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—— Abstract

We introduce multi-head finite-state dimension, a generalization of finite-state dimension in which a

group of finite-state agents (the heads) with oblivious, one-way movement rules, each reporting only
one symbol at a time, enable their leader to bet on subsequent symbols in an infinite data stream.
In aggregate, such a scheme constitutes an h-head finite state gambler whose maximum achievable
growth rate of capital in this task, quantified using betting strategies called gales, determines the
multi-head finite-state dimension of the sequence. The 1-head case is equivalent to finite-state
dimension as defined by Dai, Lathrop, Lutz and Mayordomo (2004). In our main theorem, we
prove a strict hierarchy as the number of heads increases, giving an explicit sequence family that
separates, for each positive integer h, the earning power of h-head finite-state gamblers from that of
(h + 1)-head finite-state gamblers. We prove that multi-head finite-state dimension is stable under
finite unions but that the corresponding quantity for any fixed number h > 1 of heads — the h-head
finite-state predimension — lacks this stability property.
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1 Introduction

This paper introduces multi-head finite-state dimension and multi-head finite-state strong
dimension, two new tools for algorithmic information theory. Our main theorem is a hierarchy
result establishing that each additional head strengthens these multi-head dimensions.

The primary historical steps leading to our work are as follows.

(i) Hausdorff [18] introduced Hausdorff dimension, which became a central tool in classical
geometric measure theory. (Note the term “classical” here does not mean “old,” but
rather not involving the theory of computation or related aspects of mathematical
logic.)

(ii) Tricot [47] and Sullivan [46] introduced packing dimension, a kind of dual and upper
bound of Hausdorff dimension.
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(iii) J. Lutz [30, 31] proved a gale characterization of Hausdorff dimension that enables effec-
tivizations of Hausdorff dimension at various levels of computability and computational
complexity.

(iv) Dai, Lathrop, J. Lutz, and Mayordomo [10] showed that Hausdorff dimension can even
be effectivized at the finite-state level.

(v) Athreya, Hitchcock, J. Lutz, and Mayordomo [3] proved that the above effectivizations
can also be carried out for packing dimension, thus yielding strong dimensions at each
of these levels.

All the above have yielded many applications in algorithmic information theory, computational

complexity, geometric measure theory, analytic number theory, and other areas. In particular,

the finite-state dimension dimpg(.S) and the finite-state strong dimension Dimpg(.S) of infinite
sequences S over a finite alphabet ¥ have had useful interactions with Borel normal numbers
and uniform distribution theory [6, 7, 11, 17, 27, 33, 29, 37, 38, 39, 40], Shannon entropy
and Kullback-Leibler divergence [5, 21, 25, 26, 27, 32], and efficient prediction of data
streams [13, 16, 20]. The references here are representative but far from exhaustive. The

Effective Fractal Dimension Bibliography maintained by Hitchcock [19] is more comprehensive.

The present paper was motivated by a long-standing open question and inspired by an
ingenious proof. The long-standing open question is whether the finite-state setting is the only
level of effectivity in which randomness is equivalent to full dimension. Bourke, Hitchcock,
and Vinodchandran [5] noted that the equivalence of finite-state randomness and finite-state
full dimension follows from a theorem of Schnorr and Stimm [45]. In contrast, there is no
such equivalence for algorithmic randomness and dimension, computable randomness and
dimension, or resource-bounded randomness and dimension; in all these settings, there exist
non-random sequences with full dimension.

The search for other settings where this equivalence holds has focused on notions of
randomness and dimension that are “highly effective,” defined using gamblers that are
computationally weaker than polynomial-time algorithms. Examples include the settings of
pushdown gamblers, Lempel-Ziv gamblers, and perhaps logspace gamblers [1, 2, 12, 29, 41, 35],
but it is not yet known whether randomness and full dimension are equivalent in those
settings. Here our objective is to investigate a setting that is as close as possible to, but not
quite as effective as, the setting of finite-state gamblers.

