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—— Abstract
The complexity of matrix multiplication is a central topic in computer science. While the focus has
traditionally been on exact algorithms, a long line of literature also considers randomized algorithms,
which return an approximate solution in faster time. In this work, we adopt a unifying perspective
that frames these randomized algorithms in terms of mean estimation. Using it, we first give
refined analyses of classical algorithms based on random walks by Cohen-Lewis (‘99), and based on
sketching by Sarldés (‘06) and Drineas-Kannan-Mahoney (‘06). We then propose an improvement on
Cohen-Lewis that yields a single classical algorithm that is faster than all the other approaches, if
we assume no use of (exact) fast matrix multiplication as a subroutine. Second, we demonstrate
a quantum speedup on top of these algorithms by using the recent quantum multivariate mean
estimation algorithm by Cornelissen-Hamoudi-Jerbi (‘22).
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1 Introduction

Over the last 6 decades, the complexity of multiplying two n-by-n matrices has gone down
from the naive O(n?®) upper bound to O(n®) with w < 2.372 the matrix multiplication
coefficient — see [2] for the latest improvement. Whether this coefficient can be brought down
to its trivial optimum w = 2 is a major open question in computer science. In the meantime,
however, the complexity can be reduced by considering algorithms for approzimate matrix
multiplication.

» Definition 1 (Approximate matrix multiplication). Given a description of matrices A and
B via their matriz elements, return a matrix C which satisfies |C — AB||. < € for some
chosen norm || - ||« and target precision .

In our work we specifically consider |||/« = |||/ max (the “max-norm problem”) and ||-||. = ||-||»
(the “Frobenius norm problem?”).

Approximate matrix multiplication is a setting that allows to exploit randomized al-
gorithms, and this seems in contrast to exact matrix multiplication where the best known
algorithms are deterministic. In particular, there are well-known Monte Carlo algorithms
for approximate matrix multiplication that build on random walks (or “path integral Monte
Carlo”) [7] and sketching [20, 12]. These algorithms can ultimately be viewed from the
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perspective of multivariate mean estimation, i.e., they cleverly define a random variable X,
taking values in R? with d = n?, whose mean p contains the entries of the matrix product
AB. Using e.g. the vector Bernstein inequality, one can argue that with high probability, the
empirical mean fi of L samples of X, with covariance matrix ¥ := E[(X —E[X])(X —E[X])?],
satisfies

I~ plle = O (v/max =L/ L)
e — pll2 = O (VI[SI/L)

multivariate mean estimation:

The fact that these randomized algorithms can be phrased as a mean estimation task
means that they are amenable to a quantum speedup, since we can make use of quantum
multivariate mean estimation from [10]: given quantum access to O(L) samples of X, we
can return an estimator £ that with high probability satisfies

it~ ploe = 0 (VIEI/L)
o — pll2 = O (VATH[S]/L)

For the ¢5-norm, for instance, this yields a speedup over classical mean estimation when the
number of quantum samples L > d = n?.

In this work, we study classical and quantum algorithms for approximate matrix multi-
plication utilizing mean estimation. We make the following contributions:

quantum multivariate mean estimation:

We refine the seminal algorithm of Cohen & Lewis [7]. While the original algorithm
is incomparable to the main other approach based on matrix sketching [20, 12], our
refinement yields a classical algorithm with better time complexity than prior classical
art (if no fast matrix multiplication is allowed).

We give a unified analysis of sketching algorithms for matrix multiplication [20, 12] based
on mean estimation. Using this, we construct quantum analogues of all above algorithms.
We find a quantum speedup in certain parameter regimes, and there is an unconditional
speedup over prior quantum art.

We extend our sketching-based analysis to give classical and quantum matrix multiplication
algorithms for more than two matrices.

We display a simplified account of our results in Table 1 (more intricate statements
of time complexities can be found in the Appendix). We express the runtimes using the
element-wise matrix norm: for M € R™*™ and p, q € [1, 00|, we write

1
I\ 9
P

IM]lpq = (Z HMW)
k=1

Specifically, ||*[lmax = ||*[|co,0c0 and ||-||F = ||*||l2,2 are the max-norm and Frobenius norm,
respectively. In order to facilitate navigation of the table, we also present the partial ordering
of all norms that appear in Figure 1.

To the authors’ knowledge the best previous quantum algorithm is that of Shao [21],
which operates via a quantum subroutine to perform inner product estimation on each of the
n? inner products that determine a matrix product.! The data model Shao requires is efficient

access to the unitaries which encode the rows and columns of A and B in the amplitudes

1 See also the algorithm in [6] which can also be adapted to give an algorithm of similar complexity,
though it is specialized to outputting a quantum state.
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Table 1 Time complexities of approximate matrix multiplication (without use of fast
matrix multiplication). For simplicity of presentation, we assume square matrices A, B € R"*",
and a matrix multiplication exponent of w = 3. We use an overline over any matrix to denote the
matrix of element-wise absolute values. We present their partial ordering of the element-wise norms
in Figure 1. If within a block (i.e., “Classical” or “Quantum”) and a particular column there is an
algorithm which is unconditionally faster than the others, we have shaded its complexity. Each of
the algorithms utilizes O(n?) preprocessing time which we omit from the table for simplicity. We
discuss the different (classical and quantum) data models in Appendix A.2 as well as more detailed
accounts of the complexities. The cell left open would have a complexity that exceeds O(n?), and
hence is not very useful.

