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Abstract
We establish Diophantine hardness results for the decidability of the Positivity Problem for
exponential-trigonometric polynomials over computable discrete subfields of the real numbers,
and for related questions. We show that any algorithm for deciding either non-negativity, eventual
non-negativity, the existence of a zero, or the existence of infinitely many zeros of exponential-
trigonometric polynomials over a computable discrete subfield K of the reals containing the number
π can be translated into an algorithm for computing the irrationality exponents of all elements of
K. As a consequence, we exhibit a computable discrete subfield K of the reals such that all of
the aforementioned questions about exponential-trigonometric polynomials over K are undecidable.
In particular, we provide the first example of a natural generalisation of the Continuous Skolem
Problem that is provably undecidable.
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1 Introduction

An exponential-trigonometric polynomial (ETP) is a real function f : R → R of the form

f(t) =
n∑

k=0
Pk(t)etλk (1)

for distinct complex numbers λk ∈ C and non-zero Pk ∈ C[t] for all k. ETPs are also called
exponential polynomials or C-finite functions. The numbers λk are called the eigenvalues or
characteristic roots of f .

A function f is an ETP if and only if it satisfies a homogeneous linear differential equation

f (m)(t) + c1f (m−1)(t) + · · · + cmf(t) = 0 (2)

with constant real coefficients cj ∈ R. The eigenvalues of a function f satisfying (2) are
the roots of the characteristic polynomial χf (z) = zm + c1zm−1 + · · · + cm. The degree of
the polynomial Pk in (1) is equal to mk − 1, where mk is the multiplicity of λk as a root of
χf . ETPs are completely specified by the coefficients cj in (2) together with initial values
f (j)(0) = uj for j = 0, . . . , m − 1.

ETPs abound in applied mathematics, for example in systems control theory as impulse
response functions of time-invariant linear systems, or in statistics as probability density
functions.
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We will study a number of closely related decision problems for ETPs that arise naturally
in a wide range of applications. The (Continuous) Positivity Problem asks whether a given
ETP f is non-negative1 on the interval [0, +∞). The (Continuous) Skolem Problem asks
whether a given ETP f has a zero in the interval [0, +∞). The (Continuous) Ultimate
Positivity Problem asks whether a given ETP f is eventually non-negative1 on the interval
[0, +∞), i.e., if there exists T > 0 such that f(t) ≥ 0 for all t ≥ T . The (Continuous) Infinite
Zeros Problem asks whether a given ETP f has infinitely many zeros in the interval [0, +∞).

The above problems and their discrete-time analogues have received much attention for
ETPs over the fields of rational or algebraic numbers, i.e. where the coefficients cj and initial
values uj are rational or algebraic.

Their decidability was first studied by Bell, Delvenne, Jungers, and Blondel [5], who
showed decidability of special cases of the problems and proved upper and lower complexity
bounds. More recently, Chonev, Ouaknine, and Worrell [11] have shown that the Skolem
Problem and the Infinite Zeros Problem for ETPs satisfying a differential equation (2)
of order at most eight are decidable, the former subject to Schanuel’s Conjecture. They
further established a Diophantine hardness result for the Infinite Zeros Problem, showing
that a decision method for the Infinite Zeros Problem at order nine or higher would yield
an algorithm for computing the Lagrange constant of any given real algebraic number – a
problem that seems completely out of scope of current techniques. Similar results are known
for linear recurrence sequences, the discrete-time analogues of ETPs [27, 26, 20, 19, 21]. It
remains a major open question whether any of the above problems are decidable.

To the best of our knowledge, the existing literature on decision problems for ETPs
exclusively considers ETPs that satisfy a differential equation of the form (2) with rational
or real algebraic coefficients cj and rational or real algebraic initial values f (j)(0). From a
practical perspective, this restriction is not entirely natural: practitioners will likely want
to be able to include special transcendental constants such as π in the specification of a
function.

The field Q(π) behaves computationally much like the rational or real algebraic numbers:
it admits a finite presentation that renders the field operations and (in-)equality comparison
computable. Moreover, given the symbolic representation of an element x ∈ Q(π), we can
compute rational approximations of x to any specified accuracy. More generally, it makes
sense to study ETPs over any countable subfield K of R with the above properties. We call
any such field K a computable discrete subfield of R.

Arguably, much of computational algebra and geometry can be carried out over arbitrary
computable discrete subfields K of the reals, for both K and its real closure K ∩ R support
effective computation of the field operations, equality testing, and inequality testing. Similarly,
we can effectively compute the field operations in the algebraic closure K and test elements
of K for equality. In particular, reduction to the theory of the reals is a powerful basic
tool for establishing the decidability of computational problems in algebra and geometry.
The standard decision methods for the theory of the reals, such as cylindrical algebraic
decomposition [12], lift to any computable discrete subfield of the reals. Consequently, any
decidability result that is provable by reduction to the theory of the reals holds true over
any computable discrete subfield of the reals. Further, any algorithm that is formulated in
the real RAM model [24] or the BSS model of real computation [7], which are widely used
in computational geometry, can be effectively implemented over any computable discrete
subfield of the reals.

1 For the problems we consider, it does not make a difference whether we ask for non-negativity, f(t) ≥ 0,
or (strict) positivity f(t) > 0, in the sense that all of our results hold true for either formulation of the
problem.
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Thus, a large number of problems from algebra and geometry can naturally be formulated
over the real numbers and be solved over any computable discrete subfield of the reals by a
uniform algorithm that does not depend on the field. Since Positivity and related problems
for ETPs are arguably most naturally formulated over the real numbers, it seems very natural
to ask whether such a uniform algorithm exists for these problems. Our main results will
show that no such algorithm exists. In fact, we can exhibit an explicit computable discrete
subfield of the reals over which the above decision problems for ETPs become undecidable –
and in many cases neither semi-decidable nor co-semi-decidable.

For a subfield K ⊆ R we call f : R → R an ETP over K if the coefficients cj in (2)
all belong to K and if f (j)(0) ∈ K for j = 0, . . . , m − 1. If f is an ETP over K, then its
eigenvalues λk are (complex) algebraic over K and the polynomials Pk in (1) have complex
algebraic coefficients over K.

As our main contribution, we show that the decidability of the above problems for ETPs
over a computable discrete subfield K of the reals is linked to the computability of the
irrationality exponents of the elements of K.

