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Abstract
Given a graph G and two vertices s and t, the Long Path problem asks whether there exists a path
of length at least k from s to t. For general graphs, this problem is NP-hard when k is part of
the input. For directed acyclic graphs (DAGs), however, it is solvable in polynomial time and is
NL-complete.

A nondeterministic logspace computation is said to be unambiguous if, on every input, there is
at most one accepting computation path. The class UL consists of all problems solvable by such
machines, and whether NL = UL is an open question.

In this work, we study the unambiguous complexity of the Long Path problem on DAGs under
parameterization. Specifically, we consider the problem of deciding whether there exists a path of
length at least n − k between two given vertices in a DAG. Bhadra and Tewari [2] showed that
this problem can be solved in unambiguous and co-unambiguous O(k log n) space. We improve this
result by giving an algorithm that runs in unambiguous O(k + log n) space. Additionally, we obtain
an algorithm that achieves unambiguous and co-unambiguous O(k log n) space while running in time
polynomial in both n and k, improving the previous O∗(nk) time bound.

2012 ACM Subject Classification Theory of computation → Problems, reductions and completeness

Keywords and phrases Unambiguous Computations, Directed Acyclic Graphs, Space Complexity

Digital Object Identifier 10.4230/LIPIcs.MFCS.2026.73

Funding This work has been partly funded by Research-I foundation.

1 Introduction

Given a graph G and two vertices s and t, deciding whether there exists a path of length at
least k from s to t is known as the Long Path problem. The Long Path problem is NP-hard
for general graphs, since the Hamiltonian Path problem – known to be NP-hard – is a special
case corresponding to k = n, where n is the number of vertices in the graph. However,
for directed acyclic graphs (DAGs), the Long Path problem is solvable in linear time and
also in nondeterministic logspace (NL). Moreover, it is NL-hard even for DAGs, since s-t
reachability corresponds to the case k = 1. Thus, the problem is para-NL-hard with respect
to the parameter k.

A nondeterministic logspace computation is said to be unambiguous if, on every input,
there is at most one accepting computation path. The class UL consists of all decision
problems that can be solved by unambiguous logspace machines, and the class coUL contains
all problems whose complements are in UL. Reinhardt and Allender in their seminal work [10]
introduced the technique of double-inductive counting, based on the inductive counting
method of Immerman-Szelepcsényi [7, 12], which they used to show that UL/poly = NL/poly.
Improving upon the techniques of Reinhardt and Allender, Limaye, Mahajan, and Nimbhorkar
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73:2 Parameterizing the Complexity of Finding Long Paths in DAGs

showed that the length of the longest path from the source to any vertex in a single-source max-
unique DAG can be decided in UL∩ coUL [8]. Meanwhile, Pavan, Tewari and Vinodchandran
showed that reachability in graphs having at most K paths can be decided in unambiguous
space O(log K + log n) [9]. We call a graph max-K when there are at most K longest paths
between any two vertices in the graph and source-rooted max-K when there are at most K

longest paths from any source to any vertex in the graph. Extending the techniques of Limaye
et. al.[8] and Pavan et. al.[9], Dhayal, Sarma, and Sawlani showed that reachability and the
Long Path problem in max-K DAGs can be decided in unambiguous and co-unambiguous
O(log K + log n) space, provided a topological ordering of the vertices is given [4].

Recently, Bhadra and Tewari considered an inverted parameterization of the Long Path
problem [2], where the task is to decide whether there exists a path of length at least n− k

between two vertices. They showed that this problem can be solved in unambiguous and co-
unambiguous space O(k log n), although the running time of their algorithm is O∗(nk). This
parameterization can be viewed as the Long Path analogue of the Short Path problem, which
asks whether there exists a path of length at most k between two vertices. While the Short
Path parameterization concerns detecting very short paths efficiently, this version of Long
Path asks whether very long paths can be detected efficiently. The best known parameterized
space bound for the Short Path problem is O(log k log n) via Savitch’s Theorem [11]. To the
best of our knowledge, no para-L or para-UL bound (as defined by Flum and Grohe [6]) is
known for Short Path. In fact, the Short Path problem, also known as Distance, has been
shown to be complete for the class para-βL[5].

We show that deciding whether there exists a path of length at least n− k from s to t

in a DAG G can be done in unambiguous O(k + log n) space; however, our algorithm does
not guarantee the same bound for co-unambiguous space. Thus, the problem lies in para-UL
with respect to the parameter k.

Using ideas from [4], we give an unambiguous O(log K+log n) space algorithm to recognize
max-K DAGs and an unambiguous and co-unambiguous O(log K + log n) space algorithm
to decide reachability in max-K DAGs. Finally, we show that if a DAG contains a path
of length at least n − k, then it must be max-2k. Combining this structural bound with
the above algorithms yields our unambiguous O(k + log n) space algorithm. Moreover, our
algorithm rejects any input that is not a DAG, thereby removing the need for a promise that
the input graph is acyclic, which is otherwise NL-hard to check independently.

We note that Dhayal, Sarma, and Sawlani [4] gives an algorithm that can be used to
recognize single-source max-K DAGs in unambiguous O(log K + log n) space, even if the
original purpose of the algorithm was not intended to be this. They also give an algorithm to
decide reachability in max-K DAGs in unambiguous and co-unambiguous O(log K + log n)
space if a topological ordering of the DAG is provided, which is NL-hard to derive for general
DAGs [13]. Our main contribution here is the following. First, we generalize the recognition
result from single-source DAGs to all DAGs. Second, we extend the reachability algorithm
to all max-K DAGs, removing the requirement that a topological ordering be provided as
part of the input. Third, we make both problems promise-independent by removing the
assumption that the input belongs to a particular promise class (such as DAGs or max-K
DAGs), although some nuances remain, which we will discuss now.

