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—— Abstract

The firefighting game is a fundamental problem in theoretical computer science, modeling the
containment of a spreading process under limited defensive resources. In each round, an algorithm
may protect a set of vertices by placing firefighters on them, preventing the fire from spreading
to those vertices. Vertices that are never reached by the fire are said to be saved. The goal is to
maximize the number of saved vertices. While the offline version has been extensively studied, much
less is known about the competitive complexity of the online variant, where the underlying graph is
known in advance but the number of available firefighters in each round is revealed online.

We study how graph structure governs the power of the adversary in the online firefighting game.
On trees, the problem is known to be 2-competitive (Coupechoux et al., 2019), a result that relies
on a strong structural alignment between the online algorithm and the offline optimal solution
throughout the process. We show that this alignment breaks down as soon as cycles are present.
In particular, the algorithm and the offline optimal solution may break a cycle differently, or even
break different cycles, and therefore operate on fundamentally different residual graphs. As a result,
the adversary gains additional leverage by steering the process along residual graph structures that
no longer admit a direct comparison between the algorithm and the offline optimal solution.

Our main result shows that the presence of a single cycle already increases the competitive
complexity of the firefighting game dramatically. We first show that even on a tadpole graph (a
cycle with a tail), no deterministic online algorithm can achieve a competitive ratio better than
Q(y/n), where n is the number of vertices. We complement this lower bound with matching upper
bounds by designing an O(y/n)-competitive online algorithm for 1-almost trees, that is, graphs
obtained from a tree by adding at most one edge. Furthermore, we extend our framework to cactus
graphs and prove that, despite the presence of multiple cycles, the competitive complexity remains
©(y/n) as long as the cycles do not share edges. Together, these results yield a tight characterization
of the adversarial power induced by cycles with non-overlapping edges. Finally, considering that
cactus graphs have treewidth of 2, we study a variant in which firefighters are released in pairs, that
is, an even number of firefighters becomes available in each round. Surprisingly, the competitive
complexity is significantly reduced to 3-competitive for this setting.
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1 Introduction

The online firefighting game proceeds in rounds as follows. Initially, the algorithm is given
a graph with a designated fire source. At the beginning of each round, the algorithm is
informed of the number of firefighters available in that round and assigns them to protect
unburned vertices. Subsequently, every unprotected neighbor of a burning vertex catches fire,
concluding the round. The online algorithm aims to maximize the number of saved vertices,
without knowing in advance how many firefighters will be available in future rounds.
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We evaluate the performance of an online algorithm for the firefighting game using
competitive analysis. An algorithm ALG is c-competitive if sup; ggg% < ¢,! where ALG(Z)
is the number of vertices saved by ALG on instance Z, and OPT(Z) is the maximum number

of vertices that can be saved with full knowledge of the firefighter sequence. From the
complexity perspective, the competitive ratio of an online problem is defined as the infimum
competitive ratio achievable by any online algorithm for the problem.

Coupechoux et al. [3] showed that the online firefighting game is constant-competitive
on trees. Cycles fundamentally change this picture. When a cycle is already threatened
by the fire, saving it may require two firefighters, so the algorithm can no longer rely on
the greedy choice in every round. Instead, it may have to choose between securing a small
immediate gain and breaking a cycle for a potentially much larger but delayed gain. This
destroys the tree-based guarantee that a greedy step captures a constant fraction of the
optimum. Moreover, breaking a cycle changes the residual graph, and different choices may
lead the algorithm and the offline optimal solution to evolve on different residual graphs. By
controlling the firefighter sequence, the adversary can exploit this misalignment and steer
the algorithm toward an unfavorable residual graph.

Related work

Introduced by Hartnell in 1995 [6], the firefighter problem models the spread of a threat
through a network. Applications include limiting misinformation in social or computer
networks, immunizing populations, and controlling invasive species. The firefighting game is
computationally hard, remaining NP-hard even on restricted graph classes such as bipartite
graphs [8] and trees of maximum degree 3 [5].

On the positive side, several approximation algorithms are known for the firefighting game.
For example, the greedy algorithm is shown to be a 2-approximation on trees [7]. There also
exists a polynomial time approximation scheme for the firefighting game on trees [1].

The online variant of the firefighting game was introduced by Coupechoux et al. [3].
They showed that the greedy algorithm on trees in the online version of the problem is
2-competitive and optimal. Also, in the fractional version of the problem, in which a fraction
of a firefighter can be assigned to a vertex to partially protect it, Coupechoux et al. [3] show
that the greedy algorithm is 2-competitive on trees. Furthermore, in the special case where
the number of firefighters is bounded by 2, Coupechoux et al. [3] propose a ¢-competitive
algorithm on trees, where ¢ is the golden ratio. Later, Demange et al. [4] investigated
sufficient conditions for online containment of fires on infinite grid graphs. They show that for
an algorithm to contain the fire, there needs to exist a turn ¢ such that the sum of firefighters
released until (including) turn ¢ is at least 16t¢.

Our contribution

In this work, we study the competitive complexity of the online firefighting game. The
2-competitiveness of the game on trees indicates that the problem is relatively simple in
this setting. This raises the question of how the competitive complexity evolves on broader
classes of graphs. Surprisingly, we find that adding a single extra edge to a tree already
makes the problem no longer constant-competitive.

