that any minimal redundant set R contains a redundant vertex x, and that
by Lemma 4.7, it contains at most two additional redundant vertices at distance 1 from =z,
and at most one at distance 2. We derive the following as a corollary of Lemmas 4.8 and 4.10.

» Corollary 4.11. If R € MinRed(G) contains & redundant vertices, then |R| = 3.

For minimal redundant sets containing two redundant vertices, we derive the following as
a corollary of Lemmas 4.5 and 4.8.

» Corollary 4.12. If R € MinRed(G) contains 2 redundant vertices, then either:
R = NJz] for some x € red(R); or
|R| = 3.

T T

/\A N (@) \ {y} N(z)
A0 O oL

N
JONO)
O O

Figure 5 Illustration of Lemma 4.13 on the left, and Lemma 4.14 on the right. Shaded vertices
indicate minimal redundant sets, and z (in bold yellow) is the redundant vertex in each case. On the
left, y (boxed in green) has a private vertex as well as each vertex of S adjacent to y (the vertices of
S are boxed in red) and S minimally dominates N(z) \ {y} (boxed in blue). On the right, ¥ has at
least two elements, S contains no vertex adjacent to Y and minimally dominates N(z) \ Y.

N
~
N

O

\
© O

o

S

n

We are now left with the characterization of minimal redundant sets containing exactly
one redundant vertex which we call x. We distinguish two cases depending on whether they
intersect the neighborhood of x on one or more vertices. These lemmas are better understood
together with Figure 5.

» Lemma 4.13. Let x € V(G) and y € N(x). The following are equivalent:
(a) R € MinRed(G) where red(R) = {z} and N(z) N R = {y}.
(b) R=SU{x,y} where:
i) S C N?(x);
ii) The vertex y has a private neighbor with respect to S U {x};
iii) For every z € S satisfying N(z) C N(z) it follows that z ¢ N(y); and
iv) S minimally dominates N(x)\ {y};

» Lemma 4.14. Let © € V(G) and Y C N(z) such that |Y| > 2. The following are
equivalent:
(a) R € MinRed(G) where red(R) = {z} and N(zx)NR=Y.
(b) R=SUY U{x} such that:

i) S C N?(x);

i) SNN(Y) =0;

iii) Fach vertex y € Y has a private neighbor with respect to Y U {x};

iv) S minimally dominates N(z)\Y.
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4.1.4 Algorithm for graphs with no small cycles

We now propose an algorithm for listing the minimal redundant sets of a graph with no
small cycles. It runs with polynomial-delay for (Cs, C5, Cg, Cs)-free graphs and incremental
quasi-polynomial time for (C3, Cs, Cg)-graphs.

The algorithm follows the breakdown of solutions based on redundant vertices we developed
so far. First, following Corollaries 4.11 and 4.12, it enumerates all minimal redundant sets
with 2 or 3 redundant vertices by running through all possible closed neighborhoods and
triplets of vertices, and checking for each of these sets if it is a minimal redundant, all of
which in polynomial time. Then it lists, for each vertex x, the minimal redundant sets whose
unique redundant vertex is x. According to Lemma 4.13 and Lemma 4.14, these can be
further partitioned with respect to the number of neighbors of z in the redundant sets. We
detail our approaches for both cases below.

Let us first consider the computation of all minimal redundant sets containing exactly
one neighbor of z. The algorithm first ranges over N(z) and for each choice y € N(z),
selects a neighbor z* of y that will be kept as a private neighbor of y. For simplicity,
let us put Z, == {# | z € N(y), N(z) € N(z)}. Then, if any, we list the minimal
dominating sets S C N2(z) \ ({2*} U Z,) of N(x) \ {y}. According to Lemma 4.13, the
sets R = S U {xz,y} obtained that way are precisely the minimal redundant sets such that
red(R) = {z}, N(z) N R = {y}. Also, note that the sets S are the solutions to an instance of
red-blue domination where we intend to minimally dominate N(x) \ {y} (blue) with vertices
from N?(z) \ ({z*} U Z,) (red).

As for the complexity, the pairs {y, z*} can be listed in polynomial time, much as the
set N2(z) \ ({z*} U Z,) for each pair. However, given some y, different 2*’s can produce
repetitions, as these are chosen to be excluded from the resulting solutions and hence can
lead to same sets S. A given solution may thus be repeated O(n) times.