We observe that the algorithm of Dhayal, Sarma, and Sawlani [4] to recognize single-source
max-K DAGs does not yield an unambiguous algorithm for the complement problem. As a
result, our algorithms for recognizing max-K DAGs and for deciding the Long Path problem
also achieve unambiguous space bounds of O(log K + log n) and O(k + log n), respectively,
but corresponding co-unambiguous bounds are not guaranteed. Similarly, reachability in
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max-K DAGs can be decided in unambiguous and co-unambiguous O(log K + log n) space
under the promise that the input is a max-K DAG, but without this promise, only the
unambiguous bound is guaranteed.

Eric Allender notes in [1] that “we have no good candidates for being in UL and not in
coUL.” Problems such as recognizing max-unique DAGs or deciding whether there exists a
path of length at least n−O(log n) in a DAG may serve as potential candidates. A separation
between UL and coUL would have major consequences in complexity theory, as it would
imply L ̸= NL and hence L ̸= P. On the other hand, it is widely believed that UL = coUL, in
which case problems such as recognizing max-unique DAGs would need to be shown to lie
in coUL. Thus, studying these problems may provide further insight into the relationship
between these classes.

Finally, we improve the running time of the algorithm of Bhadra and Tewari from
O∗(nk) to polynomial in n, while maintaining the unambiguous and co-unambiguous space
bound of O(k log n). In line with how the class XNLP is defined [3, 5], we define the class
X(UL ∩ coUL)P as the the class of parameterized problems such that an instance of size n

with parameter k can be solved by an unambiguous and co-unambiguous non-deterministic
Turing Machine in time f(k)poly(n) and space f(k) log(n). Our methods prove that the
problem of deciding if there exists a path of length at least n− k between two given vertices
in a DAG is in X(UL ∩ coUL)P when parameterized by k.

2 Recognizing Single-Source DAGs that are max-K with respect to
the Source

In this section, we will show that single-source DAGs where there are at most K longest
paths from the source to all other vertices (in other words, max-K with respect to the source)
can be recognized in unambiguous O(log K + log n) space. Also, the length of the longest
path from the source to any other vertex can also be decided in unambiguous O(log K +log n)
space for such graphs.

Given a single-source DAG G and a vertex v as input, the nondeterministic algorithm
Main-Max-Poly in [4] operates using O(log K + log n) space and behaves as follows:

If there are at most K longest paths from the source to all other vertices, then the
algorithm returns the length of the longest path from the source of G to v along a unique
computation path, while all other computation paths reject.
If there are more than K longest paths from the source to any other vertex, then the
algorithm rejects along all computation paths.

This algorithm can be further modified to reject along all computation paths if the input
graph is not a DAG. To this end, we add the following line at the end of the subroutine
Find-Fault-Max (after line 35) in [4]:

if ck ̸= n then REJECT.

A vertex u is counted in ck while updating ck from ck−1 in the subroutine Update-
Max-Poly only if the length of the longest walk from the source to each in-neighbor of
u is strictly less than k. Any vertex that lies on a directed cycle admits arbitrarily long
walks from the source (by traversing the cycle repeatedly), and therefore cannot satisfy this
condition. Hence, no vertex that is part of a directed cycle is ever counted in ck for any
value of k. Consequently, if the input graph contains a directed cycle, the value of ck in the
subroutine Find-Fault-Max can never become equal to n, and the added check correctly
causes rejection.

MFCS 2026
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It follows that single-source DAGs having at most K longest paths from the source to
any vertex can be recognized in unambiguous O(log K + log n) space, even without assuming
that the input graph is a DAG.

Thus, we have the following theorems.

▶ Theorem 1. The set of single-source DAGs max-K with respect to the source can be
recognized in unambiguous O(log K + log n) space.

▶ Theorem 2. Given a single-source DAG G max-K with respect to the source, the length
of the longest path from the source to any vertex v in G can be found out in unambiguous
O(log K + log n) space.

We note, however, that the above algorithm does not yield the same complexity bound for
the complement of the problem. This is in contrast to the case of recognizing graphs having
at most K shortest paths from a vertex v to any other vertex, where both the problem and
its complement can be decided in unambiguous O(log K + log n) space. The source of this
asymmetry lies in how nondeterminism is used to certify upper bounds on shortest versus
longest walks.

For simplicity, consider the case K = 1, corresponding to min-unique graphs and single-
source DAGs max-unique with respect to source. To decide whether the shortest walk to a
vertex v has length at least i, it suffices to nondeterministically guess a walk of length less
than i to certify that the shortest walk to a vertex v has length less than i. By the double
inductive counting method [10], vertices whose shortest walks are of length less than i are
guaranteed to have unique shortest paths, ensuring that only a single computation path
succeeds to find the shortest path.

