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—— Abstract

We investigate machine models similar to Turing machines that are augmented with the operations

of a first-order structure R, and we show that under weak conditions on R, the complexity class
Y1R may be characterized in four equivalent ways: (1) by polynomial-time algorithms implemented
on R-machines together with witness strings, (2) by the X;R-complete problem Y;SAT(R), (3) by
kth existential fragment second-order metafinite logic over R via descriptive complexity, and (4) via
oracles. By characterizing X1 R in these four ways, we extend previous work and embed it in one
coherent framework. In addition, we derive similar results for 3xR, the constant-free Boolean part
of ¥R, by showing that 34 R may be characterized in four analogous ways.

Some conditions on R must be assumed in order to achieve the above quaternity because there
are infinite-vocabulary structures for which NP(R) = ¥R does not have a complete problem.
Surprisingly, even in these cases, we show that NP(R) does have a characterization in terms of
existential second-order metafinite logic, suggesting that descriptive complexity theory is well suited
to working with infinite-vocabulary structures, such as real vector spaces.
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1 Introduction

Algorithms are often presented in terms of primitive operations, and the complexity of these
algorithms is often measured by counting how many times the primitive operations are
applied. Ignoring the implementation details of these primitive operations is an abstraction
that simplifies and enhances algorithm analysis. This abstraction is common in scientific
computing, wherein algorithms are presented in terms of operations on the real numbers such
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as arithmetic and trigonometric functions, the exponential function, and others [2]. It is also
common in algebraic dynamic programming, wherein algorithms are presented in terms of
operations that are interpreted in different semirings to solve different problems [18]. Already
at this level of abstraction, it is infeasible to solve some algorithmic problems because they
are complete for some higher level, ¥ or Il, of a version of the polynomial hierarchy that
depends on these operations. We describe an example of this phenomenon in a way that
motivates our work, and we then provide an overview of our contribution.

1.1 Motivation

The polynomial hierarchy PH contains some of the most important complexity classes in

theoretical computer science. We may characterize the kth existential level 3 in at least

four different ways, resulting in a quaternity:

1. The class Xy, consists of decision problems L C {0,1}* for which there exists a polynomial-
time Turing machine M and a polynomial ¢ such that for all v € {0,1}",

veL < (Qiw; € Rq(")) o (Qrwyg € Rq("))M(v,wl,...,wk) =1,

where the quantifiers Q; € {3,V} alternate, starting with 1 = 3. This is usually taken as
the definition of X, [1]. Although one may define 3, equivalently in terms of polynomial-
time nondeterministic Turing machines, we work with the above definition of ¥ because
it generalizes in a more straightforward manner to our setting of interest.

2. The class Xy, consists of decision problems L C {0, 1}* that can be reduced by a polynomial-
time Turing machine to X;SAT € X, where X;SAT is the problem of deciding if a
quantified Boolean formula, with k£ — 1 quantifier alternations starting with 3, is satisfied.
The Cook-Levin theorem establishes this characterization of ¥; = NP, which is expressed
by saying that SAT is NP-complete [8][31], and the Xi-completeness of ¥;SAT was
established in [43].

3. The class Xy consists of decision problems L C {0,1}* for which there is a sentence ® of
the kth existential fragment of second-order logic ;SO describing L. Fagin’s theorem
establishes this characterization of 3; = NP, which is expressed by saying that ;SO
captures NP [14], and the fact that ;SO captures Xy, was first established in [43].

4. The class Xy, consists of decision problems L C {0, 1}* for which there is a polynomial-time
Turing machine M with access to an oracle Q € ¥;_; and a polynomial g such that for
allv € {0,1}", v € L <= (Jw € {0,1}9) M?(v,w) = 1. We express this by saying
that L € NP¥*!. The fact that ¥, = NP**~1 was first established in [43].

In part motivated by the success of the theory of NP-completeness, Blum, Shub, and
Smale initiated the study of computational complexity over the real numbers in [4]. They did
this by investigating machines over the real numbers that have the ability to write any real
number into memory, to evaluate infinite-precision subtraction, addition, and multiplication
of real numbers, as well as to test the order relation between two real numbers and branch
depending on the answer. Performing each of these operations takes one time step. In our
terminology, this is a machine over the structure R = (R, (r : » € R), —, +, -, <), which we
obtain from the ordered ring of real numbers R = (R, 0,1, —, +, -, <) by expanding it with a
constant for each r € R.

Using machines over R, one may recreate the above quaternity for NP(R). By definition,
NP(R) consists of real decision problems L C R* for which there exists a polynomial-time
verification algorithm, using real witness strings w € R*, implemented by an R-machine.
One may then show that SAT(R) is NP(R)-complete under polynomial-time R-machine
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reductions, where SAT(R) is the problem of deciding if a quantifier-free formula using the
operations of R is satisfiable in R. This Cook-Levin theorem over R is implied by results
in [3]. One may also show that ¥;SO(R) captures NP(R), where ¥;SO(R) is existential
second-order metafinite logic over R. This Fagin’s theorem over R is shown in [20]. Finally,
the oracle characterization is trivial at this base level of the hierarchy.

More recently, Schaefer and Stefankovi¢ observed in [39] that many Boolean decision
problems L C {0,1}* in computational geometry and beyond may be reduced to the problem
ISAT(R) = ETR of deciding if a quantifier-free formula using the operations of the ordered
ring of reals R = (R, 0,1, —, +, -, <) is satisfiable in R. Notably, such a formula may only
contain the constants 0 and 1, and its satisfiability may be decided by a Turing machine [44].
The above observation prompted the introduction of the complexity class IR consisting of
those problems reducible to 3SAT(R) with a polynomial-time Turing machine. Already more
than 200 problems have been identified as JR-complete, attesting to the importance of the
complexity class IR [38].

