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—— Abstract

What computational mechanisms do recurrent neural networks, polynomial ordinary differential
equations, and discrete polynomial maps each bring to the table, and what do they lack? All three
are models of computation over the continuum: they operate on real-valued states and evolve by
real-valued dynamics, even when the functions we ask them to compute are ultimately discrete. We
investigate how these models compare, their strengths, their limitations, and the precise resources
on which each one relies, through the lens of primitive recursive functions.

We prove that the classical notion of primitive recursion admits equivalent characterizations
in all three dynamical frameworks: bounded iteration of a fixed recurrent ReLU network, robust
computation by a fixed polynomial ordinary differential equation, and iteration of a fixed polynomial
map in discrete time with an externally supplied step-size parameter. In each case, the time bound
is itself primitive recursive, composition is not postulated as a closure rule but emerges from the
dynamics, and the input is given as a raw integer vector with no auxiliary encoding. At the
proof level, every primitive recursive function is first compiled into bounded iteration of a single
threshold-affine normal form map, which is then interpreted as a recurrent ReLU computation on
the one hand, and as a robust polynomial ODE on the other.

The equivalences expose a structural asymmetry between discrete and continuous polynomial
computation. We prove that no fixed polynomial map can round uniformly toward the nearest integer,
and that none can realize exact phase selection: two operations that polynomial ODEs perform
robustly through their continuous-time flow. Each formalism compensates for a limitation that the
others do not share: the ReLU gate provides exact branching, continuous time provides autonomous
rounding and control, and the step-size parameter recovers both at the cost of discretization
precision. Our equivalence theorem characterizes what each resource contributes, and opens the way
to dynamical characterizations of subrecursive hierarchies and complexity classes by restricting the
time bounds, polynomial degrees, or discretization resources within the same framework.

More broadly, the constructions reveal that these real-valued models do not compute by composing
subroutines in the classical sense: they compute by shaping the trajectory of a dynamical system,
through clocks, phase selectors, stabilization mechanisms, and error correction built into the dynamics
itself. This is a mode of computation that differs structurally from symbolic programming, and our
equivalence theorem provides a precise framework in which the difference can be studied.
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1 Introduction

Over the integers, the theory of computation rests on a remarkably stable foundation: Turing
machines, register machines, the A-calculus, and many other formalisms are all known
to define the same notion of effective computation. Over the reals, the situation is less
settled. Several models have been proposed with different motivations, including computable
analysis [40] and algebraic models [7], but they are provably inequivalent [40, 16]. Within
this landscape, two families of models have recently emerged as genuinely computational
rather than merely descriptive, and both have developed substantial theory.

The first comes from neural computation. Already in the early 1990s, recurrent networks
with threshold-like or analog activations were shown to possess significant computational
power and nontrivial complexity-theoretic structure [37, 4, 29, 36]. More recent architectures,
most notably transformer models, rely on substantially different mechanisms, and only make
these foundational questions more pressing. What matters here is not just that such models
are expressive, but that they are programmable, in a way quite unlike classical symbolic
programming.

The second family comes from the analog-computing (General Purpose Analog Com-
puter [34]) tradition and, more broadly, from polynomial Ordinary Differential Equations
(ODEs). A long line of work has established polynomial ODEs as a robust and machine-
independent framework for computability and complexity over the reals [31, 15, 8, 14,12, 11, 6].
Again, the point is not merely that such systems can simulate classical models, but that
computations can be synthesized through mechanisms natural to continuous dynamics: oscil-
lation, stabilization, transfer of intermediate quantities, and correction of errors along the
flow.

Despite their apparent differences, these two families share a common feature: they
realize computation by shaping the evolution of a dynamical system. This is a very different
constructive logic from the classical one based on explicit symbolic composition. In recurrent
networks and in polynomial ODEs, one often obtains a computation not by writing down its
decomposition into subroutines, but by designing a state space, a feedback mechanism, a
thresholding behavior, or a flow with the right dynamical properties.

A first indication that this viewpoint is genuinely different is that it changes what is easy
and what is hard. Rounding to the nearest integer, for instance, is almost free in continuous
time (a polynomial ODE built on y”” = —y contracts to the lattice) but is provably costly
or impossible for a pure polynomial map in discrete time. Section 2 makes this asymmetry
precise; it is the dynamical fact that organizes the rest of the paper.

This leads to a natural foundational question. Instead of taking machines or syntactic
closure principles as the primary point of departure, can one find a simple classical class of
functions that already sits at the intersection of these dynamical modes of computation?
Through this paper, we argue that the right place to begin is to get back to the historical
roots of computability theory: the old but remarkably robust class of primitive recursive
functions. We assume the reader has some familiarity with computability theory, particularly
with primitive recursive functions: [32] provides a thorough reference.

Primitive recursion as a dynamical system. The class PR of primitive recursive functions
is usually defined as the smallest class of functions over the natural numbers containing
the zero, successor, and projection functions, and closed under composition and primitive
recursion. Many subrecursive and complexity-theoretic classes are obtained by restricting
these schemes, including the Grzegorczyk hierarchy [26, 25], polynomial-time functions [21],
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and polynomial-space functions [39]; see [20] for a broad overview. In all these definitions,
closure under composition is taken for granted: this is somehow the one rule that no formalism
considers optional.

Primitive recursion already admits a dynamical reading. The scheme

f(OaX):g(X)v f(n—i—l,x)zh(n,f(n,x),x)

can be viewed as the bounded iteration of the transition (n,a,x) — (n+ 1, h(n,q,x),x),
where a plays the role of an accumulator: in this view, the computation is not assembled
from composed subroutines, but unfolds as a single trajectory. This is reminiscent of how
polynomial ODEs compute in the analog tradition, where a single continuous flow replaces
any composition rule, and the required control emerges from the dynamics itself through
basins of attraction, stabilization, and autonomous switching mechanisms.