! Note that in this version of the definition of competitive ratio we use for maximization problems, the
competitive ratio is always larger than or equal to 1 [2].
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Our results show that cycles fundamentally change the online firefighting game. We
first prove that even a single cycle already destroys constant competitiveness: on tadpole
graphs, every deterministic online algorithm has a competitive ratio of at least Q(y/n)
(Theorem 1). We complement this lower bound with a matching upper bound for 1-almost
trees (Theorem 7). Then, we extend the result to cactus graphs, showing that additional
edge-disjoint cycles do not further increase the competitive complexity. That is, the problem
remains ©(y/n)-competitive in this class (Theorem 15). Finally, given that cactus graphs have
treewidth at most two, we identify a striking contrast in the variant where firefighters arrive

in pairs, for which the competitive ratio on cactus graphs drops to a constant (Theorem 16).

Technical overview

The main obstacle in moving from trees to cactus graphs is that the structural alignment
between the online algorithm and the optimal offline solution breaks down once cycles are

present. On trees, both solutions can be compared on essentially the same residual graph.

In contrast, on graphs with cycles, different choices of cycle vertices may lead to different
residual graphs by altering shortest paths. On cactus graphs, this difficulty is even greater,
since the two solutions may also choose different root cycles.

Our algorithms balance immediate gain against delayed gain. When a large component
can be saved immediately, the algorithm acts greedily. Otherwise, it breaks a carefully chosen
cycle to delay the fire, using a tolerance measure to capture how long a breaking point keeps
many vertices temporally safe. For cactus graphs, where several root cycles may coexist, we

add a cool-down timer whose length reflects the depth of the preserved unburned vertices.

This guarantees that if a firefighter arrives before the timer expires, a greedy step saves at
least as many vertices as remain on the path defining the timer.

The misalignment between the algorithm’s and the offline optimal solution’s residual
graphs also makes the analysis challenging. To overcome this, we use a time-indexed
comparison with a suitably structured offline optimal solution. The key is to partition the
vertices saved by the optimum into parts that can be handled independently, in a way that
respects the underlying graph structure, and to charge only the exclusive contribution of
each part to a carefully chosen subset of vertices protected by the online algorithm. This
yields an analysis that does not rely on a direct vertex-by-vertex correspondence between
the two solutions, while ensuring that each algorithmic vertex is charged only a constant
number of times.

Paper organization

The remainder of the paper is organized as follows. Section 2 introduces the necessary
preliminaries. In Section 3, we study l-almost trees, presenting both the lower bound from a
single cycle and an optimal online algorithm together with our analysis framework. Section 4
extends this approach to cactus graphs. In Section 5, we consider the variant in which
firefighters arrive in pairs and show that the problem becomes constant-competitive on
cactus graphs. Due to space constraints, we provide only proof sketches here; full proofs are
available in the full version.
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Figure 1 Examples of covered sets.

2 Preliminaries

Graph and graph classes

Let G = (V, E) be an undirected graph. A (simple) cycle is a sequence of distinct vertices
(uy,ug,- -+ ,u) € V with k& > 3 such that (u;,u;41) € E for all 1 < i < k—1, and
(u1,uy) € E are edges. 2 Given any graph G, we denote V(G) as the set of vertices in G if it
is not specified. The graph G is a 1-almost-tree if it is isomorphic to a connected graph with
|V (G)] vertices and |V (G)| edges. Equivalently, a 1-almost-tree can be seen as a tree with
one extra edge and has exactly one cycle.®> A graph G = (V, E) is a cactus graph if every
edge e € FE is contained in at most one cycle. In other words, in cactus graphs, two cycles
can share at most one vertex. In this paper, we say that a vertex is a cycle vertex if it is in
at least one cycle, and a non-cycle vertex otherwise. Moreover, a cycle is a root cycle if it
contains the fire source r.

Online firefighting game

In an online firefighting game, the instance is T = (G, r, (fi)i>1), where G = (V, E) is a graph
with the fire source or root r € V, and f; > 0 is the number of available firefighters in round i.
We denote n as the number of vertices in G (that is, n = |V(G)| using our notation). Let the
(open) neighborhood of a vertex v € V be the set of all vertices adjacent to v and denoted by
N(v). That is, N(v) = {u | (u,v) € E}. In each round ¢ of the firefighting game, the online
algorithm learns the value of f; and protects unburned vertices by assigning the firefighters
to them. Then, the fire spreads to unprotected vertices in N (v) for all burned vertices v, and
it ends this round. In this work, we consider the cases where G is a 1-almost-tree (Section 3)
or a cactus graph (Section 4).

Status of a vertex

At any time in the firefighting game, a vertex can be protected, burned, saved, or available.
A vertex is protected indefinitely if there is a firefighter assigned to it. A vertex is saved if
there is at least one protected vertex on every path from r to v. A vertex v such that there
exists a path from r to v containing no protected vertices is burned if the fire has reached
v and available otherwise. Using these terminologies, the algorithm’s goal is equivalent to
saving as many vertices as possible.