Using machines over R, which are just R-machines restricted to write only the constants
0 and 1 into memory, we may recreate the above quaternity for JR. The class IR consists of
Boolean decision problems L C {0,1}* for which there exists a polynomial-time verification
algorithm, using real witness strings w € R*, implemented by an R-machine. This machine
characterization of 3R is shown in [5, 13], and it is expressed by saying that JR is the
constant-free Boolean part of NP(R), or 3R = BP?(NP(R)). By definition, 3SAT(R) is IR-
complete under polynomial-time Turing machine reductions. We will show in this work that
3SO(R) captures IR, where ISO(R) is the restriction of ¥;SO(R) to use only the constants 0
and 1, while a similar result was recently (and independently of our work) established in [33]
by restricting ¥;SO(R) to use only rational constants. Finally, the oracle characterization is
again trivial at this base level of the hierarchy.

Since it is possible to recreate the above quaternity for both NP(R) and 3R, these
complexity classes faithfully resemble 31 = NP. As we noted above, algorithms are often
analyzed over different domains according to different sets of primitive operations that depend
on the application area. Given the importance of NP and 3 more generally, a fundamental
question in the complexity of algorithms is the following: In which domains and with which
sets of primitive operations can we recreate the above quaternity for ;7

We formalize this question with first-order structures R, which consist of a set R together
with constants ¢ € R, functions f: R*¥ — R, and relations P C R*. Using register machines
over R, we refine our fundamental question as follows: Under what conditions on R is it
possible to recreate the above quaternity for both ;R and J3xR by characterizing them in
terms of machine models, complete problems, descriptive complexity, and oracles?

1.2 Overview of Our Contribution

In this work, we define ;R and 3, R in terms of register machines over R, resulting in the
polynomial and Boolean hierarchies over a structure, as depicted in Figure 1. We then identify
mild conditions on R which allow us to generalize the above quaternity by characterizing
YR and JxR in terms of complete problems, descriptive complexity, and oracles.

Each of our results requires us to assume that R is a bipointed structure, by which we
mean that R has at least two distinct constants 0 # 1. Our completeness results require
us to assume further that R is of finite type, by which we mean that R has only finitely
many functions and relations. Finally, for completeness with respect to non-Boolean decision
problems, we must assume that R has all constants, by which we mean that R has a unique
constant r for each element in its universe R.
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Figure 1 The polynomial hierarchy and the Boolean hierarchy over a structure R.

We begin with complete problems. It is already known from [19] that if R is a bipointed
structure of finite type with all constants, then SAT(R) is NP(R)-complete under polynomial-
time R-machine reductions. Furthermore, it is folklore that, under the same conditions on
R, ZSAT(R) is ¥ R-complete under polynomial-time R-machine reductions [7, 11]. This
folklore result is sometimes attributed to [37], which is a foundational text that is no longer
in wide circulation, preventing us from accessing it. In Theorem 11, we offer a detailed proof
that that if R is a bipointed structure of finite type with all constants, then X;SAT(R) is
Yt R-complete under polynomial-time R-machine reductions. We offer this proof not only
for completeness, but also because analyzing this proof allows us to explain why the assumed
conditions on R are probably necessary. Furthermore, our analysis of this proof allows us to
derive Corollary 12, in which we show that if R is a bipointed structure of finite type, then
J,SAT(R) is IxR-complete under polynomial-time Turing machine reductions.

We next turn to descriptive complexity theory. In Theorem 14, we show that if R is a
bipointed structure, then ¥;SO(R) captures YxR on metafinite structures over R. Note
that we are not required to assume that R is of finite type, nor that R has all constants, in
contrast to our completeness results. Since there is a structure Z of infinite type for which
there is no NP(Z)-complete problem [16], Theorem 14 is strictly more general than any
possible generalization of Theorem 11. This suggests that descriptive complexity theory is
well suited for dealing with structures of infinite type, such as real vector spaces. Additionally,
from Theorem 14 we derive Corollary 15 in which we show that if R is a bipointed structure,
then 3,SO(R) captures 3R on Boolean metafinite structures over R.

We finally turn to oracle characterizations of these hierarchies. In Theorem 16, we
show that if R is a bipointed structure, then ¥, ;R = NP(R)®. Additionally, from
Theorem 16 we derive Corollary 17 in which we show that if R is a bipointed structure,
then 3411 R = EIkREkRO. The class X, R is obtained by restricting ¥;R to those decision
problems whose verification algorithms only involve the constants 0 and 1, while still allowing
non-Boolean inputs. From this corollary, we can see that it is unlikely that we can replace
the non-Boolean oracle class Y3 R° with the Boolean oracle class 3R C L R. In particular,
it is unlikely that JRF® = J,R.
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We organize our results as follows: In Section 2 we present preliminary definitions, in
Section 3 we present our results about complete problems, in Section 4 we present our results
about descriptive complexity, and in Section 5 we present our results about oracles. In each

section, we provide proof sketches of our results, as well as a discussion of related work.

Full proofs appear in the appendix of the full version of our paper, as well as an extended
preliminaries section to make our results more accessible [28]. Each section in this appendix
may be seen as an extended version of the corresponding section in the main body of our

paper.

2 Preliminaries

We present a selection of the preliminaries that are most important for understanding our
results. The reader who desires more formal detail or more intuition may find both of these
in the extended preliminaries of the appendix of the full version of our paper [28].

