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—— Abstract

A two-way finite automaton with drop-once pebbles (O. Martynova, A. Okhotin, “A time to cast
away stones: On a family of pebble automata”, IJFCS, 37 (2026)) may drop its pebbles at any
squares of the tape, but a pebble once dropped cannot be moved anymore. In this paper, it is
proved that transforming an n-state deterministic automaton with k drop-once pebbles to a standard
two-way deterministic finite automaton (2DFA) requires ©(n**!) states in the worst case. For
nondeterministic two-way automata with one drop-once pebble, it is proved that transforming them
to a 2DFA requires at least 25 ~°() states, transforming to a two-way nondeterministic automaton
(2NFA) takes at least 2% ~°(") gtates, and, finally, determinizing them to a deterministic two-way
automaton with one drop-once pebble requires at least 25 ~°() gtates.
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1 Introduction

Two-way finite automata are a classical model of computation, which continues to attract
general attention, in particular, due to its connections to unsolved problems in the complexity
theory. The most important and long-standing open question in the area, raised by Sakoda and
Sipser [17], is whether two-way nondeterministic finite automata (2NFA) can be determinized
to two-way deterministic automata (2DFA) with only polynomial increase in the number
of states. This question has defied all efforts so far: the only known lower bound on the
complexity of this transformation is ©(n?), where n is the number of states in the 2NFA,
whereas the best guaranteed transformation uses almost 2" states [9]. The importance of
this problem is supported by its connection to the L vs. NL question in the complexity theory
discovered by Berman and Lingas [1], and by the more recent result on the connection to the
NL vs. L/poly question by Kapoutsis [11]. However, for several variants of two-way automata,
lower bounds on their determinization complexity have been obtained: Sipser [19] proved that
determinizing sweeping automata requires exponentially many states, whereas Kapoutsis [10]
established an exponential lower bound for two-way automata with few reversals.

This paper investigates the size complexity and specifically the complexity of determiniz-
ation for two-way automata with drop-once pebbles, recently investigated by Martynova and
Okhotin [15] in the more general context of graph-walking automata. Restricted to strings,
these are 2NFA or 2DFA with a fixed number of pebbles, which, once dropped somewhere
on the tape, can be detected at the later visits to the same square, but cannot be lifted
anymore.
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Automata with drop-once pebbles are a special case of pebble automata of the general
form, which received much attention in the literature. Pebble automata were introduced by
Blum and Hewitt [2]: when such an automaton sees any pebble it has earlier dropped, it
may lift it and carry it to another square. In particular, Blum and Hewitt [2] proved that
one-pebble 2DFA recognize only regular languages—a result later extended to one-pebble
alternating automata by Goralcik et al. [8]. Later, Globerman and Harel [7] introduced a
special case of pebble automata with nested pebbles: in these automata, pebbles are numbered,
and at every moment, pebbles 1, ..., i are placed somewhere, while pebbles i + 1, ..., m
are in the automaton’s hands, so that the automaton is allowed either to lift pebble i or to
drop pebble i + 1; these automata recognize only regular languages [7, 4]. The research on
pebble automata progressed from automata on strings to tree-walking automata with nested
pebbles, introduced by Engelfriet and Hoogeboom [4]: their computational complexity was
studied by Samuelides and Segoufin [18], Bojanczyk et al. [3] investigated their expressive
power and established hierarchies on the number of heads, and some further results on the
one-pebble case were recently obtained by Martynova and Okhotin [14]. On the subject
of determinization complexity, Geffert and IStotiova [5] proved that any lower bound on
the complexity of determinizing one-pebble 2NFA would imply a close lower bound on the
complexity of determinizing standard 2NFA | making this another possible approach to the
open problem of Sakoda and Sipser [17].

Turning to two-way automata with k drop-once pebbles and their size complexity, these
automata can be regarded as a special case of two-way automata with k£ nested pebbles
studied by Globerman and Harel [7], who proved that their transformation to two-way
automata without pebbles requires k-fold exponentially many states. For automata with
drop-once pebbles, Martynova and Okhotin [15] proved that every n-state deterministic
two-way finite automaton with k drop-once pebbles (2DFAy)) can be transformed to a
standard 2DFA with only O(n**!) states—a substantial improvement from the case of nested
pebbles. A matching lower bound of Q(n**!) states on the complexity of this transformation
will be proved in this paper, and the methods developed will ultimately lead to a lower
bound on the determinization complexity of nondeterministic two-way automata with one

drop-once pebble (2NFA; ).