In contrast, to decide whether the longest walk to a vertex v has length at least i, it is
not enough to guess a walk of length less than i, since the existence of such a walk does not
preclude the existence of a longer one. As introduced in [8] and used in [4], the algorithm
therefore also nondeterministically guesses a longest path of length at least i before declaring
that the longest path up to the vertex is of length at least i. However, while the modified
double inductive counting method guarantees uniqueness of longest paths only for vertices
whose longest walks have length less than i, it does not ensure uniqueness for vertices whose
longest walks have length at least i. As a result, if the input graph is not max-unique, the
nondeterministic algorithm may accept the existence of a longest walk of length at least i

along multiple computation paths. Although all computation paths eventually reject when the
graph is not max-unique, there need not be a unique rejecting computation path witnessing
non-max-uniqueness. Hence, the complement of the problem of recognizing single-source
DAGs max-unique with respect to the source is not trivially in UL, though the problem is
in UL.

3 Deciding Reachability in Single-Source Max-K DAGs

In this section, we will show that given a single-source max-K DAG G, reachability between
any two vertices in G can be decided in unambiguous O(log K + log n) space.

We get the following lemma from [4] (Lemma 4.1).

▶ Lemma 3. Given a topological ordering of a DAG G, reachability in G can be log-space
many-one reduced to finding long path from the source to some vertex in a single-source DAG
G′, such that G′ is max-K if G is max-K.
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It is in general NL-hard to find the topological ordering of a given DAG [13]. However, given
a single-source max-K DAG G, a topological ordering of G can be derived in unambiguous
O(log K + log n) space. We can do it as follows. According to Theorem 2, we can find the
length of the longest path from the source to any vertex v in G in unambiguous O(log K+log n)
space. In order to figure out the index of a vertex v of G in the topological ordering of G,
we find the length of the longest path from the source of G to v (say i). We then find out
how many vertices u (say m) are there in G such that the length of the longest path from
the source of G to u is either less than i, or it is equal to i and the vertex label of u is less
than the vertex label of v. We assign m to be the index of v in the topological ordering. If
the length of the longest path from the source to a vertex x is larger than the length of the
longest path from the source to another vertex y, there cannot be an edge from y to x in G

since that would imply there is a longer path to y from the source than the longest path to
x from the source, that can be formed by taking the longest path to x from the source and
extending it up to y by adding the edge from y to x. Our scheme for topological ordering
correctly gives x a smaller index than y in this case. The whole computation happens in
unambiguous O(log K + log n) space, because each length of longest path query is computed
successfully along exactly one computation path using a non-deterministic O(log K + log n)
space Turing machine.

This combined with Lemma 3 shows that given a single-source max-K DAG G, reachability
in G can be log-space many-one reduced to finding long path from the source to some vertex
in a single-source DAG G′, such that G′ is max-K. Now, by Theorem 2, we can compute
the length of the longest path from the source to some vertex in G′ in unambiguous
O(log K + log n) space. This implies that reachability in G can be decided in unambiguous
and co-unambiguous O(log K + log n) space.

Therefore, we get the following theorem.

▶ Theorem 4. Given a single-source max-K DAG G, reachability in G can be decided in
unambiguous and co-unambiguous O(log K + log n) space.

4 Reducing Max-K-ness of DAGs to Max-K-ness of Single-Source
DAGs

In this section, we show that the problem of deciding whether a DAG is max-K can be
logspace reduced to the problem of deciding whether a single-source DAG is max-K. For this,
we give a logspace construction of a single-source DAG from a given DAG such that max-K-
ness is preserved. The construction also preserves reachability, implying that reachability in
max-K DAGs is logspace reducible to reachability in single-source max-K DAGs. We state
this in the following theorem.

▶ Theorem 5. Given a DAG G, we can construct in logspace a single-source DAG G′

containing all the vertices in G along with other additional vertices such that
G′ is max-K if and only if G is max-K.
A vertex v is reachable from vertex u in G if and only if vertex v is reachable from vertex
u in G′.

Proof. Let G be a DAG with n vertices and m sources s1, s2, . . . , sm. We construct a new
DAG G′ as follows. We introduce a new source vertex s, and for each i ∈ [1, m], add a
directed path of length i · n from s to si. These paths are disjoint and use fresh dummy
vertices not in G. The resulting graph G′ is clearly acyclic and has a single source s. This
transformation can be carried out in logspace.

MFCS 2026
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Importantly, this construction:
Preserves all paths and max-K-ness properties among the original vertices of G,
Does not introduce any new paths or remove/alter any existing paths between internal
vertices of G,
Maintains reachability relations between G’s vertices.
Maintains longest paths and shortest paths between G’s vertices.

We now prove that G is max-K if and only if G′ is max-K. We consider both directions.
If G is not max-K, then there exist vertices u, v ∈ V (G) such that there are at least

K + 1 distinct longest paths from u to v in G. Since our construction does not alter or add
or remove any such paths, the same ambiguity persists in G′, so G′ is also not max-K.

If G is max-K, we consider all possible pairs (u, v) ∈ V (G′)× V (G′), and argue that in
each case, the number of longest paths from u to v (if any path exists) is at most K.

Case 1: u, v ∈ V (G). Since G is max-K and the construction does not add/remove/alter
any paths between original vertices, the number of longest paths from u to v in G′ is at
most K.
Case 2: u ∈ V (G), v /∈ V (G). No such path exists in G′, by construction.
Case 3: u /∈ V (G), v ∈ V (G).

