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—— Abstract
We consider lifting theorems that transfer lower bounds for two-party communication problems to
multiparty communication problems. In particular, following the deterministic Number-on-Forehead
(NOF) lifting framework of Yang and Zhang, we study randomized and quantum one-way NOF
lifting for composed problems F(z,x) = f(z, G(x)).

We work in a one-way NOF model in which only the last player’s view is restricted. The other
players have their usual NOF views and communicate as usual, but the last player sees only the
gadget output G(x), not the gadget input x. This kind of restricted-view has appeared in the
NOF literature under the name conservative model. Our main contribution is a pair of lifting
theorems for this model. In the randomized setting, we show that lifting follows when each preimage
G~ 1(v), the set of gadget inputs with output v, looks pseudorandom to large cylinder intersections.
In the quantum setting, we prove an analogous theorem. Equivalently, conservative protocols for
F(z,x) = f(z,G(x)) can be converted into two-party one-way protocols for f(z,v) with comparable
cost, and the error loss controlled by the corresponding pseudorandomness parameters. Thus, this
restriction isolates a setting in which both randomized and quantum one-way NOF lifting can be
proved by a direct simulation argument.

We prove the required pseudorandomness properties for the generalized inner product gadget over
finite fields, using the multiparty character-sum bounds of Yang and Zhang, and for random gadgets,
which give non-explicit lifting. As applications, Boolean Hidden Matching yields a randomized-
versus-quantum separation in the conservative NOF model, and lifting INDEX gives randomized
and quantum conservative NOF lower bounds for O(log n) players.
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1 Introduction

Lifting theorems are a central technique of converting lower bounds in simpler or more
structured models into explicit communication lower bounds. In two-party communication
this perspective is now robust, beginning with Raz—McKenzie [18] and continuing through
randomized lifting theorems such as Gods-Pitassi-Watson [11], PNF lifting [9], and variants
based on low-discrepancy gadgets, rectangle/junta structure, approximate degree, and
sunflower decompositions [19, 10, 5, 15]. For the more powerful number-on-forehead (NOF)
model, comparable lifting results are still largely missing. This gap is especially striking in
the one-way setting, where Yang and Zhang recently proved deterministic lifting theorems
using the generalized inner product gadget [21]. We study the next natural cases: randomized
and quantum one-way lifting.
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Conservative Lifting

This frontier matters because one-way NOF lower bounds sit close to major circuit lower-
bound questions. Classical connections show that sufficiently strong NOF lower bounds in the
superlogarithmic-player regime would imply consequences such as ACC lower bounds [12,17],
while strong one-way lower bounds for problems such as pointer jumping are tied to Boolean
size-depth tradeoffs [4, 20]. The NOF model has long served as a benchmark for lower-
bound techniques [1, 14], and one-way lower bounds have also influenced pseudorandomness,
cryptography, and streaming [7, 3, 13]. At the same time, direct lower-bound methods in
one-way NOF remain limited. Thus a strong explicit lifting theorem in this regime would not
bypass the explicit-hard-function barrier; it would meet that barrier head-on by producing
exactly the kind of explicit hard NOF problems that current methods struggle to prove
directly. This is what makes one-way NOF lifting both important and delicate.

Given an outer one-way problem f(z,v) and a gadget G : X1 X --- x Xj, — V, write
x = (x1,...,X)) and define

F(z,x) = f(2,G(x)).

Throughout the introduction, the underlying two-party one-way problem has Alice holding z
and Bob holding v. Alice sends a message to Bob and Bob calculates the f(z,v). In the lifted
NOF problem there are k nonterminal senders P, ..., P, and terminal Charlie: P; sees z and
x_; (all gadget inputs except x;), messages are sent in the order P, — --- — P, — Charlie,
and in the full model Charlie sees the residual NOF view (x1,...,Xy); communication cost
means the final transcript length in the randomized model and the total message length in
the quantum model.

The easy direction is immediate: any ordinary two-party one-way protocol for f gives
a one-way NOF protocol for F', by having the last sender compute Alice’s message from
z and send it to Charlie, and having Charlie use the gadget value v = G(x) to perform
Bob’s decision. A full lifting theorem would prove the converse: every efficient one-way NOF
protocol for F' could be converted into an efficient ordinary two-party one-way protocol for
f, where Alice has z and Bob has v. The obstacle is that in the full model Charlie retains
more information than the gadget value v = G(x). This overlap of information may allow
communication strategies that are not captured by a two-party simulation using only v.

A terminal-conservative model

We study a terminal-conservative version of one-way NOF. The players Py, ..., Py keep their
usual NOF visibility and still communicate in order, but the terminal player Charlie sees
only the gadget output

vi=G(X1,. .., Xg).

In particular, Charlie has no residual NOF view of the gadget inputs.

