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—— Abstract
Series-parallel (SP) graphs are binary edge-labeled graphs with a designated source and target

vertex, built using serial and parallel composition. A set of graphs is recognizable if membership
depends only on its image under a homomorphism into a finite algebra. For SP-graphs, and
more generally, for graphs of bounded tree-width, recognizability coincides with definability in
Counting Monadic Second-Order (CMSO) logic. Despite this strong logical characterization, the
conciseness and algorithmic effectiveness of syntactic representations of recognizable sets of SP (and
bounded-tree-width) graphs remain poorly understood.

Building on previously introduced regular grammars for SP-graphs, we show that recognizable
sets admit concise and effective syntactic representations. The main contribution is an improved
construction of finite recognizer algebras whose size is singly-exponential in the size of a regular
grammar, improving upon the previously known double-exponential bound. As a consequence, the
problems of intersection and language inclusion for sets represented by regular grammars are shown
to be EXPTIME-complete, thus improving on a previously known 2EXPTIME upper bound.
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1 Introduction

A subset of an algebra is recognizable if it is the inverse image of a homomorphism into a
finite algebra over the same signature of function symbols. For words and, more generally,
for ground terms (i.e., node-labeled ranked trees), this definition of recognizability coincides
with the classical one, i.e., existence of finite-state word and tree automata, respectively.
A central aspect of automata-based recognizability is the predefined traversal order of the
input: words are read either left-to-right or right-to-left and trees are traversed bottom-up or
top-down. Graphs, however, are strictly more complex objects that, in general, do not come
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with a natural traversal order. As a consequence, attempts to generalize automata-based
recognizability to graphs resulted in a variety of non-equivalent and largely incomparable
formalisms, without a broadly accepted consensus [20, 18]. This motivates the use of the
algebraic definition of recognizability instead of the automata-based one [9, 14] and the quest
for succint syntactic representations of recognizable sets, such as regular grammars [6] or
regular expressions [12].

The series-parallel (SP) class consists of graphs having a designated source and target
vertex, that can be composed either in series (i.e., the target of the first is joined with source
of the second) or in parallel (i.e., both sources and targets are joined, respectively). SP-graphs
arise naturally in circuit design and distributed data stream processing (see, e.g. [2] for a
survey) and play a central role in graph theory: a classical result states that a graph has tree-
width 2 at most if and only if each of its 2-connected! components (blocks) is a disoriented
SP-graph (i.e., a graph obtained from an SP-graph by reversing some edges). Hence, each
graph of tree-width at most 2 can be represented as a tree of such blocks [21]. This structural
characterization has been used in [6] to develop regular grammars for tree-width 2 graphs,
by combining regular grammars for trees and SP-graphs. While the present paper focuses,
for simplicity, on SP-graphs, our results extend naturally to the more general class of graphs
of tree-width at most 2. We consider this generalization for a future extended version.

The recent development of regular grammars [6] and regular expressions [12] that describe
the recognizable sets of the tree-width < 2 class of graphs has left the following question
unanswered: “what is the complexity of the translation between a syntactic representation (reg-
ular grammar/expression) and an algebraic representation of a recognizable set?”. For words,
it is well-known that the minimal algebra that recognizes the language of a nondeterministic
automaton with n states, that can be obtained from a regular grammar/expression in poly-
nomial time, has cardinality 20(”2), i.e., each element of the algebra is a set of pairs of states.
Similarly, for ground terms (ranked trees), the translation of regular grammars/expressions
into deterministic tree automata incurs an unavoidable singly-exponential blowup [8].

Contributions. First, we answer the above question for regular grammars [6] that represent
recognizable sets of SP-graphs by showing that, for a regular grammar of size n (comprising
the number of nonterminals, rules and the size of each rule), there exists an algebra of
cardinality 20(n%) that recognizes its language. This result is an improvement of the double
exponential upper bound found in [6]. This upper bound is matched by an exponential
lower bound: there exist a regular grammar having O(n) nonterminals and O(nlog, n) rules,
whose recognizer algebra has no less than 27" elements.