Case 3.1: u ̸= s. Then u is a dummy vertex on the path from s to some source si.
Any path from u to v must pass through si, and the prefix from u to si is fixed. If
there exist K + 1 longest paths from u to v, they must diverge after si, implying K + 1
longest paths from si to v, contradicting the max-K-ness of G.
Case 3.2: u = s. Any path from s to v must pass through exactly one source si in G.
Suppose there are two longest paths via distinct sources sp and sq, with p < q. Then:

Length from s to sp = p · n, Length from s to sq = q · n.

Since any suffix path from si to v has length at most n− 1, the longest such path from
s to v through sp lies in [p · n, p · n + n − 1], and the longest such path from s to v

through sq lies in [q · n, q · n + n− 1]. Because q · n ≥ (p + 1) · n > p · n + n− 1, the
longest path through sq strictly dominates, and hence two paths from different sources
cannot have equal length.
If all longest paths go through the same source si, they must diverge after si, which
means there can be at most K longest paths from u to v since G is max-K.

Case 4: u, v /∈ V (G). In this case, both vertices lie on some (possibly the same) prefix
path. Since each path from s to si is unique and disjoint from others, at most one path
can exist between any such pair (u, v).

Thus, in all cases, max-K-ness is preserved. ◀

Based on the above reduction, we get the following three lemmas.

▶ Lemma 6. The problem of deciding max-K-ness of DAGs is logspace reducible to the
problem of deciding max-K-ness of single-source DAGs.

▶ Lemma 7. The problem of deciding reachability in a max-K DAG is logspace reducible to
the problem of deciding reachability in a single-source max-K DAG.

▶ Lemma 8. The problem of finding longest paths between two vertices in a max-K DAG is
logspace reducible to the problem of finding longest paths between two vertices in a single-source
max-K DAG.
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5 Deciding Max-K-ness of DAGs

In this section, we describe an unambiguous O(log K + log n) space algorithm to decide
whether a given DAG G is max-K. In fact, we can also make this algorithm work even
without any promise on the input of being a DAG. If the input is not a DAG, our algorithm
rejects along all computation paths. Hence, we get the following theorem.

▶ Theorem 9. The set of max-K DAGs can be recognized in unambiguous O(log K + log n)
space.

Proof. Let us consider that we are given a graph G and we need to decide if G is a max-K
DAG or not. We can construct a single-source graph G′ from G such that G′ is a max-K DAG
if and only if G is a max-K DAG (as shown in Theorem 5). First, we apply our algorithm
(from Theorem 1) to decide if a given single-source graph is a single-source source-rooted
max-K DAG on G′. If there is no accepting computation path, it will imply that either G is
not acyclic or G is not max-K. In other words, G is not a max-K DAG. If there is some
accepting computation path, we are sure that G′ is a single-source DAG max-K with respect
to the source. However, this does not automatically imply that G is max-K. Now, as shown
in Section 3, we can reduce reachability between any two vertices in a single-source DAG G′

to finding longest path from the source to some vertex in a single-source DAG G′′, such that
G′′ is max-K if G′ is max-K. We use this transformation. We check if G′′ is a single-source
DAG max-K with respect to the source (Theorem 1). If not, we know that G′ is not max-K
and in that case, our algorithm will also reject along all computation paths. Otherwise, there
will be a unique computation path that will assert that G′′ is indeed max-K with respect to
its source. Once we are confirmed about that, we can find the longest path from the source to
any other vertex in G′′ (Theorem 1), which then also gives us the answer to the reachability
question in G′. Now, we can check whether a subgraph having a particular vertex as the
source is source-rooted max-K or not, using reachability in G′. In order to decide whether
a subgraph is max-K or not, we check whether for every vertex u ∈ V (G′), the subgraph
induced by all vertices reachable from u is source-rooted max-K (Theorem 1). If this holds
for every u, then G′ is globally max-K, otherwise,not. If G′ is max-K then each call to
reachability will give the correct answer along exactly one computation path. Therefore, the
subgraph rooted at a particular vertex will be derived along exactly one computation path.
Now, the routine to check source-rooted max-uniqueness will also accept each such subgraph
along exactly one computation path. Thus, the computation will always proceed along one
computation path and finally accept. On the other hand, if G′ is not max-unique, then some
oracle calls may reject along all computation paths and the computation will not proceed
further. Thus, max-K-ness of G′ can be decided in unambiguous O(log K + log n) space as
all the steps can be performed within this bound. ◀

▶ Remark 10. The algorithm described in this section doesn’t prove that max-K-ness of a
DAG can be decided in co-unambiguous O(log K + log n) space. This is because the routine
used here to check whether a graph is a single-source DAG max-K with respect to the source
or not is not co-unambiguous (for reasons discussed in Section 2).

We can also show that deciding reachability and finding the length of the longest path
between any two vertices in a max-K DAG can be done in unambiguous and co-unambiguous
space O(log K + log n)

▶ Theorem 11. Given a max-K DAG G and two vertices s and t in G, it can be decided
whether t is reachable from s and the length of the longest path from s to t can be found in
unambiguous and co-unambiguous O(log K + log n) space.