Runtime (O(+)) Multiple
Data model tricos?
matrices?
H ' Hmax H : HF
. AB|? AB|?
Cohen-Lewis [7] % % RAM v
TG , A2 BT |2 A2 B2 . .
£ Sarlés [20] | n? Il HQ,OCLL 113,00 n2 I Hz,zg 12,2 circuit v
n
= Drineas-K -Makh AT|2 LB . A|2,|B3 .
= rineas-Kannan-Ma. 0362}] n2 Il ||m,€1;|| 1%, 2 n2 I Hzég 13,2 circuit
This work | || AB|w. .|| AB|1.1 IAB|?, RAM v
(random walk) e e
T T
= Shao [21] HAHM\lB ll2.1 n”A““IlB ll2.1 QROM
3
‘% This work n2Alz2] Bl .2 quantum v
5) (quantum tug-of-war sketch) € circuit
This work I1AB|1.1 n I|AB|1.1 QRAM v
(quantum random walk) g €
s [ X112 ~_ 1| X[[2,00
1 =X e — . X e m T
—= 1,1 ’ X = X ’ AB — ||A B
vl Xl 1XT |51 — Vil Xll22 = Vol X 22 X[z [ABl1,1 — [[All2,11B" [l2,1

Ny

[ X|loo,2

Figure 1 Partial ordering of matrix norms appearing in Table 1. Here, X, A, B € R™*™, and A
represents the matrix containing all element-wise absolute values of A. “—” denotes “<”. If there is
no arrow in between two quantities then they are incomparable.

of quantum states — this is achievable in O(n?) preprocessing time and polylog(n) time per
query with a QROM [19] (we define and discuss quantum memory models in Appendix A.2).
We note that Shao also presents other algorithms which depend on the condition number
of the matrix which we do not display in our table. Whilst these approaches could be
advantageous in certain settings, we focus on comparing algorithms for generic matrices
which are efficient without additional assumptions.

We remark that our algorithms with the most refined time complexities inherit a particular
property of the algorithm of Cohen & Lewis [7] — that the complexity depends on the norm
of a matrix product, rather than a product of matrix norms. This can be especially
advantageous for non-negative matrices or matrices with (approximate) sparsity patterns,
and this advantage can be amplified in generalizations to multiple matrix products. As an
example, when A and B are stochastic matrices, all Frobenius norm algorithms are slower
than their counterparts based on [7] by a factor up to 2(n).
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2 Random walk algorithms

While the Cohen-Lewis algorithm [7] works for arbitrary matrices, its idea is best illustrated
for the multiplication of stochastic matrices Ay,..., Ay, i.e., every matrix A; € R®*" is
entry-wise non-negative, and all row-sums equal 1. The matrix product Ay,..., Ay can
then be interpreted as the probability transition matrix of a random walk on a directed
graph, displayed in Figure 2. Simulting this random walk samples from the distribution
d" A, --- Ay, for an arbitrary initial distribution d € R”™. The original idea from Cohen &
Lewis is to reconstruct the matrix product A; --- Ag by learning it row-by-row, i.e., learning
all the probability distributions by starting from d = e;, with j running from 1 to n.

Figure 2 A pictorial representation of the matrix product A; --- Ax of stochastic matrices as
a random walk on a directed graph. The random walk samples a vertex on the left side of the
graph with probability distribution d, and then transitions through the graph, with the probability
transition matrix of every layer equal to A;. After k steps, the probability distribution on the final
layer of vertices is dTA, - Ay,

We subtly modify this approach, by analyzing what happens when we start with an
arbitrary initial distribution d. We denote the resulting sampled path of vertices (jo, - . -, jk),
and define the corresponding random variable X (jo,...,jx) = ejoeka. We then prove
in Lemma 7 that this can be used as an estimator for the matrix product, as E[X] =
diag(d) - Ay - -+ Ay, where we denote diag(d) as the diagonal matrix who shares diagonal
entries with d.

Next, we adapt the above approach to work for matrices with negative entries as well, i.e.,
we explain how to compute A; --- Ay, where Aq,..., A}, are all stochastic matrices. The
idea here, already observed by Cohen & Lewis, is to label all the edges of the directed graph
with the signs of the matrix entries. For a sampled path (jo,...,jx), we then multiply all
the signs together to obtain s(jo,...,jx) € {£1}, and we modify the random variable to be
X (jos---»7k) = s(dos - -+ Jr)€jo e};. Crucially, this does not impact the upper bound on the
trace of the covariance matrix, since we can still show that Tr[X] < 1.

Finally, we adapt the construction to any matrix product, by observing that for any
sequence of matrices A1, ..., Ak, we can construct a stochastic matriz product decomposition.
That is, we can find a vector d and a sequence of matrices A7,. .., A}, such that 171/1, cee 171;
are all stochastic, and such that A; --- A;, = diag(d)A] - -- A}, (see Theorem 5). Moreover,
we prove that we can perform this stochastic matrix product decomposition as a preprocessing
routine in time linear in the size of the input. We can now interpret the vector d as the
probability distribution d/||d||1, and absorb the resulting factor ||d||; in the random variable,
i.e., X(jo,---»Jx) = lldll1 - 5(jo, - - -, jr) - €jo€], . To actually implement these algorithms, we
require efficiently addressable read/write-memory in both the classical and quantum settings.
Putting all these ideas together gives the following result.
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» Theorem 2 (Simplified version of Theorems 8 & 9). Consider a matrixz product of k matrices
A .- Ag and the problem in Definition 1. We use an overline over any matrix to denote
the matriz of element-wise absolute values. We give classical algorithms in the RAM model,
with run-times

O (k-[|As - Aklloc.oc - 1A+~ Apll,n /), and O (k-[|Ar---Ak|)F, /%),

that solve the max-norm and the Frobenius-norm problems, respectively, with high probability.
Similarly, we give quantum algorithms in the QRAM-model, with run-times

O (k- || Ay Aglli1/e) s and O (k-v/nm|| Ay - Ax|/e),

that solve the max-norm and the Frobenius-norm problems, respectively, with high probability.