Second, we apply these complexity results to find the complexity of several natural decision
problems concerning sets of SP-graphs represented as regular grammars. In particular, the
problems of joint intersection of regular grammars and inclusion of an arbitrary grammar
into a regular one are shown to be EXPTIME-complete. These results show that regular
SP-grammars can be effectively manipulated within the same complexity class as standard
tree automata [8], which justifies future efforts for implementing our techniques within one
of the existing automata libraries [13, 16].

Related work. Automata recognizing a subclass of SP-graphs, called synchronized SP-graphs
(SSPG), have been introduced in [2]. SSPGs have matching split and join vertex labels, that
give automata hints for parsing the input graph. SSPG automata (SSPGA) are closed under
boolean operations and their inclusion problem is EXPTIME-complete. The determinization

LA graph is k-connected if it cannot be disconnected by removing k — 1 vertices, k > 2.
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of a nondeterministic SSPGA incurs a 29 blowup, where n is the number of states of
the nondeterministic SSPGA. In contrast, we consider general SP-graphs and the algebraic
notion of recognizability, which naturally extends to (disoriented) SP-graphs and graphs of
tree-width at most 2.

Nondeterministic automata for unranked trees with unboundedly many ordered siblings

have been introduced by Thatcher [19]. These automata are closed under determinization.

Several definitions of automata on unranked and unordered trees, equivalent to various
fragments of Monadic Second Order (MSO) logic are given in [3]. Algebraic recognizers for
unranked (ordered and unordered) trees are also defined in [4], in terms of forest algebras
consisting of a horizontal monoid (disjoint union) and a vertical monoid (composition of
contexts). To the best of our knowledge, the complexity of converting a nondeterministic
automaton for unranked and unordered trees into a (deterministic) forest algebra has not
been studied. We conjecture that our encoding of parallel composition as terms over a
commutative dioid (Subsection 3.2) could as well apply to bound the cardinality of minimal
recognizer algebras of deterministic automata for unranked and unordered trees.

Regular grammars for unranked and unordered trees originate in the seminal work of
Courcelle [10]. A more recent definition of regular grammars [6] extends the partitioning of the
nonterminals and the syntax of rules, according to this partition, from unranked and unordered
trees to SP-graphs and graphs of tree-width 2 at most. Preliminary double-exponential upper
bounds on the size of the recognizer for the language of a regular grammar are given, yielding
a 2EXPTIME upper bound for the inclusion problem between an arbitrary and a regular
grammar. In contrast, in the present paper, we give a (fairly) tight singly-exponential upper
bound for the cardinality of the recognizer and show EXPTIME-completeness for inclusion
and related problems.

Regular expressions that capture the recognizable sets of graphs of tree-width at most
2 have been introduced in [12]. This definition relies on a semantic guardedness condition,
which is shown to be decidable, with unknown complexity. The recognizability of the language
of a regular expression is established by translation to Counting Monadic Second Order logic
(CMSO) in [12], leaving the question about the cardinality of the minimal algebra recognizing
the language of a regular expression unanswered.

A natural question is if regular grammars could be extended beyond graphs of tree-width
2. On the one hand, recent results on canonical decompositions of 3- and 4-connected
graphs [15] suggest that such an extension might be possible. On the other hand, regular
grammars capturing the recognizable sets of graphs of bounded embeddable tree-width, an
over-approximation of the tree-width that considers only spanning-tree decompositions, have
been proposed in [7]. In this work, the bound on the embeddable tree-width of graphs is not
fixed. However, the recognizability of the language of a regular grammar is established via
translation to CMSO, leaving the cardinality of the recognizer an open problem.

Definitions. The set of natural numbers is denoted by N, and we use N2¥ £ {n e N | n > k}.
Given numbers 4,j € N, we write [i, j] “ {i,i+1,...,7}, assumed to be empty if i > j.

The cardinality of a finite set A is denoted by |A|. The disjoint union A W B is defined
as the union of A and B, if AN B = ), and undefined, otherwise. The size of a syntactic
object = (e.g., a term, expression or grammar) is the length of its representation as a string,
denoted size(z). A function f: N — N is exponential if there exist ¢, d, k € NZ! such that
f(n) <c-2n" for all n € N2k,
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Figure 1 Series (a) and parallel (b) composition.