The ingenious proof that inspired our choice of a setting to investigate is due to Becher,
Carton, and Heiber [4]. Translated into the original gambling (i.e., gale) formulation of
finite-state dimension [10], Becher, Carton, and Heiber proved that there is an infinite binary
sequence S with the following two properties.

(1) No finite-state gambler G can win unbounded money betting on the successive bits of S.

(2) There is a gambler G that wins money exponentially quickly betting on the successive
bits of S. This gambler G is “almost” finite-state, except that it is equipped with an
additional probe to the past, so that at any time, G knows not only the last bit of the
string scanned so far, but also the “middle” bit of this string (adjusted appropriately for
the fact that this string may have even or odd length).

Taken together, items (1) and (2) above imply that equipping a finite-state gambler with
a “probe to the past” as above can make it more powerful than any finite-state gambler.
This is intuitively unsurprising, because implementing such a probe requires access to an
unbounded amount of past data.

In a line of research over sixty years old [43, 44], a device like G is a two-head finite
automaton whose first head is the “leading” (scanning) head of G and whose second head is
what we called above a “probe to the past.” The multi-head finite automata of this literature
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(surveyed nicely by Holzer, Kutrib, and Malcher [24]) are typically used to recognize sets of
finite strings rather than to compress or gamble on infinite data streams, but the present
paper should be regarded as a continuation of this literature as well as a further development
of algorithmic dimensions.

As noted above, the goal here is to investigate a setting that is as close as possible to,
but not quite as effective as, the setting of finite-state gamblers. Accordingly, we require the
trailing heads in our multi-head finite-state gamblers to be as weak as possible: They can only
move forward (or hold still), and they are oblivious in the sense that their movements do not
depend on the data that they are scanning. (We are using the terminology of oblivious Turing
machines here [42]. In the terminology of [24], our trailing heads are data-independent.) Cruz,
Glashausser, Li, and Lutz [8] recently studied a non-oblivious variant of our multi-head model
and showed that, with only modest changes, the argument for our hierarchy theorem carries
over into that setting. Cruz, Glashausser, and Lutz [9] further investigated the separation
between these two models.

Section 3 below defines, for each positive integer h, the notion of an h-head finite-state
gambler (h-FSG) in a straightforward way such that a 1-FSG is a finite-state gambler as
in [10] and the gambler G above is a 2-FSG. Section 4 then uses section 3 to define, for
each positive integer h and each sequence S € X%, the h-head finite-state predimension
dimgls) (S) and the h-head finite-state strong predimension DimgLS)(S) in such a way that
dimgs)(S) = dimpg(.5) is the finite-state dimension of S as in [10] and Dim%ls) (S) = Dimpg(S)
is the finite-state strong dimension of S as in [3]. It is immediately evident that each of
these predimensions is, for fixed S, a nonincreasing function of h, leading immediately to the
definitions of the multi-head finite-state dimension

. MH . . (h)
dimpg' () = hlean+ dimyg (S)
and the multi-head finite-state strong dimension
. . . (h
Dimpg (S) = hlean+ Dlm%S)(S).

We note that our model is definitionally robust, in that N. Lutz [34] has very recently
shown that our multi-head finite-state predimensions and dimensions are equivalent to natural
notions of multi-head finite-state compressibility.

We prove the main theorem of this paper, a hierarchy theorem, in section 5. Recalling
that, for each h € Z* and each S € X¥,

dim{% ™ (9) < dim(S) and  Dim{5™(9) < Dim{Y (9),

our main theorem says that each of these inequalities is strict for some sequences S. This
hierarchy theorem is analogous to Yao and Rivest’s nontrivial 1978 proof that, in the context
of language recognition, “k + 1 heads are better than £” [48] and the subsequent line of
hierarchy theorems for the recognition power of multi-head finite automata in two-way [36, 23]
or data-independent [23, 22, 14, 15] settings.