▶ Definition 1. Let α be a real number. The irrationality exponent µ(α) of α is the supremum
of the set of all µ ∈ [0, +∞) such that there exist infinitely many coprime integers p, q with∣∣∣∣α − p

q

∣∣∣∣ < q−µ.

Intuitively, the irrationality exponent of α measures how well α can be approximated by
rational numbers. Rational numbers have irrationality exponent 1, while by Dirichlet’s
approximation theorem, irrational numbers have irrationality exponent at least 2. The Thue-
Siegel-Roth theorem asserts that algebraic irrational numbers have irrationality exponent
exactly 2. Almost all numbers, in the sense of Lebesgue measure, have irrationality exponent
exactly 2. Numbers with infinite irrationality exponent exist and are called Liouville numbers,
following Liouville’s construction of the first numbers known to be transcendental. In general,
the irrationality exponent of a given number can be extremely difficult to find. For example,
the irrationality exponent of π is only known to lie in the interval [2, 7.103205334137 . . . ]
([28], see also [1]).

The statement of our main result requires certain notions of computability for real
numbers. A real number x is computable from below (or lower semicomputable) if there
exists a computable function φ : N → Q such that φ(n) ≤ x for all n and limn→∞ φ(n) = x.
It is computable from above (or upper semicomputable) if there exists a computable function
φ : N → Q such that φ(n) ≥ x and limn→∞ φ(n) = x. It is computable if it is both computable
from below and from above. Our main result is the following:

▶ Theorem 2. Let K be a computable discrete subfield of the real numbers that contains the
number π. Let α ∈ K.
1. A semi-decision procedure for either of the following problems over K can be automatically

translated into an algorithm that computes the irrationality exponent µ(α) from above:
a. The Positivity Problem.
b. The Ultimate Positivity Problem.
c. The complement of the Infinite Zeros Problem.
d. The complement of the Continuous Skolem Problem.

2. A semi-decision procedure for either of the following problems over K can be automatically
translated into an algorithm that computes the irrationality exponent µ(α) from below:
a. The Infinite Zeros Problem.
b. The complement of the Ultimate Positivity Problem.

MFCS 2026
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The proof of Theorem 2 is based on ideas from “Diophantine hardness” constructions
that have been pioneered by Ouaknine and Worrell [20] in the case of discrete-time linear
systems and instantiated by Chonev, Ouaknine, and Worrell [11] in the case of ETPs. Our
construction is strongly inspired by one due to Pat McCarthy, given as [14, Example 2]. The
basic idea is to consider the sum of two sinusoids with frequencies differing by a ratio α.
For irrational α, the functions cos

(
π
α t

)
and cos (πt) do not simultaneously attain the value

−1, and the values of the function 2 + cos
(

π
α t

)
+ cos (πt) are strictly positive but have

infimum 0. Subtracting a positive function g(t) with limt→∞ g(t) = 0 yields a function
h(t) = 2 + cos

(
π
α t

)
+ cos (πt) − g(t) whose eventual positivity depends on the relative rates

of decrease of infs∈[0,t](cos
(

π
α s

)
+ cos (πs)) and g(t). In McCarthy’s example, α = π and

g(t) = e−t, and it was shown that only finitely many roots exist. In our work, we consider
g(t) = t2−2µ for some rational µ = r/s ≥ 2 and relate the existence of infinitely many
sign-changes to the relationship between µ and the irrationality exponent of α. Intuitively,
we have

2 + cos
(

π
α t

)
+ cos (πt) < t2−2µ (3)

if and only if both cos
(

π
α t

)
and cos (πt) are close to −1, if and only if πt is close to an

odd integer multiple pπ of π and π
α t is close to an odd integer multiple qπ of π. This

yields a rational approximation p/q of α. We will show that we have |α − p/q| < q−µ in
this situation, so that the existence of infinitely many zeros yields a lower bound on the
irrationality exponent of α.

Conversely, we show that for all η > 0 and all sufficiently large odd integers p and q with
|α − p/q| < q−µ−η, the real number t = p satisfies (3). In particular, if α has infinitely many
such rational approximations then the function h(t) has infinitely many zeros. Finally, to get
rid of the technical requirement that p and q be odd integers, we consider not only the above
function, but the function family 2 + cos

(
π
α t + jπ

)
+ cos (πt + kπ) − t2−2µ for j, k ∈ {0, 1}.

We show that µ is a lower bound for the irrationality exponent if and only if all four functions
have infinitely many zeros.

The above functions are themselves not ETPs, but for rational µ = r/s they have the
same sign (positive, negative, or zero) as the corresponding ETPs(

2 + cos
(

π
α t + jπ

)
+ cos (πt + kπ)

)s
t2r − t2s.

Formally, the “translations” between algorithms in Theorem 2 are Turing reductions.
It can be shown that these reductions are uniform in α subject to the promise that α is
irrational, but we will not spell out the proof of this fact in detail.

Theorem 2 yields, for example, a Diophantine hardness result for the very natural field
K = Q(π) in the spirit of [11]: an algorithm for either of the problems we are studying over
Q(π) would automatically translate to an algorithm for computing arbitrarily good upper
bounds for µ(π). Algorithms for Ultimate Positivity or Infinite Zeros would additionally allow
the computation of arbitrarily good lower bounds for µ(π). Either result would constitute a
major breakthrough in transcendental number theory. While [11] establishes a comparable
Diophantine hardness result for the Infinite Zeros Problem over the real algebraic numbers,
our results apply also to the Positivity Problem, the Ultimate Positivity Problem, and the
Skolem Problem.

Beyond this, we can exhibit a computable discrete subfield of R for which the above
problems become outright undecidable. Becher, Bugeaud, and Slaman [3] have given a
complete characterisation of the irrationality exponents of computable numbers: a real
number µ ≥ 2 is the irrationality exponent of a computable number if and only if it is the
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lim sup of a computable sequence. In general, lim sups of computable sequences are neither
computable from above nor computable from below. In particular, there exists a computable
number whose irrationality exponent is neither computable from above nor from below. This
yields:

▶ Corollary 3. There exists a computable discrete subfield K of R such that:
1. Neither the Ultimate Positivity Problem nor its complement are semi-decidable over K.
2. Neither the Infinite Zeros Problem nor its complement are semi-decidable over K.
3. The Positivity Problem is not semi-decidable over K.
4. The complement of the Skolem Problem is not semi-decidable over K.