2 Series-Parallel Graphs

We consider simple binary graphs over a finite alphabet ¥ of edge labels. Formally, a graph
is a tuple G = (V, E, ), where V' is a finite set of vertices, E is a multiset of edges from
V x ¥ x V, i.e., multiple edges with the same label are allowed, and ¢ : {1,2} — Vis an
injective function that designates the source £(1) and target £(2) of G, i.e., the source and
target of a graph are always distinct. The components of a graph G are denoted as Vg, Eg
and &g, respectively. We identify graphs that are isomorphic, i.e., differ only by a renaming
of vertices. The a-bridge (or simply bridge, when the label a is not important) is the graph
consisting of two vertices and a single a-labeled edge, from source to target.

We consider the following operations on graphs (see Figure 1):

serial composition G1 o G5 joins the target of G; with the source of G5. The source and

target of G o G are the source of G; and the target of Gs, respectively.

parallel composition G || G joins the source and target of G; and G into the source

and target of the result, respectively. G!I* denotes the k-times |-composition of G.

The set of series-parallel (SP-) graphs is the closure of bridges under the above composi-
tions. An SP-graph G is atomic if there are no graphs G and G such that G = G; 0 Gs. A
P-graph is an atomic graph that is not a bridge and an S-graph is a bridge or a non-atomic
graph. A P-graph is the parallel composition of at least two S-graphs, and a non-bridge
S-graph is the serial composition of at least two SP-graphs, either bridges or P-graphs [10,
Lemma 6.3].

We define recognizable sets of SP-graphs by introducing first their underlying algebra.
As usual, an algebra A = (A, {f*};c7) consists of a domain A and interpretations f* of a
signature F of functions symbols f, of arity #f € N. An algebra is finite if its domain is
finite. A term t[zq,...,x,] is built as usual from function symbols of matching arities and
variables x;. Terms(F, X) denotes the set of terms with variables from X. A constant is a
term consisting of a single function symbol of zero arity. A ground term t has no variables
and evaluates to an element t4 € A, obtained by interpreting the function symbols from ¢
according to A. A homomorphism between algebras A and B is a mapping h : A — B such
that h(fA(a1,...,an)) = fB(h(ay),...,h(ay)), for all f € F, #f =n and a1,...,a, € A.

» Definition 1. Let A be an algebra. A set L C A is recognizable in A if there exists a finite
algebra B and a homomorphism h between A and B such that L = h™'(F), where F C B is
called the accepting set of L.

We say that L is recognized by B, or that B is a recognizer for L, when A is understood. It
is known that, in general, recognizable sets enjoy the following boolean closure properties:

» Proposition 2 (Propositions 2.9 and 2.10 in [17]). Let A = (A, {fA};cx) be an algebra
and L, IC C A be sets recognized by algebras B and C, with accepting sets F C B and G C C,
respectively. Then, A\ L is recognized by B with accepting set B\ F and LN, LUK are
recognized by B x C with accepting sets F x G and (F x C)U (B x G), respectively.
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In particular, the signature of the algebra SP of SP-graphs is the set Fsp = {o, |} WX,
where o and || are binary function symbols, interpreted as the serial and parallel composition,
and each a € X is a constant, interpreted as the a-bridge, the domain of the algebra SP
being the set of SP-graphs (up to isomorphism). For instance, the terms (a || b) o ¢ and
((a ]| b) o¢) || d are interpreted in SP as the rightmost graphs from Figure 1 (a) and (b),
respectively. A set of SP-graphs is recognizable if it is recognizable in the SP algebra
(Definition 1).

3 Recognizability of Regular Languages

This section recalls regular grammars for SP-graphs [6]. In particular, we establish that
languages defined by regular SP-grammars are recognizable, providing the explicit construc-
tion of a recognizer algebra. We note that the existence of such an algebra in itself is not a
new result (see Theorem 13 in the extended version [5] of [6]). However, we present a new
construction, establishing an exponential bound on its cardinality (Section 4), improving the
earlier doubly-exponential construction. We further note that the converse direction (i.e.,
that each recognizable set of SP-graphs is the language of some regular grammar) has been
proved in [6, Theorem 3.

