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Abstract
It is known that there exist multi-prover interactive protocols (MIP protocols) for the complexity
class NEXP, succinct MIP protocols for NP and multi-prover interactive protocols with shared
entanglement (MIP∗ protocols) for RE. This extraordinary power of multi-prover interactive proof
systems comes from the assumption that provers do not communicate with each other during the
protocols. If they are allowed to communicate freely, the setting is the same as in the single-prover
case, and the computational power of the system becomes significantly weaker.

In this paper, we investigate for the first time the setting where communication (i.e., leakage of
information) between provers is allowed but bounded. We introduce two techniques to approach
this question and show that multi-prover interactive proof systems are robust against some amount
of leakage. Our first technique is based on parallel repetition theorems. We apply it to show that
for any polynomial p, we can construct two-prover one-round MIP and MIP∗ protocols for NEXP
and RE, respectively, that are robust against p(n) bits of leakage. We further derive our second
technique to convert any low-soundness PCP construction to a two-prover one-round MIP protocol
for NP robust against leakage. We also discuss the relation between robustness against leakage in
multi-prover interactive proof systems and the Sliding Scale Conjecture in the PCP literature.
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1 Background

Multi-prover interactive proof systems (MIPs) were first introduced by Ben-Or et al. [9] to
remove intractability assumptions from zero-knowledge proof systems [21, 20]. In a multi-
prover interactive proof system, there are multiple provers who interact with a verifier. The
provers cannot communicate with each other during the execution of the protocol, and thus
the verifier can “cross-check” their assertions. In 1990, Babai, Fortnow and Lund [4] showed
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MIP = NEXP, where NEXP is a set of problems recognized by non-deterministic exponential-
time Turing machines. In MIP protocols, the polynomial-time verifier checks exponentially
large proofs, and the result of MIP = NEXP led to the discovery of the celebrated PCP
theorem [3, 2].

The class MIP∗, which is a variant of MIP where provers can share entanglement, was first
introduced by Cleve et al. [16] who derived a correspondence with quantum non-local games.
Since in non-local games, quantum values are larger than classical values (i.e., ωq(G) ≥ ωc(G))
and thus soundness in MIP protocols does not imply one in MIP∗ protocols, the relation
between MIP and MIP∗ was mysterious. After an extensive effort to investigate the power of
MIP∗ (e.g., [32, 25, 47, 40]), Ji et al. [30] proved MIP∗ = RE. The RE-complete problem is
the Halting Problem (which is undecidable), and shared entanglement between the provers
gives extremely strong power to the multi-prover interactive proof systems.

The extraordinary power of multi-prover interactive proof systems comes from the
canonical assumption that provers do not communicate with each other during the execution
of the protocol1. If provers are allowed to communicate freely, the proof system is the same
as in the case of the single prover, and the power of the proof system becomes much weaker
because IP = PSPACE [48]. If we limit the number of rounds to a constant, it is still the case
that there exists a two-prover one-round MIP (resp. MIP∗) protocol for NEXP (resp. RE).
However, in the single-prover setting (IP), the class is equal to AM [22, 5], which is much
weaker than the multi-prover case.

An important line of research in the study of multi-prover interactive proofs is related
to the problem of reducing the soundness error to any arbitrary small value. This question
motivated the study of the parallel repetition theorem [45, 24] in which the goal is to reduce
the soundness error to any arbitrary value by asking the provers to play multiple instances
of the same game simultaneously. It was first shown by [45] that the soundness error decays
exponentially with respect to the number of copies of the game that are played in parallel.

The parallel repetition theorem also plays an important role in the study of probabilistically
checkable proofs (PCPs), where it is used to reduce the soundness error at the cost of increasing
the proof length and alphabet size. However, parallel repetition is not the only approach.
Gap amplification [18, 6] provides a more efficient way to increase the unsatisfiability gap,
thereby reducing the soundness error with smaller overhead. Moreover, similar effects can be
achieved through careful composition of PCPs [39, 19].

In this work, we formally show a connection between the no-communication assumption
in multi-prover interactive proofs, and the parallel repetition and the low soundness error for
PCPs. More precisely, we will use the latter to relax the former and show that if the soundness
error is chosen to be a carefully small value, one can allow some bits2 of communication
between the provers.