Thus the model is not intended as a replacement for the full one-way NOF model. It
is an intermediate benchmark that isolates the terminal obstruction, namely the difference
between Charlie seeing the entire NOF view x and seeing only the gadget value G(x). This
is a minimal terminal restriction: only Charlie’s NOF view is limited, while the prefix of
the protocol remains fully NOF. Conservative viewpoints have appeared before in one-way
multiparty lower bounds and their applications, for instance in work on pointer jumping,
pseudorandomness, and streaming algorithms [6, 4, 20, 7, 13]. Here the role of conservativity
is different. Once Charlie’s view is replaced by the single value v, the lifting problem becomes
a clean question about how much the information reaching Charlie changes when we condition
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on the fiber event G(X) = v. In the randomized setting this is a question about the transeript
distribution that reaches Charlie; in the quantum setting it is a question about the final
message state that reaches Charlie.

2 Main results

We prove that in the terminal-conservative model described above, the randomized and
quantum lifting theorems do hold. That is, every sufficiently efficient conservative protocol
for a lift F'(z,x) = f(2,G(x)) can be converted into an ordinary two-party one-way protocol
for f(z,v), with error loss controlled by the corresponding mixing property of the gadget. In
lower-bound form, our theorems have the shape

RZ7OUS(F) > RI,(f) and  Q7"(F) > Qs (f),

provided the gadget-induced extra error loss is at most §. All quantum results assume no

prior entanglement.

The main contribution of this paper is to identify a pseudorandomness condition that
makes one-way lifting go through once Charlie’s NOF view becomes conservative, and to prove
randomized and quantum lifting theorems from this condition. In the terminal-conservative
one-way NOF model, a fiber of G is G=1(v) for any v € V, we show informally:

1. If every fiber of G is pseudorandom against cylinder intersections, then randomized
protocols for F lift to ordinary one-way randomized protocols for f.

2. If every fiber of G is pseudorandom against generalized cylinder intersections, then
quantum protocols for F' lift to ordinary one-way quantum protocols for f, and the
two-party message length is the final message length of the NOF protocol.

Both hypotheses hold for the generalized inner product (GIP) gadget with suitable block

length, and they hold non-explicitly for random gadgets in a much larger player regime. We

will elaborate on these results.

We view our results as accomplishing a natural intermediate goal. They do not resolve
full one-way NOF lifting, but they isolate the terminal obstruction above and show that,
once this obstruction is removed, the remaining one-way NOF chain can still be handled.
With the explicit generalized inner product gadget, the resulting lower bounds apply in
the familiar logarithmic-player regime with k¥ = O(logn) nonterminal senders for standard
instantiations. With non-explicit random gadgets, the same lifting theorems give benchmark
lower bounds for superlogarithmically many senders.

2.1 Randomized lifting
The generalized inner product is defined as:
r k
GIPg’fT), (X1,...,Xg) = Z HXM (mod q).
t=1i=1
Our randomized lifting theorem reads

» Theorem 1 (Randomized lifting via GIP (informal Theorem 15)). Given k > 2, let ¢ > 2k
be prime. Let Z be an arbitrary finite set. For any f: Z xFy — {0,1}, and F = f o GIPg’fg

where > 2% 1og, oy, (2R?+s(f)q/§> , we have RZ7™(F) > R 5(f).

MFCS 2026
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For the most natural regime where k < ¢, the gadget input of F' has length O(2* - (log |Z| +
log q)). For standard outer problems such as the index function, choosing the GIP parameters
so that the loss is constant gives polynomial communication lower bounds while keeping
the total lifted input length polynomial, as long as the number of nonterminal senders
satisfies k = O(logn), where n denotes the resulting total input length. This is the familiar
logarithmic-player regime caused by the 2¥ dependence in the GIP block length.

» Theorem 2 (Explicit O(logn)-player lower bound). For any k, there is a family of functions
Fy. such that for the (k + 1)-player communication game

n
R—),Cons F — Q (7) .
(Fi) 2k
We also record another modest application: Take Boolean Hidden Matching as the outer
function, its one-way quantum-classical separation is inherited in the conservative model.

» Theorem 3 (A quantum-classical separation (informal)). For any k > 2, there is a family of
functions Fy, for (k4 1)-player conservative NOF model, such that

cons ,cons ~ n
Q™ (F) = Otogn), Ry (e 2 8(y /5.

For the full one-way NOF communication, an exponential separation for the search problem
was recently established by an exciting work of Yang and Zhang [22], while here we consider
decision problem.

As alluded above, the proof principle is terminal mixing. Fix the public randomness and a
complete communication transcript . The set of gadget inputs x that produce ¢ is a cylinder
intersection; we call it the transcript cell of t. For a value v, the fiber G~1(v) is the set of
gadget inputs consistent with v. If every fiber looks nearly uniform to cylinder-intersection
tests, then conditioning on G(X) = v barely changes the distribution of transcript cells. The
desired mixing statement is that, for every transcript cell S and every value v,

PriX eS| G(X)=v]~Pr[XeS9].