3.1 Regular Grammars

We introduce regular grammars, as representations of the recognizable sets of SP-graphs.
A grammar T = (N, R, X) consists of a finite set N = {z1,...,z,} of nonterminals, a set
R C N x Terms(Fsp, N) of rules, written © — t[x1,...,zx], where z,z1,..., 25 € N and a
set of azioms X C N. A derivation step is a pair of terms, written v = v, such that v is
obtained by replacing a single occurrence of a nonterminal z in u by a term ¢, for some rule
x — t from I'. A derivation x = ¢ is a possibly empty sequence of derivation steps starting
with a nonterminal. A derivation is complete if t is a ground term. The language of T' is the
set of evaluations of ground terms resulting from the complete derivations of I' that start
with an axiom, i.e., £(T) = {t4 | 2 =% t, t € Terms(Fsp,0), = € X}. A context-free set is
the language of a grammar. The following definition was introduced in [6]:

» Definition 3. A grammar ' = (PWS, R, X) is said to be regular if its nonterminals are
partitioned into S and P and its rules are one of the following forms, for some nonterminals
p,p1,P2 €EP, S,51,...,5, €S and labels a € X:

(A) p—p| st for € e N1,

(B) p— sl || ... || s, for k, 0y, 0, e NZL S8 4, > 2,

(C) s—=pos,

(D) s —=p1ops,

(E) p—a,

(F) s = a.

We denote by R*, R?, R¢, R”, R¥ and R” the subsets of R consisting rules of the form (A),
(B), (C), (D), (E) and (F), respectively. A set L of SP-graphs is regular if there exists a
regular grammar I' such that L = L(T").

79:5
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» Example 4. Consider the regular grammar:

def

Funiv = ({p} W {S} ) R? {pa 8})
Y

having the following rules:

p— pls s— pos
p— s s s— pop
p— a s — a,foreachac¥

The proof of £(T' ) = SP can be found in [5, Lemma 24]. In contrast, a grammar having
rules of the form p — p’ || s or s — s1 0 $9, for some p,p’ € P and s, s1, 52 € S is not regular.

It is already known that, from a regular grammar I", one can build a finite algebra A, of
doubly-exponential cardinality in the size of T', that recognizes £(T") [5, Theorem 13]. The
remainder of this section gives a different construction, whose purpose is to show a singly
exponential upper bound on the cardinality of the minimal recognizer of £(I"). The proof
that |A| is exponential in size(I") will be given in Section 4.

First, we introduce a few technical notions. Given a regular grammar I' = (PW S, R, X)
and a nonterminal p € P, a nonterminal s € S is said to be:

periodic for p if T contains a rule p — p || sl* € RA. If there is only one such rule in T,

we say that k is the period of s for p, denoted m,(s).

bounded for p if s = s; for some rule p — 5,14 || ... || s;/l** € R® from T and some

1 <i <k, where s1,..., s, are pairwise distinct variables. The bound of s for p, denoted

B,(s), is the maximum integer £ among the occurrences of sl in a rule from R® with

left-hand side p, plus one.

We denote by S (resp. Sf ) the subset of S consisting of periodic (resp. bounded) nonter-
minals for p, whenever the grammar in question is understood. Note that S and Sg are not
disjoint and do not cover S, in general.

» Example 5. In the grammar I'ypi, (Example 4), ST = S5 = {s}, m,(s) = 1 and S,(s) = 2.

We can however assume w.l.o.g. that §7 N Sg = (), by putting each regular grammar in
the following normal form:

» Definition 6. A reqular grammar ' = (P WS, R, X) is in normal form (normalized) if
and only if the following hold:

1. for each pair (p,s) € P x S there is at most one rule p — p || sl¢ € R*,

2. 51,...,8; € Sg\Sg, for each rule p — 511 || ... || spl* € R?, k> 1.

We show that each grammar can be normalized at the cost of a polynomial increase in
the size of the grammar:

» Proposition 7. For cach regular grammar T = (PWS, R, X), one can build, in polynomial
time, a normalized regular grammar I = (PWS', R/, X), such that L(T') = L(T).
» Example 8. Consider the grammar T'y,,;, (Example 4). The normalized grammar:
F,univ - ( {p} w {57 S/}a R/a {p7 S})
~N~ S~
P s

is obtained from Ty, by replacing the rule p — s || s by the rules p — s' || ¢/, ' = pop,
s’ - posand s’ — a, for all a € ¥. This construction, used in the proof of Proposition 7,
implies that £(T",,;,) = £(Tuniv)-
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3.2 A Finite Algebra of Terms