The same pattern appears in recurrent neural networks, though this is not always made
explicit. A recurrent network with activation p repeatedly applies a fixed update rule to
a state vector, where one step is a finite composition of affine maps and coordinatewise
applications of p. The computation is the trajectory z,41 = R(z,) of a fixed dynamical
system. When p is ReLU(¢) = max(¢, 0), the system is piecewise linear. When p has bounded
range, as for the sigmoid activations used in practice, the dynamics is confined to a bounded
region of state space.

This leads to a concrete version of our foundational question: can primitive recursive
functions be characterized as the functions computable by bounded iteration of such a
recurrent network, with no explicit closure under composition as a basic external assumption,
but composition emerging from the dynamics.

Main results. The answer is yes, and the characterization extends to all the dynamical
frameworks discussed above. Our main theorem states:

» Theorem 1 (Main theorem, informal'). For a function f : N© — N¢, the following are

equivalent:

1. f is primitive recursive in the classical sense;

2. f is computable by bounded iteration of a fixed recurrent ReL U network;

3. f is computable by bounded iteration of a fized recurrent p-activation network with bounded
precision, over a compact domain;

4. f is computable robustly by a fized polynomial ODE;

5. f is computable by iteration of a fixed polynomial map in discrete time, provided a
sufficiently small step size is supplied as an external parameter.

In each case, “bounded” means that the relevant quantity, e.g. the number of iterations,
the observation time, the domain diameter, or the precision, is itself primitive recursive as a
function of the input. The activation p is only required to be primitive recursively computable
in a natural sense, a condition that is satisfied by all sigmoid functions considered in practice.

In Ttems (2) and (4)—(5), a crucial point is that the computation starts from the raw
input state (z,0,...,0): the integer input x is embedded directly in R™, with no auxiliary
encoding. Item (3) necessarily departs from this convention, since a bounded domain cannot
accommodate arbitrarily large integers as raw values; there, the input is supplied as a
rational number under a fixed, standard encoding, but, in the same spirit, no problem-specific
preprocessing is involved. Namely, we consider v(n) = 27" to encode integer n, i.e we encode
n as a dyadic, but this choice is arbitrary.

1 Formal version is Theorem 20.
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» Remark 2. Our raw-input assumption is essential, not merely a stylistic choice: it reveals
the strength of the statement. Without it, the results would be considerably easier to prove
but would say far less: the computational work could be hidden in the encoding step rather
than exposed in the dynamics. As stated, our theorems guarantee that the entire computation
is carried out by the dynamics of the system itself, with no external help.

The equivalence (1) < (2) says that composition is redundant: bounded iteration of a
single ReLU network already generates the full class. The equivalence (2) < (3) shows that
any well-behaved activation p yields the same computational power, provided domain and
precision are controlled. The passage (2) = (4) eliminates the threshold gates by moving
to continuous time, where a polynomial ODE autonomously generates the required control
through mechanisms like the one described above. The passage (4) = (5) discretizes the ODE,
but the control that was free in continuous time now reappears as the step-size parameter: a
genuine computational resource. The converse (5) = (2) states that once the map and the
time bound are fixed, the induced evolution on rational states is primitive recursive.

What these characterizations reveal. The five formulations are equivalent, but they make
visible genuinely different costs of computation. In the ReLU model (2), the implicit threshold
gate provides exact switching for free, but this is a strong assumption on the activation.
The p-activation model (3) shows that any reasonable nonlinearity suffices, at the price
of controlling domain and precision. In the polynomial ODE (4), no discrete activation is
needed at all: the dynamics itself generates rounding, switching, and error correction, but
requires continuous time. In the discrete polynomial simulator (5), continuous time is also
removed, and the step size becomes the price paid for its absence.

Related work. Our work sits at the intersection of three traditions. Classical subrecursive
function theory characterizes complexity classes by restricting recursion schemes — Cobham
for P [21], Bellantoni-Cook [5], Leivant—Marion for FPSPACE [28], see [20] for a survey — but
always takes composition as a built-in closure. The neural-computation line [38, 37, 4, 29]
showed early on that recurrent analog systems compute through state update, feedback,
and thresholding rather than symbolic composition. The GPAC and polynomial-ODE
tradition, from the Grzegorczyk-level analog characterizations of [18, 19, 15, 24] to the
polynomial-time and polynomial-space characterizations of [13, 33, 22, 11] and the discrete-
ODE lines of [9, 10, 1, 2, 3], shows that polynomial dynamics provide a machine-independent
framework over the reals. Our paper combines these: machine-free like implicit complexity,
polynomial dynamics like the ODE literature, discrete-time and raw-input like neither, and
the internalization of composition as a consequence of the dynamics rather than a postulate.

2 The asymmetry between discrete and continuous polynomial
dynamics

Computation by a polynomial dynamical system. Before stating the results of this section,
we make precise the common shape of computation shared by items (4) and (5) of the main
theorem, and by the dynamical reading of items (2) and (3) as well. The data is a polynomial
map p: R™ — R™ viewed as a fixed vector field on the state space R™. This single object
can be evolved in two ways. In discrete time, it defines the iteration x,; = p(x,). In
continuous time, it defines the autonomous ODE & = p(x). In both cases a computation on
input € N? is a trajectory started from the raw initial state (x,0,...,0), and the output is
read off a designated coordinate at some time n (respectively ¢) that depends on the input.
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What is striking, and what this section is about, is that these two evolutions of the same
polynomial data are not computationally interchangeable. Continuous time makes available
mechanisms, such as contraction toward the integers and autonomous phase switching, that
a discrete iteration of the same kind of object provably cannot realize uniformly. Throughout

this section, fI" := fo---of (n times) denotes the n-fold iterate of a map f, with fl = id.