In words, conditioning on the fiber should barely change the distribution of the transcript cell.
This is the basic fiber-mixzing phenomenon. In the full model, however, transcript mixing is
not enough: Charlie still sees his NOF view of the gadget input, so knowing the transcript and
v does not determine what additional information he retains about the location of x inside
the fiber G~1(v). Even perfect transcript mixing therefore need not control Charlie’s total
information. The same terminal obstruction persists in the quantum case, where Charlie’s
decision is made from the final received state together with his remaining input.

A key notion in the randomized analysis is fiber discrepancy. For a gadget G : X — V), it
is the largest possible bias

[PriX e S| G(X)=v]-Pr[X e

over all gadget values v and all cylinder intersections S C X. Thus fiber discrepancy is
exactly the quantitative form of the fiber-mixing condition for transcript cells, because every
deterministic one-way transcript cell is a cylinder intersection. If G has fiber discrepancy Ag
and F' = fo@, then a C-bit public-coin conservative protocol for F' yields a C-bit public-coin
ordinary one-way protocol for f with additive error loss at most 2¢ Ag. Equivalently,

RO (F) = R5(f)
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whenever 2R (f )AG < §. The factor 2€ is the natural loss for a black-box simulation
that uses only a uniform fiber-discrepancy bound and then sums over transcript cells: after
fixing the public randomness, the transcript lies in {0, 1}=¢, each transcript cell is a cylinder
intersection, and summing over all cells gives total-variation loss < 2¢Aq. This is precisely
the fiber-mixing principle above: after conditioning on G(X) = v, the terminal transcript
distribution is close to the unconditional one, so the ordinary one-way simulation can
reproduce Charlie’s randomized view using only the outer value v.

This black-box loss of the factor 2¢ is nevertheless harmless for the explicit GIP gadget
in the intended parameter range, because its fiber discrepancy is exponentially small in
the gadget block length. For a prime ¢ and block length r, the generalized inner product
gadget is

r k
GIngT)’(Xh""Xk):Zij,t EFq, X; GIF;
t=1j=1

For G = GIP%)

o r/2k1 . c c r/2k1
can show Ag < 4q (k/q) . Thus the loss term is on the order of 2 A¢ < 2%¢ (k/q) .
If the outer problem requires C'= R 5(f) bits, then fixed loss J is achieved by taking, up to
constants,

> 25 (C +log(q/9))
log(q/k)

adapting the character-sum estimate of Yang—Zhang [21, Lemma 3.2], one

2.2  Quantum lifting
Our quantum lifting theorem reads

» Theorem 4 (Quantum one-way lifting via GIP (informal)). Given k > 2, let ¢ > 2k be
prime. Let Z be a finite set. For any f: Z xF, — {0,1}, and F = fo GIP™®) where

q,r
r> 2% log, /1) (22Q;5(f)+2q/5) , we have

Q7 (F) = Qs (f)-

The parameters in the quantum lifting theorem are similar to those of our randomized lifting
theorem. Thus the quantum lifting and randomized lifting behave similarly using the GIP
gadget. We can think of the gadget input of F of length O(2*-(log |Z|+1log q)), for the natural
regime k < ¢. For the index function, analogous to Theorem 2, choosing the GIP parameters
so that the fiber discrepancy loss is constant gives polynomial quantum communication lower
bounds in the terminal-conservative model for k& = O(logn) nonterminal senders, again with
n denoting the resulting total input length.

The quantum analogue replaces fiber mixing by final-state mixzing. For fixed outer input z
and gadget value v, let p, x denote the final message state on gadget input x, let

Pz = II'EXNUnin [pz,X]» Oy = IE:YwUnix [pz,Y]'

The ordinary one-way simulation has Alice send the unconditional state o, while Bob uses v
to perform Charlie’s terminal measurement. The analysis therefore bounds, for the relevant
terminal effect E,,,

|Tr (Ey (o, — pzm))| .

Thus the quantum theorem is again a terminal-mixing theorem; only the object being mixed
changes from a transcript distribution to a density matrix.

78:5
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The pseudorandom measure for this state-mixing statement is the fiber discrepancy
against the generalized cylinder intersection Ag. It measures how much conditioning on a
fiber can bias tests of the form

H@‘(X—i)’ |pi] <1,

where each factor ¢; : X_; — C is a bounded cylinder function visible to one sender in the
one-way chain. These are precisely the tests generated by the quantum expansion of the
final message state. If A¥ is small and a conservative one-way quantum protocol for F uses
message lengths cq, ..., c, then the protocol yields an ordinary one-way quantum protocol
for f that uses only the final ¢, qubits, with additive loss

2cpre AT _
2%rre Ay, Cpre = C1 + -+ + Cp—1.

The factor 22¢rr is the dimension loss from expanding the prefix message spaces; the terminal
message itself is not expanded, which is why the conclusion is a final-message lower bound.