Thus, we establish the undecidability of natural generalisations of the Positivity Problem
and related problems. Beyond this, our results reveal an obstruction to further progress on
these problems over the real algebraic numbers. A solution to, say, the Positivity Problem
over the real algebraic numbers, cannot extend to all computable discrete subfields of the
reals and thus has to make essential use of the specific Diophantine properties of algebraic
numbers. For example, non-negativity of ETPs (over arbitrary real closed fields) cannot be
captured by a formula of the theory of the reals. By contrast, Ouaknine and Worrell have
shown that the Ultimate Positivity Problem for simple linear recurrences over the integers is
complete for the universal fragment of the theory of the reals [21]. Further, by our above
remark, non-negativity of ETPs is undecidable in the real RAM model and the BSS model
of real computation.

The rest of the paper is structured as follows: In Section 2 we formally define computable
discrete subfields of the reals and show that they are closed under adjunction of computable
numbers and real algebraic closure. This follows standard ideas and techniques and is
included for completeness and to make the paper more self-contained. Theorem 2 is proved
in Section 3 and Corollary 3 is proved in Section 4.

2 Computable Discrete Subfields of the Reals

In this section we define computable discrete subfields of the reals, establish some of their
basic properties, and show that the class of computable discrete subfields of the reals is
closed under adjunction of computable numbers and real closure. The definitions and results
in this section are entirely based on standard ideas and techniques from effective algebra
(see, e.g., [23, 15, 16, 2]).

Let us introduce some standard notation and terminology. For a ring R, we denote by
R[X] and R(X) respectively the ring of polynomials and rational functions in the variable X.
For a subfield K ⊆ R of the reals, we let K ⊆ C denote the (complex) algebraic numbers over
K. Accordingly, K ∩ R denotes the field of real algebraic numbers over K. The field K ∩ R
is also called the real closure of K, since it is the smallest real closed field that contains K,
cf. [8].

A computable discrete subfield of the reals is a countable subfield K ⊆ R of the real
numbers such that the field operations over K are computable, equality over K is decidable,
and K embeds computably into R. More formally:

▶ Definition 4. An effectively presented field is a countable field K together with a set
DK ⊆ N and a surjective map pk : ⊆ DK → K, called the presentation. A computable
discrete subfield of the reals is an effectively presented field K ⊆ R such that:
1. DK is a decidable subset of N.

MFCS 2026
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2. There exists a computable function Add : DK × DK → DK satisfying

pK (Add(x, y)) = pK(x) + pK(y).

3. There exists a computable function Mul : DK × DK → DK satisfying

pK (Mul(x, y)) = pK(x) · pK(y).

4. There exists a partial computable function Inv : ⊆ DK → DK with dom(Inv) =
{x ∈ DK | pK(x) ̸= 0} satisfying pK (Inv(x)) = 1/pK(x).

5. The set ∆K = {(x, y) ∈ DK × DK | pK(x) = pK(y)} is a decidable subset of DK × DK .
6. There exists a computable function Embed : DK × N → Q satisfying

|Embed(x, n) − pK(x)| < 2−n.

Observe that in a computable discrete subfield of the reals, inequality x ≤ y is decidable
as well. To decide whether x ≤ y, first check if x = y. If this is the case, then x ≤ y. If this
is not the case then either x < y or x > y. We can decide which one is the case by comparing
sufficiently good rational approximations of x and y, provided by the function Embed above.

Familiar examples of computable discrete subfields of the reals include the rational
numbers Q, the real algebraic numbers Q ∩ R, or extensions Q(α1, . . . , αm) of Q by finitely
many real algebraic numbers α1, . . . , αm.

More generally, we can construct new computable discrete subfields of the reals from
existing ones by adjunction of computable real numbers and by real closure.

It is easy to see that for every effectively presented field K with decidable equality
and computable field operations there exists an effective presentation of the field K(x) of
rational functions over K such that equality over K(X) is decidable and the field operations
are computable. Let K be a computable discrete subfield of the reals and let α be a
computable real number. Fix an effective presentation pK(X) of K(X) as above. We
make K(α) into an effectively presented field via the presentation evalα ◦pK(X) where
evalα : ⊆ K(X) → K(α), p

q 7→ p(α)
q(α) , with dom(evalα) =

{
p(X)
q(X) ∈ K(X) | q(α) ̸= 0

}
.

We make K ∩ R into an effectively presented field by coding elements α ∈ K ∩ R by a
simple polynomial f ∈ K[X] together with two rational numbers a < b such that α is the
unique root of f in the interval [a, b]. It is a standard exercise to turn this coding into a
partial mapping from N to K ∩ R.

We will show that for all computable discrete subfields of R and all computable real
numbers α, the fields K ∩ R and K(α) are again computable discrete subfields of R. This
follows entirely from standard arguments and is included to make the paper more self-
contained. For further background, see any introductory textbook on (effective) algebra such
as [9] or [2]. We first observe that polynomial Euclidean division is computable:

▶ Proposition 5. Let K be a computable discrete subfield of R. Given polynomials f, g ∈
K[X] with g ̸= 0 we can compute the unique polynomials q, r such that f = qg + r and
deg(r) < deg(g).

It follows from the above that we can compute the gcd of two given polynomials, as well
as Bézout coefficients satisfying Uf + V g = gcd(f, g) via the extended Euclidean algorithm.

▶ Proposition 6. Let f and g be polynomials. Then x ∈ C is a root of gcd(f, g) if and only
if it is a root of both f and g.
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Given any polynomial f , we can compute a simple polynomial g with the same roots as
f by taking g = f/ gcd(f, f ′).

▶ Proposition 7. Let K be a computable discrete subfield of the reals. Let f, g ∈ K[X] be
non-constant polynomials. Let [a, b] be an interval with rational endpoints such that f has a
unique and simple root x0 in [a, b]. Then we can decide whether x0 is a root of g.

▶ Proposition 8. If α is a computable real number and K is a computable discrete subfield
of R, then so is K(α).

Proof. Recall that an element of K(α) is given as f(α) for a rational function f ∈ K(X)
where f = p/q for polynomials p and q with q(α) ̸= 0. It is obvious that the field operations
are computable with respect to the given presentation. Since α is computable, it is also
obvious that K(α) embeds computably into R. It remains to show that equality is decidable.
This will in particular allow us to decide for a given q ∈ K(X) whether q(α) ̸= 0, which
implies that the domain of the presentation of K is a decidable subset of N.