2 Our contribution

As we have discussed, there are huge gaps in the computational power of multi-prover
interactive proof systems with and without communication between provers. Moreover, when
we want to realize these systems physically, say for some cryptographic applications, enforcing
physical separation may be considered an unrealistic assumption, and in practice, a small
amount of information could leak from the devices corresponding to the provers.

1 Before the protocol starts, they can talk freely and share some strategy.
2 For MIP∗ protocols, quantum communication (qubits) can always be replaced by classical communication

(bits) via teleportation [11] since the provers share entanglement. In this paper, we thus only consider
classical communication between provers, even when discussing MIP∗ protocols.
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These facts motivate us to ask the following question:

Assume some bounded amount of communication is allowed between the provers. Then,
what is the computational power of the multi-prover interactive proof systems?

Note that it is necessary to assume there is a meaningful bound on the amount of leakage
between the provers. In particular, if the amount of leakage is greater than the size of the
questions the verifier asks, then trivially the power of the protocol comes down to the power
of single-prover interactive proofs.

In this work, we will introduce two techniques to answer this question.
Our first tool, which uses the power of parallel repetition theorems, can be used to show
that it is indeed the case that we can allow the provers to have bounded communication,
while preserving the power of multi-prover settings. Of course, there will be a cost to pay,
and it shows up in the size of the question and answer sets of the non-local game, but as
we will discuss shortly, the blow-up in the question and answer size is moderate.
Our second technique exploits low-soundness PCP constructions (achieved from gap
amplification), and we show how to convert them to leakage-resilient succinct MIP
protocols for NP. We achieve better parameters for question, answer, leakage size, and
soundness, although this comes at the cost of additional assumptions or restrictions.

Our techniques allow us to show that the extraordinary power of multi-prover interactive
proof systems still holds even if we weaken the assumption of no communication.

This, to the best of our knowledge, is the first time one utilizes the power of soundness
error reductions towards relaxing the no-communication assumption in the multi-prover
interactive proof systems. We will also show connections between the possibility of certain
multi-prover interactive proof systems with leakage and the Sliding Scale Conjecture in the
PCP literature, with the hope that one can find resolutions for either using techniques from
the other.

3 Technical overview

For the rest of this technical overview, we fix the following notation. We denote by MIP[q, a, ℓ]
(resp. MIP∗[q, a, ℓ]) the class of problems decided by a two-prover one-round MIP (resp.
MIP∗) protocol whose question length is q and answer length is a, and the amount of allowed
communication between the provers is ℓ (see Section 5.1 for formal definitions). Here, n

always denotes the instance size of the problem, and for simplicity, we assume the alphabet
is {0, 1}.

3.1 Techniques based on parallel repetition
Our first contribution is to show how to use parallel repetition theorems for classical and
quantum non-local games to remove the no-communication assumption between provers in a
multi-prover interactive proof system.

We utilize this technique to first show the following result for MIP.

▶ Theorem 3.1 (Informal version of Theorem 5.6). Even if any poly(n) bits of communication
is allowed between the provers, there exists a two-prover one-round MIP protocol for NEXP.

Note that in the protocol above, the question size is some asymptotically larger polynomial
than the leakage size, and the answer size is a sufficiently large linear multiple of the leakage
size.

MFCS 2026
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Second, considering the parallel repetition of quantum non-local games, we show the
following result for MIP∗.

▶ Theorem 3.2 (Informal version of Theorem 5.9). Even if any poly(n) bits of communication
is allowed between the provers, there exists a two-prover one-round MIP∗ protocol for RE.

In the protocol we show above, the question size is a sufficiently large linear multiple of
the leakage size, and the answer size is larger than the leakage size and asymptotically the
same polynomial up to some polylog(n) factor.

Our results imply that any poly(n) amount of leakage between provers in a multi-prover
interactive proof can be allowed without changing their computational power.

Proof strategies

Given the correspondence between MIP and MIP∗ protocols and non-local games, we can
consider an N -times parallel repetition of a two-prover one-round MIP (resp. MIP∗) protocol
for NEXP (resp. RE). Roughly speaking, the parallel repetition of a non-local game G is a
game where the parties try to win N copies of G simultaneously. The parallel repetition
game is denoted by G⊗N . Suppose that the amount of communication allowed between the
provers is sublinear in N . Then, intuitively, it is hard for the cheating provers to win all N

games. This can be formalized by a direct product theorem in communication complexity,
which has a long history of works (e.g., [46, 15, 29, 14]).