2 For accommodating other notations used in the paper, we use (u,v) as edges. Since the graph discussed
in this work is undirected, (u,v) = (v,u).
3 By a slight abuse of terminology, we define a 1-almost tree as a graph containing at most one cycle.
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Figure 2 The middle figure shows the initial graph, with r as the fire source. Adjacent figures
show the fire spreading, with a or b protected. The outer figures show the reduced graphs.

Covered set and gain of an algorithm

A vertex u is covered by v if every path from u to r contains vertex v. Conversely, all the
vertices covered by v form a covered set of v, denoted by x(v). More generally, a vertex u is
covered by a set of vertices S if every path from u to r contains at least one vertex in .S, and
the covered set of S, k(9), is defined analogously.* Intuitively, the covered set of a set of
vertices S can be seen as the set of vertices that are saved by protecting all vertices in S
(before fire spreads to them). Equivalently, it is the set of vertices that are saved by placing
firefighters on each vertex in S before the fire starts spreading. Note that by this definition,
#(S) can be larger than (J, g #(v), as illustrated in Figure 1. The weight of a set of vertices
S, w(S) = |k(S)], is the size of its covered set.

Let U denote the set of all vertices protected by our algorithm ALG. By definition, x(¥#)
is the set of vertices saved by ALG, and w(¥#) is the final gain of ALG (i.e., the total
number of vertices saved by ALG). Similarly, ¥* denotes the set of all vertices protected by
the offline optimal solution OPT, and «(¥*) and w(¥*) are defined symmetrically.

Graph reduction

We follow the reduction procedure on online firefighting on trees by Coupechoux et al. [3].

At the beginning of a round, the algorithm sees the graph G with a fire source r. At the end
of the round, after the algorithm’s decisions of protecting a set of available vertices P, and
the fire spreading to all unprotected neighbors of r, all burned vertices are contracted with r
into a new fire source r’. Moreover, all vertices in x(P) are removed from the graph. The
new graph G’ with the new fire source ' is the input to the algorithm in the next round. By
this reduction procedure, the algorithm always sees exactly one burned vertex, which is the
fire source, and all other vertices are available. An example of the reduction procedure is
illustrated in Figure 2.

Note that the resulting residual graph is sensitive to the protected vertex. If the algorithm
protects a vertex different from the offline optimal algorithm, the graph produced by the
reduction procedure for each algorithm might differ substantially. For an illustration of this,
compare the difference after protecting vertex a and vertex b in Figure 2.

For analysis, we first observe that there exists a non-redundant offline optimal solution,
where every cycle contains at most two protected vertices. From now on, we compare our
algorithms’ performance against a non-redundant offline optimal solution.

4 Naturally, we only consider S C V \ {r}.
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Figure 3 Under some charging function x, Py, P» C U* map to the same subset of U*: the vertex
protected by ALG when OPT protects a vertex in P; (i € 1,2), plus one additional vertex on the
same cycle. The set P; maps to the vertex protected by ALG at the corresponding time.

Charging scheme for analysis

In the analysis, we first show that for the case of cactus graphs, there always exists a partition
of the set ¥* of vertices protected by OPT into P, P,,--- such that x(P;) Nk(P;) = 0 if
i # j (Lemma 3). Then, we focus on the exclusive covered set of each P;, which is defined
as ' (P;) = k(P;) \ k(¥4), and the exclusive weight w'(P;) = |’ (P;)|. For each P;, the goal
is to find some subset of ¥4 and charge the gain of protecting P; to the gain of protecting
this subset. More formally, define a charging function x : {P;}; — 2% that maps each P;
to a subset of vertices protected by the algorithm (see Figure 3 for an example). The main
challenge is to find a proper partition and a proper charging function such that for every
P, w'(P;) < +/n-a;-w(x(P;)) for some constant «; (i.e., the inequality labeled by (x) in
Inequality (1)). Then, let amax be the largest «; and 5 be the maximum number of times an
element ¥* € U4 is charged by parts P;:

OPT(T) "om™? Z w(P;) < w(Th) + Zw'(a—) ¢ w(TA) +/n - Z a; - w(x(P))

’LU(\IIA) + \/ﬁ * Omax ° ﬂ . w(‘I]A) = (1 + \/ﬁ " Qmax - ﬁ) ) ALG(I) (1)

3 Warm-up: 1-almost-tree

In this section, we show that the online firefighting problem is significantly harder with the
presence of a cycle. Specifically, we will show that no deterministic online algorithm can
achieve o(y/n)-competitiveness on tadpole graphs, the class of graphs obtained by joining a
cycle graph to a path graph. We then propose an optimal algorithm for 1-almost trees.

» Theorem 1. No deterministic online algorithm can achieve o(+/n)-competitiveness for the
online firefighting game on tadpole graphs.

Proof sketch. Consider an arbitrary deterministic online algorithm ALG. Let G be a tadpole

graph, consisting of a cycle of « vertices and a path of 5 vertices, joined at the fire source.
If ALG protects a path vertex, the adversary releases one more firefighter, and OPT

protects the cycle. Otherwise, no firefighters are released, and OPT protects the path.
Thus the competitive ratio is at least min{, %} Balancing the two terms gives o = ©(3?).