2.1 Register Machines Over a Structure

A vocabulary Voc specifies a set of constant symbols ¢ and, for each arity k& > 1, a set
function symbols f and a set of relation symbols P. A (first-order) Voc-structure R specifies
an interpretation of each of these symbols in an underlying set R, which we call the universe
of R. Conflating a symbol with its interpretation, we may say that R has constants ¢ € R,
functions f : R* — R, and relations P C R".

Recall that we say R is bipointed if it has at least two constants 0 # 1, that R is of finite
type if it has only finitely many functions and relations, and that R has all constants if it
has a unique constant r for each element of its universe R. Additionally, we treat equality
= as a logical relation [45], so we always assume that the equality relation is implicitly
present in every structure. This appears to be necessary for most of our results to hold
in generality, though equality can be omitted in some particular contexts, as is often done
when comparing the complexity of different syntactic fragments of the theory of R, viewed
as decision problems in IR and related complexity classes [39, 40].

The symbols of a vocabulary Voc constitute the basic ingredients of a programming
language in which we may specify computations over a Voc-structure R. These computations
are carried out by a register machine over R, also called an R-machine, as depicted in
Figure 2.

R-program . )
. Sl Zofzn|z@] - Resesisers
— CPU [ R
| I0]|I[1]|I[2]| --- |I[k]| index registers
L‘—J‘ J

Figure 2 Visualization of an R-machine adapted from [17].

Such machines have an infinite sequence Z[0], Z[1], Z[2], ... of R-registers, each of which
may store a single element r from the universe R of R, and a finite sequence I[0], ..., I[k]
of index registers, each of which may store a single natural number n € N. The primary role
of index registers I'[j] is to keep track of indexing and counting during computations, as
well as to point to R-registers Z[I[j]].
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An R-machine manipulates the contents of its registers based on its R-program P, which
is a finite enumerated sequence of R-instructions. Importantly, there are R-instructions
directing R-machines to evaluate each operation of the structure R in the following way:
1. the instruction Z[jo] := ¢ directs a machine to store the constant ¢ in register Z[jo],
2. the instruction Z[jo] := f(Z[j1],--.,Z[jx]) directs a machine to evaluate the function

f(Z],---,Z[jk]) and store the result in register Z[jo],
3. the instruction if P(Z[j1],...,Z[jx]) then goto ¢; else goto ¢ directs a machine to test

the relation P(Z[j1],...,Z[jx]) and go to instruction ¢; or ¢, depending on the result.
In addition to the above, R-instructions may also direct an R-machine to branch based on a
test of equality between R-registers or index registers, to copy the contents of one R-register
to another, and to increment or decrement the contents of an index register. Finally, when we
would like to equip an R-machine with an oracle @ C R*, we allow R-instructions directing
R-machines to query this oracle. A full list of R-instructions is presented in the appendix of
the full version of our paper [28].

In the formal definition of R-machines below, we include the structure R as a component
of R-machines. We do this so that the R-machine knows how to interpret the symbols in its
program, and in this sense we may view the structure R as the CPU from Figure 2, while
the other components of R-machines correspond in the expected way to this picture.

» Definition 1 (R-Machines). A machine over R, also called an R-machine, is a tuple
M = (P, R,NF? RN) specifying the following information:

1. an R-program P,

2. the structure R,

3. a space of index states N¥7

4. a space of memory states RN,

We say that the constants of R, other than 0 and 1, appearing in an instruction of P are the
machine constants of M, and that M is constant free if it has no machine constants. The
input and output space of M are R* = UZOZO R™.

Our definition of R-machines is taken with minimal modification from [25, 17], and it
is similar to the original definition of BSS machines given in [4], which closely resemble
register machines, a precursor to random access machines introduced in [42]. Because our
R-instructions allow only sequential access to memory by incrementing or decrementing an
index register, we use the name register machine over R.

A significant difference between BSS machines over a ring R and R-machines is that
BSS machines over R may write an arbitrary element r € R into memory, while R-machines
may write an element r into memory only if r is a constant of the structure R, or if r can
be computed from an input using the operations of R. We choose to limit R-machines in
this way so that the power of R-machines more closely reflects the operations present in the
structure R, including the constant operations.

An element r € R usually plays the role of an input to an R-machine. When we turn r
into a constant, we assign it a very different role. As a constant, r may encode an infinite
amount of information into R-programs. For example, consider the ordered ring of reals
expanded with all constants R and suppose Thar € R encodes the characteristic function
of the diagonal halting problem. Upon input n € N encoded in binary, an R-machine with
Thalt 88 & machine constant can extract the nth bit of ry.;, as described in [30], to decide if
the nth Turing machine halts on input n, thereby deciding the diagonal halting problem.
This means that R-machines with ry,,; as a machine constant are strictly more powerful
than Turing machines, even when we restrict these R-machines to Boolean inputs, whereas
constant-free Boolean R-machines may be simulated by Turing machines.



J. C. Kirn, L. Meijer, T. Miltzow, and H. L. Bodlaender

Another subtlety concerning constants arises when one regards constants as functions of
arity zero. We refrain from taking this view because it would clash with the definition of
structures of finite type, which may have infinitely many constants but only finitely many
functions. Assuming that R is of finite type is useful to us because this guarantees that
R has an effective encoding, which is an encoding the symbols in the vocabulary of R as
strings in R* in such a way that an R-machine can interpret that code and then evaluate the
corresponding operation. In general, we will use an effective encoding of R when we show
membership of satisfiability problems over R in complexity classes over R. Note that there
is an effective encoding for R if and only if there is a universal R-machine [24].