For classical communication complexity, it is known that a direct product theorem follows
from the parallel repetition theorem for the classical value, first shown by Raz [45]. It is
also known that there exists a MIP protocol for NP and NEXP whose answer size is constant
from the PCP theorem [3, 2, 18, 39, 6]. Therefore, by considering a sufficiently large poly(n)
times parallel repetition of MIP protocols for NEXP with perfect completeness, we have
MIP[poly(n), poly(n), poly(n)] ⊇ NEXP, which proves Theorem 3.1.

For the entanglement-assisted interactive quantum communication complexity, Jain and
Kundu recently [26] showed a direct product theorem for the parallel repetition of non-local
games whose question distribution is product (see Lemma 5.7 for a formal description).

In a non-local game, if the distribution of questions is a product distribution, we denote
such games by free games. Natarajan and Zhang [42] showed that there exists a succinct
quantum free game protocol for the Halting Problem, which meets the conditions we want.
Considering poly(n)-times parallel repetition of the protocol in [42], and combining it with
the direct product theorem in [26], we have MIP∗[poly(n), poly(n), poly(n)] ⊇ RE, giving us
Theorem 3.2.

We will formalize these proofs in Sections 5.2 and 5.3.

3.2 Techniques based on low-soundness PCPs
As our next contribution, we develop a new technique where we show how to convert any PCP
construction with small soundness error into a MIP protocol resilient against leakage. See
Theorem 5.11 for a formal statement. For this technique, we need the additional assumption
that the leakage between the provers is one-way, meaning that only the first prover can send
messages to the second prover. Another way of viewing this scenario is to assume that the
verifier sends a question to the first prover, receives the answer, and all the communication
between the provers happens at this stage, before the second prover receives its question
from the verifier. Therefore, any communication from the second malicious prover to the
first is not helpful in winning the game.
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We then use this tool to show a succinct MIP protocol for NP that is sound against
constant bits of leakage. Here succinct means that the question and answer size are small,
and thus while NP ⊂ NEXP, this result is not superseded by Theorem 3.1. An informal
statement of our result is the following.

▶ Theorem 3.3 (Informal version of Theorem 3.13 in the full version). There exists a two-prover
one-round MIP protocol for NP where the question size is 2 log n + O(log log n), the answer
size is O(1), and the system is sound against O(1) bits of one-way leakage.

Note that in this setting, if we allow the provers to communicate freely (in other words,
having a single prover while the questions are O(log n) in length), the power of the protocol
reduces to P, essentially rendering the verification protocol useless. What we show is that we
can still maintain the power of verifying NP while the provers are allowed to communicate a
constant number of bits, and the overhead to pay is only an additive O(log log n) term in
the length of the question.

We further show that there exists a MIP protocol for NP that is sound against O(log n)
bits of leakage, but our result comes at the cost of super-constant soundness error.

▶ Theorem 3.4 (Informal version of Theorem 3.14 in the full version). For any positive constant
ℓ, there exists a two-prover one-round MIP protocol allowing ℓ log n bits of one-way leakage
for NP where the question size is O(log n), the answer size is log n · poly(log log n), and the
system has soundness 1 − 1/poly(log log n).

Proof strategies

We start by showing a correspondence between low-soundness PCPs and the construction of
MIPs in which the first prover is allowed to communicate a bounded number of bits to the
second prover. Roughly speaking, by utilizing a PCP construction in which the number of
satisfied constraints in a no instance is very low, we can make sure that even if the provers
decide to change their strategy mid-protocol, there are still many constraints that remain
unsatisfied even with a new cheating strategy. For simplicity, suppose that the provers are
only able to communicate 1 bit. This corresponds to the first prover specifying which of the
two strategies the second prover has to respond with (one strategy corresponds to bit 0, and
the other one to bit 1). Therefore, if we can amplify the soundness gap to a large enough
constant (say, something less than 1/10), then for any two different assignments they agree
on before the protocol starts, there are still many constraints that remain unsatisfied by
both. Hence, if the verifier is lucky enough to sample one of those, it can catch the cheating
provers. We will formalize this intuition in Section 5.4.