Here, Ay has n rows, and Ay has m columns. Both algorithms require classical preprocessing
time linear in the size of the input up to polylogarithmic factors.

The quantum complexity for Frobenius norm approximation stated above simply follows
by considering standard norm conversion between the max-norm and the Frobenius norm,
and rescaling the error parameter. We remark that aside from being unconditionally faster
than other algorithms in certain norm regimes (and the absence of fast matrix multiplication),
the algorithms based on random walks are particularly well-suited to stochastic matrices.
In particular, their complexities grow linearly in the number of matrices, rather than
geometrically as is the case for all other approaches.

3 Sketching algorithms

The key idea of sketching algorithms as used for matrix multiplication is to sample vectors
s € R" and to compute pairs of vectors As and s’ B, which together form “sketches” of
A and B, respectively. With judicious choice of s, we can ensure first that the outer
product Ass” B forms an unbiased estimator of AB, and second that the second-order
moments of this estimator are controlled. Sarlés [20] and Drineas et al. [12] propose different
constructions for s, and we build on these for our generalization to multiple matrices, as well
as for our quantum algorithms. We will refer to their approaches as the tug-of-war sketch
and column-sample sketch, respectively.

The tug-of-war sketch [3] (also known as the AMS sketch) populates entries of s with
a 4-wise independent hash function h : [n] — {—1,1} the resulting sketched rows of A and
sketched columns of B are “pulled” in either the positive or negative directions with equal
probability, hence the name “tug-of-war sketch”. The column-sample sketch samples a column
of A (and correspondingly, a row of B) according to a some probability distribution of choice.
Thus, s takes the form of a 1-sparse vector weighted by the chosen probability distribu-
tion. Utilizing these sketches we give our results on sketching-based matrix multiplication
algorithms.

» Theorem 3 (Simplified version of Theorems 17 and 18). Consider a matriz product of k square
matrices Ay -+ A € R™™"™ and the problem in Definition 1. With classical preprocessing
time linear in the size of the input up to polylogarithmic factors, we give a classical algorithm
for the Frobenius norm problem with run-time

~ —2
O (n?- (3" 141132 |1 AkI32/) ),

and a quantum algorithm for the max-norm problem with run-time
O (n*- 3" Az~ [ Akll2z2/e)

both to arbitrary success probability probability, where w is the matriz multiplication exponent.
Both algorithms do not require efficiently-addressable memory, and Tun in the circuit model.
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The complexity of our classical algorithm we state above reduces to that of [20] and [12]
in the case of multiplication of two matrices. To the authors’ knowledge this property is not
shared by previous analyses of sketching algorithms for multiple matrices — they either only
naturally extend to 3 matrices [12, Appendix Al] or incur large (super-quadratic) runtime in
the inverse precision e =% [20, Appendix B2].

The classical algorithm can be sped up by use of fast matrix multiplication, as can all
the sketching-based classical algorithms we consider in this manuscript. Interestingly, for
any matrix multiplication exponent w < 2.5, this yields an algorithm with time complexity
scaling sublinearly with e !, which has better dependence on the precision even over quantum
algorithms. The origin of the advantage using fast matrix multiplication can be viewed as
follows. Conventionally, we might wish to estimate E[Ass” B] = AB by taking a sample
mean of ¢ independently drawn samples {s;};. Naturally, the time complexity is linear in c.
However, due to the structure of the outer product, such a sample mean is also exactly
equal to ASTSB where the rows of the matrix S € R°*" are given by {s;//c};. The
matrix ASTSB can now be evaluated with fast matrix multiplication with time complexity

proportional to ¢“~2

. This provides a way to return the sample mean sublinearly (after
preprocessing time proportional to nc to construct S).

Our quantum algorithm as quoted above is based on the tug-of-war sketch utilized by
Sarlés. We can also give a quantum algorithm with similar complexity based on the column-
sample sketch of Drineas et al., however, unlike the algorithms based on the tug-of-war sketch
both classical and quantum approaches can only accommodate multiplication of two matrices.
We note that the quantum algorithm we state has unconditionally worse time complexity
than the one we give in Theorem 2. However, we record it as it uses a weaker assumption on
the type of data structure required, which we discuss in Appendix A.2 (and it can handle

multiple matrices which the algorithm of [21] cannot).

4 Discussion

Our quantum algorithms for max-norm approximation depend on the trace of the covariance
matrix, which is the same quantity that characterizes approximation in Frobenius norm. We
note that in classical mean estimation, there is a different quantity that controls max-norm
approximations: the maximum entry-wise variance — as clear examples, note the disparity
in the complexity comparison of Table 1. It is an interesting open question if the quantum
multivariate mean estimation of [10] in max-norm can be refined to depend on the same
second-moment quantity that we see for classical mean estimation.

In the presentation of Table 1 we have made the simplifying assumption that the matrix
multiplication exponent is w = 3. In reality, one can choose w < 3 by exploiting fast matrix
multiplication, in which case there are interesting asymptotic conclusions about the runtime
of sketching algorithms — they can outperform the quantum approaches we present in certain
regimes. We remark that the most costly step of our quantum algorithms essentially is matrix-
vector multiplication in coherent arithmetic (rather than rectangular matrix multiplication
in classical sketching algorithms), and we leave it as an open question whether or not fast
matrix multiplication can be exploited in our quantum algorithms. Meanwhile, in comparing
our classical algorithm to those which can be sped up with fast matrix multiplication, we do
stress that we may be more interested in practical considerations for immediate application.
From this perspective, we recall that the Strassen algorithm [23] with w =~ 2.8 is commonly
implemented. However, refinements based around the work of Coppersmith and Winograd
beyond w < 2.38 [8] are considered “galactic”, and not practically implementable [13].
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Finally, our work considers generic unstructured matrices. However, other classical

approaches to approximate matrix multiplication are particularly useful in exploiting sparse

matrices [18]. We leave open the question of whether we can exploit sparsity in the quantum

setting as well.
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A  Technical background