In this section, we assume w.l.o.g. that ' = (PWS, R, X) is a fixed regular grammar in
normal form. The definition of a recognizer for the language of a regular grammar given
in [5, 6] represents graphs obtained by parallel composition as sets of multisets of nonterminals
from S, where the inner level (multisets) counts the number of parallel components up to a
certain period and the outer level (sets) acounts for the nondeterminism in the grammar.
In the following, we use an equivalent encoding of sets of multisets using terms built
from addition, multiplication and nonterminals from S. For instance, the set of multisets
{{s1, 582,82}, {51, 51,83} } is unambiguously encoded by the term s; - s3 + 5% - s3.

Formally, the definition of a recognizer for £(I') uses finite term algebras 7,,, one for each
nonterminal p € P. These algebras have the same signature Fr = {+,-,0, 1}, where +, -
are binary operations and 0, 1 are constants. The domain of the algebra 7, = (T, +,-,0,1)
is the set of terms built using the function symbols + and - using variables S{f WSy W S,
where Sg, S € § are the sets of bounded and periodic nonterminals for the given p € P,
respectively, and S? is a set of threshold variables, distinct from S. Note that Sf and
S, are disjoint, by the assumption that I' is in normal form (Definition 6). The bound
Bp : Sg — N22 and period TS, = NZ! mappings have been defined previously. The
threshold variables are artifacts introduced for the purposes of the upcoming complexity
proof (Section 4) and do not belong to I'. We consider a threshold mapping 0 : S? — N22.

Let p € P be a fixed nonterminal in the following. The interpretation of Frin 7, forms an
idempotent commutative semiring?, where (T, +,0) and (T, -, 1) are commutative monoids,
+ is idempotent, 0 is cancelling for -, and - distributes over +. The finiteness of 7, is ensured
by the following additional axioms:

(BA) s%() =0, s e 85 (PA) s™*() =1, s € S, (TA) §9() = s0()-1 5 ¢ SO

where by s™ we denote the n-times product of s with itself, as usual.

A monomial is a term of the form s1 - ... s,, where s1,...,s, € S§ W87 ¥ S’. When
no confusion arises, we write s1ss instead of s7 - s5. A monomial is reduced if none of the
(BA), (PA) and (TA) axioms can be applied to reduce the number of occurrences of variables
in it. For a monomial m, we denote by vars(m) the support of m, i.e., the set of variables
occurring in m. For a variable s € vars(m), we denote by deg(m, s) the degree of s in m and
by deg(m) the degree of m, defined as deg(m) = > scvars(m) deg(m, s). A term is linear if it
is a sum 81 + ...+ s, of variables. A linear product is a term of the form ¢ - ... £,, where
{; are linear terms.

Due to the axioms of distributivity, each term ¢ € T, is equivalent to a sum of distinct
reduced monomials, called normal form, denoted nf,,(¢). When no confusion arises, by writing

m € nf,(t) we mean that the monomial m occurs as a summand in the normal form of .

Note that the normal form of a term is unique modulo associativity and commutativity of
the binary operations and the set {nf,(¢) | t € T,} is finite. In the following, we shall need
an upper bound on the number of monomials from a term in normal form:

» Lemma 9. Let t € Terms(Fr,S) be a term in normal form. Then each monomial m € t
is of size at most O(T') - |S| and there are at most O(T)ISI such monomials.

2 Often also called a commutative dioid.
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3.3 The Recognizer of a Regular Set

We define a finite algebra A = (A, o, |4, {a}4ex) and a homomorphism A between SP and
A, such that £(T') = h=1(F), where F £ h(L(T')), thus establishing that £(T') is recognizable.
Even though the definitions of A and h depend on I', we omit mentioning it, to avoid clutter.