It is important to note that it is not clear to us whether Dinur’s gap amplification
theorem [18] can be used to obtain such a result from our techniques. The main reason is
that for our proof to go through, we need an arbitrarily small (but still constant) soundness
error, which is something that Dinur’s protocol cannot achieve, as observed by [12]. The
original PCP construction of [2, 3] is also not useful due to the same reason. However, by
using the constructions in [39, 6], we can achieve a very succinct MIP protocol for NP that is
sound against leakage. This is because these constructions have the property of achieving
an arbitrarily small soundness error by paying a moderate cost in the alphabet size and the
proof length. To prove Theorem 3.3, we make use of the recent breakthrough of [6]. We can
have a similar result with a question length of 2 log n + O(

√
log n) from [39], which is larger

than our result of 2 log n + O(log log n). To prove Theorem 3.4, we will make use of a similar
argument, but we need to utilize a PCP construction that achieves 1/poly(n) soundness

MFCS 2026
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error. To this end, we will use the construction of Dinur et al. [19] which has poly(log log n)
query complexity, but the soundness error vanishes inverse polynomially in n. This will allow
us to afford O(log n) bits of leakage, without incurring too much overhead in the question
size. However, the super-constant query complexity causes the soundness error to not be a
constant anymore.

This result also has interesting connections to the Sliding Scale Conjecture in the PCP lit-
erature. We will state it below and refer the interested reader to the survey of Moshkovitz [38]
for more information.

▶ Conjecture 3.5 (Sliding Scale Conjecture [8]). For any 1/poly(n) ≤ s < 1 and for all
languages in NP, there exists a PCP verifier V with perfect completeness and soundness s

such that V tosses log n random coins and makes a constant number of queries to a proof
over an alphabet of size 1/poly(s).

Assuming that this conjecture is true, we can use it in our technique to improve the
soundness error in Theorem 3.4 to a constant, and keep the answer size O(log n). Hence, it
is possible to show that ruling out the existence of such succinct MIP protocols with O(log n)
bits of leakage for NP can give a resolution for Conjecture 3.5. It is an interesting open
problem to figure out whether we can achieve constant soundness using other techniques.
We will discuss more about open problems in Section 6.

3.3 Comparison of the two approaches
We would like to emphasize that the two approaches that we present in this work are not
entirely unrelated. Indeed, the key idea behind both is to reduce the soundness error in
a multi-prover proof system to a carefully chosen small constant and utilize this to show
that even a bounded amount of leakage does not help the cheating provers to succeed. Note
that to obtain a succinct MIP protocol for NP, we can allow leakage directly from our first
technique by utilizing a 2-query low-soundness PCPs [39, 6]3 (see Corollary 5.10 for more
details). In this case, the parameters are even better than what we have in Theorem 3.3 from
our second technique. However, the strength of our second technique is that we can deal
with general low-soundness PCPs whose number of queries is more than 2, and in particular,
this allows us to achieve interesting parameters such as Theorem 3.4.

Despite the similarity, there are differences in the power of these techniques. First, it is
important to note that the second technique is only applicable when we make the additional
assumption that the leakage is one-way. Also, it is not clear how to apply the second
technique to achieve a result similar to the one presented in Theorem 3.2. It could be the
case that one achieves a similar result assuming the quantum PCP conjecture is true, but
we will not discuss this possibility here and leave it to future work. Note that although the
first technique is more powerful in capturing different scenarios, it inherently suffers from a
polynomial blow-up in the game size. Our second technique suggests that this blow-up is not
optimal.

4 Related works

Some decays of values by parallel repetition (the parallel repetition theorem) for classical
values (e.g., [45, 24, 44]) and quantum values (e.g., [17, 33, 28, 49, 7]) are known.

3 We cannot obtain similar results using PCPs whose soundness error is at least 1/2 [2, 3, 18] for the
same reason we discussed earlier.
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We usually prohibit communication between the provers during the protocol. One
exception, to our knowledge, is a model considered by Ben-Or, Hassidim and Pilpel [10].
They considered a variant of quantum MIP, where the provers do not share entanglement,
the communication between the verifier and the provers is quantum, but the provers are
allowed to have unlimited classical communication between them. They showed that any
language in NEXP can be recognized in the model, which is the same as MIP.