In general graphs red-blue domination can be solved in incremental quasi-polynomial
time [22,23]. When applying the algorithm for red-blue domination on each z* successively,
the delay before the next solution thus remains bounded by the number of solutions already
obtained times a polynomial factor (the number of repetitions). We obtain:

» Proposition 4.15. Let G be a (Cs,Cs,Cg)-free graph and let x € V(G). There is an
incremental-quasi-polynomial time algorithm that lists all minimal redundant sets R where
red(R) = {z} and RN N(z) = {y} for some y € N(z).

In (Cs, Cs)-free bipartite graphs, red-blue domination can be solved with polynomial
delay [30] when red and blue vertices belong to distinct parts. However, our approach does
not directly preserve delay due to repetitions. Yet, we can still preserve polynomial delay
overall. To do so, instead of outputting a previously unseen solution, we store it into a queue,
a member of which is popped and printed every O(n) - f(n) time, where f(n) is the delay
for red-blue domination. Storing solutions into the queue and keeping a structure to track
repetitions requires however exponential space. We get:

» Proposition 4.16. Let G be a (Cs,Cs, Cg, Cs)-free graph and let x € V(G). There is a
polynomial delay algorithm that lists all minimal redundant sets R where red(R) = {z} and
RN N(x) ={y} for somey € N(x).

We now turn our attention to minimal redundant sets containing at least two neighbors
of x, corresponding to Lemma 4.14. Two steps are needed. The first step consists in
identifying subsets of N(z) that can be extended into a minimal redundant sets. Given
Y C N(x), [Y| > 2, we say that Y is extendable with respect to x if there exists a minimal
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redundant set R with red(R) = {z} and RN N(z) =Y. Below, we characterize extendable
sets and show that they constitute an independence set system (i.e., a family of sets containing
the empty set and being closed by subset), disregarding singletons and the empty set.

» Lemma 4.17. Let x € V(G) be a vertex and Y C N(x) be a set such that |Y| > 2. Then,
the set 'Y is extendable with respect to x if and only if the two conditions hold:

(a) Each y €Y has a private neighbor with respect to Y U {z}; and

(b) The set N?(x)\ N(Y) dominates N(z)\Y.

» Lemma 4.18. Let © € V(G) be a vertex. If Y* C N(z) is extendable with respect to x,
then every subset Y C Y™* satisfying |Y| > 2 is also extendable with respect to x.

Let Y be an extendable set. Following Lemmas 4.14 and 4.17, the minimal redundant
sets R such that red(R) = {z} and RN N(z) =Y are precisely those of the form SUY U {z}
where Y is extendable and S C N?(z) \ N(Y) minimally dominates N?(z) \ N(Y). Again,
this can be framed as red-blue domination: we need to minimally dominate N(z)\ Y (blue)
with vertices from N2%(x) \ N(Y) (red). Therefore, the algorithm for this part lists all
extendable sets Y using an algorithm to enumerate all members of an independence set
system, discarding singletons and the empty set, and for each such Y solves the corresponding
instance of red-blue domination. Note that, as long as the algorithm for red-blue domination
does not produce repetitions, this algorithm will not either, as extendable Y’s partition the
solutions to be enumerated.

As for complexity, observe first that whether a set is extendable can be tested in polynomial
time. Given that the members of an independence set system can be enumerated with
polynomial delay provided they can be recognized in polynomial time (see, e.g., [31] for an
example), we derive the following propositions, mimicking Propositions 4.15 and 4.16:

» Proposition 4.19. Let G be a (Cs,Cs,Cg)-free graph and let © € V(G). There is an
incremental-quasi-polynomial time algorithm that lists all minimal redundant sets R where
red(R) = {} and RN N(z) =Y for someY C N(z) and Y| > 2.

» Proposition 4.20. Let G be a (Cs,Cs, Cg, Cs)-free graph and let x € V(G). There is a
polynomial-delay algorithm that lists all minimal redundant sets R where red(R) = {x} and
RNN(z) =Y for someY C N(z) and |Y| > 2.

Combining the above propositions we obtain Theorem 1.7. Let us observe that a solution
of the form N[z] might be obtained twice: at preprocessing or in the algorithm used for
finding all minimal redundant sets where x is the unique redundant vertex. Since the
repetition is unique, this, however, can be handled without impact on the delay by simply
not outputting the solution the second time it is produced.