Structures with infinitely many constants may still have an effective encoding because a
constant may always stand as a code for itself, whereas there are structures with infinitely
many unary functions, such as Ry, for which there is no effective encoding. To get an
intuition for this phenomenon, consider why there can be no universal Rj;,-machine. Any
Rjip-machine can have only finitely many scalar functions w, in its program, and it is not

possible to express each function in {g, : 7 € R} in terms of a finite subset of these functions.

There is a long history capturing computations over a first-order structure with machines
and methods similar to ours [15]. We refer the reader to the introduction of [25] for further
references into this history. There are multiple incomparable ways to generalize computation
to the real numbers [36]. Machines over R given an algebraic generalization, while computable
analysis and type two effectivity give a topological generalization [35]. The algebraic approach
provides fertile ground for complexity theory. For an introductory survey of early results in
the complexity of computation over R and other structures, see [32].

2.2 Complexity Classes

We view each subset L C R* = UZO:O R"™ as a decision problem over a structure R. Under a
suitable encoding, the main decision problems we will work with consist of satisfied sentences
of a specified grammatical form. A sentence ® is in prenex normal form when it is a string
of quantifiers followed by a quantifier free formula ¢ as in Q121 ... Qne(z1,...,2,), where
Q; € {3,V}. Supposing ® has k — 1 quantifier alternations, we say that ® is a X sentence
when Q7 = 3, and we say that ® is a II; sentence when Q1 = V.

» Definition 2 (Decision Problems of Satisfied Sentences). The theory of R is the set Th(R)
of sentences ® in the vocabulary of R that are satisfied in R, and the Boolean theory of R
is the subset BTh(R) C Th(R) of sentences ® such that all constants in ® are 0 or 1. We
identify the following fragments of these theories that we refer to as the kth existential or
universal fragment of the theory or Boolean theory of R, respectively:

1. YpSAT(R) = {® : @ is a Xy sentence and R E @},

2. TISAT(R) = {® : ® is a IIj; sentence and R E P},

3. JLSAT(R) = {® € ZxSAT(R) : all constants in ® are 0 or 1},

4. Vi SAT(R) = {® € II;SAT(R) : all constants in ® are 0 or 1}.

A complexity class C C 2% is any set of decision problems L C R*. The polynomial
hierarchy PH(R) of complexity classes over a structure R generalize the classical polynomial
hierarchy, and these classes are our main focus.

» Definition 3 (Polynomial Hierarchy Over R). We define two sequences of complexity classes
YR and IR for k € N as follows. A decision problem L C R* is in xR if and only if
there is a polynomial q and a polynomial-time R-machine M such that for all n € N and all
veER"

velL < (Qw; € RM™) .. (Qrwy € RI™YM(v,wy,...,wp) =1,
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where the quantifiers Q; € {3,V} alternate, starting with Q1 = 3. The class TR is defined
by the same condition except the first quantifier is Q1 = V. Define the polynomial hierarchy
over R as the class PH(R) = U, oy ZrR-

We define P(R) = £¢R, and we note that this is the class of decision problems that can
be decided by a polynomial-time R-machine. Furthermore, we define NP(R) = ¥;R and
coNP(R) =II; R, and we note that these classes generalize classical NP and coNP. We may
relate a complexity class C over a structure to classical complexity classes by taking the
constant-free Boolean part of C.

» Definition 4 (Constant-Free Boolean Part). The Boolean part of a decision problem L is
the set BP(L) = LN {0,1}*. The Boolean part of a complexity class C is the set BP(C) =
{BP(L) : L € C}. If C is defined in terms of R-machines, then C° is the class obtained by
restricting to R-machines with no machine constants. We write BP°(C) for BP(C°), and we
say that BP? (C) is the constant-free Boolean part of C.

By taking the constant-free Boolean part of each level of PH(R), we obtain the Boolean
hierarchy over a structure R, which is a hierarchy of Boolean complexity classes.

» Definition 5 (Boolean Hierarchy Over R). We define the complexity classes xR and
ViR as the constant-free Boolean parts of YR and IR, respectively, for k € N. That is,
3R = BPY(Z4R) and VR = BPY(IIyR). The Boolean hierarchy over R is the complexity
class BH(R) = ey IR

As we will see, it is quite fruitful to analyze the polynomial and Boolean hierarchies over
R in terms of R-machines with oracles.

» Definition 6 (Oracle Complexity Classes). Let D be a complezity class over R. For each of
level of the polynomial and Boolean hierarchies over R, the complexity classes L RP, T, RP,
A RP, and Y, RP are obtained by modifying the definition of the corresponding class to allow
R-machines with oracles from D.

2.3 Metafinite Structures

Metafinite structures may be thought of as finite structures A that are given finite access to a
potentially infinite structure R by a finite set F of weight functions W: A¥ — R. They were
first used to generalize Fagin’s theorem from NP to NP(R) in [20], and their general theory
was developed in [21]. Just as R-machines separate the finite and discrete operations of index
registers from the potentially infinite and continuous operations of R-registers, metafinite
structures separate the finite and discrete aspect of a structure from the potentially infinite
and continuous aspects of a structure.

In order to talk about metafinite structures, we need a notion of metafinite vocabularies,
which will consist of three separate vocabularies MVoc = (P(MVoc), S(MVoc), W(MVoc)).
The primary vocabulary P(MVoc) is a finite vocabulary, the secondary vocabulary S(MVoc)
is a potentially infinite vocabulary, and the weight vocabulary W(MVoc) is a finite set of
function symbols F', each with a given arity. We say that MVoc is a metafinite vocabulary
over R whenever the secondary vocabulary of MVoc is the vocabulary of R.