Suppose we are given two rational functions f1 = p1/q1 and f2 = p2/q2. Then f1(α) =
f2(α) if and only if

p1(α)q2(α) − p2(α)q1(α) = 0. (4)

We now distinguish two cases: either α is transcendental over K or it is algebraic.
In the first case, (4) holds true if and only if the polynomial p1q2−p2q1 vanishes everywhere,

or equivalently, is the zero polynomial in K[X]. This can be effectively decided using equality
checking over K in order to determine whether the polynomial has a non-zero coefficient.

In the second case, fix a simple polynomial h that vanishes in α together with an isolating
interval I. Then p1q2 − p2q1 vanishes in α if and only if shares a root with h in the interval I,
which we can effectively decide by Proposition 7. ◀

▶ Corollary 9. Let α1, . . . , αm be computable numbers. Then the field Q(α1, . . . , αm) is a
computable discrete subfield of R.

Observe that the proof of the above fact (Proposition 8) relies on a non-constructive
case distinction. Consequently, while it establishes the existence of an algorithm for equality
testing, it does not necessarily allow us to tell what the algorithm looks like for a given
α. For example, it is currently unknown whether the numbers e and π are algebraically
independent. By Corollary 9, equality over Q(e, π) is decidable, but we do not know what
the algorithm looks like.

Next, we show that the real closure of any computable discrete subfield K of R is again a
computable discrete subfield of R. We start by observing that we can compute the roots of
any polynomial with coefficients in K.

▶ Theorem 10. Let K be a computable discrete subfield of R. Given a non-zero polynomial
f ∈ K[X] we can compute a list

〈
(α1, β1), . . . , (αn, βn)

〉
of pairs of numbers αk, βk ∈ K ∩R

such that the list ⟨α1 + iβ1, . . . , αn + iβn⟩ contains all complex roots of the polynomial f ,
listed with multiplicity.

Proof. Let h be a polynomial of degree d. Let ε > 0 be a rational number. A minimal
cover of the zeros of h to accuracy ε is a list B1, . . . , Bd ⊆ C of d rational square boxes of
side-length ε such that each box contains a complex root of h and every complex root of h is
contained in one of the boxes.

MFCS 2026
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It follows from a theorem of Specker [25] that we can compute a minimal cover of the
zeros of h to accuracy ε for any given polynomial h ∈ K[X] and any rational number ε > 0.

Consider the simple polynomial g = f/ gcd(f, f ′). Since g has only simple roots, there
exists ε > 0 such that every minimal cover of the zeros of g to accuracy ε consist of pairwise
disjoint boxes. The above fact allows us to effectively find such an ε > 0 and a corresponding
minimal cover B1, . . . , Bm. Each of the boxes Bk contains exactly one complex root αk + iβk

of the polynomial f . We now search for a rational δ > 0 and a minimal cover B′
1, . . . , B′

d

of the zeros of g to accuracy δ such that each of the boxes B′
j intersects exactly one of the

boxes Bk. This allows us to compute for each box Bk the multiplicity mk of αk + iβk as a
root of f .

To conclude the proof, it remains to construct algebraic representations of the numbers
αk and βk. The construction is standard, but we will describe it briefly for the sake of
completeness. We can effectively compute polynomials A, B ∈ K[X, Y ] such that g(x + iy) =
A(x, y) + iB(x, y). Consider the resultant R(X) = ResY (A, B)(X) ∈ K[X] of A and B with
respect to Y . Explicitly, writing

A(X, Y ) = A0(X)Y d + A1(X)Y d−1 + · · · + Ad(X)

and

B(X, Y ) = B0(X)Y e + B1(X)Y e−1 + · · · + Be(X)

the resultant is the determinant of the Sylvester matrix

A0(X) 0 . . . 0 B0(X) 0 . . . 0

A1(X) A0(X)
. . .

... B1(X) B0(X)
. . .

...
...

...
. . .

. . . 0
...

...
. . .

. . . 0

Ad(X) Ad−1(X)
. . . A0(X) Be(X) Be−1(X)

. . . B0(X)
0 Ad(X) A1(X) 0 Be(X) B1(X)
...

. . .
. . .

...
...

. . .
. . .

...
0 . . . 0 Ad(X) 0 . . . 0 Be(X)


(5)

Since K is a computable discrete subfield of R, the resultant is clearly uniformly computable
in A and B. The resultant R(X) is a univariate polynomial that vanishes in a given X0 ∈ R
if and only if the polynomials A(X0, Y ) ∈ K[Y ] and B(X0, Y ) ∈ K[Y ] have a common root.
Indeed, for a fixed X ∈ C, letting Pd ⊆ C[Y ] denote the space of all polynomials of degree
strictly less than d, the matrix (5) is the matrix representation of the linear map

φ : Pe × Pd → Pd+e, (U, V ) 7→ A(X, ·)U + B(X, ·)V

with respect to the bases (Y e, 0), . . . , (1, 0), (0, Y d), . . . , (0, 1) and Y e+d, . . . , Y, 1.
This map is surjective if and only if the ideal generated by A(X, ·) and B(X, ·) in C[Y ]

is equal to all of C[Y ] if and only if A(X, ·) and B(X, ·) do not have a common root. See
also [2, Chapter 4.2] for details.

But, by definition, A(X0, Y ) and B(X0, Y ) have a common root if and only if X0 is the
real part of a complex root of g. It follows that R vanishes precisely in the real parts of
the complex roots of g. In general, R is not a simple polynomial, but we can compute the
simple polynomial r = R/ gcd(R, R′) which has the same roots as R. Isolating intervals for
the roots of the polynomial r can again be computed using Specker’s result [25]. Algebraic
representations of the imaginary parts βk are obtained analogously, using the resultant
ResX(A, B) with respect to the variable X. ◀



P. Collins, B. Hanzon, and E. Neumann 65:9

▶ Proposition 11. Let K be a computable discrete subfield of R. Then so is the field K ∩ R
of real algebraic numbers over K.

Proof. Recall that we represent a real algebraic number α over K by a simple polynomial
f ∈ K[X] satisfying f(α) = 0 together with rational numbers a < b such that α is the unique
root of f in the interval [a, b].