MFCS 2026
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Proof. We construct graph G′ from G as in Theorem 5. If G is a max-K DAG, G′ is
guaranteed to be a single-source max-K DAG. Moreover, for any two vertices u and v in
G, v is reachable from u in G if and only if v is reachable from u in G′ and the length of
the longest path from u to v in G is the same as the length of the longest path from u to
v in G′. Now, we can decide reachability between any two vertices in G′, by Theorem 4.
By computing reachability from s to all other vertices in G′, we compute the subgraph
induced by all vertices reachable from s and then in this single-source max-K subgraph, we
can find the length of the longest path from s to t, if any path exists in unambiguous and
co-unambiguous O(log K + log n) space (Theorem 2). ◀

6 Para-UL Algorithm for Long Path

In this section, we will show that given a DAG G and two vertices s and t, it can be decided
whether there is a path of length at least n − k from s to t in unambiguous O(k + log n)
space. Also, we don’t require any promise on the input to be a DAG since the algorithm
will reject any input that is not a DAG. Thus, the problem of deciding whether there is a
path of length at least n− k between two vertices in a DAG is in para-UL in terms of the
parameter k.

In order to prove this result, we first state the following lemma.

▶ Lemma 12. Let G = (V, E) be a directed acyclic graph on n vertices. If G contains a
directed path of length n− k, then for any pair of vertices u, v ∈ V , the number of longest
paths from u to v in G is at most 2k.

Proof. Let P be a path of length n− k in G. Define

S := {v | v ∈ P}, X := V (G) \ S.

Let u, v ∈ V (G), and let P1, P2 be two longest paths from u to v that uses exactly the
same set of vertices X ′ out of all the vertices in X.

P1 and P2 visit the vertices of X ′ in the same order. If not, then for some x, y ∈ X ′, one
path visits x before y and the other visits y before x. This yields directed paths x⇝ y and
y ⇝ x, forming a cycle, a contradiction.

Let the common order be

x1, x2, . . . , xr,

and define x0 := u, xr+1 := v.
Both P1 and P2 decompose into subpaths between consecutive vertices from X ′:

x0 ⇝ x1, x1 ⇝ x2, . . . , xr ⇝ xr+1,

where all internal vertices lie in S.
Now we will show that for every i, the xi ⇝ xi+1 subpaths in P1 and P2 are identical.

We will prove this by contradiction. Let S1 and S2 be the subpaths connecting xi ⇝ xi+1 in
P1 and P2 respectively. Let us assume S1 ̸= S2.

First, S1 and S2 must have the same length. Otherwise, suppose without loss of generality
that S1 has length l1 and S2 has length l2 with l1 < l2. Let P1 have total length l. Then the
portion of P1 outside S1 has length l − l1. Replacing S1 in P1 with S2 yields a directed u-v
path of length

(l − l1) + l2 > l,

contradicting the assumption that P1 is a longest u-v path.
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Thus, S1 and S2 have equal length, say l′. Let v1 and v2 be the first vertices where they
differ. Since v1, v2 ∈ S, and S lies on P , either there exists a path from v1 to v2 or from v2
to v1. Assume without loss of generality that there is a path from v1 to v2.

Construct a walk by following S1 from xi to v1, then the subpath of P from v1 to v2,
and then S2 from v2 to xi+1. Each concatenation is valid since the endpoint of one segment
coincides with the start of the next, so this forms a directed walk; as G is acyclic, it is in
fact a simple path. Since v1 ̸= v2, the subpath from v1 to v2 has length h ≥ 1, and hence
the total length of this path is j + h + (l′ − j) = l′ + h > l′. Replacing S1 in P1 with this
longer subpath produces a u-v path longer than P1, a contradiction.

Therefore, each segment between two consecutive vertices from X in a longest path from
u to v is uniquely determined. Hence, for each subset X ′ ⊆ X, there is at most one longest
u-v path using exactly the vertices in X ′.

Since |X| = k, there are at most 2k such subsets. Therefore, the number of longest u-v
paths is at most 2k. ◀

Now, we will prove the following theorem.

▶ Theorem 13. Given a DAG G and two vertices s and t in G, it can be decided in
unambiguous O(k + log n) space, if there exists a path of length at least n− k from s to t.

Proof. Given a graph G, we first check if it is a max-2k DAG or not in unambiguous
O(k + log n) space Theorem 9. If G is not a max-2k DAG, then by Lemma 12 there cannot
be a path of length at least n− k from s to t in G and our algorithm also rejects along all
computation paths in this case. If G is a max-2k DAG, then our algorithm asserts that along
a unique computation path. Now, since we know G is a max-2k DAG, we find the length
of the longest path from s to t (if any path exists) in unambiguous and co-unambiguous
O(k + log n) space Theorem 11. If the length is at least n − k, we accept. Otherwise, if
the length is less than n − k or t is not reachable from s, we reject. Thus, we can decide
if there exists a path of length at least n− k between any two given vertices in a DAG in
unambiguous O(k + log n) space. ◀

7 X(UL ∩ coUL)P Algorithm for Long Path

In [2], it was shown that given a DAG G and two vertices s and t, it can be decided whether
there is a path of length at least n − k from s to t in unambiguous and co-unambiguous
O(k log n) space and O(nk+3) time (assuming word RAM model with O(log n) word size).
Although polynomial in n, however this bound is not polynomial in k. In this section, we will
show that the same problem can be solved in unambiguous and co-unambiguous O(k log n)
space and O(n3k2) time (assuming word RAM model with O(log n) word size), thus making
the time bound polynomial in both n and k. Also, we ensure that our algorithm works even
without any promise on the input to be a DAG, such that our algorithm rejects any input
that is not a DAG.

▶ Theorem 14. Given a DAG G and two vertices s and t in G, it can be decided whether
there exists a path of length at least n− k from s to t in unambiguous and co-unambiguous
O(k log n) space and simultaneous polynomial (in both n and k) time.