Once a definition of automata with drop-once pebbles is given in Section 2, the next
Section 3 presents the simple case of the lower bound: it is proved that transforming a 2DFA
with one drop-once pebble (2DFA; ) to a standard 2DFA requires ©(n?) states in the worst
case. In general, all known direct lower bound methods for two-way automata apply only to
their special cases: consider Sipser’s [19] arguments for sweeping automata, the results on
2DFA and 2NFA over a unary alphabet by Mereghetti and Pighizzini [16], Geflert et al. [6]
and Kunc and Okhotin [12], and the recent work of Clerici Lorenzini et al. [13] on bounded
languages. However, there is a known indirect approach: to prove lower bounds on the size of
one-way DFA, and then combine them with the well-known complexity of the 2DFA to DFA
transformation to obtain a lower bound on the size of a 2DFA; Globerman and Harel [7],
among others, used this method, and it has turned out to be particularly effective in the
present paper. The argument in Section 3 proceeds by presenting a language L,, recognized
by a (2m + 1)-state 2DFA;, and showing that every DFA for this language requires at least
(m!)™ states, which implies a lower bound of %ng states on the complexity of transforming
an n-state 2DFA ;| to a 2DFA.

This lower bound is generalized to the case of k pebbles in Section 4. There, a language
L,, 1, recognized by a (2m + 1)-state 2DFAy, is presented, for which every DFA must have at
least (m!)™" states. This implies that Q(n**1) states are necessary in a 2DFA to simulate
an n-state 2DFAy .
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The final results of the paper, presented in Section 5, The proof uses a language K,,
recognized by a 2NFA;| with approximately 3m log, m states, such that every DFA for the
same language must have at least (m!)™ states. This leads to lower bounds on the complexity
of several transformations, the most interesting of them being that determinization of n-state

nlogs logg n

2NFA ;| requires at least 26~ Zlmn  states in every 2DFA; 1

2 Drop-once pebble automata

This paper is concerned with an extension of the classical two-way finite automata equipped
with a fixed number drop-once pebbles, that is, with pebbles that can be put at some square
of the tape only once, and, once placed, cannot be moved anymore.

The automaton operates on an input tape containing the input string delimited by a left
end-marker () and a right end-marker (). It has finitely many states and is equipped with
a reading head, which scans one of the symbols of the tape at every moment. It also has
k > 0 distinguishable pebbles; at each moment of the computation, every pebble is either in
the automaton’s hands or placed at one of the squares of the tape. The automaton begins its
computation in its initial state, with the head at the left end-marker, carrying all k pebbles
in its hands. At every step the automaton sees the symbol in the current tape square and all
pebbles placed at that square. Using the current state and this information, the automaton
decides what to do according to its transition function, which instructs it to place a subset
of pebbles at the current square, move the head to the left or to the right, and enter a new
state. In the deterministic variant, the action is completely determined by the state and the
contents of the square, and in the nondeterministic case, the transition function defines the
set of possible actions.

» Definition 1 (Martynova and Okhotin [15]). A two-way nondeterministic finite automaton
with k drop-once pebbles (2NFAy, ) is a sextuple A= (2,Q,Qo, P,d, F), where:

Y is a finite alphabet, with -,4 ¢ ¥;

Q is a finite set of states;

Qo C Q is the set of initial states;

P is a finite set of pebbles, with |P| = k;

§:Q x 2P x X x 2P — 2@XA=1411x2" s o transition function: if 5(¢,5,a,T) > (¢,d, T,

this means that if the automaton is in the state q € Q, has pebbles S C P in its hands, and

observes the symbol a € ¥ U {F, -} and pebbles T C P in the current square, then it may
leave the pebbles from T’ in the current square and move in the direction d € {—1,+1} in

the state q';

F C Q is the set of accepting states, effective at the right end-marker ().

The transition function and the set of accepting states must satisfy the following conditions:
5(¢,5,a,T) > (¢',d, T") implies T CT' C SUT, that is, pebbles that were already lying at
this square will remain there, and any subset of pebbles in hand can be dropped now; if a = F,
then d = +1, and if a = -, then ¢ ¢ F, d = —1, meaning that the automaton cannot move
beyond either end-marker, and stops in an accepting configuration.

For an input string w = a1 ...ag € ¥*, let ag = F and apr1 = 1. A configuration of A
on w is any pair (q,1, f), where ¢ € Q is the current state, i € {0,...,¢+ 1} is the position
of the head, and f: P — {0,...,0+ 1} is a partial function that defines the position of each
pebble, and is undefined for pebbles in hand. A computation of the automaton on w is any

sequence of configurations (ro, o, fo), ---, (75,45, f;), - .., possibly infinite, where
the initial configuration (ro, o, fo) satisfies ro € Qo, 10 = 0 and fo is undefined on all
arguments;
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every next configuration (r;,i;, f;), if it exists, satisfies (rj,d;,T") € 6(rj—1,{p |
fi-1(p) is undefined}, a;; _,,{p | fi—1(p) = ij-1}), i; = ij-1 +dj, fi(p) = ij-1 for
allp e T and f;(p) = fij—1(p) for allp ¢ T".
The string w is accepted if at least one computation on it eventually arrives at a configuration
(Pace; L+ 1, ), with rece € F.
An automaton is called deterministic (2DFAy,) if |Qo| =1 and |6(r, S,a,T)| < 1 for all
re@,acXU{k,-} and S,T C P.
An automaton is called a two-way finite automaton (2NFA, 2DFA) if P = @.