We first show that equality of real algebraic elements is decidable. Suppose we are given
algebraic numbers α and β, represented by polynomials f ∈ K[X] and g ∈ K[X] and rational
intervals I and J . If I and J are disjoint, then α and β are distinct. If the intersection I ∩ J

is non-empty, then verify if f has a root in I ∩ J and if g has a root in I ∩ J . If either is
not the case, α and β must be distinct. If both are the case, apply Proposition 7 to decide
whether the root of g in I ∩ J is equal to the root of f in I ∩ J . This is the case if and only
if α = β.

To prove that the domain of the presentation is a decidable subset of of N, we need to
show that given a polynomial f ∈ K[X] and a rational interval [a, b] we can decide whether
f is simple and whether f has a unique root in the interval [a, b], counted with multiplicity.
The polynomial f is simple if and only if f = f/ gcd(f, f ′), which is effectively decidable
using equality comparison in K. To determine whether the polynomial has a unique root in
[a, b] we proceed as follows: By Theorem 10 we can compute a list of all roots of f . Since
equality is decidable, we can compute a list of all real roots of f . Since inequality is decidable,
we can effectively decide whether the interval [a, b] contains exactly one root. This shows
that the domain of the presentation is decidable.

Now, let us show that the field operations are computable.
To compute the sum α + β we have to find a simple polynomial h with h(α + β) = 0

and an interval K such that α + β is the unique root of h in the interval K. Let d denote
the degree of f and let e denote the degree of g. Then K[α, β] is a vector space over K of
dimension d · e, a basis being given by the set

B =
{

αiβj | 0 ≤ i ≤ d − 1, 0 ≤ j ≤ e − 1
}

.

In particular, the set
{

(α + β)k | 0 ≤ k ≤ d · e
}

is linearly dependent over K. Using that K

is a computable field with decidable equality we can compute representations of the elements
(α + β)k in the basis B. This allows us to find a non-trivial linear relation between these
elements using Gaussian elimination. This yields a polynomial k(x) that vanishes in α + β.
Letting h = k/ gcd(k, k′), we obtain a simple polynomial that vanishes in α + β. It remains
to compute an interval K such that α + β is the unique root of h in the interval K. Using
that K computably embeds into R we can compute arbitrarily good rational approximations
to α + β. Theorem 10 in particular asserts that we can compute the complex roots of h

to arbitrary precision. This means that for every rational ε > 0 we can compute a list of
disks D(z1, ε), . . . , D(zdeg(h), ε) in the complex plane, where zj ∈ Q[i], such that every disk
contains a complex root of h and every complex root of h is contained in some disk. Since h

is simple, we can effectively find an ε > 0 such that the disks D(z1, ε), . . . , D(zdeg(h), ε) are
disjoint. In particular, since h is a real polynomial, any disk intersecting the real line must
contain a real root of h. It follows that we can compute a list I1, . . . , Iℓ of disjoint rational
intervals such that every interval contains a real root of h and such that every real root of h

is contained in some interval. Now, α + β is contained in exactly one of the intervals Ij , and
we can determine j by computing α + β to sufficient precision.

The product α · β is computed analogously.
Finally, suppose that we are given α ̸= 0 via a simple polynomial f satisfying f(α) = 0

and an interval [a, b] such that α is the unique root of f in [a, b].
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Write

f(x) = xd + a1xd−1 + · · · + ad.

Up to dividing by an appropriate power of x, we may assume that ad ̸= 0. Then 1/α is a
root of the polynomial

xdf(1/x) = 1 + a1x + · · · + adxd.

This polynomial is simple, for its roots are of the form 1/z where z is a root of f .
Since K computably embeds into R, we can approximate α to any given accuracy. It

follows that we can compute a rational interval [a′, b′] ⊆ [a, b] with α ∈ [a′, b′] and 0 /∈ [a′, b′].
Then 1/α is contained in the interval [1/b′, 1/a′]. Conversely, 1/α is the only root of xdf(1/x)
in this interval, for if 1/z is contained in the interval [1/b′, 1/a′], then z is contained in the
interval [a′, b′]. ◀

Finally, we remark without proof that standard quantifier elimination techniques such as
cylindrical algebraic decomposition [12] can be carried out effectively over (the real closure
of) any computable discrete subfield of the reals, so that all sentences of the theory of the
reals with constants in K are effectively decidable.

▶ Theorem 12. Let K be a computable discrete subfield of R. Given a formula of the theory
of the reals with constants in K, we can compute an equivalent quantifier-free formula with
constants in K ∩R. In particular, given a sentence Φ of the theory of the reals with constants
in K we can decide whether Φ holds true over K.

3 Exponential-Trigonometric Polynomials and Irrationality Exponents

We will now prove Theorem 2. We recall a few elementary facts:

▶ Proposition 13.
1. We have 1 + cos(t) = 2 sin2 (

t−π
2

)
for all t ∈ R.

2. We have sin2 (t) ≥ 4t2

π2 for all t ∈
[
− π

2 , π
2

]
.

3. We have sin2 (t) ≤ t2 for all t ∈ R.

The next lemma is our main technical result. As mentioned in the introduction, the
construction is strongly inspired by an example due to Pat McCarthy [14, Example 2].

▶ Lemma 14. Let α > 5/2 be a real number. Let µ ≥ 2 be a real number with µ ̸= µ(α).
Consider the functions

hj,k,µ : (0, +∞) → R, hj,k,µ(t) = 2 + cos
(

π
α t + jπ

)
+ cos(πt + kπ) − t2−2µ

where j, k ∈ {0, 1}. Then µ > µ(α) if and only if all four 2 functions are eventually positive,
if and only if all four functions have finitely many zeros.

Proof. For a strictly positive integer m, we have hj,k,µ(2m − k) > 0. Thus, hj,k,µ has finitely
many zeros if and only if it is eventually positive.

2 In principle, we do not have to consider the function h1,1,µ
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Assume that µ > µ(α). We show that all four functions have only finitely many zeros.
Since the functions are analytic, they have only finitely many zeros in the interval (0, α]. Let
t > α be a zero of hj,k,µ. Then since 1+cos(t) ≥ 0 for any t, we have 1+cos

(
π
α t + jπ

)
≤ t2−2µ

and 1 + cos (πt + kπ) ≤ t2−2µ.