Two primitives of dynamical computation. To make the asymmetry quantitative, we
examine two operations that are natural building blocks for any computation on integer
inputs carried out by a dynamical system. The first is rounding: contracting a real state that
is close to an integer back onto that integer, so that integer values can be maintained along
a long trajectory. The second is phase selection: switching autonomously between phases
of the computation after a number of steps supplied as input. Both are ubiquitous in the
GPAC and polynomial-ODE literature, where they serve as the foundation on which clocks,
error correction, and bounded recursion are built [23].

We now state two impossibility results showing that both of these operations, which are
essentially free in continuous time for polynomial vector fields, are provably unattainable by
pure polynomial maps in discrete time. The proofs are short and direct, but the consequence
is conceptual: the discrete and continuous settings rest on genuinely different assumptions
about what is elementary, and this explains why additional computational resources (the
p-activation gate in the neural models, the step-size parameter in the discrete simulator)
become mandatory when passing from one world to the other.

» Remark 3. We focus here on the contrast between discrete-time and continuous-time
polynomials, but the conclusions bear directly on the neural-network setting. The choice of
activation function is itself a commitment about which operations are taken as primitive. Our
impossibility results make this commitment explicit: the activation p is not a convenience
but a necessary compensation for what polynomials alone cannot do in discrete time. Since
affine maps are particular polynomial maps, any impossibility for polynomial maps a fortiori
rules out affine maps, and thus pure feedforward linear networks, as well.

Uniform rounding. One basic operation when passing between integers and reals is rounding.

As observed in [23], in continuous time, this has an elegant and essentially costless solution:
The map

1
olx)=x— Py sin(2mx)

fixes every integer and contracts every real number toward the nearest integer: for any
g < 1/2, there is a contraction factor A = () < 1 such that |o(n + §) — n| < || whenever
|0] < e. Since the sine function is natively generated in the polynomial ODE world by
y" = —y, this contraction is available at no additional cost. This mechanism, introduced as
the very first statement (Lemma 1) of [23], is the foundational building block of the entire
GPAC computation theory: all subsequent control structures, such as clocks, holding phases,
error correction, are built on top of it in [23].

In discrete time, the analogous task is provably impossible from a fixed polynomial map:

» Proposition 4 (No uniform polynomial rounder in discrete time). Let 0 < ¢ < § < 1/2.
There is no polynomial p : R — R and no integer N > 1 such that for every m € Z and every
u with |u—m| <5, [pN(u) —m| <e.
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» Remark 5. Here “rounding” means contracting, for every integer m simultaneously, the
whole band {u : |[u —m| < §} into the tighter band {u : |[u — m| < e}. The identity map fixes
each integer but contracts nothing, so it already fails as soon as € < §; the statement asserts

that no fixed polynomial, even iterated, does better. Since pVl is again a polynomial, the
case N =1 already implies the general one, and we keep N only to stress that iterating a

fixed map does not help.

Proof. Suppose such p and N exist. The polynomial ¢(x) = p!¥(z) — x satisfies |g(m)| < e
for every integer m. A polynomial bounded on infinitely many integers is constant: ¢ = c.
But then [§ 4 ¢| < e and |—0 + ¢| < &, which is impossible when ¢ < 4. <

To achieve approximate rounding in discrete time, one can approximate ¢ on a bounded
interval [—B, B] by a polynomial whose degree depends on B and on the target accuracy.
An operation that is free in continuous time becomes structurally expensive in discrete time:
the polynomial degree is the currency in which the discrete construction pays.

Exact phase selection. A second fundamental operation is switching between phases of a
computation. Given a counter C' supplied as input, one needs an indicator that outputs 1
for the first C steps and 0 thereafter. In continuous time, a polynomial ODE comparator
achieves this autonomously, driving a register exponentially fast toward 0 or 1 depending on
the sign of its input. This can be done using a polynomial map [23].

» Proposition 6 (No exact polynomial phase selector). There is no polynomial map P : R™ —

R™ and coordinate projection m : R™ — R, (z1,...,2m) — 2z, such that for every integer
C eN,
1 ift<C,
x(PY(C,0,...,0) = i for allt € N.
0 ift>0C,

Proof. For fixed t, the function Q;(C) = 7(PMY(C,0,...,0)) is a polynomial in C. Since
Q+(C) =1 for all integers C' > t, the polynomial ; — 1 has infinitely many roots, so Q; = 1.
But Q:(t) = 0 by hypothesis — a contradiction. <

3 Formal framework and equivalence for hard models

We now define the five dynamical models, state the equivalence theorems, and sketch the
proof architecture.