Intuitively, a P-graph (i.e., a parallel composition of at least two graphs) is represented
by a tuple of terms (t,)pep, where t, € T, for each p € P. Each term nf,(¢,) is a sum of
monomials, that represent the possible ways in which the P-graph is parsed by I' starting
from p, using only rules from R* UR? (modulo repetitions of rules from R*). This motivates
the following notions of view, i.e., a monomial that represents a set of derivations having
a common prefix of the form p =% s1 || ... || sn, and profile, i.e., a sum of monomials that
accounts for the nondeterminism in I':

» Definition 10. Let G be a P-graph. A view of G is a monomial m = sy - ...- Sy, for which

there exist complete derivations s; =% t;, for all i € [1,n], such that G = (t1 || ... || t»)°”.

def

For a nonterminal p € P, the p-profile of G is the term h,(G) = nf,, (Zm view of G m). The

def

profile of G is the tuple h(G) = (hp(G))pep-

A view of an S-graph (i.e., either a bridge or a sequential composition of least two graphs)
is a pair (s,q), where s € S represents the beginning and ¢ € PW S W {1} the end of a
derivation s =% pjo...p,0q (resp. s =% py1o...p, if ¢ = 1) using only rules from R°URP,
for p1,...,p, € P. This representation of S-graphs is similar to the classical representation
of words by pairs of states in a finite word automaton.

For two terms ¢ and u, over the Fsp signature, we denote by ¢ ~ u the fact that ¢ can be
rewritten into w by applying zero or more times the associativity law for o. For a grammar
I, we write t °= ", u if t = w and w ~ u. The profile of an S-graph is a set of views
representing the nondeterminism in I':

» Definition 11. Let G be an S-graph. A view of G is a pair (s,q) € S x (SWPW{L}),
for which there exists a derivation, either s *=".toq, if ¢ # L, or s * =" t, otherwise,
and t is a ground term such that G = t5F. The profile of G is the relation h(G) “
{(s,9) e S X (SWPW{L}) ]| (s,q) is a view of G}.

The definition of A benefits from the notion of alternative grammar, that differs from
regular grammar only in that we allow rules of the form p — s (i.e., in violation of condition
(B) of Definition 3), where s € S occurs in a rule s — a, a € ¥ and nowhere else. This allows
us to represent the bridges that may occur in the parallel composition of a P-graph using
nonterminals from &, which provides a uniform definition of views for P-graphs. Each regular
grammar can be transformed into a language-equivalent alternative grammar by adding a
rule s, — a and replacing each rule p — a with p — s,, for each a € X. In the following, we
denote by R* the set of newly introduced rules of this form, in an alternative grammar. If,
moreover, p € X NP is an axiom of I', we promote s, to be axiom of the alternative grammar.
In the following, we consider w.l.o.g. I" to be an alternative grammar in normal form.

The domain of the recognizer algebra A is A = {h(G) | G € SP}. We denote by AP and
AS the sets of P-profiles (i.e., profiles of P-graphs) and S-profiles (i.e., profiles of S-graphs),
respectively. Note that A & AS = A. For technical convenience, in the definition of A, we
consider the mappings par, that converts an arbitrary profile into a tuple of terms in normal
form, and seq, that converts an arbitrary profile into a relation between PWS and PwSw{ L }:



M. Bozga, R. losif, and F. Zuleger

ar(z) x if x € AT
P (nf, (X{s| (s, L) €x, SESI?&JS;})>I)6P if z € AS
()def T if x € AS
seq(z) = .
{(p, L) [p~met, pePtU{(s,q)|s = pogeR} ifx=(t,),er cA”

where (z), denotes the p-th component of a tuple z € AP and nf((t,)pep) = (nf,(t,))pep

denotes the component-wise normal form. Further, by writing p ~ m, we mean the existence

of arule p— s 10 || ... | 5,1 € R such that m = 54 - ... s’ and by p ~»* m we mean
the existence of a derivation p =% s1 || ... || sp, using only rules from R* UR", such that
m=8y-...-Sy,. The ~ and ~~* relations enjoy the following property:

» Lemma 12. For each nonterminal p € P and monomial m € Ty, we have p ~* m if and
only if p ~» nf,(m).

The interpretation of the signature Fsp in the algebra A is defined below, for all a € 3
and x1,z9 € A, where y;;y2 denotes the relational composition, i.e., y1;y2 = {(a,¢) | (a,b) €
y1, (b,¢) € ya}, and (t,)pep - (Up)pep = (t, - up)pep denotes component-wise multiplication:

a*Z {(s,L)|s—acR}IU{(s,q) | s> poqgeR®, p— s, € R}

z1 ||* z2 = nf(par(z;) - par(zs)) z1 0 2y 2 seq(z1); seq(ws)
Note that, since bridges are considered to be S-graphs, a” is an S-profile. Since the definition
of a** assumes the grammar to be alternative, hence there two ways in which a bridge can be
parsed, either s = a, thus yielding the view (s, L), or s = poq = 84 0¢ =r aoq, thus
yielding the view (s, q).