There exist positive integers p and q with (2q − j)α ≤ t ≤ (2q + 2 − j) and (2p − k) ≤
t ≤ (2p + 2 − k). Hence | t

α − (2q + 1 − j)| ≤ 1 and |t − (2p + 1 − k)| ≤ 1.
By Proposition 13(1,2) we have:

1 + cos
(

π
α t + jπ

)
= 2 sin2

( π
α t + jπ − π

2

)
= 2 sin2

(
π

α

t − (1 − j)α
2

)
= 2 sin2

(
π

α

t − (1 − j)α
2 − qπ

)
= 2 sin2

(
π

α

t − (2q + 1 − j)α
2

)
≥ 2(t − (2q + 1 − j)α)2

α2 .

Similarly,

1 + cos (πt + kπ) = 2 sin2
(

πt + kπ − π

2

)
= 2 sin2

(
πt + kπ − π

2 − pπ

)
= 2 sin2

(
π

t + k − 1 − 2p

2

)
≥ 2 (t − (2p + 1 − k))2

.

We obtain 2 (t−(2q+1−j)α)2

α2 ≤ t2−2µ and 2 (t − (2p + 1 − k))2 ≤ t2−2µ. By rearranging we
obtain |t − (2q + 1 − j)α| ≤ α√

2 t1−µ and |t − (2p + 1 − k)| ≤ 1√
2 t1−µ. The triangle inequality

and the fact t ≥ (2q − j)α yield:

|(2q + 1 − j)α − (2p + 1 − k)| <
(

α+1√
2

)
t1−µ ≤

(
α+1√

2

)
((2q − j)α)1−µ

.

Since α > 5/2 > 1 +
√

2 and µ ≥ 2 we have(
α+1√

2

)
((2q − j)α)1−µ = 1 + 1/α√

2 αµ−2

(
2q+1−j

2q−j

)µ−1
(2q + 1 − j)1−µ ≤ (2q + 1 − j)1−µ

for sufficiently large q, so that we obtain |(2q + 1 − j)α − (2p + 1 − k)| < (2q + 1 − j)1−µ or∣∣∣∣α − 2p + 1 − k

2q + 1 − j

∣∣∣∣ < (2q + 1 − j)−µ
.

By assumption, this inequality can only hold true for finitely many values of p and q. So,
the functions are ultimately positive and have finitely many zeros.

Now assume that µ < µ(α). Then there exists δ > 0 such that µ+δ < µ(α). We will show
that one of the functions assumes infinitely many negative values. By the infinite pigeonhole
principle there must exist j, k ∈ {0, 1} (not both equal to 1) and unbounded sequences of
positive integers (pn)n, (qn)n such that we have

∣∣∣α − 2pn+1−k
2qn+1−j

∣∣∣ < (2qn + 1 − j)−µ−δ. By
rearranging we obtain |α(2qn + 1 − j) − (2pn + 1 − k)| < (2qn + 1 − j)1−µ−δ.

Consider the sequence (tn)n with tn = 2pn + 1 − k. We will show that hj,k,µ(tn) is
negative for all large n.

By Proposition 13(1) we have:

2 + cos
(

π
α (2pn + 1 − k) + jπ

)
+ cos(π(2pn + 1)) = 1 + cos

(
π
α (2pn + 1 − k) + jπ

)
= 2 sin2

( π
α (2pn + 1 − k) − (1 − j)π

2

)
= 2 sin2

(
π

α

(2pn + 1 − k) − (1 − j)α
2

)
.
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Since sin2 is π-periodic and by Proposition 13(3), we have:

2 sin2
(

π

α

(2pn + 1 − k) − (1 − j)α
2

)
= 2 sin2

(
π

α

(2pn + 1 − k) − (1 − j)α
2 − qnπ

)
= 2 sin2

(
π

α

(2pn + 1 − k) − (2qn + 1 − j)α
2

)
≤ π2

2α2 ((2pn + 1 − k) − (2qn + 1 − j)α)2
< (2qn + 1 − j)2−2µ−2δ.

Let C be a positive integer with α < C. Then we have for all sufficiently large n:

2pn + 1 − k

2qn + 1 − j
≤ α +

∣∣∣∣α − 2pn + 1 − k

2qn + 1 − j

∣∣∣∣ < C,

and hence 2pn+1−k < C ·(2qn + 1 − j) . Since µ > 1, the function t 7→ t2−2µ is monotonically
decreasing, so that we obtain (2qn + 1 − j)2−2µ

< C2µ+δ−2 · (2pn + 1 − k)2−2µ−δ. In total,
letting tn = 2pn + 1 − k, we obtain:

hj,k,µ(tn) < C2µ+δ−2 · (tn)2−2µ−δ − (tn)2−2µ = (tn)2−2µ
(
C2µ+δ−2 · (tn)−δ − 1

)
. (6)

This expression is clearly negative for all large n. So, the function hj,k,µ is negative at
infinitely many values, and hence has infinitely many zeros. ◀

We are now in a position to prove our main theorem.

Proof of Theorem 2. Throughout the proof, fix α ∈ K. We may assume that α is irrational,
for otherwise the conclusions of all claims are trivial. Further, µ(α) = µ(α + c) for any
integer c so that we may assume without loss of generality that α > 5/2.

Let hj,k,µ be the functions from Lemma 14. Let r and s be positive integers. Let

h̃j,k,r,s,b(t) =
(
2 + cos

(
π
α t + jπ

)
+ cos(πt + kπ)

)s
t2r − t2s + be−t.

Then for all t > 0 we have hj,k,r/s(t) ≥ 0 if and only if h̃j,k,r,s,0(t) ≥ 0. In particular,
the function hj,k,r/s is eventually positive if and only if the function h̃j,k,r,s,0 is eventually
positive. Observe that the functions h̃j,k,r,s,b(t) are ETPs for all j, k, r, s, b and that we can
uniformly compute an effective presentation in the form (1) or (equivalently) (2) of h̃j,k,r,s,b

given j, k, r, s, and b.
Suppose that Ultimate Positivity for ETPs over K is semi-decidable. Then, given r, s ∈ Z

with s ̸= 0 and r/s > 2, we can semi-decide if h̃j,k,r,s,0 is eventually positive for all j, k ∈ {0, 1}.
By Lemma 14, if r/s > µ(α) then h̃j,k,r,s,0 is eventually positive. Conversely, if h̃j,k,r,s,0 is
eventually positive then by the same lemma we must have r/s ≥ µ(α). This allows us to
compute µ(α) from above.