Notation. Throughout the paper, an affine map from RP to R? is a function A : R? — R?
of the form A(u) = Mu + b with M € Q7P and b € Q9. Unless stated otherwise, all affine
maps considered in this paper have rational coefficients. Given an ordered tuple of distinct

indices I = (i1,...,%) € {1,...,m}¢, we write 77 : R™ — R® for the associated coordinate
projection

Tty ey Um) = (Wigy e ooy, )-
Where the index tuple is clear from context, we abbreviate m; by 7. For u = (uy,...,um) €

R™ we write ||u]|o = max; |u;| for the supremum norm, and Buo(c,7) = {z: ||z — ¢||oc < 7}
for the closed ball of radius r centred at ¢ in this norm.
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3.1 The discrete exact model: recurrent ReLU computation

» Definition 7 (Feedforward ReLU block). A feedforward ReLU block on R™ is a map
R :R™ — R™ of the form R = ApocoAp 1000---0Ajo000 Ay, where L > 0 is a
fized integer (the depth); the A, are affine maps with rational coefficients Ay : R™¢ — R™e+1
with mg = mpy1 = m and arbitrary intermediate widths mq,...,my € N; and o denotes the
coordinatewise application of ReLU(t) := max(t,0).

Equivalently, R is the function computed by a feedforward neural network with L hidden
layers, rational weights and biases, and ReLLU activations. The map R is piecewise affine
with rational pieces.

» Definition 8 (Recurrent ReLU computation). A function f : N — N¢ admits a recurrent
ReLU computation if there exist an integer m > d, a feedforward ReLU block R : R™ — R™,
a primitive recursive observation time T : N® — N, and an ordered tuple of designated
output-coordinate indices I € {1,...,m}¢ such that, for every input x € N¢, the orbit
zo(x) := (2,0,...,0) € R™, z,11(x) := R(zn(x)) satisfies f(x) =71 (27 (2)).

In other words: a single fixed piecewise-affine map with rational coefficients is iterated
from the raw input (z,0,...,0), and the exact value of f(x) is read off by projecting onto
the output coordinates after T'(z) steps.

3.2 The neural network model: recurrent p-computation

For bounded-range activations (sigmoid, tanh, ...), the compact state space cannot accom-
modate arbitrarily large integers as raw values. We fix the encoding v : N — (0, 1] defined by
v(n) := 27", and write v(x) := (27%1,...,27%) for a tuple x € N%. Note that v(0) = 1 and
v(n) < 1 forn>1.

» Definition 9 (Feedforward p-block). Let p : [0,1] — [0,1]. A feedforward p-block of width m
is a map R :[0,1]™ — [0,1]™ of the form R = ApopoAj_jopo---0AjopoAy, where L >0
s a fized integer depth; the Ay are affine maps with rational coefficients Ay : R™¢ — R™e+1
with mg = mp11 = m and arbitrary intermediate widths, satisfying Ag([O, 1]””) C [0, 1]me+2
for every {; and p denotes the coordinatewise application of p to a vector of [0,1]™.

The inclusion condition on the A, simply ensures that the composition is well-defined on
[0,1]™ and takes values in [0, 1]™.

» Definition 10 (Admissible activation). A function p : [0,1] — [0, 1] is admissible if:
(i) p is computable in the sense of computable analysis [40, 27], with a primitive recursive
evaluation oracle and a primitive recursive modulus of uniform continuity;
(ii) there exist a feedforward p-block Z : [0,1] — [0,1] and some n € (0,%) such that
|Z(u)| <1 forue[0,3] and |Z(u) — 1| <7 for u € [£,1].

Condition (i) ensures primitive recursive simulability. Condition (ii) provides a robust
zero-detection mechanism: the network can distinguish v(0) = 1 from all other codes. Both
conditions hold for all standard sigmoid activations.

» Definition 11 (Recurrent p-computation). Let p be admissible. A function f : N —
N¢ admits a recurrent p-computation if there exist an integer m > d, a feedforward
p-block R : [0,1]™ — [0,1]™, a primitive recursive observation time T : N® — N, a
primitive recursive output precision S : N¢ — N with S(z) > 2, and an ordered tuple
I =(i1,...,i.) € {1,...,m}¢ of designated output-coordinate indices, such that the orbit
zo(z) == (v(2),0,...,0) € [0,1]™, Znt1(2) := R(zn(x)) satisfies, for every output index
je{l,...,e} and every x € N%: | (W[(ZT(QE)(.%')))J. —v(fi(@) | < 275@ v (f;()).

74:7
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The bound S > 2 guarantees unique decodability: for every n € N, the nearest v-code to
v(n) is at distance $v(n), so a relative error of 27 < 1 suffices. The precision function S(z)
plays the role of a readout resource: the network and initial state are fixed once z is given,

and only the required output precision varies with the input.

3.3 The continuous model: polynomial ODE computation

Here and below, a polynomial map (resp. polynomial vector field) from RP to R? is a function
whose ¢ components are polynomials in the p input variables with rational coefficients. Thus
every affine map is in particular a polynomial map.

» Definition 12 (Robust polynomial ODE representation). A function f : N4 — N¢ admits
a robust polynomial ODE representation if there exist an integer M > d, a polynomial
vector field F : RM — RM with rational coefficients, a primitive recursive observation
time 7 : N© — N, a primitive recursive safety bound B:N? N, and an ordered tuple
I=(i1,...,%) €{1,..., M}¢ of designated output-coordinate indices, such that for every
x € N? the solution Y =Y, of the Cauchy problem

Y'(t) = F(Y (1)), Y (0) = (z,0,...,0) € RM,

satisfies (i) Y is defined on [0,7(x)+1]; (i) ||Y (t)|lse < B(x) on this interval; (iii) 7w (Y (t)—
f@)|| <3 forallt € [r(x),7(x) + 1].

The vector field F' is fixed; only the observation time, the safety bound, and the choice of
output indices depend on the represented function f. The output is recovered by coordinate-
wise rounding of 7;(Y'(7(x))) to the nearest integer: condition (iii) guarantees that every
output coordinate stays within distance % of the integer f;(x) throughout the entire window
[7(x), 7(z) + 1], so the reading is insensitive to the exact observation time. This is the sense
in which the representation is robust.