» Definition 7. A metafinite structure for a metafinite vocabulary MVoc is a triple D =
(A, R,F) where

1. the primary part of D is a finite structure A for vocabulary P(MVoc),

2. the secondary part of D is a potentially infinite structure R for vocabulary S(MVoc),

3. the set of weight functions of D is a finite set F of functions F: A — R.
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We say that D is a Boolean metafinite structure if the image of each weight function F € F
is contained in {0,1}, so that F': A¥* — {0,1} C R.

The size of a metafinite structure D, denoted by |D|, is the cardinality of the universe
A of its primary part A. In practice, we will conflate the function F: A¥* — R with the

symbol for F. Whenever the secondary part of D is R, then we say that D is an R-structure.

For a given metafinite vocabulary MVoc over R, let Struct(MVoc) be the class of metafinite
structures in this vocabulary.

» Example 8. A simple class of metafinite structures is obtained by letting A = (V, E) be
a finite graph, letting R = R be the ordered ring of real numbers, and letting F contain a
single binary function F': V2 — R that assigns 0 to all pairs (v;,v2) that are not related by

E. The resulting R-structure is a finite graph with edges that have real number weights.

Conversely, every graph with real weights can be interpreted as an R-structure.

An important restriction of metafinite logic is that first-order variables, those from Var =

{z1,22,23,...}, range only over the primary part A of an MVoc-structure D = (A, R, F).

Second-order variables of positive arity k, those from VAR, = {XF¥ Xk X% ..} range
over all possible functions W: A¥ — R, even those not in F. First-order metafinite logic
allows only quantification over first-order variables, while second-order metafinite logic allows
quantification over second-order variables as well. Note that second-order quantification
subsumes quantification over the secondary structure by accessing a second-order variable
X: A — R at a specific point X (ap).

A sentence ® of second-order metafinite logic is in prenex normal form when it is a string of
second-order quanifiers followed by a first-order sentence ¢, asin @QX; ... QXno(X1, ..., XN),
where Q; € {3,V}. Supposing ® has k — 1 quantifier alternations, we say that ® is a X,
sentence when ()1 = 3, and we say that ® is a II; sentence when Q; = V.

» Definition 9 (Fragments of Second-Order Metafinite Logic). Let SO(R) be the set of all
second-order sentences in any metafinite vocabulary MVoc over R. We identify the following
fragments of metafinite second order logic over R that we refer to as the kth existential or
universal fragment or Boolean fragment of SO(R), respectively:

1. Z,SO(R) ={® € SO(R) : @ is a Xy, sentence},

2. II;SO(R) = {® € SO(R) : ® is a Il sentence},

3. 3xSO(R) = {® € LxSO(R) : all constants from R in ® are 0 or 1},

4. Vi, SO(R) = {® € I;;SO(R) : all constants from R in ® are 0 or 1}.

3 Cook-Levin Theorem Over a Structure

The idea behind our hardness results is a generalization of the idea behind the classical
Cook-Levin theorem: It is possible to encode the computation of a machine in a logical
formula. In the classical setting, the machine is a polynomial-time Turing machine and the
formula is a Boolean formula. In our setting, the machine is a polynomial-time R-machine,
and the formula is a first-order formula in the vocabulary of R.

» Lemma 10 (Encoding Computations in First-Order Formulas). Let R be a bipointed structure
with all constants, M be a polynomial-time R-machine, q be a polynomial, and v € R*
be a string. Then for all k € N, there is a first-order formula 3G, 1 (T1,. .., Tk, J) in the
vocabulary of R, with ¢, i quantifier free, such that for all strings wy,...,wy € Ra(lvD)

M(v,w1,...,wg) =1 if and only if R E 37 @y k(wi,...,ws, §).
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Table 1 Computation table of M running in time n™ on input v € R".

Registers
Time L[0] 1[0] | Ilkp—1] | z[0] | | Z[n™]
0 Lo V0,0 Vkp—1,0 £0,0 Pnm 0
t Ly 10,t Vkp—1,t po,¢ Prm ¢
nm én’" vo,nm Vkp—1,n™ pPo,nm Pnm nm

Proof Sketch. The time bound of M allows us to represent the computation of M on input v
in a finite computation table, as depicted in Table 1. Since the program of M is built from the
operations of R, we may use a formula ¢, , = start, Aupdate Aaccept in the vocabulary of
R to describe this table. We need to assume that R has all constants because the subformula
start, uses constants to for each v; in v = (vy,...,v,) € R™ to express the zeroth row
of the table. The subformula update expresses that row ¢ 4+ 1 of the table results from
modifying row ¢ of the table according to the program of M, while the subformula accept
expresses that M returns 1 in the last row of the table. The computation table of M on
input (v, wn,...,wy) is then captured as a sequence z € R* such that M (v, ws,...,wg) =1
if and only if R E @, (w1, ..., wk, Z). <

» Theorem 11 (Higher Cook-Levin Analogue). Let R be a bipointed structure of finite type with
all constants. Then for all k € N with k > 1, ¥,SAT(R) is i R-complete and II;SAT(R) is
11z R-complete under polynomial-time R-machine reductions.

Proof Sketch. To show that X;SAT(R) is in Xx(R), it suffices to show that a polynomial-
time R-machine can decide if R F (7) for any quantifier-free Voc(R)-formula ¢(z1, ..., Zm)
and any T = (ry,...,7,) € R™. We show this by arguing that a polynomial-time R-machine
can recursively decide if R E ¢(T) based on the syntactic structure of ¢. In order to
implement the base case of this algorithm, we need R to have an effective encoding so that
an R-machine can take the encoding of a symbol in the vocabulary of R and use it to
evaluate the corresponding operation. Our assumption that R is of finite type guarantees the
existence of an effective encoding that may, moreover, be decoded in constant time. Hence,
this recursive algorithm may be implemented on a polynomial-time R-machine.