Proof. Let us first discuss some structural properties of DAGs before going into the algorithm.
A layering of a directed acyclic graph (DAG) G = (V, E) is a partition of V into numbered

subsets L0, L1, . . . such that every edge of G goes from a vertex in a lower-numbered subset
to a vertex in a higher-numbered subset. Let G be a DAG and let v ∈ V . We define a
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layering such that vertex v belongs to layer i if the length of the longest path from any
source of G to v is exactly i. With this definition, the sets of vertices belonging to layers
0, 1, 2, . . . form a valid layering of the graph and we get the following lemma.

▶ Lemma 15. Let G = (V, E) be a DAG, and define layers as follows: a vertex v is in layer
i if and only if the length of the longest path from any source of G to v is exactly i. Then a
vertex v is in layer i if and only if:

all in-neighbors of v lie in layers numbered less than i, and
there exists an in-neighbor of v that lies in layer i− 1.

Proof. Suppose v lies in layer i. Then the longest path from any source to v has length
exactly i. Let (u, v) ∈ E be any incoming edge. Then any path to u can be extended by
(u, v) to form a path to v. Hence the longest path to u must have length at most i− 1, since
otherwise we would obtain a path to v of length greater than i, a contradiction. Therefore
every in-neighbor u lies in some layer j ≤ i− 1, i.e., in a layer numbered less than i. Now
consider a longest path of length i from some source to v. Let u be the penultimate vertex
on this path. Then (u, v) ∈ E, and the longest path to u has length exactly i− 1. Hence u

lies in layer i− 1. This shows that there exists an in-neighbor of v in layer i− 1.
Suppose that all in-neighbors of v lie in layers numbered less than i, and that there exists

an in-neighbor u of v in layer i− 1. Since u lies in layer i− 1, there exists a path of length
i− 1 from some source to u. Appending the edge (u, v) gives a path of length i to v. Thus
the longest path to v has length at least i. On the other hand, since all in-neighbors of v lie
in layers at most i− 1, any path to v must pass through some in-neighbor x whose longest
path from a source has length at most i − 1. Hence any path to v has length at most i,
because otherwise we would obtain a path to x longer than its longest path. Therefore the
longest path to v has length at most i. Combining both bounds, the longest path to v has
length exactly i, and hence v lies in layer i. ◀

We call a layer unambiguous if it contains exactly one vertex, and ambiguous if it contains
more than one vertex. Now, we state the following lemmas regarding the structure of a DAG
containing n vertices and a path of length at least n− k.

▶ Lemma 16. If a DAG G on n vertices contains a path of length at least n− k, the total
number of vertices belonging to ambiguous layers is at most 2k.

Proof. Observe that if the DAG contains a path of length at least n−k, then the graph must
contain at least n−k layers, since the vertices of any path must belong to distinct layers. Let
P be such a path. The vertices of P occupy n−k distinct layers, and the remaining k vertices
of the graph may belong either to these layers or to other layers. A layer becomes ambiguous
when one or more of these additional vertices share a layer with a vertex of P or with each
other. Each ambiguous layer must contain at least one vertex not on P . In the worst case,
all of the k vertices not belonging to P may lie in ambiguous layers. Moreover, a vertex of
P can lie in an ambiguous layer only if another vertex shares that layer. Since there are
only k vertices outside P , there can be at most k vertices of P that lie in ambiguous layers.
Consequently, the total number of vertices belonging to ambiguous layers is at most 2k. ◀

▶ Lemma 17. Given a DAG G, if v belongs to an unambiguous layer j < i, then it must
occur as the j-th vertex on every path of length i to vertices in layer i.

Proof. The length of the longest path from any source to v is exactly j. Because the layer is
unambiguous, v is the unique vertex in layer j.
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Now fix a vertex vi in layer i. By definition of layering, there exists a path P of length i

from some source to vi. Consider the sequence of vertices along P :

s = v0 → v1 → · · · → vi

We claim that vℓ lies in layer ℓ for each 0 ≤ ℓ ≤ i. Indeed, since P has length i, the prefix
v0 → · · · → vℓ is a path of length ℓ to vℓ, so the longest path to vℓ has length at least ℓ.
On the other hand, if vℓ had a path of length greater than ℓ from some source, then by
appending the suffix of P from vℓ to v, we would obtain a path to v of length greater than i,
contradicting that v lies in layer i. Hence vℓ lies in layer ℓ. In particular, vj lies in layer j.
Since layer j is unambiguous, it contains exactly one vertex, namely v. Therefore vj = v,
and hence v appears as the j-th vertex on path P .

Since P was an arbitrary path of length i to an arbitrary vertex in layer i, it follows that
every such path must contain v as its j-th vertex. ◀

▶ Lemma 18. Given a DAG G on n vertices containing a path of length at least n− k. Let
v be a vertex in layer i of G. In any longest path from a vertex s to v in G, the predecessor
of v lies either in layer i− 1 or in an ambiguous layer numbered less than i.