For each positive integer h, we define a function Fj,41 : X — X¢, where every sequence
Fp,1+1(S) has a structural pattern that is easily exploited by an (h+1)-FSG, but each of those
h + 1 heads is essential for this task. We prove that if R is a Martin-Lo6f random sequence,
then no h-FSG can gain any significant advantage from the patterns in Fj,11(R). Our proof
relies on partitioning Fj11(R) into a family of strings of exponentially increasing length,
where each string has high conditional Kolmogorov complexity given the information that
can be accessed by any (h — 1) heads while the leading head reads that string.
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Each fractal dimension dim (we use this font generically in this paragraph) assigns a
dimension dim(FE) to each subset E of some metric space, which is ¢ in this paper. If
dim is one of the effective dimensions of algorithmic information theory, one then sets
dim(S) = dim({S}) for each S € ¥¢, as we do here. (This would be senseless for classical
fractal dimensions, because there all singletons have dimension 0.) In general, each fractal
dimension dim has the stability property that, for all sets E and F,

dim(F U F) = max{dim(F), dim(F)}.

This distinguishes fractal dimensions, for example, from measures.

The finite-state dimensions dimpg and Dimpg are stable in the above sense. However,
we prove in section 6 that, for each h > 2, the h-head finite-state predimensions dimgls) and
Dim%hs) are not stable. We prove in section 7 that the multi-head finite-state dimensions
dim%/ISH and Dim%/ISH are stable. This is why we use the “predimension” terminology.

Some proofs are omitted in this conference version of the paper.

2 Preliminaries

String and Sequence Notation

Given a finite alphabet 3 of symbols, the sequence space 3¢ is the set of all infinite sequences
over X; when ¥ = {0, 1}, this is the Cantor space C. For i € N, we write S[¢] for the symbol
at position ¢ in a sequence S € X¢; the leftmost symbol of S is S[0]. For 4,5 € N with ¢ < j,
we write S[i..j] for the string S[i]--- S[j] € LI~

s-Gales and Martingales

Following the standard template for effectivizations of fractal dimensions [30, 31, 3], we will
base our dimension notions on the success of functions called gales.

» Definition 2.1. For s € [0,00), an s-gale is a function d : ¥* — [0,00) that satisfies the
condition

d(w) = [3]7* " d(wb)

bes
for all w € ¥*. A martingale is a 1-gale.

Intuitively, the value of a gale is interpreted as the capital of a gambler betting on successive
symbols in a sequence. The number s parameterizes the favorability of the betting environ-
ment. A martingale, where d(w) is the average, over all symbols b, of d(wb), corresponds
to a perfectly fair betting environment, in which a maximally conservative gambler who
places equal bets on all possible one-symbol extensions of w can maintain constant capital.
Parameters s < 1 correspond to less favorable betting environments where “the house takes
a cut.” In these environments, the gambler would need to exploit some knowledge about the
sequence — or be lucky — to maintain constant capital. For a gale to succeed, though, we
require that the gambler’s capital is unbounded, not merely constant.

» Definition 2.2. Let d be an s-gale.

1. We say that d succeeds on a sequence S € ¥ if limsup,,_, . d(S[0..n — 1]) = co. The
success set of d is S®[d] = {S € £ | d succeeds on S}.

2. We say that d succeeds strongly on a sequence S € ¢ if liminf,,_, o d(S[0..n — 1]) = oo.
The strong success set of d is Soo[d] = {S € ¥ | d succeeds strongly on S}.

str
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In general, succeeding on a sequence becomes more difficult as the sequence becomes more
complex, as the computational resources available to the gale become more restricted, and
as the value s decreases.

Kolmogorov Complexity

While the success of gales quantifies the predictability of sequences, Kolmogorov complexity
quantifies the compressibility of strings. These are closely related concepts, and several of
our proofs rely on bounding the compressibility of parts of a sequence to derive bounds on
the sequence’s overall predictability. Our proofs will use the basic properties of Kolmogorov
complexity stated below. Further details and background on Kolmogorov complexity can be
found in [28].