Since 2NFA with any number of nested pebbles are known to recognize only regular
languages [7], the same applies to 2NFA with drop-once pebbles: indeed, the freedom of
choosing the order of dropping the pebbles cannot increase the expressive power of the model,
because any desired order can be stored in the current state. However, the transformation of
n-state automata with k nested pebbles to 2DFA requires k-fold exponentially many states
in n [7]. For 2NFAy, no better transformation is known. But in the deterministic case,
automata with drop-once pebbles can be transformed to ordinary 2DFA very efficiently.

» Theorem A (Martynova and Okhotin [15]). For every n-state 2DFA with one drop-once

pebble (2DFA1) ), there exists a 2DFA with 5n® + 2n states recognizing the same language.
For every n-state 2DFA with k drop-once pebbles (2DFAy, ), the same language is recog-

nized by a 2DFA with 5 - k! - 3% -nF*l = const - n**1 states, where the constant depends

on k.

3 Lower bound on the transformation of 2DFA with one drop-once
pebble to 2DFA

The first result of this paper is that the transformation of n-state 2DFA; to 2DFA with
5n? + 2n states by Martynova and Okhotin [15] is actually optimal up to a constant factor.
In this section it will be proved that for some 2DFA;; the transformation requires £(n?)
states in a 2DFA.

This proof, as well as all the subsequent proofs in this paper, uses the permutation group
S, which is assumed to contain elements {0,...,m — 1}. Let f; and f2 be the generators
of the S,,, namely, f; is a grand cycle (0 -1 — ... — m — 1 — 0), whereas fo exchanges 0
with 1. Note that throughout the paper f; and f; are used both as permutations and as
symbols of various alphabets: wherever they are concatenated, e.g., as fi faf1, this always
means a string of symbols, and composition or evaluation of permutations is always written
explicitly, as in f1 o fo or fi(7).

The automata in this section are defined over a fixed alphabet ¥ = { f1, f2, ¢, a, b}, where
the symbols f; and fo are the generators of S,,. For every string v € ¥*, the following
notation for the composition of all permutations listed in v is introduced. Consider all
occurrences of fi and fy in v, that is, v = vo fi,v1 ... fi,ve, where £ > 0, vy, ...,v¢ € {c,a,b}*
and 41, ...,4%¢ € {1,2}. Then, the composition f;, o...o f;,, of all permutations in v, with the
first symbol applied first, is denoted by f, € Sy,. For example, f;t,ccfraaany is the identity
permutation, because fs o fo = id.

For each m > 2, the witness language L,, C ¥* is defined as follows (where |v]. denotes
the number of occurrences of ¢ in v).

Lm = {Icvaibj ‘ T,V € {f17f27c}*a Za] € {0,...,7717 1}3 |U|C :ja fU(Z) = O}
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Figure 1 A (2m + 1)-state 2DFA; recognizing the language Ly, .

Here the number j defines the position of a particular instance of ¢ in the string. Then,
starting from this ¢, it is sufficient to test the value of the permutation on the argument 4.
A small deterministic automaton with one drop-once pebble recognizes this language by
dropping its pebble at that particular c.

» Lemma 2. For every m > 3, there exists a 2DFA; | with 2m + 1 states that recognizes the
language L, .

Proof. The automaton is equipped with a single pebble P = {p}. Define the set of states as
Q =19, -, ¢m-1,70, -y Tm—1, S}, with |@Q] = 2m + 1. The initial state is qo.

The computation of the automaton is illustrated in Figure 1. First, it makes a left-to-
right sweep to verify that w € {f1, f2,c}*a*b*. This uses the states qg, ¢1 and ¢o, with all
transitions defined for configurations with a pebble in hand. Next, the automaton moves
from right to left and counts the number of bs. Once it finishes reading the bs in a state 7,
it continues to the left, decrementing the index of the state until it locates the j-th symbol
¢ from the right. Having found this symbol, the automaton drops the pebble upon it and
starts moving to the right in a new state s.

The automaton moves to the right in the state s until it reaches the leftmost b (or the
right end-marker, if the number of bs is zero), where it turns around to move left in the
state go. Note that the earlier segment of the computation involving the states qg, ¢1 and g2
used transitions with the pebble in hand; at the present stage, the pebble has already been
dropped, and completely new transitions in the same states can be defined.