Proof. Let u be the predecessor of v in a longest s–v path, and suppose u lies in layer
j < i− 1 and is in an unambiguous layer. By Lemma 17, the j-th vertex in any longest path
of length i from any source to v must be u. Since v lies in layer i, there exists a path from
u to v of length i − j > 1. Replacing the edge (u, v) with the path from u to v of length
i− j yields a longer s–v path, a contradiction. Hence u must lie either in layer i− 1 or in an
ambiguous layer. ◀

We give a nondeterministic algorithm that inductively computes the layers of the DAG.
It is a modification of the inductive tracing algorithm of [2], which decides whether there is a
Hamiltonian (n-length) path from s to t in a DAG. That algorithm computes the i-th layer
in iteration i and proceeds only if the layer is unambiguous. Given the unique vertex vi, it
searches for an out-neighbor u whose in-neighbors all lie in layers numbered < i. This is done
by nondeterministically guessing a length-i path to vi, counting the number of in-neighbors
of u on this path and checking if this count matches the indegree of u. Since each layer up to
i is unambiguous, this path is unique and contains all vertices from earlier layers, ensuring
correctness and unambiguity.

We extend this approach to detect paths of length n− k. Now layers up to i need not
be unambiguous, so vertices from earlier layers may not appear on every length-i path to
layer i. To handle this, we maintain a list L of vertices in ambiguous layers seen so far (at
most 2k vertices) and a set U of vertices in the current layer i.

Unlike the Hamiltonian case, there may be multiple length-i paths to a vertex in layer i,
so naive guessing breaks unambiguity. To restore it, we use an inductive-counting–type idea:
define the weight of a path as the integer obtained by concatenating the labels of vertices
from ambiguous layers along the path, in order. We then get the following lemma.

▶ Lemma 19. Given a DAG G and a vertex v in layer i of G, there is a unique minimum-
weight path of length i to v corresponding to the weight function defined above.

Proof. We can interpret the weight as a number in base n, where n = |V |, so that the
comparison of weights corresponds to lexicographic comparison of the sequences of ambiguous-
layer vertices.
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First of all, any path of length i to v must have exactly one vertex from each layer j < i.
All such paths agree on the vertices that lie in unambiguous layers since by Lemma 17, if a
layer j < i is unambiguous, then the unique vertex in that layer must appear as the j-th
vertex on every path of length i to v. Therefore, any two such paths can differ only in the
vertices chosen at ambiguous layers.

Thus, each path can be uniquely represented by the sequence of vertices it selects at
ambiguous layers. The weight function assigns to each path exactly this sequence, encoded
as an integer in base n. Since different sequences correspond to different integers, distinct
paths yield distinct weights.

It follows that the set of weights corresponding to all length-i paths to v is a finite set
of distinct integers. Therefore, there exists a unique minimum element in this set. The
corresponding path is the unique minimum-weight path to v. ◀

For each vertex in the current layer U , we maintain wU as the sum of the weights of
the minimum-weight length-i paths to the vertices in U . When we guess length-i paths to
the vertices in U , we ensure that the total weight equals wU . Since only one computation
path guesses all the minimum weight paths correctly, therefore only one computation path
proceeds after each round of guessing.

So far this determines whether a path of length at least n − k reaches t. To ensure it
originates at s, we additionally store, for each vertex in L∪U , the length of the longest path
from s to that vertex.

We provide below the pseudo-code of the algorithm.
The algorithm uses three subroutines: AllInNeighborsCertified, Guess, and

Weight. The subroutine Guess guesses a path to a vertex v, computes its weight, and
counts edges to a vertex u from vertices on the path or in L. Using Guess, Weight computes
the weight of the minimum-weight path to v, while AllInNeighborsCertified checks
whether all in-neighbors of v lie on minimum-weight longest paths to vertices in U . Using
these, Algorithm 1 inductively computes layers and decides reachability of t from s in G. We
use “return ?” in Guess and Weight to denote incorrect nondeterministic guesses; such
computation paths halt immediately. For brevity, we omit explicit propagation of “?” in the
pseudocode. The algorithm returns a non-? value along a unique computation path, and
hence decides both yes and no instances unambiguously.

▶ Lemma 20. After each iteration i of the while loop (line 19) in Algorithm 1, U is exactly
the set of vertices in layer i, L contains all vertices in ambiguous layers numbered at most
i, wU equals the sum of minimum weights of length-i paths to vertices in U , and for each
vertex in L ∪ U we store the length of the longest path from s.

Proof. We argue by induction on i. Assume correctness at the start of iteration i.
By Lemma 15, a vertex v belongs to layer i + 1 iff it has an in-neighbor in U and all its

in-neighbors are in layers numbered < i + 1. A vertex u in an ambiguous layer < i + 1 lies in
L. If u is in an unambiguous layer < i + 1, then by Lemma 17 it lies on every length-i path
to layer i. Thus, in order to decide if v belongs to layer i + 1, we just need to check if it has
an in-neighbor in U and if all its in-neighbors are either in L or belong to an i-length path
to some vertex in U . This is exactly the check performed by AllInNeighborsCertified.
The algorithm therefore computes U ′ correctly and updates L when the layer is ambiguous.

For wU , fix v ∈ U ′. The subroutine Weight considers all length-i paths to predecessors
of v in U . By induction, wU equals the sum of the weights of minimum-weight i-length paths
to vertices in U . The check w = wU ensures only guesses corresponding to minimum-weight
paths survive, and the minimum among extensions is selected. Thus Weight returns the
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Algorithm 1 Decide whether there is an s–t path of length at least n − k in a DAG.