Let U be a fixed, universal prefix Turing machine. For strings o,7 € {0,1}*, the (prefix)
conditional Kolmogorov complexity of o given 7 is

K(o| 1) =min{|x| | 7 €{0,1}" and U(w,7) = o},

that is, the minimum length of a program w for ¢ given 7 as an auxiliary input. The

Kolmogorov complezity of o is K(0) = K(o | A), where A denotes the empty string.
Computable functions do not add information: For every computable function f and all
o, 7 €{0,1}*,

K(f(o) [ 7) < K(o [ 1)+ O(1). (1)
Symmetry of information: For all o,7 € {0,1}*,
K(o,7) = K(o | 7, K(7)) + K(7) + O(1). (2)

A sequence R € C is Martin-Lof random if there is some constant ¢ € N such that, for all

n € N, we have K(R[0..n — 1]) > n — ¢; in this sense, such sequences are incompressible.

We will construct sequences based on Martin-L6f random sequences, and our constructed
sequences will inherit some of this incompressibility.

3 Multi-Head Finite-State Gamblers

We now define multi-head finite-state gamblers. These are a generalization of the 1-account
finite-state gamblers defined in [10]; our definition here is self-contained. We first define the
formal components of a gambler, then describe its movements and operation.

The gambler’s state space will be the Cartesian product of two sets, T" and . The
T component of the state will govern the heads’ movements, while the QQ component will
govern its betting behavior. We will place a requirement on the transition function § that
it can be decomposed into separate transition functions 07 and dg that act on 7" and @,
respectively, where d7 does not depend on the symbols read. This has the effect of isolating
the T component of the gambler’s state from the tape contents, which makes the head
movements data-independent.

» Definition 3.1. Let h € Z*. An h-head finite-state gambler (h-FSG) is a 7-tuple

G = (T X Qa Evavﬂaﬁv (tOvQO)ch),

where
T and Q are nonempty finite sets, and T x @ is the set of states;
Y is the finite alphabet, satisfying |X| > 2;

59:5
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§:T xQx X" — T xQ is the transition function, with the following property: there are
functions 67 : T — T and g : Q x " — Q such that, for allt € T, g € Q, and & € X",

5(t7 q, 5) = (5T(t)v 5@(‘]7 5))7

p:T — {0,1}"=1 is the movement function;

B:Q — Ag(X) is the betting function, where Ag(X) denotes all rational-valued discrete
probability distributions on X;

(to,qo) € T x Q is the initial state; and

co is the initial capital.

Head Movements and State Transitions

Intuitively, we regard G as having h heads: a leading head which advances through the input
sequence in discrete steps, and h — 1 trailing heads, some subset of which advance in each
step. The positions of the heads are governed by the positional states — the members of T'
— and the function p, which dictates, in each positional state, which of the trailing heads
advance. More formally, for r € N, let 6%, : T — T denote r iterated applications of d7. Then
the positional vector of G after n steps, which tells us the positions of all trailing heads, is
determined by the function 7 : N — N*~! defined by 7(0) = (0,...,0) and, for all n € N,
recursively by m(n + 1) = 7(n) + p (6% (t0))-

For n € Nand S € ¥, let (m,...,mh—1) = w(n) and &, = (S[m1],...,S[mh-1],S[n]).
Then the state sequence (o, o), (t1,q1), (t2,42), ... of G on input sequence S € 3¢ is given,
for all n € N, by

(tn+1aQn+1) = 5(tnaQn7&n) (3)

Note that the head movements are oblivious in the sense of being data-independent, which,
together with the finite-state condition, implies that each of them moves at an essentially
constant rate, in the following sense.

» Observation 3.2. For each trailing head i, there is a constant o; € [0,1], which we call the
speed of head i, such that whenever the leading head is at position n € N, the position of
head i is between o;n — |T| and o;n + |T|, inclusive.

Proof. As T is finite, repeated application of §7 to g must eventually result in a cycle, which
will thereafter be repeated forever. Let L be the set of positional states in this cycle.