A.1 Notation

We denote matrices and vectors in bold type A € CV*N and a € CV. We denote their
entries as [A];; and a; respectively for all 4,5 € [N]. Denote [A]x. € CY*V as the k*?
row matrix of A for all k € [N], and denote [A].; € CV*! as the k' column matrix of
A for all j € [N]. For any matrix, we write A as the matrix with element-wise absolute
values [A];; = |[A]i;|. We denote I as the identity matrix and we denote 1,, as the all-ones
vector of dimension m. The notation 6() hides polylogarithmic factors, that is we denote
O(g(n)) = O(g(n) log" (9(n))) for some constant k. For vectors a € R™, we denote the usual

p-norm as [lall, = (32, af)'/7.

A.2 Quantum computational model and memory

In both our classical and quantum algorithms, we assume access to different levels of memory
architecture (see “Data model” in Table 1). Specifically, some algorithms call an architecture
that allows for efficient reading and writing operations — given a register containing a memory
address, we assume to be able to swap the bit at that location in memory with one from
another register. In the quantum setting, this means that we assume to have access to
a quantum random-access gate (QRAM gate), that for all data = € {0,1}4, j € [d] and
be {0,1} acts as

QRAM ‘56'1,...7.Td> |_j> |b> — |,’L‘1,...,l’j,l,b,xj+1,...,$d> |j> |l‘j> .

We remark that this is a stronger assumption than having access to a quantum read-only
memory (QROM),? where one assumes to have access to a gate

QROM : [z1,...,xq) [7) |b) = |z1,...,2q) |j) DB x;) .

2 We also remark here that the many different nomenclatures for read-only and read-write operations
on quantum memory. Instead of the acronyms QROM/QRAM [9], one can find QRAM/QRAG [1],
QCRAM/full-QRAM [4], QACM/QAQM [17], QRACM/QRAQM [15] and more. We prefer the
nomenclature QROM/QRAM, to mimic the nomenclature ROM/RAM for the corresponding classical
counterparts.
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Having access to efficiently-addressable write operations is standard in the classical
literature, but its quantum counterpart has been somewhat contentious, particularly as
implementing an O(d)-sized QRAM/QROM fault-tolerantly may require O(d) (classical)
effort [14, 11]. We stress here that we only require our quantum algorithm to be able to
perform the same operations as its corresponding classical counterpart, i.e., if our original
classical algorithms do not actually use efficiently-addressable writing operations, then neither
do our corresponding quantum algorithms. In this work we focus on theoretical comparison
between the classical and quantum computational models.

In other settings, we do not need to assume any efficient read or write operations. Instead,
we operate in a circuit model. Here, our classical (or quantum) algorithm can be written
wholly in terms of a fixed classical (or quantum) circuit acting on input data [22]. When
we consider this setting, it is sufficient to consider the input data in the form of a binary
encoding |z1) ® - -+ ® |z4).

So far in the above exposition we have used a simplifying picture of binary data. In
both the classical and quantum models, we make the assumption that we can represent real
numbers exactly in memory, and that we can retrieve them and perform basic arithmetic
operations (that is, addition, multiplication, subtraction and division) on them in constant
time. This is a standard assumption in the classical literature and we make the same
assumption quantumly.

A.3 Quantum subroutines

We will make use of a multivariate quantum mean estimation routine from [10] (and later
refined in [24]), which we restate here for convenience.

» Theorem 4 (Quantum mean estimation [10, Theorem 3.4]). Let d € N, § € (0,1), (Q,P)
be a probability space, and X : Q — R? a random variable. Suppose we have access to the
following two operations:

Up :|0) — Z VP (w) |w), and Ox : |Y)|w)[0) — |Y) |w) YT X (w)),
weN
where w € Q and Y € R, Let p and X be the expectation and covariance matriz of X,
and let N > log(d/d). Then, we can produce a vector p € R?, such that ||ft — pl|o <
VT[] log(d/8) /N, with probability at least (1 — 8), with O(N) queries to Up, Ox and an
inner product routine between the random variable X (w) and an arbitrary vector Y € RY,
and O(d) additional elementary gates.

The time complexity is not explicitly analyzed in [10], so we discuss this now here. The
three key steps of the algorithm consist of (1) preparation of a uniform superposition of a
grid of points Y € G C (—1/2,1/2)%; (2) computing the inner product of Y with a data
vector; (3) applying the inverse quantum Fourier transform.

Step (1) costs 6(d) without any need of quantum memory assumptions, due to efficient
state preparation algorithms for uniform superpositions. The inverse quantum Fourier
transform is also efficient. We can thus focus on step (2) as the non-generic cost. Explicitly,
we require an operation that computes the inner product, i.e., for all Y € R, we take the
operation O’ : |Y) |w)[0) = |Y) |w) |[¥T X (w)). Since we assume to be able to do arithmetic
operations in unit time, this leads to an additional O(d) overhead per sample in the circuit

model, bringing the total time complexity to O(dN). A similar observation was made in [5)].

However, what we will use in this work is that if we can implement this inner product more
efficiently, say with time complexity 7, then the resulting total time complexity becomes
O(nN + d).
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B The Cohen-Lewis-inspired algorithm

In this section, we describe our first classical and quantum algorithms for implementing
approximate matrix multiplication. The idea of this algorithm is based on the seminal work
by Cohen and Lewis [7].

Suppose that we are given k matrices, A1, ..., Ay, such that A; € R™-+" forall j € [k].
Then, A; --- Ay is well-defined, and our goal is to output an approximation of this matrix
product. We write n = ng and m = ny, so that the resulting matrix product is of dimension
n X m. We assume that full descriptions of the matrices are available to us in memory.