4.2 Co-bipartite and split graphs

To show that, unless P = NP, there is no output-polynomial-time algorithm solving
GRAPHMRED-ENUM on co-bipartite graphs, our reduction relies on earlier results of Boros
and Makino [10], stating that HYPMRED-ENUM is intractable for hypergraphs of dimension 3.
Nevertheless, the problem can be solved in polynomial time for hypergraphs of maximum
degree 3 due to every solution having size at most 4.

We consider a hypergraph H of dimension 3, whose transposed hypergraph H! has
maximum degree at most 3. By looking at the co-bipartite incidence graph C(H) of H,
we prove that listing the members of MinRed(C(H)) amounts to enumerating MinRed(#),
together with a polynomial number of solutions of size at most 4 — including MinRed(H?)
and solutions spread across the parts of C(H).
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A similar argument can be used for the case of split graphs, instead constructing the split
incidence graph of the input hypergraph. This yields the following.

» Theorem 1.6. There is no output-polynomial-time algorithm for GRAPHMRED- ENUM
unless P = NP, even when restricted to split and co-bipartite graphs.

Note that our reduction preserves the delay as there is only a polynomial number of
solutions to discard.

5 Perspectives

In this paper, we studied the problems GRAPHMIRR-ENUM and GRAPHMRED-ENUM in
graph classes capturing incidence relations such as co-bipartite, split and bipartite graphs. In
particular, we proved the hardness of GRAPHMRED-ENUM on split and co-bipartite graphs,
while for GRAPHMIRR-ENUM we showed that the problem is as hard in general graphs as in
co-bipartite graphs. Question 1.2 remains thus open for GRAPHMIRR-ENUM.

Concerning tractability, in addition to the case of GRAPHMIRR-ENUM admitting a
polynomial-delay algorithm on split graphs, originally claimed by Uno in [6], we showed that
both problems admit polynomial-delay algorithms on generalizations of chordal bipartite
graphs. The case of bipartite graphs is left open, which leads to the following question:

» Question 5.1. What is the complexity of GRAPHMIRR-ENUM and GRAPHMRED-ENUM in
bipartite graphs?

Towards this question, we observe that the sequential method we applied to solve GRAPH
MIRR-ENUM in strongly orderable graphs cannot be used straightforwardly in the bipartite
case. Namely, we prove the following.

» Theorem 5.2. Unless P = NP, there is no output-polynomial time algorithm which,
given a bipartite graph G, an ordering vi,...,v, of its vertices, an integer i € [n — 1], and
I* € Maxlrr(H;) where H = N(G), enumerates children(I*,1).

As for GRAPHMRED-ENUM, the strategy we used in graphs without small cycles relied on
two crucial facts: (1) a minimal redundant set has a constant number of redundant vertices
(at most 3), and (2) the minimal redundant sets containing a single redundant vertex and a
unique neighbor of this vertex can be enumerated efficiently. In bipartite graphs these two
facts do not hold anymore.

For redundant sets with unbounded number of redundant vertices, let us consider the
following bipartite graph G. We start from vertices vy,...,v, and create, for each i # j a
new vertex u,;; adjacent to v; and v;. Then, we add a vertex y adjacent to each v; and a
vertex z adjacent to y. This complete the description of G. The set R := {y,v1,...,v,} is a
minimal redundant set of G where red(R) = {v1,...,v,} is indeed of unbounded size. We
illustrate this construction in Figure 6.

For the task of enumerating the minimal redundant sets with a single redundant vertex z
and containing a unique neighbor y of z, i.e., the case of Lemma 4.13, we show in the next
theorem that it becomes intractable in bipartite graphs. The hardness comes from the fact
that, when selecting a subset of N(y) to be part of the redundant set, one must guarantee
that each chosen vertex has a private neighbor outside N?(z) all the while being useful to
dominate N(z) \ {y}, a problem that does not arise in bipartite graphs with no induced Cg.

» Theorem 5.3. Let G be a bipartite graph and x,y € V(G) be a pair of adjacent vertices.
Then, unless P = NP, there is no output-polynomial time algorithm to enumerate the
minimal redundant sets R of G that satisfy red(R) = {x} and RN N(z) = {y}.
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Figure 6 A bipartite graph with a minimal redundant set (shaded vertices) having an unbounded

number of redundant vertices (boxed in yellow). The vertex z shows that a minimal redundant set

with an unbounded number of redundant vertices does not need to be the closed-neighborhood of a

vertex.
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