Let D be the set of positional states that appeared before entering the cycle. Note that D
and L are disjoint. After n steps, the cycle has been repeated (n — |D|)/|L| times. For each
trailing head i, let o; € [0, 1] be such that head ¢ advances o;|L| times during the cycle. Then

the position of head i after n steps is bounded below by o;|L| VI_T‘\D‘J >omn—|D|—|L| >

osn — |T| and above by |D| + o;|L| ["‘—L‘f'] <o+ |D|+|L| < oin + |T). <

4  Multi-Head Finite-State Dimensions

We now define h-head finite-state (strong) predimension — which generalize the finite-state
dimension of [10] and the finite-state strong dimension of [3] — and multi-head finite-state
(strong) dimension. Definitions 4.1-4.4 continue to follow the standard template for effec-
tivizing fractal dimensions [30, 31, 3], differing from the corresponding definitions in [10, 3]
only in that the gamblers now have h heads.
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Briefly, the approach is to define the martingale and s-gales induced by the betting
function of a specific gambler, then consider the range of parameters s for which it is possible
for a gambler’s s-gale to (strongly) succeed on a given set. Recalling that s parameterizes the
favorability of the betting environment, this means we are quantifying how unfavorable the
betting environment can become before it becomes impossible for an h-FSG to succeed on
the set. Intuitively, a gambler can succeed in a more unfavorable environment if the set only
contains simple, predictable sequences, so such sets will tend to have lower predimension or
dimension.

» Definition 4.1. The martingale of an h-FSG G is the function dg : ¥* — [0,00) defined
recursively by da(X\) = co and dg(wb) = |X|dg(w)B(qjw) (D), where q),| is defined as in (3).

By rescaling this martingale, we derive corresponding s-gales.

» Definition 4.2. For s € [0,00), the s-gale of an h-FSG G is the function d(cf) : 3% — [0, 00)
defined, for all w € ¥*, by dg)(w) = |2 DIvldg (w).

Given a set of sequences, we may then consider the range of parameters s for which
h-FSGs with (strongly) successful s-gales exist.

» Definition 4.3. Let X C X%.
1 Gn(X) = {s € [0,00) ‘ 3h-FSG G with X C §°°[d$)] }

2. G (X) = {s € [0, 00) \ Jh-FSG G with X C S28[d%] }

str

The infima of these ranges then give us our predimensions; the h-head finite-state (strong)
predimension of a set X is the infimum of the parameters s such that an h-FSG can have an
s-gale that (strongly) succeeds on X.

» Definition 4.4. Let h € ZT and X C X¥.
1. The h-head finite-state predimension of X is dimgls) (X) = inf G (X).
2. The h-head finite-state strong predimension of X is Dim%hS) (X) =inf G5 (X).

Note that dimgg is the finite-state dimension dimpg defined in [10] and Dimgs) is the
finite-state strong dimension Dimpg defined in [3].

» Definition 4.5. Let X C X¥.
1. The multi-head finite-state dimension of X is dimpg (X) = infjez+ dimgl)(X ).
2. The multi-head finite-state strong dimension of X is Dimpg (X) = infpez+ Dim%h)(X).

Both h-head finite-state predimension and multi-head finite-state dimension are monotone,
in the following sense.

» Observation 4.6. Let X, Y C X%,
1. Forallh € Z*, if X CY, then dim{) (X) < dim{¥ (Y) and Dim{¥ (X) < Dim{ (V).
2. If X CY, then dimkg (X) < dim}g (Y) and Dimpg (X) < Dimpg (V).

Proof. Let h € Z* and assume X C Y. By Definition 4.3, for each s € G,(Y) there is
some h-FSG G such that X CY C §%[dY)], so s € Gu(X). Hence, Gu(Y) C G(X), and
therefore dim%hs) (X) < dimgLS) (Y), by Definition 4.4. Dimghs)(X) < Dim%hs) (Y) holds by the
same argument.

By Definition 4.5, the second statement follows immediately from the first. <
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» Definition 4.7. The h-head finite-state predimension, h-head finite-state strong predi-
mension, multi-head finite-state dimension, and multi-head finite-state strong dimension of
an individual sequence S € 3“ are the h-head finite-state predimension, h-head finite-state
strong predimension, multi-head finite-state dimension, and multi-head finite-state strong
dimension, respectively, of the singleton {S}.

5 A Hierarchy of Predimensions

In this section, we prove our main theorem, a strict hierarchy on predimensions, showing
that additional heads enhance the predictive power of multi-head finite-state gamblers.