B.1 Stochastic matrix product decomposition

We start by showing that we can assume all matrices have absolute row-sum 1, without
loss of generality. To that end, we show that we can classically perform a stochastic matrix
product decomposition as a preprocessing step, using time and memory that is similar to the
size of the matrices themselves. In this section we omit proofs to streamline discussion and
refer the reader to the full version of our paper for the full analyses. We start by formally
introducing the decomposition.

» Theorem 5 (Stochastic matrix product decomposition). Let k € N, n; € N for all ¢ € [k]o,
and let Ay € R™-1X" for all £ € [k]. We recursively define diagonal matrices Dy, ..., Dy,
such that
ng
D=1, and V€ [k],i€ ], [Dealii=Y [Adij-[Dilj; = [AeDelisl1-

Jj=1

Neat, for all ¢ € [k], we let A} = Dé__llAng. Then, Ay --- Ay, = DoA} - A}, all (A;) s
have all row-sums equal to 1, and for oll £ € [k] and i € [ng_1],

ne
[Deilii = ) A+ Ay = [Ar-- ALy, ).
j=1

Moreover, we can compute all D;’s and (A;) ’s classically in time linear in the input size.

Using this decomposition, we can also compute some element-wise norms of the matrix
product efficiently. Specifically, for p =1 and ¢ € [1, 00|, the element-wise matrix norm can
be computed in time linear in the input size — this follows from the characterization of (Dyg);
in Theorem 5.

» Lemma 6. Let k € N, n; € N for all ¢ € [klo, and let Ay € R™-1*" for all £ € [k]. Let
q € [1,00]. Let Dg be as in Theorem 5, and let dy be the vector containing the diagonal of
Dy. Then, ||Ay - Agll1q = ||dollq, and as such it can be computed in linear time in the
total size of the input.

We now state the crucial observation that motivates the stochastic matrix product
decomposition. It is a variant on path-integral Monte Carlo, and it mimics the approach
taken by Cohen and Lewis [7], but differs in one crucial aspect: Cohen and Lewis estimate
every row of the product matrix in a separate subroutine. Here, we sample over the rows as
well, leading to a random variable with expectation exactly equal to the matrix product we
are after. This is the core of the improvement we present in this work.
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» Lemma 7. Let k € N, nj € N for all £ € [klo, and let Ay € R™=*" for all £ € [k]. Let

Dy, A}, ..., A} be the stochastic matriz product decomposition from Theorem 5. Let dy be

the vector containing the diagonal entries of Do. Then, we define the probability distribution

p by sampling jo ~ q, for a probability distribution q, and then j, ~ (A})j, e, for all

¢ € [k]. Define the random variable X (jo,...,jk) = ‘;]4 : (Hif:l sign([Az]jefl}jz)) ej e,
Jo

where sign(zx) is 1 if £ > 0, and —1 otherwise. Then,

A - Ay = X], and Var [Xij]g(do)i.*...*

(Jo,eeesdk)~D (Joseeesdr)~D q;

Hence, if we take q = do/||dol|1, then we obtain

max  Var[X ] < ||A1 - Aplloo,oo - [ A1 Apllia,  and Te[S] < Ay Agll

i€[nol,jE[n]

where ¥ = Cov(X). If we instead take q; o< |(A1 -+ Ag)iell1 - [[(A1- - Ak)iellco, then

no

max  Var[X ;] < Z (A1 Ap)ielli - (A1 Ag)ielloo-
i=1

i€[no),j€[ni]
Finally, if we take q = d5/||dol|3, then we obtain

max  Var[X ;] < [ Ay Ayl

i€[nol,j€[ns] ’

From the above analysis, we observe that when we choose g x dy, we minimize the trace
of the covariance matrix, which means that this choice yields the best algorithm for the
Frobenius-norm problem. On the other hand, by choosing g x dg, we recover the complexity
from [7] for the max-norm problem. Both choices for g yield incomparable complexities for
the max-norm problem.

It is tempting to simply choose the optimal g for the max-norm problem, which is when
¢ < ||[(A1 - Ag)ielloo - (A1 -+ Ag)ielli. However, the problem is that it is not clear how
to compute this choice for g efficiently in linear time as a preprocessing step. Hence, we

are left with an algorithm with incomparable complexity to the max-norm algorithm given
by Cohen and Lewis’ approach, for instance if we take ¢ = dy/||dp||1 (see next section for
further discussion). If we additionally have good upper bounds on |[(A; -+ A);
for all ¢ € [n], then we could indeed further improve the algorithm.

| a priori,

B.2 Classical algorithm

The idea for the classical algorithm is to compute the expectation from Lemma 7 using
Monte Carlo sampling. It remains to figure out the number of samples required, and the
cost to perform sampling, which we analyze in the following theorem.

» Theorem 8 (Classical random walk algorithm). Let k € N, n; € N for all £ € [ko, and let
Ap e Rm-1%ne for gll £ € [k]. Let e >0 and § € (0,1), and let ng = n and ni, = m. Then,
with classical preprocessing time linear in the size of the input up to polylogarithmic factors,
we give a classical algorithm in the RAM model with run-time

_ A ... A A - A _ A A2
ol |A1 - Aglloo,0o - |1A1 -+ Akll11 log d and O [ - | Ay kllia log 1 7
g2 ) g2 1)

that computes an approzimation A of Ay -+ Ay with probability at least (1—0), satisfying
the precision bounds |A — Ay -+ Agllmax < € and ||A — Ay -+ Ag||r < g, respectively.
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Proof sketch. We take the average of N realizations of the random variable from Lemma 7.
Using the bound on the trace of the covariance matrix, and the vector Bernstein inequality
(see full version of paper for pedagogical introduction), we can obtain our stated bound on
N such that the Frobenius error is at most €. A similar analysis yields the corresponding
complexity for the max-norm case.