3.4 The intermediate model: step-size-controlled polynomial simulation

» Definition 13 (Step-size-controlled polynomial representation). A function f : N¢ — N¢
admits a step-size-controlled polynomial representation if there exist an integer M > d + 1,
a polynomial map P : RM — RM with rational coefficients, a primitive recursive precision
threshold S : N — N, a primitive recursive observation count N : N x N — N, and an
ordered tuple I = (i1,...,1.) € {1,..., M}¢ of designated output-coordinate indices, such that
for every x € N% and every precision parameter s € N with s > S(x), the orbit defined by
Zy = (z,27%,0,...,0) € RM Zni1 = P(Zy) satisfies ||71(Zn(a,s) — f(ac)HOo < i

We call a model hard when every orbit started at an integer state stays in ZM (the ReLU
model and the threshold-affine normal form below), and smooth otherwise, that is, when
the orbit generically takes non-integer values (the p-model, the polynomial ODE, and the
step-size-controlled simulator).

The map P is purely polynomial: no threshold gate or transcendental activation is
involved. The step size h = 27° is supplied as part of the initial state, stored in a dedicated
coordinate.

We isolate the proof-level normal form through which all equivalences pass. Fix © : R — R
with ©(u) = 0 for u < 0 and O(u) = 1 for u > 1; its values on (0, 1) are irrelevant here, since
all gate arguments will be integers.
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» Definition 14 (Threshold-affine normal form). A function f : N — N¢ admits a threshold-
affine normal form if there exist an integer m, affine maps Ag,...,As : R™ — R™ and
q1s---,qs : R™ — R with integer coefficients, a primitive recursive time bound T : N — N,
and output coordinates me : R™ — R® such that, writing

P(y) = Ao(y) + > _0(q;(») A;(y), (1)
j=1

and defining yo() := (2,0,...,0), yni1(x) := P(yn(x)), one has f(z) = me(yr()(x)) for
every x € N,

Since the A; and g; have integer coefficients and yo(x) € Z™, every iterate y,(x) lies in
Z™ and every gate argument g;(y,(x)) is an integer; in particular, © is never evaluated in
its ambiguous region (0, 1).

» Theorem 15 (Main equivalence: hard models). For a function f : N — N¢, the following
are equivalent:

1. f is primitive recursive;

2. f admits a recurrent ReLU computation;

3. f admits a threshold-affine normal form.

The proof is based on the fact that primitive recursive functions are known to coincide
with those computable by a LOOP program [30], and that a single LOOP instruction compiles
directly into the form given by Equation (1). The interest of the theorem lies not in the proof
but in what it singles out: the threshold-affine normal form of Item 3. This is the central
object of the paper, and the hinge through which the smooth models will also be analyzed.

More details on proof architecture. (1) = (3) (Section 5). A LOOP program computing
f is compiled one instruction at a time into (1): arithmetic is carried by the affine maps A;,
and zero-testing by the threshold © applied to an integer argument ¢;(y). (3) = (2). Each
threshold gate ©(g;(y)) is replaced by ReLU(g;(y)) — ReLU(g;(y) — 1), an expression that
coincides with © on every integer argument. (2) = (1). A fixed ReLU block with rational
parameters induces, on rational initial states, a trajectory whose coordinates are primitive
recursive in the iteration count.

A subtlety. The compilation (3) = (2) produces a ReLU block that agrees with the
underlying threshold-affine map only along the integer-valued trajectories relevant to the
computation, not on all real inputs. This is enough here, since the equivalence concerns
functions on N¢,

4 Equivalence for smooth models

4.1 A dynamical systems perspective

The equivalences for hard models in Theorem 15 establish more than the bare statement.

The constructions endow the threshold-affine map P of (1), together with its orbits, with
four structural properties that are most naturally phrased in the language of dynamical
systems.

74:9
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(i) The integer lattice is forward-invariant under P. The affine maps A; have integer
coefficients, and © takes values in {0,1} on integer arguments; hence P(Z™) C Z™.
Every trajectory issued from the raw integer initial condition yo(z) = («,0,...,0)
therefore stays on the lattice.

(ii) The reference trajectory is bounded, uniformly in the input. There exists a primitive
recursive function B : N¢ — N such that, for every € N¢ and every n < T(z), the
state yn(x) lies in the cube [—B(z), B(z)]™. Combined with (i), this confines the
effective dynamics to a finite subset of the lattice Z™, whose size is primitive recursively
controlled by the input.

(iii) A distinguished orbit carries the computational content. For each input z, the finite
sequence ¥o(z), ..., Yr(z)(z) is a specific trajectory of P along which the output is read
off at time T'(z). The computation is encoded by the family of these reference orbits,
indexed by = € N%.

(iv) The reference orbit is robust to perturbations of the threshold. Every gate argument
gj(yn(x)) on the reference orbit is an integer; it lies in the region where © is fully
determined (v < 0 or u > 1) and never enters the ambiguous interval (0,1). The orbit
is therefore insensitive to any modification of © that preserves its values on Z.

Property (iv) is the hinge between the hard and smooth worlds: any alternative dynamics
agreeing with P on Z™ reproduces the computation faithfully. Formally, we have:

» Theorem 16 (Uniform-robust characterization). A function f : N® — N¢ is primitive
recursive if and only if it admits a threshold-affine normal form in which ©(u) = 0 for u < i
and ©(u) =1 for u > 3.