Now the automaton moves from right to left and counts the number of as. It finishes
reading the block of as in a state g;, and then continues leftwards until it encounters the
pebble, where it turns around in the state r;, again reusing these states, now for the case
of the pebble already dropped. Having entered the state g; at this point, the automaton
sequentially evaluates f, (i) while moving from left to right, ignoring all symbols except f; and
f2. Upon reaching the right end-marker -, it accepts if f,(i) = 0 and rejects otherwise. <

It is claimed that every 2DFA without pebbles recognizing L,, must have at least Q(m?)
states. a quadratic number of states in m. The idea of the proof is to obtain a very large
lower bound on the size of every one-way DFA recognizing this language, and then use it to
infer the desired lower bound on the size of a 2DFA.

68:5
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» Lemma 3. Fvery DFA recognizing L, has at least (m!)™ states.

Proof. Since f; and f; are interpreted as generators of the symmetric group S,,, for every
permutation m € S,, there exists a string v with # = f,,. For each 7 € S,,, let u, be any
such string.
For example, if m = 3, then there are six permutations, and one can fix the strings
implementing them as ug12 = €, ug21 = f1f2, w102 = f2, U120 = f1, U201 = f1f1, U210 = fof1.
Next, consider the following set of (m!)™ strings.

{ Cln,_ ClUmp_y o CUry | i1, Tim—2,...,T0 € Spy }

The proof is by showing that every DFA recognizing L,, must finish reading the strings
from this set in pairwise distinct states. This is done by constructing, for every two
strings w = cuy,,_,Clr, _,...ClUg, and w' = Clg!  Clgr ...Cuy from the above set, a
continuation wyp, such that one of the strings wwg and w'wy is in L,,, and the other is not.

Since w # w’, there exists an index j with m; # 773; let j be the least among all such

e 1. o /

indices. Then, mgo---omj_y =myo---om;_; and
— . / ... /— !
M=myo---omj#myo---om; =1I.

Because II # IT', there exists an element ¢ with II(i) # IT'(¢). Let p € S, be any permutation
satisfying p(II(i)) = 0. Then, define wy = u,a’®’. It is claimed that wq is the desired
separating string satisfying wwgy € L,, and w'wy & Ly,.

To see how this works, consider the example for m = 3, and the following two distinct
strings from the above set: w = cujgacugiacuiog = cfoccfr and w' = cuiggcugarcuiog =
cfricfrfocfr. Then, j =1, because 120 = 120 and 012 # 021. The compositions of the last
j + 1 permutations are IT = 120 0 012 = 120 for w, and IT' = 120 0 021 = 102 for w’. These
compositions differ on the argument ¢ = 1, as II(1) = 2 # 0 = IT'(1). Hence, p can be any
permutation satisfying p(2) = 0, and one can take p = fi. This yields a separating string
wy = upaibj = frab. To see that the concatenation wwy = cfaccfi fiab is in Lz, consider
that a specifies an argument 1, while b points to the suffix ccf; fiab, and this suffix represents
a permutation fj o f; satisfying (f1 o f1)(1) = 0, hence the entire string is in Ls. The other
concatenation w'wg = cficfi focfifiab has b point to the suffix cf; focfi fiab, in which the
permutation satisfies (f1 o f1 o fo o f1)(1) = 1, and therefore w’wyp is not in Lg.

Resuming the proof of the lemma, each of the two strings wwg and w’wq has a unique suffix
of the form cx, where z € ¥* and |z|. = j. For wwy, this suffix is cux, ctir,_, ... Uz upa’h?,
and since (p o IT)(¢) = 0, this string is in L,,. For the other string w’wq, the permutation in
the similarly defined suffix satisfies (p o I")(#) # 0, and therefore w'wg ¢ Ly,. <

This lower bound on the size of a DFA implies a lower bound on the size of a 2DFA by
the means of the following known precise tradeoff between these two models.

» Theorem B (Kapoutsis [9]). For every 2DFA with n states, there exists a DFA with
n(n™ — (n — 1)™) + 1 states recognizing the same language.

» Lemma 4. Let a be a constant factor with 0 < a < % Then, for each m > elfzm, every
2DFA recognizing L,, must have at least am? states.

Sketch of a proof. Assume that for some m > eT=% there exists a 2DFA with n < am?
states that recognizes L,,. Then, by Theorem B, there exists a DFA recognizing L,, with at
most n(n™ — (n —1)") 4+ 1 states. Consequently, by Lemma 3,

am2+1

(m)™ < n(n™ — (n—1)") +1 < 0" < (am?) ,

and, after some calculations, this inequality leads to a contradiction. <
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Now a desired lower bound on the 2DFA; | to 2DFA state complexity tradeoff is inferred
from Lemmata 2 and 4 as follows.