» Theorem 5.1. For each h € Z™, there is a sequence Y such that
dim%}bs+1)(Y) < dimgls)(Y) and Dimg?l)(Y) < Dim(FhS) (Y).

We will prove this by defining an explicit family of functions on sequences, which we
will then apply to Martin-Lof random sequences. The goal, for each h € Z7T, is to define
sequences in which a constant fraction of the bits depend on exactly h well-spaced bits from
earlier in the sequence, so that A trailing heads are necessary and sufficient to access the
relevant earlier bits.

» Definition 5.2. For each i € Z%, let p; denote the i prime number: p; = 2, ps = 3, etc.
For each x € N, define the multiplicity of p; in x to be v;(x) = max {k eN ’ pf | x}

» Definition 5.3. For each h € Z™, define the function Fy 11 : C — C as follows. For all
S e C, let Fr11(5)[0] = S[0] and, for allg € N and 0 < r < ppy1, let
Slapn+r = 1) +r] ifr>0

h
1@1Fh+1(5)[qpk] if r =0,

Fry1(9)[gpngr + 1] =

where @ 1is the parity operation.

For example, in the sequence F3(S), four out of every five bits are “new” bits taken directly
from S, and the fifth bit, at some index 5¢q, is given by the parity of the bits at indices 2¢
and 3¢ in F3(S). Those bits themselves might come directly from S or, if ¢ is a multiple of 5,
the recursive dependence may continue. Note that an index in S may be reachable by an
even number of paths in the recursion tree whose root is at 5¢, in which case cancellation
makes F3(5)[5¢| insensitive to the bit at that index. In Figure 1 we show an example of the
depth-2 recursive calculation of F5(S)[150], in which S[29] cancels itself out.

» Lemma 5.4. Forall Se€ C and h € ZT,

1

dimis"™ (Fiea(8)) < Dimgg™ (Fa (5)) <1 .
+

Proof sketch. For each h € ZT, we construct an (h+1)-head finite-state gambler G such that,
for all e > 0 and all S € C, the sequence Fj11(5) is in the success set of the (1— ﬁ +e¢)-gale
of G. In each round of p,41 steps, the i head of G advances p; times, such that the trailing
heads point to the bits referenced in the next parity calculation. This means that G can
predict one out of every pp41 bits with certainty, and it bets uniformly on all other bits.
This corresponds to its (1 — ﬁ + €)-gale amassing unbounded capital. |
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F3(S)
© 36 51700 30 O
0 24 150
S
© 3
0 20 29 44

Figure 1 F3(S)[150] = S[20] & S[29] & S[29] & S[44] = S[20] & S[44].

Fix any positive integer h and any Martin-Lof random sequence R € C, and let Y =
Fp+1(R). To prove Theorem 5.1, it suffices to show that the h-head finite-state predimension
of Y is 1. To do this, our high-level plan is to show that for every h-FSG and each sufficiently
long prefix Y'[0..n] of Y, there is a long suffix Y[b..n] that has high conditional Kolmogorov
complexity given the information the trailing heads might read while the leading head reads
Y [b..n]. This high conditional complexity will bound the rate of growth of the h-FSG’s
martingale on that suffix, and we will apply this algorithmic information-theoretic argument
iteratively to bound the martingale’s overall rate of growth.

Let G be any h-FSG over the alphabet {0,1}. Let oy,...,0,_1 be the trailing head
speeds guaranteed by Observation 3.2, and let ¢ = |T'|. Without loss of generality, assume
O<o1 <...<op_1<1.

We now introduce some additional notation that will be helpful in carefully analyzing

the recursive structure of the sequence Y. Let n € N. For every set A C [0,n], define the
string Y[A] € {0,1}"*! by

Y[i] ifieA

0 otherwise,

Y{A]ld) = {

for all ¢ € {0,...,n}. Note that Y[A] = Y[A N NJ; we will only use integer indices of strings
and sequences, but it will sometimes be convenient to consider the real intervals those integers
belong to.