Require: DAG G = (V, E), vertices s, t, parameter k

1: Find the sources of G: s1, s2, . . . , sm

2: if m > k + 1 then
3: return reject
4: Initialize L← ∅, U ← ∅, wU ← 0, rt ← −1, num← m

5: if m > 1 then
6: for j = 1 to m do
7: if sj = s then
8: Add (sj , 0) to L

9: else
10: Add (sj ,−1) to L

11: for j = 1 to m do
12: if sj = s then
13: Add (sj , 0) to U

14: else
15: Add (sj ,−1) to U

16: if m > 1 then
17: wU ← wU + sj

18: Initialize i← 1
19: while U ̸= ∅ do
20: U ′ ← ∅
21: wU ′ ← 0
22: for each v ∈ V such that (u, v) ∈ E for some (u, ∗) ∈ U do
23: r ← −1
24: if AllInNeighborsCertified(v, L, U, wU , i) then
25: wU ′ ← wU ′ + Weight(v, L, U, wU , i)
26: for each (z, r′) ∈ L ∪ U such that (z, v) ∈ E do
27: if r′ ≥ 0 and r′ + 1 > r then
28: r ← r′ + 1
29: if v = s then
30: r ← 0
31: Add (v, r) to U ′

32: if v == t then
33: rt ← r

34: num← num + 1
35: U ← U ′

36: wU ← wU ′

37: i← i + 1
38: if |U | > 1 then
39: L← L ∪ U

40: else
41: wU ← wU − (wU mod n)
42: if num ̸= n then
43: return reject
44: if rt ≥ n− k then
45: return accept
46: else
47: return reject
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Algorithm 2 Check whether all in-neighbors of v lie on minimum-weight longest paths.

1: function AllInNeighborsCertified(v, L, U, wU , j)
2: Initialize indegv ← 0, flag ← 0, weight← 0
3: for each x such that (x, v) ∈ E do
4: indegv ← indegv + 1
5: for each (y, ∗) ∈ U do
6: (w, count)← Guess(v, y, L, j)
7: weight← weight + w

8: if count = indegv then
9: flag ← 1

10: if weight ̸= wU then
11: return ?
12: if flag = 0 then
13: return false
14: return true

Algorithm 3 Compute the minimum weight path to v.

1: function Weight(v, L, U, wU , j)
2: Initialize w ← 0, weight←∞
3: for each (x, r) ∈ U do
4: (w′, ∗)← Guess(x, x, L, j)
5: w ← w + w′

6: if (x, v) ∈ E and weight > w′ · n + v then
7: weight← w′ · n + v

8: if w ̸= wU then
9: return ?

10: return weight

Algorithm 4 Guess a path and compute its weight.

1: function Guess(v, u, L, j)
2: Initialize h← 0, weight← 0, count← 0
3: while h < j do
4: Guess a vertex y ∈ V

5: if h ̸= 0 and (x, y) /∈ E then
6: return ?
7: if (y, ∗) ∈ L then
8: weight← weight · n + y

9: else if (y, v) ∈ E then
10: count← count + 1
11: x← y, h← h + 1
12: if x ̸= u then
13: return ?
14: for (y, ∗) ∈ L such that (y, v) ∈ E do
15: count = count + 1
16: return (weight, count)
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minimum weight of a length-(i + 1) path to v. Summing over v ∈ U ′ yields wU ′ . If |U ′| = 1,
the adjustment wU ′ − (wU ′ mod n) discards the last contribution, maintaining consistency
with the encoding.

By Lemma 18, the penultimate vertex of a longest s–v path lies either in L or in U .
Hence the length of the longest path to v is obtained by maximizing over the length of the
longest paths to the in-neighbors of v lying in L or U . ◀

▶ Lemma 21. Algorithm 1 returns a non-? value along exactly one computation path.

Proof. For each v ∈ U at iteration i, there is a unique minimum-weight length-i path
(Lemma 19). The subroutines AllInNeighborsCertified and Weight accept iff all calls
to Guess guess these paths correctly, enforced by the check w = wU . Hence exactly one
computation path survives in each iteration, and the algorithm returns a non-? value along a
unique path deciding whether a path of length ≥ n− k exists or not. ◀

Finally, we show rejection on non-DAG inputs. We prove by induction that no vertex
on a directed cycle ever enters U . Initially, U contains only sources. Suppose the following
claim holds up to iteration i: every vertex in U is reachable from some source by a path
of length i, and every vertex on any such path appeared in U in some earlier iteration and
is not part of any directed cycle. Consider a vertex v that is added to U during iteration
i + 1. By the certification procedure, all in-neighbors of v must either belong to L (and hence
appeared in U during some earlier iteration) or lie on one of the paths leading to vertices
currently in U . Therefore, by our induction hypothesis, every in-neighbor of v lies on a path
from a source that contains only vertices that appeared in earlier iterations. Consequently,
any path to v must extend one of these paths, and therefore cannot contain a vertex that
lies on a directed cycle. This shows that no vertex that belongs to a cycle can ever appear in
U and any path to a vertex in U cannot contain a vertex that belongs to a cycle. Thus no
cycle vertex ever appears in U , and vertices on cycles are never counted. Since num counts
vertices added to U , num < n implies the presence of a cycle, and the algorithm rejects.

The space usage is O(|L|) = O(k log n). If |L| > 2k, the algorithm rejects by Lemma 16.
In the word RAM model, Guess runs in O(nk) time. Both AllInNeighborsCertified
and Weight invoke it O(k) times, giving O(nk2) time. Each iteration processes all v ∈ V ,
yielding O(n2k2) time per iteration and O(n3k2) overall. ◀
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