Communication complexity of parallel repetition of non-local games has been considered.
Jain and Kundu [26] showed a direct product theorem for the entanglement-assisted commu-
nication complexity, and its application for device-independent quantum key distribution [27].
Hasegawa, Le Gall and Modanese [23] considered the parallel repetition of Magic Square
games [37, 43, 1], and showed that even if o(n) EPR pairs are allowed to share prior to a
communication protocol, Ω(n) qubits of communication is required to solve all Magic Square
games with high probability.

5 Proofs for main results

In the next part, we formally define the notions of multi-prover interactive proofs with
leakage, and then proceed to show our results on the power of these complexity classes.
Relevant preliminaries are provided in Section 2 of the full version.

5.1 Definitions of MIP and MIP∗ protocols with leakage
Let us define a MIP[q, a, ℓ] protocol as a two-prover one-round MIP protocol with question
size q and answer size a, where the provers conduct ℓ-bit communication between themselves
based on their questions received from the verifier. The provers then send some answers back
to the verifier based on their communication and questions. We also use MIP[q, a, ℓ] as the
set of languages recognized by the MIP[q, a, ℓ] protocols. A formal definition follows.

▶ Definition 5.1 (MIP with leakage). We say a language L is in MIPc,s[q, a, ℓ] if and only if,
for z ∈ {0, 1}∗, there exists a family of non-local games Gz = (π, X × Y, A × B, V) satisfying
the following properties:
1. The question size is q and the answer size is a.
2. There is an algorithm running in poly(|z|)-time, given z, to sample questions (x, y) ∈ X ×Y

from π.
3. There is an algorithm running in poly(|z|)-time, given z and (x, y, a, b) ∈ X × Y × A × B,

to output V(a, b|x, y) ∈ {0, 1}.
4. If z ∈ L, ωc(Gz) = c.
5. If z /∈ L, and even if the provers are allowed to communicate at most ℓ bits, we must

have ωc(Gz) ≤ s.

When we do not specify completeness c and soundness s, it should be assumed that c = 1
and s = 1/2.

Similarly, let us define a MIP∗[q, a, ℓ] protocol and MIP∗[q, a, ℓ] as the set of languages
recognized by MIP∗[q, a, ℓ] protocols. In a MIP∗[q, a, ℓ] protocol, the provers can exploit the
shared entanglement for their communication.

▶ Definition 5.2 (MIP∗ with leakage). We say a language L is in MIP∗[q, a, ℓ] if and only if,
for an input z ∈ {0, 1}∗, there exists a family of non-local games Gz = (π, X × Y, A × B, V)
satisfying the following properties:

MFCS 2026
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1. The question size is q and the answer size is a.
2. There is an algorithm running in poly(|z|)-time, given z, to sample questions (x, y) ∈ X ×Y

from π.
3. There is an algorithm running in poly(|z|)-time, given z and (x, y, a, b) ∈ X × Y × A × B,

to output V(a, b|x, y) ∈ {0, 1}.
4. If z ∈ L, ωq(Gz) = 1.
5. If z /∈ L, and even if the provers are allowed to communicate at most ℓ bits, ωq(Gz) ≤ 1

2 .

Note that for ℓ ≥ q, MIP[q, a, ℓ] ⊆ AM and MIP∗[q, a, ℓ] ⊆ AM because the provers can
share their questions by communication and the game value becomes trivial.

We also define a notion of multi-prover interactive proofs, in which the communication
between the provers is one-way. In this scenario, the verifier asks a question from the first
prover, then the first prover answers the question to the verifier and is allowed to send a
bounded number of bits to the second prover. After that, the verifier will ask the second
question from the second prover. This time, instead of using the terminology of non-local
games, we give the definition in terms of the task of verifying a decision problem. This will
make the corresponding results simpler to present. The formal definition follows.

▶ Definition 5.3. A language L is in MIP→
c,s[q, a, ℓ] if and only if there exists a two-prover

one-round interactive proof for L, in which the verifier V runs in time poly(|x|) for every
instance x ∈ {0, 1}∗ and satisfies the following properties:

Completeness: If x ∈ L, then after exchanging one round of messages first with P1 and
then with P2, the verifier V accepts with probability at least c.
Soundness: If x /∈ L, for every set of malicious provers P1 and P2, in which P1 is allowed
to send ℓ bits to P2 after receiving the question from V , the verifier will accept with
probability at most s.

Additionally, the question size is q bits, and the answer size is at most a bits.