Finally, one can check that each sample can be generated in O(k) given preprocessing
time linear in the input size to generate the stochastic matrix product decomposition. <

The resulting complexity for the Frobenius norm unconditionally improves over the result
in [7]. Indeed, by comparing the expressions in Table 1, we can use Holder’s inequality
to conclude that Ay --- Ag||f | < nflA;--- Ag||],. The situation is a bit more complicated
for the max-norm problem, since the bound from [7] and our complexity are incomparable.
Indeed, if the resulting matrix product A is the n x n all-ones matrix, then the Cohen-Lewis
bound is || A7 , = n?, whereas our bound is |[Allsc,c0 - [ All1,1 = n?. On the other hand,
if the resulting matrix product A is diag(y/n,1,...,1), then the Cohen-Lewis bound is 2n,
whereas our bound is n%/2.

B.3 Quantum algorithm

In the quantum setting, we wish to speed-up the classical algorithm using the multivariate
quantum mean estimation routine [10]. We describe our result in the following theorem,
in the proof of which we compute the costs of implementing the input routines for this
procedure.

» Theorem 9 (Quantum random walk algorithm). Let k € N, n; € N for all ¢ € [k]o, and let
Ap e R-1Xne for gll £ € [k]. Let e >0 and § € (0,1), and let ng = n and ni, = m. Then,
with classical preprocessing in the RAM model with time linear in the size of the input up to
polylogarithmic factors, there exists a quantum algorithm in the QRAM model with run-time

~ Hlekalll,l nm
O(’“'g o (557) )

that computes an approvimation A satisfying ||A — A; - Agllmax < €, with probability at
least (1 — 9).

Proof. We can bound the number of g-samples required by combining Lemma 7 and The-
orem 4.

Observe that coherent sampling from p can be done by implementing the classical sampling
procedure reversibly, as described in [16], with the same time complexity 5(/€) Thus, total
cost per sample for implementing Up is O(k).

Finally we compute the cost of implementing the oracle computing the random variable.
To that end, observe that it must implement the following operation:

k
Ox : [jos-- -+ Jk) 10) = |jo, - k) |H sign([AZlj,_1.5.) - €jo€],) -
=1
This essentially boils down to k& look-ups of the signs of the entries in the input, and then
O(k) multiplications of signs. This can be implemented in O(k) time with the aid of QROM
access to preprocessed data. We complete the proof by observing that we can also implement
the inner product routine in the same way if we have access to QRAM, i.e., we can store the
matrix |Y) in QRAM and index into it efficiently to spend at most O(k) time to implement

k

O'x +[Y) ljos- - x) 10) = 1Y) Lo, -, i) | ] [ sien (AL, 50)Yio,in) - <
=1
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This approach gives us a quantum algorithm that estimates the matrix product in
max-norm, whereas the corresponding classical algorithm provides an approximation in
terms of Frobenius norm. We can convert between the two using norm conversion, since

-7 < Vrm||-lmax-

C Sketching-based algorithms

C.1 Generic analysis

In this section we provide a unifying picture for matrix multiplication algorithms via sketching,
which encapsulates the algorithms of [12] and [20], and also enables us to construct classical
algorithms for multiple matrices as well as quantum algorithms. For simplicity, in this part
of the exposition let us assume both A, B € R"*"  though the discussion also generalizes to
rectangular matrices. Our goal is to construct a matrix-valued random variable S € R®*"
(with ¢ < n) such that for all A, B we have

E[ASTSB] = AB,

which in particular implies that ]E[STS] = I. The matrices AST and SB may be thought of
as sketches of A and B respectively. Specifically, judicious choices of S can enable efficient
approximation of AB, as the complexity of evaluating AST SB is O(n?c¢*~2), compared to
O(n¥) for the exact matrix product (here w can either be w = 3, if we disallow fast matrix
multiplication, or else it is the matrix multiplication exponent w < 2.37). Supposing the
rows of S are chosen independently, and we denote them as the column vectors {5; };Zl,
then we can also write

E[Ass’B] = AB,

for a vector-valued random variable s := §,/c¢, and we may view the matrix multiplication
as a mean over outer products, each costing O(n?) times to evaluate. In this perspective,
we can view one instance of ASTSB as a sample mean of Ass” B over ¢ samples. For the
sake of analysis, we use this picture and find it useful. However, we stress that the quantum
and classical algorithm algorithmically adopt different approaches. The classical algorithms
use the first formulation, explicitly computing AST SB, and thus can exploit fast matrix
multiplication; whereas the quantum algorithms use the second formulation and explicitly
implement a mean estimation of outer products.

Now that the problem is framed in terms of mean estimation, we can determine the
convergence speed by investigating properties of the covariance matrix so that we may use the
vector Bernstein inequality and Theorem 4 to analyze the classical and quantum algorithm
respectively.

» Lemma 10 (Covariance matrix for sketching algorithms). Consider the matriz-valued random
variable Ass” B. The covariance matriz ¥ satisfies

max[X];; = max Var [[Ass” B];;| = max Z[A]ik[BMj [A]iq[B],j Cov [sise, 5¢5r] ,
! K ! klqr
TH[S] = E[|AB - ASTSBI}| = > " [Al[Blij[Alig By Cov [sese, 545, -
ij klqr
Lemma 10 shows that the convergence of both classical and quantum algorithms is

controlled simply by covariances of elements of s. In what follows we present two choices for
s, and their implications for both classical and quantum algorithms.
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C.2 Classical algorithms

Let us now consider a general rectangular matrix product AB for A € R"*9 B € R?7*™, In
classical algorithms we will sample one matrix S € R¢*? with rows constructed independently
from some distribution, and explicitly compute AST SB (recall that in order to analyze
convergence, we will view this as taking a sample mean over ¢ samples of Ass” B). This
costs O((mn + ng + mq)c*~?) runtime. We recall that the approximation error in Frobenius
norm and max-norm are controlled by Tr[¥] and max;[X];; respectively.