Since n = O(a + B) = O(B?), the ratio is Q(yv/n). <

Theorem 1 shows that a wise online algorithm might consider breaking a cycle when the
heaviest component is a cycle, and there are not enough firefighters to protect it completely.
Next, we provide mathematical support for efficiently breaking a cycle.
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3.1 Breaking cycles efficiently
Temporal safeness and tolerance

Let dist(G,u,v) denote the shortest distance between vertices u and v in graph G. We

denote count(G, d) as the number of vertices in G that are temporally safe with respect to d.

Formally, count(G,d) = |[{v € V | dist(G,r,v) > d}|, which is the number of vertices in G
that have the shortest distance to r of at least d. Note that count(G,dz) < count(G, dy) for
any 0 < dy < ds for all cactus graphs G.

Given a root cycle C' and a vertex u on it, we denote T(C'\u) as the subgraph induced
by {r} U k(C) with u being protected and k(u) being removed. Formally, T(C\u) =
G[{r} Uk(C) \ k(u)]. Then, we define the tolerance of a cycle vertex u in a root cycle C
with respect to a natural number m, tol(u,C,m), as the furthest the fire can spread in the
induced subgraph T'(C\u) while still leaving at least m vertices temporally safe. Formally,
tol(u,C,m) = max{d € N | count(T(C\u),d) > m}.

Cycle-break as a delay mechanism

Protecting a single vertex on a cycle “breaks” the cycle, transforming it into tree branches
in the reduced graph. See Figure 2 for an example where the protected vertex b breaks the
5-cycle. Our algorithms use the tolerance of vertices to decide on which vertex to break a
cycle. Intuitively, if the algorithm breaks the cycle C' in a way that maximizes the number
of rounds that at least m = /w(C) vertices remain unburned, even in the case where the
offline optimal solution manages to save the entire cycle C, the algorithm has the hope to
secure at least \/w(C') vertices itself, and thus remain O(y/n)-competitive.

3.2 ALG,: The algorithm for 1-almost-trees

By the reduction procedure, we focus on a single round ¢ of the firefighting game with a
graph G with a fire source 7 and f; available firefighters. In this round i, the algorithm

ALG, iteratively assigns firefighters to vertices in N(7) U C until there are no firefighters left.

In each iteration, if 7 is not involved in any cycle (that is, there is no root cycle), ALGy
protects the heaviest neighbor of 7. When G has a root cycle, ALG, makes decisions between
protecting the heaviest neighbor of 7, protecting the root cycle with two firefighters, or
breaking the root cycle. At the end of one iteration, the protected vertices v and x(v) are
removed from @, and the number of available firefighters is reduced accordingly.

The fire source 7 is not in any cycle

The algorithm ALG, makes its decisions greedily if there is no root cycle in the input graph G.

That is, it assigns the firefighters to the first f; “heaviest” neighbors of 7 that have the
highest weights. Formally, the firefighters are assigned iteratively to unprotected v € N (7)
with the highest w(v).

The fire source 7 is in a root cycle C, and there are at least 2 firefighters

In the case where the input graph G has a root cycle 5’, we consider the unprotected
vertices in N(7) UC = {v1,v2, - } where w(vy) > w(ve) > +--. When there are at least two

firefighters available, we protect the cycle using two firefighters if w(C) > w(v1) + w(vz).

Otherwise, we protect v; using one firefighter, and the procedure iteratively continues (with
vy removed from the candidates of the vertices that need to be protected).

70:7
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The fire source 7 is in a root cycle C, and there is only one firefighter

When there is a root cycle C in the input graph G and there is only one firefighter, the

algorithm protects vy if w(vy) > \/w(C). Otherwise, when the immediate gain from
protecting vy is not significant enough, the algorithm executes the Break-cycle procedure

by protecting the vertex u € N(7) N C with the largest tol(u,C,\/w(C)) (tolerance with

respect to \/w(C) vertices)>.

3.3 Framework of competitiveness analysis
Quality of breaking cycle at a neighbor of 7

Consider the scenario where there is a root cycle C, and there is only one firefighter available.
We show that by setting the desired number of unburned vertices m = \/w(é), breaking C
by protecting the vertex in N(7) N C with higher tolerance is always “beneficial”:

» Lemma 2 (Quality of Break-cycle). Let G be the input graph with a root cycle C =
(ryuq,ug, - ,up). Let @ be the vertex protected by the Break-cycle procedure. For every

count(T@\uh),d) <9 w(é)

verter up and every d € N, - <
count(T(C\a),d)+1

Proof sketch. Let dmax = tol(@, C,1/w(C)). When d < dyax, the lemma is proven by the

monotonicity of the count function and the fact that the whole cycle has weight w(C). On
the other hand, when d > dyax, we first consider the number of vertices that are temporally
safe with respect to d after breaking the cycle at u,. We can show that count(T(C\uy,), d) <
maxie{ljp}{count(T(é\ui),d) + w(u;)}. Then, noticing that Break-cycle only happens

when w(v) < \/w(C) for any vertex v, count(T(C\uy,),d) < maxie{lvp}{count(T(CN'\ui), d)+
w(u;)} < \/w(é) + \/w(é) = 2\/11)(5), where the last inequality is from the fact that the

algorithm chooses @ = arg max;cy1 ) tol(u;, C, w(é)) <

Cycle-respecting partition

We want to partition ¥* into disjoint parts such that the covered sets of different parts do
not intersect. For later generalization to the cactus graphs case, we provide a guideline for
partitioning: cycle-respecting partition. Given the input graph G in which any two cycles
share at most one vertex, a partition P* = { Py, Ps,--- } is cycle-respecting if for every cycle
C in G, the vertices in C' N ¥* belong to the same part P; C P*. We show that if P* is
cycle-respecting, the covered sets of the parts are disjoint, and thus the competitive ratio of
each part P; can be analyzed separately.