5.2 The power of MIP with leakage
We say a communication protocol is a (randomized) public coin communication protocol if
the parties share some randomness before they receive inputs. A public coin communication
protocol can be regarded as a convex mixture of deterministic protocols over the probabilistic
distribution of public coins.

The following statement follows from the parallel repetition theorem. A similar statement
is known in previous work (see, e.g., Corollary 7.3 in [26] and Theorem 8 in [23]).

▶ Lemma 5.4. Let G be a non-local game such that ωc(G) = 1 − ε for a constant ε > 0 and
the answer size is constant. Let P be a public-coin 2-way classical communication protocol
for G⊗N and suppose that the communication amount of P is cN for a sufficiently small
constant c > 0. Then, the success probability of P is at most 2−Ω(N).

Proof. Let c > 0 be a sufficiently small constant and P be a public-coin classical 2-way
communication protocol for G⊗N whose communication amount is cN . Let p be the success
probability of P.

Let us consider a communication protocol P ′ in which the parties share uniformly random
cN bits in addition to the public coins, but have no communication. In the beginning of
the protocol, Alice and Bob check that their random bits are equal to the cN bits of the
communication protocol, and if not, they abort. Let ̸⊥A be the event that Alice does not
abort during the protocol P, and let ̸⊥B be the event that Bob does not abort during the
protocol P.
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Define WP′ to be the event that P ′ outputs wins all the games (hence, without abortions).
Then, from the definition of P ′, we have

Pr[WP′ | ̸⊥A, ̸⊥B ] = p .

Since randomness is sampled uniformly and independently from the public coins of the
communication protocols, we also have

Pr[ ̸⊥A, ̸⊥B ] = 2−cN ,

which implies

Pr[WP′ ] = 2−cN p .

Considering abortions, the success probability of P ′ is at least 2−cN p. From the parallel
repetition theorem with exponential decay for classical values (see Lemma 2.1 in the full
version for a formal statement), and since shared randomness does not change the value
of the games, the success probability of P ′ is also at most 2−c′N for a constant c′. Taking
c > 0 such that c < c′ and combining the upper and lower bound of the success probability,
p ≤ 2−(c′−c)N . ◀

▶ Theorem 5.5. For any ℓ ∈ N such that ℓ ≤ poly(n),

MIP[O(ℓ log n), O(ℓ), ℓ] ⊇ NP .

Proof. Let G be a non-local game corresponding to the MIP protocol for NP from the
PCP theorem. The question size of G is O(log n) and the answer size is O(1) and perfect
completeness holds for G (see Fact 2.16 and Fact 2.17 in the full version for a formal
statement). Then, let k ∈ N be a sufficiently large constant and consider a MIP protocol
corresponding to G⊗kℓ ((kℓ)-wise parallel repetition of G). Since perfect completeness holds
for G, it also holds in the parallel repetition game. Applying Lemma 5.4 will prove the
soundness also holds. The question and answer size of G⊗kℓ, given that k is chosen to be
some large constant, are O(ℓ log n) and O(ℓ) respectively. ◀

▶ Theorem 5.6. For any ℓ ∈ N such that ℓ ≤ poly(n),

MIP[O(ℓ) · poly(n), O(ℓ), ℓ] ⊇ NEXP .

Proof. Let G be a non-local game corresponding to the MIP protocol for NEXP from the
scaled-up version of the PCP theorem. The question size of G is O(poly(n)) and the answer
size is O(1) and perfect completeness holds for G (see Fact 2.18 in the full version for a formal
statement). Then, let k ∈ N be a sufficiently large constant and consider a MIP protocol
corresponding to G⊗kℓ. Since perfect completeness holds for G, it also holds by parallel
repetition. Applying Lemma 5.4 will show that the soundness also holds. The question and
answer size of G⊗kℓ, given that k is chosen to be some large constant, are O(ℓ) · poly(n) and
O(ℓ) respectively. ◀

5.3 The power of MIP∗ with leakage
Next, we consider MIP∗ protocols with leakage. Jain and Kundu [26] showed the following
direct product theorem for the entanglement-assisted quantum communication complexity.
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▶ Lemma 5.7 (Part of Theorem 1.1 in [26]). For any predicate V on (A × B) × (X × Y)
and any product probability distribution π on the question set X × Y, let P be an interactive
entanglement-assisted 2-party quantum communication protocol for G⊗N . If P has total
communication cN for c < 1, the success probability of P is at most(

1 − ν

2 + 2
√

c
)Ω

(
ν2N

log(|A|·|B|)

)
where ν = 1 − ωq(G).