Principle of the proof: the margin condition is strictly stronger than the threshold
condition of Definition 14, so the “if” direction is immediate from Theorem 15. For the “only
if” direction, the compilation of that theorem produces integer gate arguments (property (iv)),
so any threshold agreeing with © on Z, in particular the margin version ©(u) = ReLU(2u —
1) —ReLU(2u — 2), leaves the reference orbit unchanged.

Properties (i)—(iv) motivate the smooth models of the next subsection: it is enough for
the smooth dynamics to send each integer state into the basin of correct decoding of its
successor, on the bounded trapping region.

4.2 Integer-faithful shadowing

We formalize required concepts using a notion of shadowing.

» Definition 17 (Integer-faithful app:oximation). Let D C R™, let F,E‘ : D — R™, and
assume F(DNZ™) C Z™. The map F is integer-faithful to F on D if ||F(y) — F(y)|lec < 2
for everyy e DNZ™.

The map F need not preserve the lattice or coincide with F' on non-integer points. It
only needs to land in the correct decoding basin on the integer skeleton of D.

» Lemma 18 (Decoded shadowing). Under the hypotheses above, if additionally F(DNZ™) C
DNZ™, then the decoded orbit §,+1 = round(F(y,)) started from go = yo € DNZ™ satisfies
Un = Yn for all n such that yo,...,yn € D.

Proof. Induction: if 7, = y, € DNZ™, then F(y,) lies within 1 of F(y,) € Z™, so rounding
recovers Yn41. <
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For the smooth models, that do not round exactly between steps, the integer-faithful
property alone (Definition 17) is no longer sufficient. What we need in addition is a
quantitative control on how a one-step error propagates along the orbit. The following
discrete analogue of Gréonwall’s inequality provides it.

» Lemma 19 (Discrete Gronwall shadowing). Let D C R™ and let P : D — D admit an orbit
Yo, Y1y -, YT (50 Yn+1 = Pyn) for 0<n <T —1). Let L >0, e >0, r > 0 satisfy the tube
condition € ZZ;& L¥ < r, and let ® be defined at least on U:;é Boo(yn,r) and satisfy, for
everyn € {0,...,T — 1} and every z € Boo(yn,7), ||®(2) — P(yn)|| . < Lz —ynllo + ¢

Then the orbit defined by zo := yo and zp41 := ®(z,,) is well-defined for 0 <n <T and
satisfies ||zn — Ynlloo < € ZZ;& L* (0 <n < T), where the empty sum at n = 0 is taken to
be zero.

Proof sketch. Set e, := ||z, — ¥nl|/co- Then ¢y = 0, and the one-step bound applied to z = z,
gives the linear-plus-constant recurrence e, 1 < Le, + €. Induction yields e, < ¢ Zz;é L*:
the tube condition guarantees e,, < r throughout, so z, never leaves the domain where the
inequality holds. |

4.3 Main theorem: all models

» Theorem 20 (Main equivalence: hard and smooth models). For a function f : N¢ — Ne,
the following are equivalent:

1. f is primitive recursive;

f admits a recurrent ReLU computation;

f admits a recurrent p-computation;

f admits a uniform threshold-affine normal form;

f admits a polynomial ODE representation;

f admits a step-size-controlled polynomial representation.

SOk wb

Proof architecture. By Theorems 15 and 16, it suffices to pass from the uniform-robust

hard normal form to the smooth models and to close the loop back to primitive recursion.

The guiding principle is that the hard dynamics comes with a reference orbit and a uniform
margin, so each smooth model only has to stay in the correct decoding basin along that
orbit.

(4) = (5) (Section 6). Each threshold becomes a polynomial ODE comparator, and each
affine update is realized by continuous-time transport in a sample-and-hold cycle; correctness
follows from Lemma 19 on the trapping region.

(4) = (3) (Section 7). The hard computation is transported to the v-coded domain, and
each threshold is replaced by a smooth gate built from p; the margin condition ensures that
the smooth gate takes the same branch decisions along the reference orbit.

The remaining three implications follow standard arguments: (5) = (6) is Euler
discretization on the primitive-recursively bounded time-space region; (6) = (1) uses
that bounded iteration of a fixed polynomial map with primitive recursive parameters is
itself primitive recursive; and (3) = (1) combines effective p-approximation with primitive
recursive simulation of the recurrent dynamics.

5 From primitive recursion to threshold-affine normal form

This section proves (1) = (3) of Theorem 15: every primitive recursive function admits a
threshold-affine normal form.
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The proof uses the standard characterization of primitive recursive functions by LOOP
programs [30]. A LOOP program uses registers Ry, ..., Rs; with atomic instructions R; := 0,
R; := Rj, R; :== R; + 1, composed sequentially and by bounded loops for R; do Q. A
function is primitive recursive if and only if it is computed by a fixed LOOP program, and
the running time of a fixed LOOP program is itself primitive recursive [30, 20].

The only control construct is the bounded loop for R; do @, whose iteration count is
read once from R; on entry and cannot be modified inside ). This is the single feature
separating LOOP programs from unlimited register machines, which additionally allow
conditional jumps, hence unbounded while loops, and therefore compute every partial
recursive function [35]; lacking unbounded iteration, LOOP programs capture exactly the
(total) primitive recursive functions.

From © , and its properties, we can derive an exact zero-test: Zero(u) := 1—0(u)—O(—u),
which satisfies Zero(u) = 1 iff v =0 for u € Z.

Compiling one step into a threshold-affine map. Fix a LOOP program II computing
f:N% = Ne¢. Since II is fixed, the number of registers, instructions, and the maximal nesting
depth are all constants. We encode a complete configuration by a vector y € N™ containing
the data registers, a one-hot program counter, a finite loop-counter stack, and a few auxiliary
registers. The initial configuration for input z is (z,0,...,0).