Now suppose that the complement of the Ultimate Positivity Problem for ETPs over K

is semi-decidable. Then, given r, s ∈ Z with s ̸= 0 and r/s > 2, we can semi-decide if there
exist j, k ∈ {0, 1} such that h̃j,k,r,s,0 is not eventually positive. By the same reasoning as
before, if r/s < µ(α) then this must be the case, and if h̃j,k,r,s,0 is not eventually positive
then we must have r/s ≤ µ(α). Since we assume that α is irrational, we can always safely
output the lower bound 2 for µ(α). It follows that we can compute µ(α) from below.

Since the functions h̃j,k,r,s,0 are eventually positive if and only if they have finitely many
zeros, the claims for the Infinite Zeros Problem follow immediately from the above.
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Now assume that the Positivity Problem for ETPs over K is semi-decidable. Then, given
r, s ∈ Z with s ̸= 0 and r/s > 2, we can semi-decide if there exists b > 0 such that h̃j,k,r,s,b(t)
is non-negative for all j, k ∈ {0, 1} and all t ≥ 0. If r/s > µ(α) then it follows from Lemma 14
that hj,k,r/s is eventually positive and hence bounded from below, so that h̃j,k,r,s,b is strictly
positive for all sufficiently large b.

Conversely, if r/s < µ(α) then by the proof of Lemma 14, there exists an unbounded
sequence (tn)n satisfying (6), i.e., hj,k,r/s(tn) < t

2−2r/s
n

(
C2r/s+δ−2 · t−δ

n − 1
)

, so that

h̃j,k,r,s,b(tn) =
(

hj,k,r/s(tn) + t2−2r/s
n

)s

t2r
n − t2s + be−tn

<
(

t2−2r/s
n

(
C2r/s+δ−2 · t−δ

n

))s

t2r
n − t2s + be−tn

= t2s
n

(
C2r+δs−2s · t−δs

n − 1
)

+ be−tn .

It is easy to see that for all b ∈ R there exists N such that the above is negative for all
n ≥ N .

To summarise, if a b exists such that h̃j,k,r,s,b is non-negative, then r/s ≥ µ(α), and if
r/s > µ(α) then such a b exists. This allows us to compute µ(α) from above.

The same argument shows that a semi-decision procedure for the Skolem Problem yields
an algorithm for computing µ(α) from above. ◀

4 Computable Numbers with Uncomputable Irrationality Exponents

A sequence of real numbers (xn)n is called computable if there exists a computable function
φ : N×N → Q such that we have |φ(n, m) − xn| < 2−m for all n, m ∈ N. Becher, Bugeaud and
Slaman have obtained the following complete characterisation of the irrationality exponents
of computable numbers:

▶ Theorem 15 ([3]). A real number µ ≥ 2 is the irrationality exponent of a computable
number if and only if there exists a computable sequence of real numbers (xn)n with µ =
lim supn→∞ xn.

The following is a folklore observation in computability theory. We include a proof for
completeness.

▶ Proposition 16. There exists a computable bounded sequence (an)n of real numbers with
an > 2 such that lim supn→∞ an is neither lower semicomputable nor upper semicomputable.

Proof. The Friedberg-Muchnik theorem [13, 17] asserts the existence of computably enumer-
able subsets X ⊆ N and Y ⊆ N of the natural numbers, such that X is not decidable by a
Turing machine with oracle Y and such that Y is not decidable by a Turing machine with
oracle X. See also, e.g., [18, Theorem 1.6.1] for a proof.

Consider the real numbers x =
∑

i∈X 2−i and y =
∑

j∈Y 2−j . Since X and Y are
computably enumerable, the numbers x and y are computable from below. Concretely,
there exist computable sequences of finite sets (Xn)n and (Yn)n such that X =

⋃
n Xn and

Y =
⋃

n Yn. Letting xn =
∑

i∈Xn
2−i and yn =

∑
j∈Yn

2−j , we have x = limn→∞ xn and
y = limn→∞ yn. Since the binary expansion of x encodes membership in X, the number x is
not computable from above, not even with a oracle access to Y . Similarly, the number y is
not computable from above with oracle access to X.

Now, consider the sequence (an)n where an = xn − yn. By construction, this is a
computable sequence of real numbers that converges to the limit x − y. In particular,
lim supn→∞ an = x − y.
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We claim that x − y is neither computable from above nor from below. Indeed, if x − y

was computable from above, then given an oracle for Y we could compute the number y

and thus compute the number x = x − y + y from above relative to an oracle for Y which
contradicts our assumption. Similarly, if x − y was computable from below, then y − x would
be computable from above, so that given an oracle for X we could compute the number
y = y − x + x from above, contradicting our assumption on X and Y . ◀

Together, Theorem 15 and Proposition 16 yield the existence of a computable real
number α whose irrationality exponent is neither computable from above nor from below.
By Corollary 9, the field K = Q(π, α) is a computable discrete subfield of the reals. By
Theorem 2, the field K witnesses Corollary 3. Bearing in mind the comment after Corollary 9,
one might object that while equality in K is decidable, the proof of this fact relies on an
a-priori non-constructive case distinction, so that we do not have an explicit algorithm for
deciding equality of elements in K unless we can determine whether α is algebraic over Q(π),
and if so, provide an explicit simple polynomial with coefficients in Q(π) that vanishes in
α together with a rational isolating interval. Questions of this form are usually extremely
difficult to answer for a given α. Hence, we will address this objection differently: for any
given µ as in Theorem 15, we will construct a computable real number α with µ(α) = µ

such that α is algebraically independent of π by construction. This can be achieved by a
straightforward modification of the proof of Theorem 15 that combines the construction
in [3] with a diagonalization against all real numbers that are algebraic in π.

We retrace the proof of Theorem 15 given in [3] (“First proof of Theorem 1”), starting
with the following fact due to [10]:

▶ Theorem 17. Let (nj)j be a sequence of positive integers with nj+1/nj ≥ 2. Then the
number α(nj)j

=
∑∞

j=0 2−nj has irrationality exponent lim supj
nj+1

nj
.

We estimate the value of α very generously based on its finite approximations:

▶ Proposition 18. Let (nj)j be a sequence of positive integers with n0 ≥ 2 and nj+1 ≥ 2nj.
Let αk =

∑k
j=0 2−nj . Let α = limk→∞ αk. Then α ∈ (αk + 2−nk+1 , αk + 21−nk+1) for all k.