The above statement can also be regarded as a parallel repetition theorem for the quantum
value with leakage.

Natarajan and Zhang [42] showed that there exists a quantum free game protocol for
RE. Denote a two-prover one-round MIP∗ protocol as an AM∗(2) protocol if the ques-
tion distribution is uniform. Note that uniform distribution is a special case of product
distributions.

▶ Lemma 5.8 ([42], see also Theorem 2.2 in [36]). There exists an AM∗(2) protocol for
the Halting Problem with constant length questions and poly log(n) length answers, perfect
completeness and soundness 1

2 .

▶ Theorem 5.9. There exist constants c and c′ such that for any ℓ ≤ poly(n),

MIP∗[O(max{ℓ, logc n}), O(max{ℓ, logc n} · logc′
n), ℓ] ⊇ RE .

Proof. Let G be a non-local game corresponding to the MIP∗ protocol for RE in Lemma 5.8.
Then, let c and k be sufficiently large constants and consider a MIP∗ protocol corresponding to
G⊗k·max{ℓ,logc n}. Since perfect completeness holds in Lemma 5.8, it also holds in the parallel
repetition game. Applying Lemma 5.7 will prove that soundness4 also holds. The question
size of G⊗k·max{ℓ,logc n} is O(max{ℓ, logc n}) and the answer size is O(max{ℓ, logc n} · logc′

n)
for some c′ > 0 from Lemma 5.8. ◀

5.4 Low-soundness PCPs and one-way leakage
We have seen from the proof of Lemma 5.4 that we can allow ℓ bits of leakage as long as
we have a soundness parameter s ≤ 2−ℓ. Therefore, from the game version of the PCP
theorem [6] (see Fact 2.16 in the full version for a formal statement), we have the following
corollary.

▶ Corollary 5.10. MIP1,s·2ℓ [log n + O(log log n), O(1), ℓ] ⊇ NP .

However, this method only works for 2-query PCPs. In this section, we present a more
general method for converting a PCP into a MIP protocol that is resilient to leakage. First,
we prove the following theorem for arbitrary CSPs.

▶ Theorem 5.11. Let ℓ be a positive constant, and Ψ be a CSP instance of size poly(n)
on n variables, such that every constraint is of arity k over an alphabet Σ. Suppose Ψ is
promised to be either fully satisfiable or any assignment to the variables will satisfy at most

1
2ℓ+1 -fraction of its constraints. Then,

Ψ ∈ MIP→
1,1− 1

2k
[O(log n), k log |Σ|, ℓ] .

4 To be precise, we here consider soundness against ℓ-bit communication which can be simulated using
l-qubit communication.
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Proof. The verifier for the satisfiability of the CSP instance Ψ works as follows.

Algorithm 1 MIP protocol for verifying the satisfiability of Ψ.

The verifier V having access to Ψ

1. Sample a constraint e = (u1, ..., uk) of Ψ uniformly at random and send it P1.
2. After receiving the assignments a(u1), ..., a(uk) sample a random element i ∈ [k].
3. Ask P2 for the assignment to ui.
4. Accept if and only if the answers of the two provers are consistent and if the assignment

satisfies the constraint.

In the protocol above, the question size is O(log n) because the size of CSP is poly(n),
and thus the verifier can specify a constraint and a vertex with O(log n) bits.

It is clear that if Ψ is satisfiable, then the verifier accepts after interacting with honest
provers. Now suppose that Ψ is unsatisfiable, and in particular, by the assumption of
the theorem, we know that at any assignment will satisfy at most 2−(ℓ+1)-fraction of the
constraints. Therefore, for every set of 2ℓ assignments, 1/2 of the constraints are not satisfied
by all of them.

We can assume the provers are deterministic. Therefore, P2 upon receiving the leakage ℓ

fixes its strategy5, which we denote by P ℓ
2 . Note that for each value of ℓ, the strategy P ℓ

2
corresponds to an assignment to the variables. Hence, regardless of the set of assignments the
provers agree on before the protocol starts, a 1

2 -fraction of constraints will remain unsatisfied.
Therefore, in the first step, with probability 1/2, the verifier samples such a constraint and
forces P1 to lie. After P2 receives the leakage, there is at least 1/k chance that the verifier
samples a variable that P2 will answer inconsistently with respect to P1’s answer. Hence,
the soundness is at most 1 − 1/2k, which concludes the proof. ◀

In Section 3.5 of the full version, we provide concrete examples of these theorems.