We prove that GIP(S’? fools the generalized cylinder intersections appearing in the quantum
theorem. In particular,

. k r/2k
A S4q a

2.3 Random gadgets as a non-explicit benchmark

—1

Finally, we analyze uniformly random gadgets as a non-explicit benchmark. Here the gadget
is a random function

G : [m]" — Ty,

where all values are chosen independently and uniformly. The parameter ¢ is the outer
alphabet size, and [logm] is the per-player gadget input length. For comparison, GIP((I’? has
the same outer alphabet size g, per-player domain size m = ¢", and per-player gadget input
length [rlogg]. The random-gadget analysis is a standard random-function discrepancy
calculation against the same cylinder and generalized cylinder classes that appear in the
lifting theorems, in the spirit of the usual analysis of random NOF functions. Its role is
therefore not to provide a new explicit lower-bound method, but to calibrate the framework
and expose which parameter losses come from the currently available explicit gadgets.

Suppressing constant error and failure parameters, the comparison is simple. For random-
ized protocols with communication budget b, a random gadget has sufficiently small fiber
discrepancy once

m > q2%(k +logq).

For quantum protocols with prefix budget ¢, < b, a random gadget has sufficiently small
fiber discrepancy against generalized cylinder intersections, and hence sufficiently small
state-mixing error, once

m 2 q2% (k(b+logk) +logq) .
Equivalently, the quantum benchmark has per-player input length

logm = O(log g+ b+ logk).
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By contrast, the explicit GIP quantum instantiation requires roughly

. > okl 2b +logq

~ log(q/(k —1))

to achieve the same fixed loss. Thus the explicit and random gadgets play complementary
roles. The GIP gadget gives explicit lifting theorems, but its block length grows like 2%,
which naturally limits polynomial-size instantiations to k = O(logn) nonterminal senders.
Random gadgets show that this limitation is not inherent to the terminal-conservative lifting
argument: non-explicitly, the same argument works without an exponential dependence
on k in the per-player input length. For instance, using the index function as the outer
problem, the random-gadget benchmark gives unconditional randomized and quantum total-
communication lower bounds of order Q(y/n) with k& = Q(y/n) = w(logn) nonterminal
senders, where here n denotes the total lifted input length.

» Theorem 5 (Implicit polynomial-player lower bound). For any k > 2, there is a family of
functions Fy, such that for the (k + 1)-player communication game

RO (Fy) = ) (%) .

Derandomizing this benchmark would require explicit gadgets with very strong NOF-type
pseudorandomness, a task comparable in spirit to proving strong explicit NOF lower bounds
rather than a routine extension of the present work.

3 Preliminaries

We use the following conventions throughout the paper. For an integer m, write [m] =
{1,...,m}. Unless otherwise indicated, logarithms are base two. All sets are finite. For a
finite set A, we write Uniy for the uniform distribution on A. For distributions P, @ on the
same finite set, their total variation distance is

V(PQ) =3 3 IP) ~ Q)]

All randomized protocols are public-coin protocols. All quantum protocols are without prior
entanglement; local ancillas are allowed and are not counted as communication. All error
guarantees are worst-case, restricted to promised inputs when a promise is present. We use

O(), Q(-) to hide polylogarithmic factors.

3.1 Lifted problems and gadget notation

Fix k > 2. In this paper k denotes the number of gadget coordinates, or equivalently the
number of nonterminal NOF senders; including the terminal player, Charlie, the protocol
has k + 1 players. Let

X=X X x X

be the gadget input space. We write

X = (Xla"'axk) € X7 X_j = (Xla-~~»Xi—17xi+17"'7xk)7
and
X—i = HXJ
J#i

78:7

MFCS 2026



78:8

Conservative Lifting

Thus x_; is the number-on-the-forehead view of the gadget input available to the ith
nonterminal sender.
Let G : X — V be a surjective gadget. For v € V, its fiber is

X, =G '(v)={x€ X:Gx)=v}.

Surjectivity is only a notational convenience: it ensures that every X, is nonempty. Given
an outer Boolean function f: Z x V — {0, 1}, its lift by G is

F:ZxX—{0,1}, F(z,x):= f(z,G(X)).
For partial functions or promise relations, the lifted promise is obtained by requiring (z, G(x))
to be a promised outer input. Correctness is then required only on this lifted promise.

3.2 Randomized one-way protocols

» Definition 6 (Conservative one-way blackboard NOF protocol). A conservative one-way
blackboard protocol for F = f o G has nonterminal players Py, ..., Py and a terminal player,
Charlie. The nonterminal players speak once in the order

P, — P, — .-+ — P, — Charlie.

Communication takes place on a public blackboard. The blackboard content after round i
is denoted by T;, with 79 equal to the empty string. The protocol has a public randomness
space R, message maps

M;:Zx X_ixRx{0,1}* > {0,1}* (i € [k]),
and a decoder
DEC:V xR x {0,1}* — {0,1}.