» Lemma 3. Let G be a cactus graph with fire source r, and V* is the subset of vertices
protected by OPT. Suppose P* = {Py, Py, -+, Pn} is a partition of U* that is cycle-respecting.
Then, k(¥*) = Ui~ £(5;).

5 Intuitively, this Break-cycle procedure protects the cycle vertex that maximizes how far the fire can
spread while still leaving at least \/ w(a) vertices unburned
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Time indexing

Let WA = (4, 94, ---) be the set of vertices protected by our algorithm, where the vertex
1 is the t-th vertex protected by the algorithm according to the algorithm description. We
say that ¢ is the time label of the vertex v if v = +)*. In short, we say that ¢# is protected at
time t. Note that two vertices can be protected by our algorithms “simultaneously” to save a
whole cycle. In this case, these two vertices naturally have two consecutive time labels.

We extend the time labeling to the set U* of vertices protected by OPT. Formally,
let Oty 1, Yt0, -+ ¥ty s, be the vertices protected by the algorithm in round i. We fix an
arbitrary one-to-one mapping between ¥, |, , ¥} s, and the f; vertices protected by the
offline optimal solution in the same round (note that the algorithm cannot finish the game
later than the offline optimal solution). We denote by 1} the vertex protected by the offline
optimal solution, if it is the image of ¢)# under the one-to-one mapping. Thus, we also order
the vertices protected by the offline optimal solution 7,3, ---. We say that ¢# and the
corresponding v} are protected at the same time.

We further extend this time labeling to the input graph G, which is the graph from the
algorithm’s perspective right before the vertex ¢¢ is protected. Note that if ¢} and ¢,
are protected in the same round, G}, is a subgraph of G} with k(¢{) removed (see the
description of the algorithms for how these graphs change throughout the game). Moreover,
consider the case where both Gf and Gt,; have a root cycle corresponding to the same
cycle in the original graph, and v} and v "1 are not protected in the same round. The

root cycle in Gf,; is smaller than the one in G}, because of the graph reduction procedure.

We also denote r(S) as the set of vertices covered by the set of vertices S C V(G%) and
w(S) = |ke(S)| as the number of vertices saved correspondingly in graph G%.

3.4 Competitive analysis of ALG,
Partition P* of ¥*

We partition ¥* into the three parts:

P?: Cycle vertices. All vertices in W* that are cycle vertices in the original graph G,

PY: Non-cycle vertices and available to ALG,. All vertices 1)} € U* that are available
(unburned) in G%, and

P¢: Non-cycle vertices and not available to ALG,. All vertices ¢} € ¥* that are
burned or saved in G%.

Charging function

For the analysis, we define the charging function y : P* — 2%" that charges each part of P*
to a subset of vertices protected by ALG,. In the case of ALGy, we simply charge every part
P € P* to the entire set UA by defining x(P°) = UA. That is, we charge each part to ¥4
individually. Note that since we charge each part to U* directly, the analysis framework is a
bit easier than the general one.

In the following, we focus on each part P € P* and show that the size of the exclusive
covered set of P* is at most O(y/n) times the size of the covered set of ¥, where n is the
total number of vertices in the original graph G.

» Lemma 4 (Cycle vertices in U*). Given the part P® in P*, w'(P®) < /n - w(¥4), where
n is the number of vertices in the input graph G.
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Proof sketch. Let ¢ be the time (label) when OPT protects the first cycle vertex ) in P?.
We consider the graph G; (the graph right before the corresponding vertex ¢ was protected
by ALG, from the algorithm’s perspective), where the heaviest vertex in N(r) N C is v%t)
(note that vgt) can also be a cycle vertex). If ALG, has broken the cycle before time ¢, since
the protection on u, has broken the cycle C into two arcs A; and A, by time ¢ and ALG,
saves vﬁt) when there is no cycle, then we can argue that w(¥*) > w'(P%)/2.

In contrast, if G* still has a root cycle C, w'(P*) < w;(C). We consider the different
scenarios on how ALG, selects 1% in G2, Under the definition of ALGy, w(¥4) > 1/wy(C)
if 9} is protected as the heaviest vertex or protecting the heaviest cycle with another vertex.
If ¢ is chosen to break the root cycle C, we(v)? < wt(é) for all v € G}. Then, even when
OPT saves C while ALG, only protect one vertex on C, w'(P%) < y/wy(C) - w(¥*) since

the other firefighter OPT uses to protect a cycle vertex on C is also available to ALG,, and
ALG, always make the greedy choice when there is no cycle in the graph. |

» Lemma 5 (Non-cycle vertices in W* that are available to ALG,). Consider the part P°
in P*, which consists of all non-cycle vertices 1f € W* that are available in G4. Then
w'(PY) < /- w(V4), where n is the number of vertices in the input graph G.