6 Concluding remarks and open problems

In this paper, we investigated the problem of finding the complexity of multi-prover interactive
proof systems where the provers are allowed to communicate a bounded amount of messages
to each other. We proposed and developed two techniques, one based on the parallel repetition
results and the other based on gap amplification and low-soundness PCPs, to address the
problem. In summary, using these techniques, we showed that we can still maintain the
power of multi-prover interactive proof systems by increasing the question and answer sizes
moderately. These results show that in particular, for real-world applications, we may not
need to enforce spatial separation between provers to cross-examine them. Instead, we can
still keep the verification power as long as we have a predetermined bound on the amount of
communication they are allowed to have. We also showed an interesting connection between
this scenario and the Sliding Scale Conjecture in the PCP literature, hoping that this might
be a novel approach for making progress on that front. In addition, there are three ways one
can interpret our results:

5 Here, we are slightly abusing the notation and using ℓ for the leakage content as well as its length.
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Adaptiveness in MIPs

It is a well-known fact that the power of multi-prover interactive proofs, and in particular,
one-round MIPs lies in the fact that the provers’ answers are non-adaptive. Essentially, this
follows from the fact that each prover is blind to the question the other prover receives. At
the same time, if we allow complete adaptiveness between the messages, we are back to
the power of single-prover interactive proofs, which is incomparable to the former (AM vs.
NEXP). However, one could ask, how much adaptiveness is required for the cheating provers
to be able to convince the verifier to accept an incorrect statement? Could it be the case that
a single bit of adaptiveness is sufficient? Our results address this problem negatively. In a
way, we show that if the amount of adaptiveness is bounded, then the power of multi-prover
interactive proofs remains intact. However, there is more to be done, as it is still unclear
where this transition in complexity appears.

Another application of PCPs

PCPs undoubtedly have many interesting applications in complexity theory and cryptography,
and our result can also be interpreted as a new one. We showed that one of the applications
of reducing soundness error in PCPs, whether through parallel repetition or through novel
constructions, can be viewed as mildly relaxing the no-communication assumption in the
MIP view. Whether this can be useful for showing no-go results in PCP constructions or
whether this idea can be used in real-world cryptographic constructions is a possibility that
we leave for future research. In particular, it would be very appealing to know whether our
approach can bring us any closer to finding a resolution for the Sliding Scale Conjecture in
the PCP literature.

Proof of quantumness

Recently, several protocols for proving quantumness have been proposed based on compiled
non-local games [31, 41, 34]. The core mechanism involves simulating a two-prover game using
a single (supposedly quantum) prover by homomorphically encrypting the first question [13,
35]. Ideally, an honest quantum prover can respond within the encrypted domain, whereas
a dishonest classical prover cannot extract information from the first question to gain an
advantage on the second. However, the security of these protocols relies on cryptographic
assumptions. Our work provides an alternative approach. In the compiled setting, leakage
between provers effectively requires the adversary to store information in memory for use
upon receiving the subsequent question. This allows us to frame the compiled non-local game
as sound against bounded-space adversaries. While our current bounds may not yet yield
a practical real-world protocol, given the low cost of classical memory, they demonstrate a
theoretical path toward replacing cryptographic assumptions with complexity-theoretic ones,
specifically space-complexity bounds.

Open problems
Our work raises several open problems, which we leave for future work. We conclude this
paper by naming a few of them here.

An immediate open problem is to find the optimal tradeoff for allowing constant bits (or
qubits) of leakage.
Our technique based on low-soundness PCPs requires the additional assumption that the
communication is one-way. We believe that this requirement is not necessary, and it is a
limitation of the technique. It would be interesting to generalize these tools so that they
do not rely on this assumption anymore.
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Another open problem is to find a succinct MIP protocol for NP that has constant
soundness against O(log n) bits of leakage. As mentioned in Section 3, we can achieve
this if there is a positive answer to the Sliding Scale Conjecture. However, we do not
know whether the other direction holds. Is it possible to show such a result without
relying on Conjecture 3.5?
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