C.2.1 Tug-of-war sketch

In the tug-of-war sketch [3] (also known as AMS sketch), S is chosen to be the dense matrix
with entries [S];; = h;(j)/v/c with each h; : [n] = {—1,1} drawn uniformly at random.?. In
the mean estimation picture, our sketching vectors s thus satisfy s; = h(j).

» Lemma 11 (Tug-of-war sketch covariance matrix). For the tug-of-war sketch, the covariance
matriz X satisfies

Tv[2] = |AIFIB|IE + | ABI% =2 [[Alal31[Bleell3
k=1

max(Ss = Al | B” | oo + [ A0 — 2min > (AT [BIE,
k

Proof sketch. We can first verify that E[ss’] = I. The variance can then be checked to
be Var[s;s;] = (1 — d;;). Likewise, the covariance (for {i,j} # {k,¢}) can be evaluates to
zero. This means that overall, we have Cov [sisj, SkSg] = (0ix0j¢ + 0500)(1 — &;5). We can
substitute this into the expressions in Lemma 10 to give the stated results. |

With this, we can write down complexities for approximate matrix multiplication using
the tug-of-war sketch. This was detailed for Frobenius norm approximation in [20], and we
use the above to write the result for max-norm approximation also.

» Theorem 12 (Classical tug-of-war algorithm, 2 matrices). Let A € R"*?, B € R?*™. By
sampling a single tug-of-war matrix of appropriate dimension, we can return a C € R™"*™ in
the circuit model with success probability at least (1 — &), which satisfies

w—2
- 113,00 1B 13,00 1
|IC — AB||max < e in time O| (mn+ ng+ qm) g log 5 ,

A 2 B 2 w—2 1
|C— AB|lp <c in time 0<(mn+nq+qm) (W) log (5)) '

Proof sketch. We can directly use matrix Bernstein inequalities (see full version of paper
for pedagogical introduction), with expressions for covariance properties given by Lemma 11.
The max-norm algorithm follows by choice of ¢ = L = 2HAH§’OO||BTH%OO log(nm/d)/? for
the max-norm algorithm and ¢ = L = 2| A||%||B||%1og(1/8)/e* for the Frobenius norm
algorithm. Finally, as discussed at the top of this section, the time complexity of computing
AST 8B classically is O((mn + ng 4+ mq)c=2). <

3 In fact, drawing entries randomly from a 4-wise independent hash family suffices [20], though we will
not exploit this.
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C.2.2 Column-sample sketch

In the algorithm of Drineas, Kannan and Mahoney, for a matrix product of A € R™*¢
with B € R7*™, § € R°*? is chosen to be a row 1-sparse matrix with entries populated as
[Slie = €] /,/cp; with probability p;, where we denote e; as the unit column vector with
non-zero jth entry, and for some probability distribution {py}x [12]. This is their general
framework, and in the end {py} is judiciously chosen to minimize the convergence time
for their algorithm in Frobenius norm approximation — note, however, that the minimizing
distribution for the Frobenius norm does not optimize convergence in other norms, and
indeed we find this not to be the case. In the mean estimation picture, we can write sketching
vectors chosen as s = e;/,/p; € R? with probability p;.

» Lemma 13 (Column-sample sketch covariance). For the column-sample sketch as described
above we have Covl[s?, s3] = p%_(sij — 1 and Covl[s;s;, syue] =0 for and i # j or k # £. This
implies that

n

TH[z] = Z%H[A].,i

i=1 4"

2[Bi.e

- IABI}, max(Z); — max (Z AL(BE, - <AB>%> .
k
Similar to the tug-of-war sketch the above result is obtained by computing relevant
covariances and substituting them into the bound in Lemma 10. We refer the reader to the
full version of our paper for the full proof.
The probability distribution can now be optimized — note that the optimal probability
distribution for the Frobenius norm (as found in [12]) may differ from the optimal distribution

for the max-norm, and indeed we find this to be the case.

» Theorem 14 (Classical column-sampling algorithm, 2 matrices). Let A € R"*7, B € R7*"™.
By sampling a single column-sampling matriz of appropriate dimension, we can return a
matriz C € R™ ™ with success probability at least (1 — ), which satisfies

w—2
o AT, ol BI1%, 1
|IC — AB||max <& in time O nm = log 5 ,

2 2 w—2
IC — AB||lr <& in time O(nm (”A”FEQB”F) log <(15>> ’

where w is the matrix multiplication exponent.

Proof sketch. Drineas et al. show that the minimizing probability distribution for Tr[X] is the
one with pg o |[[A]e.xll2||[B]lk,el|l2- The Frobenius norm algorithm follows by inspecting the

matrix Bernstein inequalities and taking ¢ = L = (>, [|[Ala.;
For the max-norm algorithm we can write

m?X[E]z’i < Xk:ml?X[A]fk [B]ij/pk - H};H(AB)% .