» Theorem 5. For every constant factor 8 < %, the number of states in a 2DFA necessary and

sufficient to recognize every language defined by an n-state deterministic two-way automaton
4

with one drop-once pebble (2DFA1, ) is at least fn?, for all n > 3eT=55 .

Combined with the known upper bound from Theorem A, this leads to the following
bounds on the number of states, which are precise up to a constant factor.

» Corollary 6. The number of states in a 2DFA necessary and sufficient to recognize
every language defined by an n-state deterministic two-way automaton with one drop-once
pebble (2DFA1,) is ¢1(n) = ©(n?). More precisely, it is contained within the bounds
%nZ < p1(n) < 5n2 + 2n, with the lower bound established for all n > 3e3% ~ 1.3 - 1016,

4 Lower bound on the transformation of 2DFA with k& drop-once
pebbles to 2DFA

This section establishes a lower bound on the complexity of tranforming n-state 2DFAy
to a 2DFA, which coincides with the upper bound by Martynova and Okhotin [15] up to a
constant factor. The proof applies to all k£ > 1, and hence this result is more general than
the result in Theorem 5.

By Theorem A, every n-state 2DFA with k drop-once pebbles can be transformed to a

9DFA with 55k13" 7 nk+1 = O(nF*1) states recognizing the same language. The goal is to

k+1) states are needed in the worst case.

prove that Q(n
The witness language L., , generalizes the language L,, from Section 3. It is defined
over a larger alphabet: instead of the symbols b and ¢, now there are k different symbols b;

corresponding to different pebbles, and accordingly & different symbols c;.

Yr ={f1, fo,a} UC, U By, where Cy, = {cg,...,ck—1} and By = {bg,...,bx—1}

Each string in the language L,, = Lo ended with a suffix &, which was used to
locate a particular instance of ¢. In the new language, the suffix is b ...bﬁ_’f, and it
represents a way to locate particular instances of symbols cg, ..., ¢x_1 in the string. In

the end, ¢y becomes the starting point of testing one value of a permutation, as defined below.

Ly = {zcovy - ..ck,lvk,laib%‘) . bi":f [0<jy<m—1forallt, 0 <i<m—1,
HAS {f17f27607'”7ck71}*7
vy € {f1, fa,¢0,-..,ct}" and |vg|., = j¢ for all ¢,

fﬂu-nvk—l (7’) = 0}

Here a permutation f, € Sy, is defined for v € X}, in the same way as for L,,, and |v.,
denotes the number of occurrences of ¢; in v;.

This new language can be efficiently recognized by placing the pebbles py_1, ..., po at
the corresponding symbols cx_1, ..., co, one by one, and then checking the value of fy,. v, ,
on i starting from pebble pg at co.

» Lemma 7. For every m > k + 1 there exists a 2DFAy| with 2m + 1 states that recognizes
the language Ly, ;.

68:7

MFCS 2026



68:8

On the Size Complexity of Two-Way Finite Automata with Drop-Once Pebbles
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Figure 2 How a 2DFAj| in Lemma 7 recognizes the language L, k.

Proof. Let the set of pebbles be P = {po,...,pr—1}. The conditions to be checked by the
automaton are illustrated in Figure 2, along with the desired final positions of its pebbles.

Note that the location of c;_; in the definition of L., i is specified exactly as the location
of cin L,,. The new automaton begins by reading the number j;_; from the suffix b7—1
and then moving through vi_; while counting the occurrences of cx_1, until it locates the
desired occurrence and drops pi_1 there, in the same way as in Lemma 2.

Then, for every next ¢-th pebble, with 0 < ¢ < k — 2, the automaton repeats a similar
procedure: first, it reads j; from 0/¢, and then moves to pebble p,; straight away. Starting
from the (¢ + 1)-th pebble, it moves through v, while counting ¢, until it finds the right ¢, to
drop the ¢-th pebble at.

Once pebble py is in place, the automaton retrieves the value of i from a’, gets back to
pebble py and, starting from it, verifies that the value of the permutation of i is 0.

It remains to see that it is sufficient to use 2m + 1 distinct states. As in Lemma 2, the
automaton uses states ¢; and r;, with ¢ € {0,...,m — 1}, and an extra state s. The states
q; are used for checking the general form of the string, for locating the position of ¢, after
reaching ¢y, 1, and also for reading 4 from a’ once all pebbles are in place; these cases differ
by the number of pebbles in hand, and hence the automaton may have different behaviour
defined. The state s is used for the moving to the right after having placed each pebble. The
states r; are used for reading each j; from by, and also for computing fu,.. v,._, (i)- <

» Lemma 8. Every DFA recognizing L, , must have at least (m!)mk states.