Proof of Proposition 18. We have

α =
∞∑

j=0
2−nj = αk +

∞∑
j=k+1

2−nj = αk +
∞∑

j=0
2−nk+1+j .

We immediately obtain α > αk + 2−nk+1 . By induction we obtain for j ≥ 0

nk+1+j ≥ 2jnk+1 ≥ (j + 1)nk+1.

This yields

α ≤ αk +
∞∑

j=0
2−(j+1)nk+1 = αk + 2−nk+1

1 − 2−nk+1
< αk + 21−nk+1 . ◀

We obtain the following modified version of the relevant direction of Theorem 15:

▶ Theorem 19. Let µ > 2 be the lim sup of a computable sequence of real numbers. Then
there exists a computable number α such that α is algebraically independent of π and µ(α) = µ.
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Proof. Let (bn)n be a computable sequence of real numbers with µ = lim supn→∞ bn. By
(computably) passing to a subsequence if need be, we may assume that bn > 2 for all n.
Consider the field K = Q(π). By Proposition 11 the field K ∩ R is a computable discrete
subfield of the reals. In particular, the presentation p : D → K ∩ R has a decidable domain
D ⊆ N. It follows that we can compute a sequence (xn)n containing all (codes3 of) elements
of K ∩ R.

We will construct a computable sequence (nj)j of positive integers with nj+1/nj ≥ bj+1
and (nj+1 − 3)/nj < bj+1. Let α =

∑∞
j=0 2−nj . Then by Theorem 17 we have µ(α) =

lim supj→∞
nj+1

nj
. On the one hand, we have lim supj→∞

nj+1
nj

≥ lim supj→∞ bj+1 = µ. On
the other hand, we have lim supj→∞

nj+1
nj

= lim supj→∞
nj+1−3

nj
and lim supj→∞

nj+1−3
nj

≤
lim supj→∞ bj+1 = µ. Thus, µ(α) = µ.

We further ensure that we have xk /∈ (αk + 2−nk+1 , αk + 21−nk+1) for all k ≥ 0 . This
ensures that α is algebraically independent of π: By construction, µ(α) > 2, so that α

must be irrational. If α is algebraic over Q(π), then α = xk−1 for some k, contradicting
Proposition 18.

We let n0 = 2. Suppose that n0, . . . , nk have been defined. Let n be the smallest integer
satisfying n/nk ≥ bk. Since inequality in K ∩ R is decidable, we can decide whether xk is
contained in the interval (αk + 2−n, αk + 21−n).

If xk /∈ (αk + 2−n, αk + 21−n), we let nk+1 = n. Then all required properties hold true
by construction.

If xk ∈ (αk + 2−n, αk + 21−n), we let nk+1 = n + 2. Then nk+1/nk ≥ bk and (nk+1 −
3)/nk < bk. Further, xk > αk + 2−n = αk + 22−nk+1 > αk + 21−nk+1 so that xk /∈
(αk − 2−nk+1 , αk + 21−nk+1). ◀

Theorem 19 yields the existence of a computable number α, algebraically independent
of π, such that µ(α) is neither computable from above nor from below. Thus, the field
K = Q(π, α) witnesses Corollary 3. Unlike in our previous example, we have an explicit
equality-comparison algorithm available for K: As described in Section 2, elements of K

are coded by rational functions in Q(X, Y ) via the evaluation map Q(X, Y ) → Q(π, α).
Transcendence of π and algebraic independence of π and α guarantee that the kernel of this
map is trivial, so that equality comparison in K reduces to equality comparison in Q(X, Y ).

5 Conclusion and Future Work

We have studied the Positivity Problem, the Ultimate Positivity Problem, the Skolem Problem,
and the Infinite Zeros Problem for exponential-trigonometric polynomials over computable
discrete subfields of the reals, establishing that all of these problems are undecidable in
general. Moreover, we have shown that an algorithm for either of these problems for ETPs
over the very natural field Q(π) would entail a major breakthrough in transcendental number
theory. For ETPs over the algebraic numbers, a comparable result was known for the Infinite
Zeros Problem, but not for the other problems we have considered.

More sharply, we have shown that in the case of the Ultimate Positivity Problem and
the Infinite Zeros Problem, neither the problem nor its complement are semi-decidable. It is
clear that the complement of the Positivity Problem is semi-decidable, for we can detect if
an ETP attains a negative value by computing a sufficiently good numerical approximation
of the function with guaranteed error bounds. This leaves open the question whether the

3 Recall that real algebraic elements over K are coded by a polynomial and an isolating interval.
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Continuous Skolem Problem is semi-decidable, i.e, if we can semi-decide if a given ETP
has a zero. This reduces to the problem of deciding whether a given ETP has a zero on a
given bounded interval [0, T ]. Chonev, Ouaknine, and Worrell [11] have shown that the latter
is decidable for ETPs over the algebraic numbers subject to Schanuel’s Conjecture. This
suggests the following question:

Open Problem 1. Let K be a computable discrete subfield of the reals. Is it decidable
whether a given ETP over K has a zero on a given bounded interval [0, T ] with rational
endpoints?

Similarly, one may wonder whether the potential uncomputability of irrationality expo-
nents is the only obstruction to computability, e.g., whether Positivity becomes computable
relative to an oracle for irrationality exponents. This is however a very difficult question
since it subsumes for example the Positivity Problem over Q where all irrationality exponents
are known to be equal to 1.

The existing literature on continuous and discrete time ETPs contains decidability results
for low-order ETPs [27, 26, 11, 20] and “mathematical hardness” results for higher-order
ones [11, 20]. By contrast, our hardness and undecidability results do not put a bound on
the order of the ETPs. Thus, it is consistent with our Corollary 3 that all of the problems
we have considered are decidable for ETPs of any fixed order, but that there is no uniform
algorithm for deciding any of the problems for all orders. The result would be much more
satisfactory if it applied to ETPs with an explicit, ideally sharp, bound on the order. This
brings us to our next open problem:

Open Problem 2. Is there a computable discrete subfield of the reals K such that there
exists an integer n ∈ N with the property that the Positivity Problem for ETPs over K is
decidable for ETPs of order n and undecidable for ETPs of order n + 1?
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