On input (z,x) and public coins r € R, player P; sees z,x_;,r, and the current transcript
Ti—1, writes

m; i= M;(2, %X, 7, Ti—1),

and the new transcript is 7, ;== 7;_1m;. The terminal player sees only (v := G(x),r,7%), and
outputs DEC(v,r,71). The cost of the protocol is max . x) , |Tk|.

The adjective “conservative” refers only to the terminal player Charlie: the nonterminal
players retain their usual NOF views, while the terminal player does not see any residual
NOF view of the gadget inputs beyond G(x).

» Definition 7 (Two-party one-way randomized protocol). Let f : ZxV — {0,1}. A public-coin
two-party one-way protocol for f consists of a public randomness space R, a deterministic
message map

A:Z xR —{0,1}",
and a deterministic decoder
B:V xR x{0,1}* — {0,1}.

On input (z,v) and public coins r, Alice sends A(z,r) and Bob outputs B(v,r, A(z,7)). The
cost is max, , |A(z,r)|.
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For n € [0,1], let R,”(f) denote the minimum cost of a public-coin two-party one-way
protocol for f with worst-case error at most 7. Let R? cons () denote the corresponding
minimum cost in the conservative one-way blackboard NOF model. The same notation
is used for partial Boolean functions, with the error guarantee required only on promised
inputs.

3.3 Cylinder intersections and fiber discrepancy

» Definition 8 (Cylinder and cylinder intersection). A set C; C X is an i-cylinder if membership
in C; does not depend on the ith coordinate. Equivalently, C; is the preimage of a subset of
X_; under the projection X — X_;.

A cylinder intersection is a set of the form Cy N --- N Cy, where C; is an i-cylinder for
every i € [k]. We write CI(X) for the family of cylinder intersections in X.

Cylinder intersections are the basic combinatorial objects behind randomized NOF lifting.
After the public randomness and the outer input z are fixed, every deterministic transcript
cell of a conservative blackboard protocol is a cylinder intersection: the condition that P;
writes a prescribed message depends only on x_; and on the previous transcript.

» Definition 9 (Fiber discrepancy against cylinder intersections). Let G : X — V be surjective.
The fiber discrepancy of G against cylinder intersections is

Ag :=sup sup Pr [XeS]—- Pr [Xed].
veV SeCI(X) XNUnix,U[ } XNUniX[ ]

Thus Ag measures how well each fiber X, looks like the whole gadget domain X to every
NOF transcript cell. This is the pseudorandomness notion used in the randomized lifting
theorem.

3.4 Finite-field gadgets and Fourier correlation

For the explicit gadget instantiations we work over a prime field F,. We fix a nontrivial
additive character x : F;, — C; for example, after identifying F, with Z/¢Z, one may take
x(t) = exp(2mit/q). We use the orthogonality identity

E > xlat) =1[t =0].
q a€lF,

For x; = (%31,...,Tir) € IFZ, define the generalized inner product gadget

r k
GIP!E‘(I?T)(XD cey X)) = ZH:E” eF,.

t=11i=1

» Definition 10 (Fourier correlation). Let G : X — F, be a gadget. Its Fourier correlation
against cylinder intersections is

FCorr(G):= sup  sup |Ex~unix [1[X € 5] x(aG(X))]|.
acry SECI(X)

For the GIP gadget, Yang-Zhang’s character-sum estimate [21, Lemma 3.2] bounds this
quantity by (g, 7). Fourier inversion then converts this correlation bound into a bound on
the fiber discrepancy Ag.

MFCS 2026
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3.5 Quantum one-way protocols

» Definition 11 (Conservative one-way quantum protocol). A conservative one-way quantum
protocol for F = f o G has nonterminal players Py, ..., P, and terminal player Charlie.
Let cq, ..., ci be the message lengths and set d; := 2. The incoming register to Py is the
one-dimensional register Ho, and the outgoing register of P; is H; = C% .

For each i € [k] and each local view (z,x_;), player P; applies a completely positive
trace-preserving map

A DUy ) = D).
The players act in the order
P, — P, — --- — P, — Charlie.

The terminal player sees only v := G(x) and the final message register Hy, and outputs a bit
using a binary measurement depending on v. The cost is ¢1 + -+ - + ck.

For a fixed protocol and input (z,x), we write p, x for the final message state received by
the terminal player. We also use the average states

Pz = IEXNUnin [Pz,X], Oy = IEYwUnix [pz,Y]~
These are the fiber-conditioned and unconditional final-message states, respectively.

» Definition 12 (Two-party one-way quantum protocol). Let f: Z xV — {0,1}. A cost-C
two-party one-way quantum protocol for f consists of a density operator o, on a C-qubit
register for each z € Z, and a binary POVM (E,,I — E,) for each v € V. Alice sends o,
and Bob measures it using the POVM indexed by v.

For n € [0,1], let Q,”(f) denote the minimum cost of a two-party one-way quantum
protocol for f with worst-case error at most 7. Let Q,” €ons(F) denote the minimum total
cost of a conservative one-way quantum protocol for F' with worst-case error at most 7. The
same notation is used for partial Boolean functions, with the error guarantee required only
on promised inputs.