Proof. As in Lemma 3, for every permutation 7 € Sy,, let u, € {f1, f2} " be a string with
fu, =

The (m!)’”k strings needed to prove the lemma correspond to different functions
0:{0,...,m — 1}* — S,,. For every such function, the corresponding string ws should
encode the given m* permutations separated by symbols from {cg,...,cx_1}, so that each
permutation could be found by counting these symbols from the right, as in the definition of
Ly, k- Such a function can be regarded as an m-ary tree of depth %k, with permutations in its
leaves, and with the children of each node numbered from right to left, as in Figure 3. The
sequence of child numbers from root to leaf is the address of that leaf. Then the yield of this
tree, with appropriately inserted markers cg, ..., cx_1, becomes the string wy.

Formally, wy is defined inductively on the subtree depth ¢ € {1,...,k}, for all functions
0:{0,...,m -1} = S,,.

For the base case £ = 1, the m permutations are listed one after another, each preceded

with its own c¢g.

Wy = Co’wg(m,l) ce cowg(o).
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Wo

2
Co[Ua(2,2)] o[ Uer2,1)|Co[Uar2,0)| €1 Co[Ue(1,2)|Co[ U1, 1)] Co[La(1,0)] €1 Co[Uer0,2)] Co[Lar0,1)] o[ Ler0,0) |1 [Uo] P D1

Yo U1

Weg

Figure 3 A tree representing a function 0: {0,...,m — 1}k — S, for k=2 and m = 3.

For the induction step, assume that wy has been defined for £ > 1 and for all functions
0:{0,...,m—1}* = S,,. Now, ws should be defined for every function 0: {0,...,m —
1} — S,,. For each value j of the first argument of 6, denote by 6; the function
0;:{0,...,m — 1}* defined by 6;(je,-..,j0) = 0(4,je,---,50). Then the desired string
lists the substrings for 6, each followed by c,.

Wy = we,,,_,Ce ... WeyCp

Note that, by this definition, different values of 8(ji_1,...,jo) are listed in the string wy in
the reverse lexicographical order (>) of their arguments.

Let A be any DFA recognizing Ly, ,, and consider the states reached by A after reading
the strings wy, for different functions 6: {0,...,m — 1}* — S,,. It is claimed that all these
(m!)mk states must be pairwise distinct, which will imply the desired lower bound on the
number of states.

Let 0,60": {0,...,m —1}¥ — S,, be any two distinct functions. The goal is to construct a
string wo with the property that wowo € Ly,  whereas wg:wo ¢ Ly, i Since the functions 0
and 0’ are different, they differ on some argument. Let (jx—1,...,jo) be the lexicographically
least argument with 6(jx—1,...,50) # 0'(jk—1,---,70); in other words, this is the address
of the rightmost leaf that contains different permutations in the two trees. Then, all
permutations to right of this leaf are the same in both trees, and hence their compositions
are also the same.

H g(ikfl,...,’io) = H Ql(ik,h...,io)

(ik—1,---490)<(Jk—1,--:0) (Tk—150-570) = (Fk—1,--+,50)

Therefore, with the permutations 0(jx_1,...,Jjo) and 0'(jx—1,...,Jjo) added to the composi-
tions, the resulting compositions become different.

I = 11 O(ip_1,...,i00) # 11 0 (ix_1,...,i0) =IT'
(Tk—150-90) (G —15---,50) (Tk—15e-90) (G —15---,50)
Because II # II', there exists an element ¢ € {0,...,m —1} with TI(7) # II'(é). Let p € Sy,
be a permutation with p(I(¢)) = 0. Then, p(II'(i)) # 0. Then the desired separating string
is defined as wy = u,a’dy’ ... b))

68:9
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To see that the string wewg is in Ly, , consider the path to the leaf with the address
(Jk—1,---,Jo) in the tree for #, and all subtrees to the right of this path. At the root node,
the substring spawned off to the right, with u, appended, is denoted by v;—1. The substrings
spawned off to off to the right at the remaining nodes of this path are denoted by wv_,
..., vg; furthermore, vy contains the leaf (ji_1,...,jo) itself. Then, each substring v; is in
{f1, f2,¢0,--.,ct}*, and the number of symbols ¢; in v; is exactly j;. At the same time, the
permutation f,,. ., , equals p oIl and since (p o IT)() = 0, the string is in the language by
definition.

In Figure 3, the string wowyq is illustrated with the suffix wy = upaibé0 b{l = a’byboby,
where b2b; points to the leaf §(1,2), and the corresponding substrings v; and vy are marked.