Each instruction step updates the configuration as follows. Assignments (R; := 0,
R, := R;, R; := R; + 1) are affine. Loop entry and exit require testing whether a counter
is zero or positive, which is expressed exactly by Zero and © on integer-valued registers.
The program counter, stored in one-hot Boolean form, is combined using affine operations
and © (for instance, a Ab = ©(a+b—1)). Since all quantities are fixed and finite, the global
one-step transition is P(y) = Ao(y) +>_5_; ©(g;(y)) 4;(y): a threshold-affine normal form.

Notice that the nonlinearity of the construction comes entirely from the threshold tests
on integer control registers; the arithmetic updates themselves are affine.

6 From uniform threshold-affine normal form to polynomial ODE

We now prove (4) = (5) of Theorem 20.

The strategy. Let P(y) = Ao(y) + 25—, ©(g;(y)) A;(y) be a uniform threshold-affine
normal form with reference orbit yo(z), ..., yr@) (x) € Z™ N [-B(x), B(z)]™, integer gate
arguments (property (iv) of Section 4.1), and output projection 7.

Our goal is a polynomial vector field Fp whose flow samples, at a fixed period kg > 0, a
sequence of states z,, that tracks y,(z) to within a constant fraction of the unit spacing of Z™.
This is exactly the sort of tracking that Section 4.2 calls integer-faithful shadowing, applied
at a resolution that allows decoding by rounding to the nearest integer. Concretely, we will
build Fp so that the sampled map z, — 2,41 agrees with P up to a contraction-plus-noise
error of the form [|z,41 — P(2n)lloo < Al|2n — yn(2)|loc + 1, with A < 1 and n/(1-X) < 1.
Since P is integer-faithful to itself, the discrete Grénwall shadowing lemma (Lemma 19) then
keeps the sampled orbit within the i-decoding basin of the reference orbit throughout time.

The substance of the section is that two standard polynomial-ODE gadgets suffice to
produce such a sampled map: a smooth clock, which organizes the cycle, and a polynomial

comparator, which realizes © up to the n-noise tolerated by the shadowing lemma.

» Remark 21. The resulting construction can be read as a particular improved instance of
the Branicky [17] alternating-targeting trick used, for example, in [23, 11]. We provide an
original view on it. Rather than analyzing the continuous flow step by step, we treat it
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as a candidate integer-faithful approximation of P in the sense of Section 4.2 and let the
discrete Gronwall lemma handle the propagation of error. The one computation that remains
specific to the continuous construction is the per-cycle estimate (2); everything else is a
direct application of the shadowing framework.

The smooth clock. Let (c1, c2) satisfy the rational-coefficient ODE ¢} = —ca, ¢§ = ¢; with
initial condition (¢1(0),c2(0)) = (1, 0); its solution (cy(t), ca(t)) = (cost,sint) is periodic of
period kg := 2m. A polynomial driver h(t), computed as a fixed polynomial expression in
(c1,¢2), can be arranged to be non-negative, to satisfy h(¢) > 1 on each compute half-period
[nko, nko + ko/2], and to vanish on each hold half-period [nkg + ko/2, (n+1)ko], for every
integer n > 0 (see [11, §3] for a standard realization). Everything below is phrased as an
ODE whose right-hand side multiplies h(t): active during compute phases, frozen during
hold phases.

The polynomial comparator. For every § € (0,%) and every contraction rate A > 0,

there is a polynomial vector field on an extra coordinate r such that for every input
u € R with u ¢ (1, 2) and every compute half-period [to, o + ko/2], the driven equation
= h(t) - A (Ouo(u) — 1) satisfies |r(to + ko/2) — Oco(u)| < e 250/ |1 (tg) — O (u)|, which
is below 0 once A is chosen large enough. Here O (u) € {0, 1} is the target value determined
by whether u < % or u > %; it is computed by a polynomial in u approximating © on
the two separated regions (details in [11, §3]). In our application u will be one of the gate
arguments g;(m(Z)), tracked continuously by an affine expression in the state. Property (iv)
of Section 4.1 guarantees that every comparator call on the reference orbit satisfies the

margin hypothesis ¢;(yn(z)) ¢ (i, %), hence falls in a determined regime.

Composing the step. Given a cycle-start state z, € R™ close to y,(x), we want a cycle-end
state z,41 close to P(y,(x)). Per clock period kg we allocate s comparator coordinates
r1,...,7s driven by the comparator ODE on u; = ¢;(7(Z)) (so r; — O(g;(yn(x))) expo-
nentially during the compute phase); m target-tracking coordinates wy, ..., w,, driven by
the sample-and-hold equation wy, = h(t) - A - ((Ao(7(Z)) + 32,75 Aj(n(Z)))x — wg); and a
projection 7 that reads w(t) at the end of each hold phase. Assembling these ODEs with the
clock gives a polynomial vector field Fp with rational coefficients on RM, M := 2 + s + m,
with initial condition (1,0,0,...,0,,0,...,0). An explicit one-period calculation yields,
with § := e 2%0/2 \:= § - max; || 4|0, and 1 := 6 (1 + s - max; || 4] «), the estimate

[2n+1 = P(yn(@)) oo < AMl2n — yn(@)loc + 1, 2y 1= w(nko). (2)
Choosing A large enough makes A < 1 and n/(1-)\) < 1.

» Theorem 22. FEvery uniform threshold-affine normal form admits a robust polynomial
ODE representation.