3.6 Generalized cylinder intersections

The quantum lifting theorem uses a second pseudorandomness notion. It tests the fibers of
the gadget against bounded products of NOF-local functions, which are exactly the tests
produced by expanding the prefix of a conservative quantum protocol.

» Definition 13 (Fiber discrepancy against generalized cylinder intersections). Let G : X — V
be surjective. The fiber discrepancy of G against the generalized cylinder intersections is

X
— Ex~unix lH ¢i(X—i)‘| ’ :

=1

Ag = sup sup
veEY ¢i:X_;—C
|¢i|<1 for every i€ (k]

k
Ex~Unix, [H ¢i(X-i)

i=1

» Definition 14 (Product Fourier correlation). For a gadget G : X — T, define

PCorr(G) := sup sup
OCEF,;( ¢i: X_;—C
|¢:|<1 for every i€[k]

Ex~Unix

V(0G) T] @(x_i)] ‘ .

i=1

Product Fourier correlation is used only for gadgets with output alphabet ;. As in the
randomized setting, Fourier inversion converts small PCorr(G) into small AL,
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3.7 Matrix units

Whenever a message register is identified with C%, we fix an orthonormal basis ey, ..., eq
and write Eqp := |eq)(ep| for the corresponding matrix units, where 1 < a,b < d. When
several message registers are present, we write E((llb) for the matrix unit in the ith message
register. The first subscript is the row index and the second subscript is the column index,

SO Tr(Eq(fg E((llb)) = 0y,q0u,5- For the one-dimensional incoming register before the first sender,

we set dp = 1 and use the single matrix unit Eﬁ))

3.8 Benchmark outer problems

For a prime ¢, the index function is
INDEX, : {0,1}f* x F, — {0,1},  INDEX,(z,v) := z(v).
We use the standard Nayak’s random-access-code lower bound: for every 0 < n < 1/2 [16],

Q,"(INDEX,) > (1 — H(n))q,

where H(n) := —nlogyn — (1 — 1) logy(1 — n) is the binary entropy function, with H(0) = 0.

We also use the standard Boolean Hidden Matching partial function BHM,, as a calibration
example. Alice receives u € {0,1}*"; Bob receives a perfect matching M on [2n] and a
string w € {0,1}", promised that either w, = u; ® u; for every edge e = (¢,j) € M, or
we = u; ®u; @1 for every edge e = (i, ) € M. The desired output is the corresponding case
bit. We use the known bounds [2, 8],

Qi3(BHM,) = O(logn),  RiJ5(BHM,) = (V)

with constant changes in the error parameter absorbed by standard amplification.

In the following section, we provide the details of the randomized lifting theorem on the
GIP gadget. The proofs of the remaining theorems can be found in the full version.

4 Randomized lifting

Our randomized lifting theorem reads as follows.

» Theorem 15 (Randomized lifting via GIP). Given k > 2, let ¢ > 2k be prime. Let Z be an
arbitrary finite set. For any f: Z x F, — {0,1}, define

F: 7Z x (Fg)k — {0,1}, F(z,X1,...,Xg) = f(z,GIPglfr)(xl, . ,Xk)).

& 2R;r§(.f)q
Let 0 <e<1and 0<d§ <1—c be constants. If r > 2 logq/% 1, we have
R_7OM(F) > Regs(f)-

Moreover, since R 5(f) < log|Z], it suffices to take r = [2"’%_‘. The input

length |2 = [log|Z|] and |x;| = [rlogq] = Os (gk o e (log|Z]| + log q)), Vi € [k].

Before we prove the above theorem, we collect the following three technical lemmas.
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» Lemma 16 (Key lifting lemma). Suppose the gadget function G: X — V has fiber discrepancy
Ag. Let f: ZxV —{0,1}. For any z € Z and x € X, define F(z,x) := f(z,G(x)). If F
has a public-coin conservative one-way protocol with cost C' bits and worst-case error < e,
then f has a public-coin two-party one-way protocol with cost C bits and worst-case error
< 8-+-2CZXG.

» Lemma 17 (GIP cylinder-correlation bound). Let G = GIPg’fT): (Fr)¥ — Fy. Denote

r/2k=1
(g, r) == (g) . We have FCorr(G) < vi(q,r).

» Lemma 18 (Fourier correlation implies fiber discrepancy). Let G: X — F, be surjective. If
FCorr(G) <« and gy < 1/2, then Ag < 4q7.

With these three lemmas at our disposal, we prove the main Theorem 15.

Proof of Theorem 15. Consider any public-coin conservative one-way blackboard protocol
for F' with cost C' and worst-case error at most . We prove that necessarily C' > R 5(f) as
follows

Indeed, for contradiction, suppose C' < R} 5(f) By Lemma 16, there is a public-coin
two-party one-way protocol for f with cost C' and worst-case error at most € + 2¢Ag.