The string wg:wg is not in L, 5, because for the path with the same address, the
substrings v},_;, ..., vy to the right of this path define the permutation foy o =po IT,
with (p o IT')(2) # 0. <

A lower bound on the size of every 2DFA recognizing L,, , is proved using the same tools
as in Section 3: that is, by putting together the lower bound on the size of a DFA for L, j
(Lemma 8) and the precise 2DFA to 1DFA tradeoff (Theorem B).

» Lemma 9. Let a < k%-l Then, for every m > e GRT , any 2DFA recognizing Ly, , must

k+1

have at least am states.

» Theorem 10. For every k > 1, and for every constant factor f < W, the number
of states in a 2DFA necessary and sufficient to recognize every language defined by an n-state

10k
2DFA with k drop-once pebbles (2DFAy, ) is at least fn*T1, for all n > e1=G+n2FF15

Using this together with the known transformation of 2DFAj; to 2DFA (Theorem A)
yields the following bounds.

» Corollary 11. For every k > 1, the number of states in a 2DFA necessary and sufficient
to recognize every language defined by an n-state 2DFA with k drop-once pebble (2DFA, )
is or(n) = O(n**1). More precisely, it is contained within the bounds (% -kt

k+1)-2k+2
or(n) <58 k! 355 P+ with the lower bound established for all n > e2°F.

5 Lower bounds on the transformation of 2NFA with one drop-once
pebble to different kinds of automata

The final result of this paper is a lower bound on the determinization complexity for
nondeterminitic automata with one drop-once pebble (2NFA; ), as well as lower bounds on
transforming this model to DFA, 2DFA, 2DFA;| and 2NFA.

It is known that even if equipped with k nested pebbles (which are more general than
drop-once pebbles), two-way nondeterministic finite automata still recognize only regular
languages. Furthermore, the complexity of transforming such an automaton to a 2NFA
without pebbles was proved to be k-fold exponential by Globerman and Harel [7, Prop. 4.3,
Thm. 4.7]. The upper bound from this result holds for 2NFA,,, with &k drop-once pebbles: in
particular, 2NFA; | can be transformed to 2NFA with exponentially many states. One of the
results of this section is an asymptotically matching lower bound for the latter transformation.

The first result to be established is a double exponential lower bound on the transformation
of 2NFA;; to DFA. The argument uses witness languages K,,, for m > 2, defined over
an alphabet ¥ = {f1, f2,a,¢, 91,92}, where f; and fa denote the two generators of the
permutation group S,,, while g; and g, are another set of generators for S,,. Every string
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v € ¥* defines two permutations: the permutation f, € S, is obtained as a composition of all
occurrences of f; and fo in v while ignoring all other symbols, whereas the other permutation
gy € Sy, is defined analogously, only using the generators g1, go. Then the desired language is

K, = {xcwaiv | z,we (B\{a})*, 0<i<m—1,v € {g1,92}", Guo =1id, fu(i)=0 }

This language is generally similar to L,, from Section 3, except for the starting point of the
permutation f,, being defined not by a unary address, but by another permutation g.,,. A
small 2NFA ;| recognizing this language will nondeterministically guess that starting point,
drop a pebble there, and then check the conditions on f,, and on g,,, separately.

The first task, the permutation identity testing, is done as follows.

» Lemma 12. There exists a 2DFA with 3m[logy,m]| states that tests an input string
v € {q1,92}* for representing the identity permutation.

Sketch of a proof. The automaton uses two types of states: ¢; j, and r; ;, where 0 < i <
m—1,0<j < [loggm] —1,and b € {0,1}.

To check that the permutation given by the input string is the identity, the automaton
tests all arguments ¢ one by one, from 0 to m — 1. For each argument ¢, the automaton
makes [log, m] sweeps over the input string. During the j-th sweep for i, the automaton
checks whether the j-th bit of g, () coincides with the j-th bit of 7. A left-to-right sweep
begins in state g; j 5, where b is the j-th bit of ¢, traverses v while evaluating g, in the first
component, and arrives at state qg, ;) ;5. After checking that the j-th bit of g, (i) is indeed
b, the automaton begins its way to the right in the state r, ;) j, applying the inverses of all
permutations on the way to the first component of the state. When it is back at the left
end-marker, it will have uncomputed g, and reached the state r; j, ready for to check the
(j + 1)-th bit.

The initial state is go0,0. The accepting state iS ¢n,—1,log, m]—1,60, Where by is the
([logy m] — 1)-th bit of m — 1. <

» Lemma 13. For every m > 3 there exists a 2NFA1| with 3m[log, m] +m + 1 states that
recognizes K.

Proof. The computation of the automaton is illustrated in Figure 4. First, the
automaton makes a left-to-right sweep and verifies that w belongs to the language
{f1, f2, 91,92, ¢} a*{g1,92}"

Next, the automaton aims to drop the pebble in the correct place, and then begin
evaluating the composition of f; and fo on the argument equal to the number of as. To this
end, it first counts the number of as and moves leftwards, nondeterministically deciding at
each occurrence of ¢ whether to drop the pebble there, and keeping the count of as in its
internal state.