To show hardness, suppose L € ¥;R. For any v € R", let Qyy, . be the formula
depending on the machine associated with L and v defined above, or its negation if k is
even, and let @, ;, be the Xj sentence &, = IT1YZ2 . .. QT QY vu x(T1,T2, . - -, Tk, y). Then
by Lemma 10 together with the logical replacement theorem of [29], which allows us to
prepend the appropriate string of quantifiers, v € L if and only if R F ®,, ;. Since the number
of atomic subformulas in ¢,  is polynomial in |v|, an R-machine can construct @, ; in
polynomial time from v and L. Thus v — &, ; is a polynomial-time reduction from L to
EkSAT(R) |

As a corollary, we see that SAT(R) is NP(R)-complete, as was shown in [19] with special
cases shown already in [4, 3]. Theorem 11 was claimed already in [11] and attributed to [37],
which is a foundational text that is no longer in wide circulation, preventing us from accessing
it. We offer the present proof not only for completeness, but also because we slightly modify
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the proof to obtain Corollary 12 and because we analyze the proof in order to demonstrate
that the assumptions of the theorem are probably necessary, or may be weakened only
slightly.

We conjecture that the assumption that R is of finite type is not strictly necessary
because there are structures R of infinite type for which SAT(R) is NP(R) complete, as
shown in [34, 24]. However, we have a strong intuition that the existence of an effective
encoding for R is a necessary condition for SAT(R) to be in NP(R) because if there is an
operation of R that R-machines cannot decode, then R-machines should not be able to test
the truth of formulas with this operation. Indeed, the known infinite-type structures for
which SAT(R) is NP(R)-complete are Megiddo extensions of finite-type structures, and these
extensions always have an effective encoding [24]. Given the fact that R has an effective
encoding if and only if there is a universal R-machine, we conjecture that SAT(R) is in
NP(R) if and only if there is a universal R-machine that runs with polynomial-overhead.

Previously, most research into the polynomial hierarchy over R focused on the cases when
R is either Rygq = (R, 0,1, —,4) or Ry;, or a number of related structures [9]. Many of the
results for the additive reals remain true when R is a ring, and in this case we already knew
already that a k-fold quantified version of polynomial feasibility is complete for each level of
the polynomial hierarchy over R [3, 6].

Exotic quantifiers are used in [6] to extend the polynomial hierarchy over R in order to
achieve completeness results for problems from semialgebraic geometry within these newly
defined classes. When restricting to the constant-free Boolean part of these newly defined
classes, the exotic quantifiers can be eliminated, thereby yielding completeness results in the
Boolean hierarchy over R, which is treated in our next corollary.

» Corollary 12 (Higher Boolean Cook-Levin Analogue). Let R be a bipointed structure of
finite type. Then for all k € N with k > 1, 3,SAT(R) is I R-complete and V,SAT(R) is
Vi R-complete under polynomial-time Turing machine reductions.

Proof Sketch. All constants in a sentence ® of IySAT(R) are either 0 or 1, implying that
the encoding of ® is a Boolean string, so 3;SAT(R) is in IR by definition. The reduction
in Theorem 11 from L € ¥;R to XxSAT(R) restricts to a reduction from L € JxR to
JLSAT(R). Finally, the polynomial-time R-machine implementing this reduction takes only
Boolean inputs and need not execute operations of R other than writing 0 and 1 and testing
for equality, so this reduction may be implemented on a polynomial-time Turing machine. <«

As a corollary we get that ISAT(R) is IR-complete. Indeed, this same sort of argument
is used in [5] to show that ISAT(R) is IR-complete when R is a ring. When comparing
Corollary 12 with Theorem 11, we see that the assumption that R has all constants has been
dropped. This is possible because, even though dR is defined in terms of R-machines, it is a
Boolean complexity class, by which we mean that L C {0,1}* for every L € IR.

To the best of our knowledge, the first results about higher levels of the Boolean hierarchy
over a structure R appear in [9], wherein R is taken to be R,qq or Ry, among other
structures. In these cases, the authors show that dR,qq = NP = dR};,, and furthermore that

the Boolean hierarchy over these structures coincides with the classical polynomial hierarchy.

The authors of [6] introduce the Boolean hierarchy over R in terms of machine models
and show completeness for every level of this hierarchy of a problem that is essentially the
circuit version of 3,SAT(R) and V;SAT(R). This hierarchy also is introduced in [40] as the
real hierarchy by defining ;xR as the closure of a problem essentially equivalent to 3;SAT(R)
under polynomial-time Turing machine reductions. Corollary 12 offers another proof that
their definition in terms of complete problems coincides the machine-based definition found
here and in [6, 22].
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A number of problems have already been identified as complete for classes in the second
level of this hierarchy, including area-universality [12], Hausdorff-distance [26], escape-
games [10], surjectivity [6, 41], and image density [6, 27].

4 Fagin’s Theorem Over a Structure

The idea behind our results in this section is a generalization of the idea behind Fagin’s
theorem: It is possible to encode the computation of a machine in second-order logical formula.
In the setting of Fagin’s theorem, the machine is a polynomial-time Turing machine, and
the formula is a second-order formula that is interpreted in finite structures. In our setting,
the machine is a polynomial-time R-machine, and the formula is a second-order metafinite
formula that is interpreted in metafinite structures over R, which we will abbreviate to
R-structures.