Here, one can check that the minimizing probability distribution for the upper bound is the
one with probabilities py o< max;;[A];x[B]k;. The max-norm algorithm follows by choice of
c=L= ||A||§O)2HBT||2072/52 and inspecting the max-norm matrix Bernstein inequality.
Finally, we note that we can bring the complexity down with respect to dependencies on
the matrix dimension, by observing that the computational cost of evaluating AST SB is
O(nme®~2) due to the sparsity of S (first evaluate AST and SB, taking time O(nc) and
O(mc) respectively, and then evaluate their product using fast matrix multiplication), and
there is no dependence on the inner dimension. |

2
2ll[Bliell2)” < | AIZIBI/*.
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C.3 Quantum algorithm

Now we quantize the tug-of-war and column-sample matrix sketches. Here we coherently
construct Ass? B for given s € R from the tug-of-war sketch (see Appendix C.2.1) and use
quantum multivariate mean estimation to estimate E[AssT B]. As the algorithm is effectively
computing matrix-vector products, it is unclear how to exploit fast matrix multiplication in
this setting, unlike in the classical algorithms discussed in the previous section which can
bunch together samples. Both algorithms have the same complexity for square matrices, but
the quantum algorithm based on the column-sample sketch uses a QROM as the sketching
vectors are constructed from column and row norms of the matrices. When considering
rectangular matrices, ability to use QROM yields an advantage for the column-sample sketch
over the tug-of-war sketch for matrix products with large inner dimension (A “wide”, B
“tall”), as we can exploit the sparsity of the sketching vectors.

» Theorem 15 (Quantum tug-of-war algorithm, 2 matrices). Let A € R"*?, B € R7*™. We
have a quantum algorithm which works in the circuit model and returns a matriz C € R™*™
with success probability at least (1 — §), which satisfies

~ All2.||B 1
IC — AB|lmax < in time O((nm+mﬁnq) ('”22!'”2,2)1%(5))7

Proof. In order to perform quantum multivariate mean estimation (as outlined in Section A.3),
we use the following oracles. The action of the binary oracle may be written as Ox : |s) |0) —
|s) |AssT B), which can be obtained in O(nm 4 mq + qn) time, given QROM access to
A and B. Note that we will use the first register in superposition, but we do not need
fast coherent read or write for the entries of A and B — thus with a binary encoding
of both we can also achieve the same runtime in the circuit model, without QROM. For
the probability oracle, we relax the 4-wise independence assumption, and allow our event
space to include all signed bitstrings Q@ = {—1,+1}". Here, the probability oracle has

action Up : |0) Her, \/% Y 9s-1,cq |8") which is instantiated simply by the Hadamard
operation in constant time. Finally, we can write the action of the inner product oracle as
Oy x : |Y)[s)]0) = |Y)|s) |[Tr[Y" Ass” B]), for chosen instances Y € (—1,1)"*™ from
the mean estimation algorithm of Theorem 4. We remark that the Hilbert-Schmidt (trace)
inner product we denote above is entirely equivalent to the vector inner product, should Y

and Ass” B be unfurled into column vectors. This inner product can be instantiated as
o
Y)[s)|0)[0) =2 [Y) |s) |Ass™ B) |0)
ot
— |Y) |s) |AssT B) | Tr[YT Ass” B]) =25 |Y) |s) |0) | Tr[Y T AssT B]) ,

where the second step costs O(nm). The quantum multivariate mean estimation routine of
Theorem 4 can thus be instantiated with complexity 5((nm+nq+mq)N ), attaining max-norm
error \/ Tr[X]log(nm/d)/N with success probability at least (1 — J), where Tr[X] is given in
Lemma 11. The theorem statement is satisfied by picking N = v/2|| A||z||B||r log(nm/d)/e.

<

» Theorem 16 (Quantum column-sample algorithm, 2 matrices). Let A € R"*9, B € R¥*™,
We have a quantum algorithm in the QROM model which returns a matriz C € R™ ™ with
success probability at least (1 —§), which satisfies

~ A B
|C — AB||max < € in time O(nm (””22!'

s (3)
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The analysis follows in the a similar way as in the proof of Theorem 15 and we refer the
reader to the full version for the proof.

C.4 Multiple matrices

Now let’s look at the general case of the product of k matrices which we label as A; --- Ay,
with Ay € R+ for all £ € [k]. We approximate this by inserting s,s; in between
each matrix, that is we evaluate (Hif;llAgstgseT) Ay This product costs O(k max;-j n;n;) to
evaluate classically (or quantumly, using coherent arithmetic). As for 2 matrices, we will
estimate the mean of this quantity, and can repeat the analysis as before, with both quantum
and classical algorithms analyzed through the lens of mean estimation, if we can bound the
relevant covariances. We omit proofs here and leave them to the full version of our paper.

» Theorem 17 (Sketching algorithms for multiple matrices). Consider a matriz product of
k matrices Ay - -+ A, with Ay € R™=1%™ for all £ € [k]. With classical preprocessing time
linear in the size of the input up to polylogarithmic factors and success probability at least
(1 =196), we give a classical algorithm which gives

~ A3, ||Akl3 1
|C — AB|p <e intime O 3% maxnn;- [ A2z Axla. log | = ,
i#j g2 0

and a quantum algorithm which gives

|C — ABl||max <€ in time 9] (3”2 rg?jxnmy : [ Asz.2 € [ Aklz.2 log (;)) .

So far we have not exploited fast matrix multiplication. We can instead insert SgS ¢ in
between each matrix. That is, we approximate A; --- Ay by evaluating (H’Z;llAgSgS g) Ay
Note that unlike in the case of a product of 2 matrices, there is no longer a simple interpretation
of this as a sample mean over choices of s;s7. Thus, now we need to analyze Tr[X] for the
matrix-valued random variable (Hif;ll AZSEFS 4) Ay, explicitly.

» Theorem 18 (Sketching algorithm for multiple matrices exploiting fast matrix multiplication).

Consider a matriz product of k matrices Ay - -+ Ay, with Ay € R™-1*"¢ for all £ € [k]. With
classical preprocessing time linear in the size of the input up to polylogarithmic factors, we
give a classical algorithm which returns C satisfying

w—2
- A2, || AgI? 1
IC—AB|r <e intime O Sk(w_Q)-mjxnij' 1”2’2 2” k”m) log <6) )
1£] &

with success probability at least (1 — 9).
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