Once the automaton drops the pebble, it turns around, still remembering the count of
as, and begins evaluating f,, on that argument while moving to the right. Upon reaching
the first a (or the right end-marker if ¢ = 0), the automaton will have f,, (i) computed in its
state, and can check whether f, (i) = 0.

Then the automaton moves back to the pebble. It remains to verify that the composition
of g1 and gy starting from the pebble is indeed the identity permutation. This is done using
the automaton constructed in Lemma 12. The only difference is that the new automaton
ignores symbols not in {g1, g2} by simply skipping over them, and it treats the pebble on the
tape as if it were the left end-marker. At the right end-marker, the automaton finally accepts
if this composition of permutations was found to be the identity, and rejects otherwise.
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Figure 4 A 2NFA,, with 3m [log, m] + m + 1 states recognizing the language K,,.

g,,,~id

Turning to the number of states, after the pebble is placed, m + 1 states are used for
reading ¢ and returning to the pebble, and 3m[log, m] more states are used for permutation
identity testing. The earlier part of the computation can reuse the same states, since
transitions with the pebble in hand and with the pebble placed are disjoint. |

)m!

» Lemma 14. Every DFA recognizing K,, must have at least (m! states.

Sketch of a proof. The proof proceeds by constructing a certain fixed vector of m! permuta-

tions (71, ...,vm!) and then arguing that every DFA for K,, must come to different states
upon reading strings of the form cv,, , tx,, Uy, Un, ;- - CUy, Ur,, Where (1, ..., Tp) is
any vector of permutations. <

A lower bound on the complexity of transforming 2NFA;, to 2DFA is obtained by first
inferring from Lemma 14 the necessary number of states in a 2DFA recognizing K,,.

» Lemma 15. Any 2DFA recognizing K,, must have at least m! states.

Proof. Suppose there exists a 2DFA recognizing K, with at most m! — 1 states. Then, by
Theorem B, there exists a DFA recognizing K,, with at most (m! — 1)™' states. On the
other hand, by Lemma 14, any DFA recognizing K,, requires at least (m!)™ states. Since
(m! — )™ < (m!)™ a contradiction is obtained. <

Since there is a small 2NFA;, for this language (Lemma 13), this leads to the following
lower bound.

» Theorem 16. For cvery n > 3, the number of states in a 2DFA necessary and sufficient
to recognize every language defined by an n-state 2NFA with one drop-once pebble (2NFA; )

n logs logo n

n __
s at least 23 Togg n

In order to estimate the complexity of transforming 2NFA;| to an ordinary 2NFA, one
can use a known transformation of a 2NFA to a DFA with slightly less than 2" states [9].

» Lemma 17. Any 2NFA recognizing K,, must have at least /m! -log, m! states.
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Proof. Suppose there exists a 2NFA recognizing K, with fewer than /m! - log, m! states.

2
Then there exists a DFA recognizing K,, with fewer than 2( Vmilog, m!) = gmtlogym! —
(m!)™ states, which contradicts Lemma 14. <

» Theorem 18. For every n > 3, the number of states in a 2NFA necessary and sufficient
to recognize every language defined by an n-state 2NFA with one drop-once pebble (2NFA4,)

n logy logg n

n __
is at least 26 2logz n

The final result is a lower bound on the transformation of 2NFA; | to 2DFA;,. It relies on
the transformation of an n-state 2DFA;| to a 2DFA with 5n? + 2n states given by Martynova
and Okhotin [15].

» Lemma 19. Let m > 2. Then any 2DFA,| recognizing K,, must have at least \/%! states.

Proof. Suppose there exists a 2DFA ;| recognizing K, with fewer than 4/ %! states. Then, by

2
Theorem A, there exists an ordinary 2DFA recognizing K, with fewer than 6 <, / Tg') =m!

states, which contradicts Lemma 15.

» Theorem 20. For every n > 3, the number of states in a 2DFA with one drop-once pebble
(2DFA1 ;) necessary and sufficient to recognize every language defined by an n-state 2NFA

n logg logg n

with one drop-once pebble (2NFA;, ) is at least 267 2lomyn

6 Conclusion

This establishes an exponential separation between nondeterminism and determinism for
two-way finite automata with one drop-once pebble—an intermediate case between one
unrestricted pebble (which can be freely lifted and dropped again) and no pebbles at all. It is
worth noting that the latter two cases, as proved by Geffert and Istotiova [5], are equivalent
with respect to the complexity of their determinization, and this complexity remains one of
the most important, if not the most important open problem in automata theory.
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