» Lemma 13 (Encoding Computations in Second-Order Formulas). Let R be a bipoin-
ted structure, M be a polynomial-time R-machine, q be a positive integer, and MVoc be
a metafinite vocabulary over R. Then for all k € N, there is a second-order formula

Wonr(Xi,..., Xk Y) in the vocabulary MVoc, with @y first-order, such that for all
MVoc-structures D and all weight functions Wy,... , Wy: A? - R,

M(D,Wy,...,Wy) =1 if and only if D IY opr x(Wh,..., Wk, Y).

Proof Sketch. The time bound of M allows us to represent the computation of M on input
D in a finite computation table, as depicted in Table 1, which we may describe with the
metafinite formula ¢pr = startys A update A accept whose subformulas have the same
intended interpretation as those of ¢, in Lemma 10.

However, while ¢, ; describes an accepting computation of M on a fized input v, the
formula ¢, describes an accepting computation of M on input D for any MVoc-structure D.
In order to achieve this, we construct a subformula input,, of start,, such that input,,
expresses the encoding of D as a string in R* when it is interpreted in D. The computation
table of M on input (D, Wy,...,W}) is then captured as a sequence Z of weight functions
on D such that M(D,Wy,..., W) =1 if and only if D F @px (Wi, ..., Wi, Z). <

» Theorem 14 (Higher Fagin's Analogue). Let R be a bipointed structure. Then for all k € N
with k > 1, XxSO(R) captures R and ISO(R) captures xR on R-structures

Proof Sketch. We first show that the data complexity of 31SO(R) is NP(R). Suppose ® is
a ¥1S0O(R) sentence, which means that ® is of the form & = 3X; ... I Xno(X1,..., XN),
where ¢(X1,...,Xn) is a first-order formula in some metafinite vocabulary MVoc over
R. To show that {D € Struct(MVoc) : D E &} € 3R, it suffices to show that given an
MVoc-structure D = (A, R, F) and weight functions Wi, ..., Wy with W;: A¥% — R, an
R-machine can decide in polynomial time if D E (W7, ..., Wy). This is essentially a matter
of showing that an R-machine requires only polynomial-time overhead when simulating the
operations of the primary part A of an R-structure D = (A, R, F) that it receives as input,
which may be done by analyzing the encoding of the structure D as a string in R* according
to our knowledge of the fixed metafinite vocabulary MVoc of D.

We next show that if L € ¥R is a decision problem of MVoc-structures, then there is a
sentence ® of X;SO(MVoc) describing L. Each such L € X;R is of the form

L = {D € Struct(MVoc) : (IW;: A7 - R)... (QWy : AT - R) M(D,W1,...,Wx) =1}
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for some positive integer ¢ and some polynomial-time R-machine M. Let QY ¢k be the
formula associated with the machine M defined above, or its negation if k is even, and let
Pk be the 35SO(MVoc) sentence @y =371 ... QZNQY ork(Z1, ..., Zn,Y ). Then by
Lemma 13 together with the logical replacement theorem [29], which allows us to prepend
the appropriate string of quantifiers, we see that L = {D € Struct(MVoc) : DE @ ;. }. We

conclude that £;SO(R) captures ¥z R on R-structures. <

While Theorem 11 assumes that R is of finite type with all constants, Theorem 14 makes
neither of these assumptions. This is due mainly to the way in which descriptive complexity
theory approaches complexity classes. We describe in more detail why we can do without
each of these assumptions below.

The assumption that R is of finite type is used Theorem 11 to guarantee that R has
an effective encoding, which we require when showing that XpSAT(R) is in X;R. The
corresponding part of Theorem 14 shows that the data complexity of X;SO(R) is xR,
which we do by constructing a machine that takes input (D, W) and decides, for a fixed
formula ¢, if D E o(W). Since ¢ is fixed and not part of the input, we do not need to encode
@ in a way that a machine can understand. Hence, we do not need the assumption that R
has an effective encoding, let alone the assumption that R is of finite type. Notably, this
means that Theorem 14 applies to the structure Ry, as well as structures Z of infinite type
for which we know that NP(Z) has no complete problems [16].

The assumption that R has all constants is used in Theorem 11 when showing that
SAT(R) is NP(R)-hard in order to build the formula ¢, r, which hard-codes the fixed
input v. The corresponding part of Theorem 14 builds the formula ¢y 1, which does describe
a fixed input, so no constants other than 0 or 1 or the machine constants of M are necessary,
and these are a subset of the constants of the structure R.

Our proof strategy generalizes that found in [20], which shows that ¥;SO(R) captures
NP(R). A generalization of Fagin’s theorem to a class of structures on the natural numbers,
called arithmetical structures, is already found in [21], though the authors use a different
measure of the size of an input, so their results are incomparable with ours. Already we
know that £;SO(R) captures NP(R) on structures of finite type, as shown in [11] with a
proof that relies on a prior descriptive characterization of P(R).

The authors of [33] show that by restricting 1 SO(R) to those formulas with only rational
constants, one can capture IR over discrete R-structures, whose definition makes use of the
fact that N C R. Since we work with structures R whose universe may contain neither Q nor
N, we restrict 3;SO(R) to those formulas with only 0 and 1 as constants, and we capture
JiR over Boolean R-structures.

In the same way that we modified the proof that X;SO(R) captures NP(R) on R-
structures to show that 3SO(R) captures IR on Boolean R-structures, we may modify the
proof that X;SO(R) captures ¥; R on R-structures to show that 3;SO(R) captures IyR on
Boolean R-structures.