Let G := GIP{") . Recall that yi(g,) = (k/ 07 By hypothesis

R sy
r2> Qk logq/Zk (5 ’

we have ¢k (q,7) < é < 1/2. So by Lemmas 18 and 17, Ag < 4q7x(q, ). Therefore

e+20Ag <e+2°. 4qvk(q,r) < e+ 2R:+5(f)+2q'yk(q,r) <e+d.

crs(h)
The last inequality follows by rearranging r > 2% logg /o (%) to get vi(q,r) <

5/ (2R N42g),
So a public-coin two-party one-way protocol for f with worst-case error € + § and cost
C <R 5(f) would exist, which is impossible <

4.1 Proof of the lemmas

In this subsection, we complete the proof by proving Lemmas 16-18. We first show that the
transcript cells are cylinder intersections.

» Lemma 19. Fiz input z € Z and randomness p € R. Given a conservative one-way
blackboard protocol of cost C, let T, ,: X — {0,1}=C be the transcript map, where {0,1}=¢ =
USZO{O, 1}¢. Then, for every transcript T, T;pl (1) 4s a cylinder intersection of X.

Proof. Fix a transcript 7. It uniquely determines the messages m1,...,m and the inter-
mediate blackboard strings 79,71, ..., T, where 79 = 0, 7, = 7, and 7; = 7;_1m;. For each
i € [k], define C; := {x € X : Mi(z,X_4,p,Tie1) = mi}. The defining condition depends on
x only through x_;, so C; is an i-cylinder.

We prove that the transcript cell is a cylinder intersection: T;pl (r)y=Cin---NCy as
follows. On the one hand, if x € T ; (1), then the deterministic protocol on input (z,x) and
coins p produces the messages myq, ..., my, and the blackboard strings 71, ..., 7. Therefore
x € C; for every i € [k]; On the other hand, if x € Cy N --- N Cy, we prove by induction on 4
that the protocol on input (z,x) and coins p produces the my, ..., m;, and 7,...,7;, during
the first ¢ rounds. The case ¢ = 1 is immediate from the definition of C;. Assume the claim
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holds up to round i — 1. Then player P; sees the current transcript 7;_1, and because x € Cj,
the next message is exactly m;. Hence the next blackboard string is 7; = 7,_1m;. Therefore
the final transcript is 7, so x € Tzfpl (7). |

Then we could prove the key lifting lemma, which translates the conservative protocol to
ordinary two-party one-way protocol and control the error by fiber discrepancy.

Proof of Lemma 16. Fix a cost C' public-coin conservative one-way blackboard protocol
II for F with worst-case error < e. Let T := {0,1}=¢, {0,1}=¢ := USZO{O7 1}¢, and let w
denote the distribution of the public coins. For each z € Z and p € R, let T, ,: X — T be
the final transcript map.

Construct a public-coin two-party one-way protocol II' for f as follows. Sample the
public coins p according to w. On input z, Alice samples Y ~ Uniy and computes transcript
7:=1T. ,(Y) € T according to II. Alice sends 7 to Bob. On input v, Bob applies the decoder
DEC from IT to output DEC(v, p, 7). Since |7| < C, the cost of IT" is < C.

Next, we analyze the error probability of IT'. Fix (z,v) € Z x V. Define two distributions
tz and v, on R x T by

pzw(p, T) = w(p) XN%)giX [Tz,p(X) = TL vz(p,7) = w(p) Yw%l;ix [TZ,p(Y) = T]

Since (z,X, p) can determine 7, fi,, could be determined by w and Uniy,. v, is similar.

Notice that p, X and Y are independent.
Define the error set as s

E.,:= {(p,T) € R x T :DEC(v,p,7) # f(z,v)}.

First, we show that p, ,(E,,) equals the error of IT averaged over the fiber X, as follows.
For any x € X, G(x) = v and f(z,v) = F(z,x). For every fixed pair (p,x) € R x X,,
(x) and then outputs DEC(v,p, sz(x)).
Therefore II errs on (z,x, p) if and only if (p, 1% ,(x)) € E. ,.
Because II has worst-case error < e, we have ¥(z,x) € Z x X,, Pry[Il errs on (z,x)] < e.
Then taking probability over X ~ Uniy, gives

prz0(Ez) = Pr[Ilerrs on (2, X)] < ¢
X

the protocol II produces the final transcript 7 ,

Secondly, we show that v,(E, ,) equals the error probability of II' on input (z,v). Under
IT", Alice sends T ,(Y), and Bob outputs DEC(v, p,T> ,(Y)). Hence II' errs on (z,v, p) if
and only if (p,T% ,(Y)) € E. .. Therefore v,(E. ) = Pr,[I' errs on (z,v)].