Proof sketch. Similar to the proof of Lemma 4, we analyze the behavior of ALG, on deciding
which vertex to protect by ¥ corresponding to ¥} in P®) We show that if b} is protecting the
heaviest vertex or protecting the heaviest cycle with another vertex ¢, w(v;) < w(yf) or

iy, w(y) < w(PA). If P is breaking the cycle, w’(¥]) < \/wt(é') < \/wt(é)w(‘l/A) <

» Lemma 6 (Non-cycle vertices in ¥* that are unavailable to ALG,). Consider the part P°
in P*, which consists of all non-cycle vertices 1; € ¥* that are unavailable in G. Then
w'(P°) < (4y/n + 1) - w(¥4), where n is the number of vertices in the input graph G.

Proof sketch. Consider the vertex ¢; € P°¢. By the definition of P¢, ¢} is unavailable in
G%. Since the fire spread at constant speed in the graph, 1 is unavailable to ALG, because
there is a cycle C intersecting every path from v to r in the original graph G, and OPT
protected a cycle vertex on C' and the shortest path from v} to r at time s < ¢, while ALG,
did not break the cycle or broke the cycle in a way different with OPT. Then, we consider
the graph G*, which has a root cycle C from the algorithm’s perspective, and analyze the
behavior of ALG, at time s. The cases of ¥* protecting the heaviest vertex or the heaviest
cycle (together with another vertex) are similar to the proof in Lemma 5. In the third case
where ALG, also breaks the cycle at time s, the graphs ALG, and OPT play on are two
trees. We show that after ALG, finishes the game, OPT can save at most count(T(C\¢?), )
additional vertices by protecting vertices in P¢. Meanwhile, since ALG, finished the game
by this time, ALGy has covered at least count(T(C\¢*),8) 4+ ws(1*). The lemma is then
proven using Lemma 2. <

» Theorem 7. There is a (5v/n + 2)-competitive algorithm ALGy for the online firefighting
game on l-almost-trees, which is asymptotically optimal.

Proof. By Lemmas 4, 5, and 6, " p.) cp w'(P)) < (5¢/n+1)-w(¥A). Therefore, gi’ggg =

. - (P 5 w(TA
2 <2 1= Zeoge ) Ly < GBI ) 5 Rt <
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4 Cactus graphs

Recall that in the 1-almost tree case, we use T(C\u) and tol(u,C,m) to measure the
efficiency of breaking the root cycle C by protecting u. In the cactus graph case, we extend
the notation to T.(C\(u,v)), where (u,v) is an edge of the root cycle C, to denote the
subgraph induced by {r} U x(C) with the edge (u,v) removed. Similarly, we also extend the
notion to tole((u,v),C,m) = max{d € N | count(T.(C\(u,v)),d) > m}.

4.1 ALG;: Algorithm for cactus graphs

Similar to the previous case, ALG¢ proceeds in rounds, each consisting of several iterations.

In each iteration, if there are enough firefighters to protect the heaviest component adjacent
to the fire source, ALG¢ makes the greedy choice. Moreover, if only one firefighter is available

but the greedy choice guarantees a gain of at least \/w(él), where 61 is the heaviest root
cycle in the current graph, the algorithm still follows the greedy choice.

The critical case occurs when only one firefighter is available, and the greedy choice
does not guarantee a sufficiently large immediate gain. In this situation, as in the strategy
for 1-almost trees, ALG¢ breaks a root cycle C by protecting a vertex u on the cycle that

maximizes tole(u, C, \/w(él)), thereby ensuring that at least /w(C;) vertices lie as far
from the fire as possible (in terms of distance from 7). Unlike in 1-almost trees, however, a
cactus graph may contain multiple root cycles. A difficulty arises because if the algorithm
repeatedly breaks cycles due to the lack of immediate gain, it may fail to secure many vertices
that could otherwise be saved. To address this, we introduce a cool-down timer mechanism:
once a cycle is broken, the algorithm enters a cool-down period during which it must follow
the greedy choice whenever new firefighters become available.

Cool-down mechanism and ImprovedBreak

We first find the cycle vertex adjacent to the fire source 7 that has the largest tolerance
in the sense that if the edge between it and 7 is removed, the distance that the fire can

spread while keeping \/w(él) vertices remaining unburned is maximized. Let C. be the
cycle containing this vertex u, with the largest tolerance dy.x. Now the IMPROVEDBREAK
algorithm tries to find an alternative cycle vertex on C, while keeping the invariant “at

least \/w(Cy) — w(u) vertices in T(C,\(r,u.)) remain unburned for dmyay rounds” This
alternative chooses a break-cycle vertex farther from the fire source, while exposing only a
limited number of additional vertices to the risk of being burned compared to breaking at
a neighbor of 7. The setting of the cool-down timer ensures that whenever a firefighter is
released before the timer expires, the greedy choice protects at least as many vertices as the
remaining available ones on the path that defines the timer.

Quality of the choice of cycle-breaking vertex

We first show that IMPROVEDBREAK indeed returns a cycle vertex @ with the desired
properties. Using this, we show that the number of vertices that remain at distance dpax
from the fire source by protecting @ is within a bounded factor of this measure by breaking
any (other) cycle in any other way.
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Algorithm 1 Procedure IMPROVEDBREAK.