Proof sketch. Set e, = ||[m(Z(nkg)) — Yn(®)]|co. By (2), 0 = 0 and e,y1 < Ae, + 75
Lemma 19 with L := \, £ := 7, r :=  gives e, < 1 for every n < T'(z), so the sampled state
is integer-faithful to the reference orbit. Setting 7(z) := [koT(z)] and B(x) := Rp(B(x)+1)
(a polynomial Gronwall majorant for Fp on one cycle), the interval [7(z), 7(z)+1] lies inside
the final hold half-period, on which w is frozen within i of yr(z) (). Projecting by 7 yields
|71(Z(t)) — f(z)|| < 7 throughout [r(z),7(x)+1], which is Definition 12. <
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7 From uniform threshold-affine normal form to recurrent
p-computation

We now prove (4) = (3) of Theorem 20. Let P(y) = A(](y)+2j:1 ©(q;(y)) A;(y) be a uniform
threshold-affine normal form on R™, with A; and ¢; of integer coefficients (as produced by
Theorem 15), reference orbit yo(x), ..., yr@) () € Z™ N [-B(x), B(x)]™ (properties (i)-(ii)
of Section 4.1), and output coordinates w;. We use a strategy with similarities with previous
section, except that basins are not anymore corresponding to integers, but to encoded
integers.

Encoding and basins. Encode integers by v(n) = 21"l with the sign carried on an auxiliary
coordinate (suppressed in the notation below; the construction is symmetric). For y € Z™
write |y], == (W(y1), ..., ¥(ym)) € [0,1]™, and define the e-basin around |y, as the product
of relative intervals B.(y) := [[1—;[(1—¢)v(yx), (14+€)v(yx)] C [0,1]™. The relative tolerance
is the natural one for dyadic codes, and € < % ensures distinct states have disjoint basins.

The coded one-step update. The three ingredients of P transport to the coded domain
as follows. Integer-coefficient affine maps transport to feedforward p-blocks with dyadic-
rational coefficients (an integer multiplier ¢ acts on v(n) by v(n) — 27¢v(n)). The threshold
©(g;(y)) € {0,1} is replaced by Z(g;(#)), where Z is the admissible detector of Definition 10
and ¢; is the coded form of g;; property (iv) of Section 4.1 guarantees that v(g;(y,)) €
[0, 3] U[£, 1] throughout the reference orbit, the region where Z is unambiguous. Writing A;
for the coded form of A;, the global coded one-step update is

R(z) = Ao(2) + > Z(4(2)) - 4;(2), (3)
j=1

which is a feedforward p-block as required by Definition 9.

» Lemma 23 (One robust smooth coded step). There ezists g € (0, %), depending only on
the normal form and on the detector margin n, such that for every € < ey and every y € Z™
with all gate arguments q;(y) integer, R(B:(y)) C B(P(y)).

Proof sketch. For z € B.(y), each coded affine map A;(2) lies in a basin of radius O(e)
around | A;(y)]., and each coded gate argument ¢;(z) differs from v(g;(y)) by a relative error
O(e). By property (iv), v(g;(y)) lies in an unambiguous region of Z, so Z(g;(z)) differs from
©(g;(y)) by at most 1. Assembling these bounds, the coordinatewise error of R(z) against
[P(y)], is O(g) + O(n), with constants depending only on the normal form. Since the target
basin has radius proportional to ¢, fitting requires € and 7 to be matched: it suffices to take
¢ above a fixed multiple of 1 (to absorb the constant n-contribution) and below a fixed upper
bound (to absorb the e-contribution). Both conditions are compatible because 1 < %. |

» Theorem 24. FEvery uniform threshold-affine normal form yields a recurrent p-computation.

Proof sketch. The reference orbit stays in the cube [—B(z), B(x)]™ (property (ii)) and has
integer gate arguments throughout (property (iv)), so Lemma 23 applies at every step with a
fixed basin radius e. Choosing ¢ := 27%°(*) with so(x) primitive recursive in B(x) makes the
induction z, € B.(yn(z)) go through from the raw encoded input. At n = T(z) the output
coordinates approximate v(f;(x)) within relative error 27%0(*)  which is Definition 11 with
T,:=1T and S, := sq. <
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8 Conclusion

We have characterized the primitive recursive functions as the class of functions computable
by bounded iteration of a feedforward ReLU network, by bounded-range recurrent p-networks
under v-encoding, by robust polynomial ODEs, and by step-size controlled iteration of a
polynomial map. The equivalences are mediated by a threshold-affine normal form that
isolates the minimal branching structure behind a primitive recursive computation. The five
formalisms realize the same class through genuinely different mechanisms, and the paper
also clarifies a real asymmetry between them: exact recursive unfolding is natural in discrete
time, while uniform rounding and autonomous phase organization are natural in continuous
time.

The primitive recursive functions sit at the top of a rich hierarchy of classes ob-
tained by restricting the recursion scheme: the Grzegorczyk hierarchy [26, 25], FP [21, 5],
FPSPACE [28, 39], and more generally the subrecursive hierarchies surveyed in [20]. Each of
our five characterizations offers a lens through which these subclasses may be redescribed,
by restricting the corresponding dynamical resource (iteration count, domain diameter,
precision, observation time, or degree of the polynomial map). Carrying out this programme
systematically is a concrete direction for future work.

Of particular interest in this respect is the step-size-controlled polynomial model. Although
polynomial, it is genuinely distinct from the discrete-ODE frameworks of [9, 10, 1, 2, 3],
which take the sign function and discrete derivatives as primitive operations: our model
is strictly polynomial, with the step size, not necessarily unitary here, playing the role of
an externally supplied precision parameter. This opens a parallel route to polynomial-only
characterizations of the standard complexity classes.
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