Let b = |yn| + 1, where v € (0,1) N Q is a parameter whose value will be defined in
Lemma 5.5. Define u, = Y[b..n],

h—1
U= U [o:b—¢c,om + ],
i=1
and u = Y[U]. Intuitively, the string u contains all bits that might be read by any trailing
head while the leading head h reads wuy,.
Let d € N be a constant that does not depend on n. For each 1 < ¢ < h, define

Vi= {(Pi/PhH)V”“(m)m ‘ m € [b..n] and vh41(m) < d}

and its closure

ai1+...+ap

Vi: m'pahlﬂiah mEViandal,...,ahGN .
pl .-.ph
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Note that V; = V; N {m | vj41(m) = 0}. Define v; = Y[V;] and v; = Y[V].

To prove Theorem 5.1, we use the following four lemmas. Informally, Lemma 5.5 shows
that we can tune parameters such that u excludes one of the h regions relevant to calculating
parity bits in the suffix u;,; Lemma 5.6 shows the algorithmic information consequence that
up, has high complexity conditioned on w; Lemma 5.7 shows that when this conditional
Kolmogorov complexity is high, a gambler cannot win quickly while betting on the suffix up;
and Lemma 5.8 applies this reasoning inductively to show that a gambler cannot win much
on any prefix of Y.

» Lemma 5.5. There are constants (depending on ¢, d, h, and the trailing head speeds, but
not onn) vy € (1/2,1)NQ, ng €N, and 1 < j < h such that if n > ng, then UNV; = 0.

» Lemma 5.6. Fiz v and j as in Lemma 5.5, let n € N be sufficiently large, and let
b= |yn|+ 1. Then K(up | u) > (n—0b)(1 —p;ffl) — O(logn).

» Lemma 5.7. Let h € Z*, G an h-FSG, € > 0 a rational constant, and n € N sufficiently
large. Define b, u, and uy, as above. Let y = Y[0..b —1]. If K(up, | u) > (n—b)(1—5), then

max dG(yU;) < 2a~(n—b). (4)

wClup dg(y

» Lemma 5.8. Let Y = Fy1(R), where R is a Martin-Lif random sequence and h € Z+. For
alle € QN(0,1) and every h-head finite-state gambler G, the set {dg_%)(Y[O..nfl]) | n e N}
is bounded by a constant.

With these lemmas, we prove Theorem 5.1. Letting € approach 0 and applying Lemma 5.8
shows that dimgls)(Y) = Dim,(FhS) (Y) =1, while Lemma 5.4 shows that

1
Ph+1 '

dim{5™ (v) < DimE (v) <1 -
Hence, for every h € Z*, Y = F,1(R) attests to a strict separation between h-head and
(h + 1)-head finite-state predimension, and between h-head and (h + 1)-head finite-state
strong predimension.

6 Instability of h-Head Finite-State Predimensions

We now show that unlike typical fractal dimension notions, h-head finite-state predimensions
are not stable for fixed h > 2.

» Theorem 6.1. For each integer h > 2, h-head finite-state predimension and strong
predimension are not stable under finite unions.

We prove this using two variants of our function family FJ, 1, called Fj_ , and F}' ;.
Recall that the bit in one out of every h+ 1 positions in a sequence Fj,11(S) can be computed
as the parity of h previous bits in the sequence. At those same positions in Fj_,(S) and
Fy'. 1 (S), the bit can be computed as the parity of only h — 1 of the h bits involved in the
Fy11(S) calculation. In Fj_ ,(S), it is parity of the first h — 1 of those h bits, while in
Fy' 1 (S), it is the parity of the last h — 1 of those h bits. Intuitively, these sequences together
capture the full complexity of Fj,11(.5), but each of them individually is well-suited to using
only h — 1 trailing heads.
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Formally, for each h € Z, define the functions Fj , : C — C and Fj , : C — C
as follows. For all S € C, let Fy_ ,(5)[0] = F},(S)[0] = S[0] and, for all ¢ € N and
0<r< Ph+1, let

Slg(pn+1 —1) +7] ifr>0

F . 1(S)gphs1 + 7] = ¢ h=l
h+1( )[ h+1 ] k@ F;L+1(S)[qpk] ifr=0
=1

and
Slg(ppy1 — 1) +7r] ifr>0

F// rl = h
w1 (Slapnss + ] ICGBQFIQIH(S) [qpi] if r = 0.