1 Procedure ImprovedBreak(G r,n)
Output a cycle vertex and a cool-down distance Cool-down.

2 Let C’l, C’Q, - be root cycles with weight at least n, where w(C’l) > w(C’g)

3 Let A(—Uh{uEN(r)ﬂCh cw(Cp) —w(u) > Jw(Ch) ).

4 Let u, + argmaxye 4 tole(u, C~’h, w(él)) where C}, is the cycle containing u.
5 Let C, = (ryut, ..., up) with w1 = uy. And let dmax tole(u*,é*, w(él))
6 for 4 = uy,us,--- do

7 if there is v € k(@) such that dist(T,(C,\(ux,7)),7,0) > dmax then
‘ return 4, dist(T.(Ci\(ux, 1)), 7, 0)

» Lemma 8 (Secured alternative cycle break). Assume that the algorithm ALGq protects

U to break the cycle C. Then, for any d € N, any root cycle C and every verter u € C,
count(T (C’\u) d)

ot (T(O\a).d) tw (@) = < 2+/n, where n is the number of vertices in the original input graph G.

Next, we show that during the cool-down period set by IMPROVEDBREAK, the number of
vertices saved by the forced greedy choice, together with the protection of vertex 1, is at least
a ﬁ fraction of the number of vertices saved by protecting any possible pair of vertices.

» Lemma 9 (Protection quality in cool-down period). Let 4 and Cool-down be the values
returend by IMPROVEDBREAK in round i. Let i’ be the next round with available firefighters.
Ifi' —i < Cool-douwn, let u’ be the first vertex protected by ALG¢ in round i’. For arbitrary
vertices x and x' that are available in round i and round i, respectively, zggj z,i) < 2y/n.

4.2 Competitive analysis of ALG,

For analyzing ALG¢ on cactus graphs, we first introduce the concept of delay. A vertex v
is delayed by another vertex p when p is protected, v is not covered, but the time that fire
reaches v is strictly delayed. That is, p is v’s delayer if p is on every shortest path from r to
vin G and v ¢ k(p). We generalize this concept and say that given a vertex p, we define its
delayed set D(p) by the set of all vertices that are delayed by p. For a set S of vertices, its
delayed set D(5) is defined by (J s D(p). Furthermore, given ¢* € ¥*, we denote D(¢*) N ¥*
as D+ (1*). That is, Dy« (1)*) is the set of vertices protected by OPT and delayed by *.

Recall that in algorithm ALGe, at most three vertices can be protected on the same cycle.
We call such cycle vertices peers.

Partition P* of ¥*

Given the set U* of vertices protected by the non-redundant OPT. We partition ¥* into
three types of parts, where there can be multiple parts of Type b or c.

Type a: Non-cycle vertices that are not delayed. This type has at most one part P(®),
which consists of all non-cycle vertices in ¥* that are not in D(¥*).

Type b: One cycle vertex with its delayed set. For each cycle vertex ¢} € U* that is
the only vertex in the cycle protected by ¥*, ¢} and the set of vertices protected
by ¥* and delayed by ¢; form a part. That is, given such a vertex ¢y, they form a
Type-b part P = {9} } UDy~ (¢}). Note that Pt(b) might be empty for some ¢. We
call ¢ the representative vertex of Ptb
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Type c: Two cycle vertices with their delayed set. For each cycle C that contains
two vertices ¢} and ¥, and at least one of ] and ¥} is not delayed by ¥*, these
two vertices and their delayed sets form a Type-c part Pt(,cs). That is, Pt(;) =
{Yf, 9%} UDg« (¢f) UDy~(p}). For some pair of ¢ and s, Pt(;) might be empty. We

c)

call ¥} and 9} the representative vertices of Pt(,s .

A vertex might be eligible for both parts of Type-b and Type-c. In such cases, we give
priority to assign it to a Type-c part. If a vertex ¢; € ¥* belongs to at least two cycles,
observe that the fire can approach 1} from only one of these cycles. This is the only cycle
containing ¢} where two firefighters might be assigned. Protecting 1] saves all other cycles
entirely. Hence, this cycle determines whether ¢} is assigned to a Type-b or a Type-c part.

» Lemma 10. The partition P* is a proper, cycle-respecting partition of U*.

Charging function

We define the charging function x : P* — 9v” according to the type of parts.

Type-a part. x(P(®) consists of the vertices ¥ corresponding to all ¥ € P(®. Moreover,
if 1} is a cycle vertex, then all of its peers on the same cycle are also included.

Type-b and Type-c parts. x(P) consists of all 1)# corresponding to every ¥; € P, together
with their peers (if any). Additionally, for every ¢; € P, we further include:
Break-cycle rule: If ¢} is protected via IMPROVEDBREAK, we also include all vertices
covered by C, where C is the cycle containing 7.
Cool-down rule: If ¥} protects the heaviest vertex at time ¢ due to a positive Cool-down
timer, which was set in the previous break-cycle at time s < ¢, we also include % and all
vertices covered by Cj containing 2.

By a rough approximation based on how the charged subset of ¥ is defined, each vertex
in WA can only be charged by at most 13 parts. By a more careful counting, we get:

» Observation 11. Any vertex in W4 is charged at most 5 times.

Next, we analyze the exclusive weight of a part by its type. Starting with Type-a parts.