» Corollary 15 (Higher Boolean Fagin's Analogue). Let R be a bipointed structure. Then
for all k € N with k > 1, 3xSO(R) captures IR and ¥Vi,SO(R) captures ViR on Boolean
metafinite structures over R.

Proof Sketch. Suppose ® = 3X ;... QX n¢(X1,...,Xn) is a sentence of 3,SO(MVoc), and
let L = {D € BStruct(MVoc) : D E ®}. Since all constants from R occurring in ¢ are either
0 or 1, the R-machine from Theorem 14 that decides if D F ¢(W) is constant free. Moreover,
since L is a decision problem of Boolean R-structures, we see that L € BP(NP*(R)) = 3R.

From this we conclude that the data complexity of ISO(R) is IR.
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Each L € xR is of the form specified in Theorem 14 where M is a polynomial-time
constant-free R-machine. Since M is constant free, all constants from R occurring in ¢as &
are 0 or 1. Thus, 3XJY pp1(X,Y) is an ISO(R) sentence, and from this we conclude that
ISO(R) captures IR on Boolean R-structures. <

An advantage of using the class of Boolean R-structures is that they may be identified
with the class of finite structures that is used in classical descriptive complexity theory.
Indeed, this is the perspective taken by the authors of [23] when they show that ISO(Raqq)
captures NP on finite structures, using the fact that IR,qq = NP established in [9]. Given
the similar result that IRy;,, = NP, one implication of Corollary 15 is that ISO(Ry;, ) captures
NP on Boolean Ryjj,-structures. In this way, we can see that Boolean R-structures have a
natural place in descriptive complexity theory.

5 Oracles and Hierarchies

The classical polynomial hierarchy was originally defined in terms of oracle classes [43]. Since
the polynomial hierarchy is now usually defined in terms of machine models and witness
strings, characterizing each level of this hierarchy in terms of oracles requires proof. The proof
strategy we use below is a generalization of that found in [1], for the classical polynomial
hierarchy, and [9], for the polynomial hierarchy over R,4q and a number of related structures.
The latter proof was already generalized to rings in [3].

» Theorem 16 (Oracle Polynomial Hierarchy Characterization). Let R be a bipointed structure.
Then for all k € N, ¥ 11 R = NP(R)**R and xR = coNP(R)**R.

Proof Sketch. We proceed by induction on k& € N. The base case holds immediately, and in
the inductive step establishing that ¥, 1R = NP(R)**®, the difficult inclusion to show is
NP(R)E’CR C ¥k+1R. Our inductive hypothesis implies that it is sufficient to show that a
polynomial-time R-machine M with a @) € ;R oracle may be simulated by a polynomial-
time R-machine N with an S € II;_1R oracle, together with the help of witness strings
that are provided in addition to the input. This is possible because for each @) € ¥R there
is some S € II;_1R such that u € @ if and only if there is some w such that (u,w) € S,
and v ¢ @ if and only if (u,w’) ¢ S for all w’. Given the answers by,...,b, € {0,1} to
the queries u1,...,u, that M makes on input v, as well as the witness strings w1, ..., w,
and wi,...,w,, the machine N can simulate M by branching according to the answers
b1,...,by. Furthermore, N can check that these answers are correct by querying (u;, w;) € S
if b; = 1 and querying (u;,w}) € S if b; = 0. Thus, ;1R = NP(R)**® and this implies
1R = coNP(R)*R thereby completing our induction. <

One usually states the corresponding theorem for the classical polynomial hierarchy as
g1 = NPESAT  where £, SAT is the problem of deciding if a quantified Boolean formula of
the appropriate form is true. This is equivalent to saying that 3,1 = NP> because LpSAT
is Yg-complete. We use the oracle class ¥, R, rather than the single oracle £, SAT(R), so
that Theorem 16 applies to structures for which XxSAT(R) is not ¥xR-complete. Modifying
the proof of Theorem 16, we obtain the following corollary.

» Corollary 17 (Oracle Boolean Hierarchy Characterization). Let R be a bipointed structure.
Then for all k € N, 3,41 R = IRZR’ and V)1 R = VRER’,

This corollary tells us that it is unlikely that we can replace the non-Boolean oracle
class 3 R? with the Boolean oracle class 3, R, as one might expect from a straightforward
analogy with the classical polynomial hierarchy. For example, while NPNY = %, and
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NP(R)NP(R) = ¥,R, Corollary 17 tells us that IRNP(R)” = 3R, so it is unlikely that
JRIR = F,R. Tt is instructive to reflect on why our proof requires the constant-free,
non-Boolean oracle class NP(R)? when showing that IRNP(R)” = 3,R.

In order to show the inclusion IRNP(R)’ C d9R, we use a constant-free machine N and
witness strings to simulate a constant-free machine M with an oracle Q € NP(R)°. If Q were
not in the constant-free part of NP(R), we could hide a constant in the oracle @), making
a constant-free simulation impossible. In order to show the inclusion 3,R C ERNP(R)O, we
replace witness strings w € R* with an oracle Q € NP(R)°. Since witness strings can be
non-Boolean, it should generally be impossible to replace them with an oracle in the Boolean
part of NP(R)?. Thus, we take NP(R)" as our oracle class because we need to take the
constant-free part of NP(R), but we cannot take the Boolean part of NP(R)°.

6 Conclusion

We have characterized the polynomial and Boolean hierarchies over a first-order structure
R in terms of machine models, complete problems, descriptive complexity, and oracles.
Additionally, we have shown that descriptive complexity is well suited to working with
algorithms over infinite vocabulary structures, such as real vector spaces. In this way, we
have answered fundamental questions about the complexity of algorithms presented in terms
of the primitive operations present in a first-order structure.
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