For any fixed h and € > 0, we can construct a pair of h-FSGs whose (1 — ﬁ + €)-gales
succeed, for all S € C, on Fy_,(S) and on F}/ ,(S), respectively, using constructions almost
identical to the (h + 1)-FSG that succeeds on Fj,4+1(S) in Lemma 5.4; essentially, we omit
either the first or the last trailing head from that construction. This establishes, for all S € C,
that the singletons {F;_ ,(S)} and {F}/ ,(S)} have both h-head finite-state predimension
and strong predimension at most 1 — P

Nevertheless, we show — using techniques very similar to those of our strict hierarchy result,
Theorem 5.1 — that no h-FSG has a (1 —2¢)-gale that succeeds on both Fj | (R) and Fj/ | (R)
when R is any Martin-Lof random sequence. This implies that the set {F; | (R), F}/  (R)}
has h-head finite-state predimension and strong predimension 1, proving instability.

At a high level, the argument is that by the obliviousness of the head movements, the
heads of any h-FSG must move identically on both these sequences, which means that

for at least one of these sequences, at least one of the relevant h — 1 bits in any parity
calculation must be missing from the information the gambler can readily access. Much as
in Lemmas 5.6, 5.7, and 5.8, we show that this missing information implies that at least one
of the sequences can be broken into strings of high conditional Kolmogorov complexity given
the trailing heads’ information, which bounds the corresponding gale’s rate of growth on
each of these strings and thereby on the entire sequence.

7 Stability of Multi-Head Finite-State Dimension

In this section we prove that, notwithstanding the instability of h-head finite-state predimen-
sion and strong predimension, multi-head finite-state dimension and strong dimension are
stable under finite unions. This is because, as we now prove, a multi-head finite-state gambler
with sufficiently many heads can implement a martingale that approrimately averages the
martingales of a pair of other multi-head finite-state gamblers, thereby succeeding wherever
either of the pair would succeed, up to € error. Maintaining this approximate average with
finitely many states is delicate.

» Theorem 7.1. Given hi,ha € ZT, for each h1-FSG Gi, each hy-FSG Gy and each
€ (0,1), there is a (hy + ha — 1)-FSG G such that for all s € [0,1],

5% [dg] us™[dg)) € 5% [dg*7] and  SF[dg)] U SE[AE)] € SEldeT).
» Corollary 7.2. For all X,Y C X%,

dimpg (X UY) = max{dimpg' (X), dimpa (Y)}
and

DimMa (X UY) = max{Dimpg (X), Dim¥g (V)}.
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Proof. It is immediate from Theorem 7.1 that dimM (X UY) < max{dim}g (X), dim¥5 (Y)}
and Dim}g (X UY) < max{DimM (X), DimM' (Y)}. The reverse inequalities follow from
Observation 4.6. <

8 Conclusion

To our knowledge, the finite-state dimensions dimpg and Dimpg are the most effective
(meaning effectivized in the most restrictive way) of the fractal dimensions that have been
investigated. It is not hard to see that the multi-head finite-state dimensions dimpg® and
DimII}/[SH7 while not as effective as the finite-state dimensions, are highly effective in the sense
that they are more effective than the polynomial-time dimensions dim, and Dim,, of [30, 3].

Other dimensions that are highly effective in the above sense have been investigated.
These include pushdown dimensions, Lempel-Ziv dimensions, and perhaps polylogspace
dimensions [1, 2, 12, 29, 41, 35]. It will be interesting to see how multi-head finite-state
dimensions are related to these other highly effective dimensions.

It will be noted that our motivating question remains open: A sequence S € X% is multi-
head finite-state random if there is no multi-head finite-state gambler G such that S € S*>[d¢].
Is every sequence with multi-head finite-state dimension 1 multi-head finite-state random?
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