» Lemma 12 (Non-cycle vertices in U* that are not delayed). If P(*) is the Type-a part, then
W/ (P9) < i w(x(P))

» Lemma 13 (One cycle vertex with its delayed set). If Pt(b) is a Type-b part, then w’(Pt(b)) <
b

v w(x(P”)).

» Lemma 14 (Two cycle vertices with their delayed set). If Pt(,cs) is a Type-c part, then

w' (PY) < 4v/m - w(x(P)).

By combining Lemmas 12, 13, and 14, together with Observation 11, we can conclude
that algorithm ALGc is ©(y/n)-competitive.

» Theorem 15. There is a (20v/n + 1)-competitive algorithm ALG¢ for the online firefighting
game on cactus graphs, which is asymptotically optimal.
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5 Cactus graphs with even firefighters each round

In this section, we extend our framework to a special case of online firefighting on cactus
graphs, where, in each round, either there is no firefighter available or an even number of
firefighters are available. Similar to the 2-competitive greedy algorithm for trees [3], the
availability of an even number of firefighters each round allows the algorithm to always
greedily protect the heaviest component, even when this component is a cycle. We show that
a greedy algorithm modified from our algorithm for cactus graphs is exactly 3-competitive.

5.1 The greedy algorithm ALGg

We follow the graph reduction framework. In each round, the algorithm ALGg places the
firefighters in a way that maximizes the number of vertices immediately saved during this
round. More specifically, when two or more firefighters are available, ALGg protects the
heaviest cycle 51 if it is heavier than the total weight of the two heaviest vertices v; and vy
in the graph. Otherwise, the algorithm protects the heaviest vertex v;. When there is only
one firefighter available, the algorithm protects v;. Note that although each round an even
number of firefighters become available, due to its greedy nature, our algorithm might choose
to protect vy first, and the algorithm might be left with an odd number of firefighters.

5.2 Competitive analysis

Given the sets of vertices ¥4 and U* protected by ALGg and by a non-redundant offline
optimal solution, respectively, we follow the analysis framework introduced in Section 2.
Note that under algorithm ALGg, a cycle can be protected by vertices 1 and ¢ 1 in UA,
with ¢ being either odd or even.

Partition P* of ¥*

We partition the vertices in ¥* into three types of parts, which is an adaption from the

partition for analyzing ALGe:

Type a: One non-cycle vertex that is not delayed. For any non-cycle vertex ¢; € U*
that is not delayed by ¥*, there is a part Pt(a) = {4} }, which is a singleton, and ]
is the representative vertex in P

Type b: One cycle vertex that is not delayed. For each cycle vertex ¢ € U* that is the
only vertex in the cycle protected by ¥* there is a Type-b part Pt(b) = {Yf }UDg~ (¥]).
We call ¢} the representative vertex of Pt(b).

Type c: Two cycle vertices with their delayed set. For each cycle C' that contains two
vertices ¢} and ¢}, and at least one of ¢} and v} is not delayed by ¥*, there is a
part Pt(f;) = {95} UDw+ (¥7) UDy~(¢5). Recall that the index of ¢, r, . is the

time label in our framework. We call °)

y the representative vertex of Pt(,S .

*
min{t,s

Charging function

Given any part P, our charging function maps every representative vertex ¢; to ¢* and
z/JgH, where x is the anchor of P, defined as the largest odd number which is at most ¢
(where ¢ is the first vertex in P protected by OPT).

» Theorem 16. There is a 3-competitive algorithm ALGg for the online firefighting game on
cactus graphs with even firefighters in each round.
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Proof sketch. We prove the theorem by first showing that, given a part P with anchor time
z, W' (P) < wy(vy) or w'(P) < wy(Cy). Then, by case distinction whether ¥ and i are
protecting the heaviest vertex or protecting the heaviest cycle (perhaps with another vertex
Y2y or 4% 1), we show that, given any part P with anchor time x, wo(Ch) < w(x(P))
and wy(v1) < w(x(P)). Thus, we can conclude that for any part P with anchor time z,
W (P) < B(x(P)) since x(P) = {04, 64, }.

Consequently, since the charging function y charges each part P to ¢4 and ¥4, where x
is the anchor time of P, each v can be charged at most twice. Hence, by our framework,

OPT(Z) _ w(¥*) _ w'(T*) DL w(P) > w(x(P)) 20(TH) _
ALG(D) = w(A) = wwAr) T 1= Tomay T1 S Shma— 1< ey H1=3

<

By showing an instance on which ALGg saves only a third of the vertices that the offline

optimal offline algorithm is able to save, we can conclude that the analysis of ALGg is tight.

» Theorem 17. The algorithm ALGg is 3-competitive and the analysis is tight.

Proof sketch. Let G be a graph with two cycles with 8 vertices, C;, = (r,z1, 22, -+ ,27) and

Cy = (191,92, -+ ,y7r). Bach vertex x1, x2, y1, and y, has 8 degree-1 vertices adjacent to
it. There are two other paths (r,a1,az2, - ,as+6) and (r,b1,ba, -+ ,bg+e). The firefighter
sequence is (2,0,0,0,4,0,---). That is, f; =2, fs =4, and f; =0 for all ¢ ¢ {1,5}. <
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