Now we compare i, and v,. By Lemma 19, T, ) (1) belongs to CI(X). Hence, by the
definition of fiber discrepancy (Definition 9), for every (p,7) € R x T,

B 00 =7 - P [0 =] <80
Therefore
1
TV(lzw,vs) = 5 Z {/‘z.,v(Pv ™) — vz (p, T)!
(p,T)ERXT
1
T2 Z w(p) lel?gix [Tp(X) = 7] - YNFI)JI;ﬂX [Tp(¥) = 7]
(p,T)ERXT
1
<3 3 el
( ERx
< \T|AG
2¢Ag
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Consequently,
Pr [H/ errs on (z,v)] =1v,(E. ) < pow(Ep) + TV (s, v,.) <e+ 2¢Aq.

This holds for every (z,v) € Z x V, so II' has cost at most C' and worst-case error at most
€+ QCAG. |

We prove Lemma 17 and Lemma 18 as follows.

Proof of Lemma 17. This result has been proved by Yang and Zhang [21, Lemma 3.2]. We
put the proof here for completeness. Fix S € CI((F7)*) and a € F. Choose i-cylinders
S1,...,8k such that S = 51 N---NSk. Define

k r k
I'o(S) :=Ex,... xx lH 1Si(X1»~~,Xk)X<aZH$i,t>] .

t=1i=1

Since 1[x € S| = Hle 1g,(x), it is enough to prove |I'n(S)| < vi(g, 7).
Because Sy is a k-cylinder, the factor 1g, (x1,...,Xy) is independent of x;. Hence

k—1 r k—1
Ex, lH 1s,(x1,... ,xk)x<a2xk7t H 9:”)]
i=1 t=1 i=1

Expanding the square introduces an independent copy yx of Xx; the new phase is

r k—1
X (a Z(fﬂkt — Yk.t) H mz‘,t) .
t=1 i=1

At the next step, the factor coming from Sy_; is independent of x;_1, so the same argu-
ment can be applied to x;_1. Repeating this computation for xx,Xx_1,...,X2 introduces
independent copies yk,Yi—1,---,Y2 and yields

r k
Ex, X (a Z Tt H(mz‘,t - yi,t)) ’ :
t=1 =2

Fix the outer variables. If there exists ¢t € [r] such that H?:z(xi,t — yit) # 0, then the
inner expectation over z;; € F; vanishes by character orthogonality. Therefore the inner
expectation can be nonzero only if HfZQ(xi,t — ;) = 0 for every t € [r]. Hence

2
|F0£(S)|2 S ]Exl,.. X

SXk—1

k—1
|Fa(S)|2 S EX27~~7xk7Y2a-~7Yk

k
Do (9)2 " <Pr [Vt e[l [Jie —wie) = 01 .

i=2
For a fixed coordinate ¢, the event Hfzz(mi,t —y;+) = 0 means that x;; = y;, for at least

one i € {2,...,k}. By the union bound,

Pr

ESE~

k
k—1
H(%’,t —Yit) = 0] <—X

=2 q

The coordinates t = 1,...,r are independent, so |Fa(5’)|2I€71 < (%) . Therefore [T, (S)| <

k—1
(k /q)T/ = vk(g,7). Since S and « are arbitrary, taking the supremum proves the lemma.
|
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Proof of Lemma 18. Fix v € F, and S € CI(X). Let X ~ Uniy, V G(X) and
Py = Pr[V = v]. Because X € CI(X), the definition of FCorr(G) gives ’E aV ]| ~ for
every a € F<.

By character orthogonality, 1[V = v] = %Zaqu x(e(V —v)). Taking expectations, we
obtain p, = % + % Zaem‘; X(—awv) E[x(aV)]. Therefore

9 q
aGF
and p, > % — v > 0. Next, we have
PriX € 5]
PrX € S,V =0]=E[1[X € S]1[V =v]] = ——— " 4 = Z [1[X € S] x(aV)].
QEFX
Also, let a :=Pr[X € 5],
Pr[iXesS 1
PrX eS| -p, = [q] + 1 Z X(—aw) aE[x(aV)].
aeF;
Subtracting the last two displays gives
1
PﬂXESJU:M—PﬂXGSyMﬁ:QE:XpQMOHHX6ﬂmeﬂ—aEumvm.
aeF;

Hence
|Pr(X € S,V =v] = Pr[X € S] - py| < E Z [E[1[X € S]x(aV)] — aE[x(aV)]|.
a€Fy

For each nonzero «, the first term has magnitude at most v by the definition of FCorr(G),
and the second term has magnitude at most ay < 7. Therefore every summand is at most
27, so

-1
‘Pr[XES,V:v]—Pr[XES}-pU’ < qT~27§2'y.
Now divide by p,:

Pr [XeS]—_Pr XeS]||=Pr[XeS|V=0v-Pr[Xed]

X~Unix, X~Unix

[Pr[X € S,V =] — Pr[X € 5] p,|

2
29y
T l-qy
Notice that when ¢y < %, 12_‘1;’7 < 4qv. Then taking the supremum over v € F, and
S € CI(X) proves the claim. <
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