The parallel composition is interpreted in the recognizer algebra as the multiplication

in the term algebra, and the serial composition is interpreted as relational composition.

Intuitively, the interpretation of Fsp in the algebra A mimicks the parallel and serial
composition operations at the level of profiles, as shown by the following example:

» Example 13. Consider the regular grammar I ,,,;, from Example 4. The corresponding
alternative grammar is obtained by first normalizing the grammar T',,;, (see Example 8)
and then replacing the rule p — a with the rules p — s, and s, — a, where s, is a fresh
nonterminal, for each a € 3. The resulting grammar:

def

Tuniv = ({p} bLJ{Svsl} U {Sa ‘ a € E}7Rv {pa S})
k3 3

has the following rules:

p— pls s— pos pP— S, Sq — @
p— §|s s— pop s—= a s’ — a,foreachaeX
s — pos s — pop

For some a € ¥, we compute, successively:

0 = (50> L), (5, 1), (5,0, (5, (5 1), (.9, (5, ))
par(a?) = (s+ s + s4)
et [Aat =545 455 +5 5, +54-5
seq(a™ [ a™t) = {(s,p), (s, 5), (s',p), (5", 5), (. 1)}
(@ [ a?) ot at = {(s, 1), (5,p), (5,9), (', L), (5/,p), (s, 9)}
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It is easy to check that h((a || a) o a) = {(s, L), (s,p), (s,8), (s, L), (s',p), (s, 5)}, because
the right-hand side contains all the views of the S-graph (a || a) o @ for T' 4. Consequently,
we have h((a || a) o a) = (a? ||A a?) oA a.

The following lemma proves the correctness of the above definition:

» Lemma 14. h is a homomorphism between SP and A.

Moreover, £(I') does not distinguish graphs with the same image in A:

» Lemma 15. SP-graphs having the same image via h are indistinguishable by L(T).
The main result of this section is a consequence of Lemmas 15 and 14 above:

» Theorem 16. The language of each regular grammar I is recognized by the finite algebra
def

A with accepting set F = h(L(T)).

Proof. Since h is a homomorphism between SP and A, by Lemma 14, it remains to prove
that £(I') = h=}(F). “C” This direction is trivial, by the definition of F. “2” For each
SP-graph G € h™!(F) there exists G’ € £L(T) such that h(G) = h(G’). By Lemma 15, we
obtain G € L(T). <

We also need the following constructive definition of the accepting set of the A recognizer
built in the previous:

» Lemma 17. The accepting set F' consists of the elements a € A, for which either one of

the following holds:

1. ifa= (tp)pep € FN AP then there exists an axiom p € PN X and a nonempty monomial
m € t, such that p ~ m.

2. ifa € FNAS then (s, L) € a, for an aziom s € SN X.

The next proposition gives a lower bound on the cardinality of the minimal recognizer for
a regular grammar, which improves on the standard 2" lower bound of the recognizers for the
language of a nondeterministic word or tree automaton [8, Theorem 1.3.1]. The worst-case
example has been adapted to our setting from [1, Theorem 3.4], see also [2, Theorem 5.2]:

» Proposition 18. There exists a regular grammar T' having O(n) nonterminals and
O(nlogy n) rules, such that each recognizer for L(I') requires at least 2° elements.

4 An Exponential Bound on the Cardinality of the Recognizer

We establish a 20(") upper bound on the cardinality of the recognizer A built from the
regular grammar I'; where n is the size of T (Corollary 32). This upper bound is (almost)
optimal, since a 2%n?) blowup is unavoidable (Proposition 18).

Because the domain of A is partitioned into S-profiles (A%) and P-profiles (A”), we
analyse the two cases separately. Note first that there are at most |S| - (|P| + |S| + 1) pairs
of the form (s,q) € S x (PwWSwW{L}) in A% hence |A| is exponential in the size of T
(Definition 11). In the rest of this section, we prove that |A”| is also exponential in the size
of T', which provides an exponential bound for |A| = |A%| + |AT].

For the purpose of proving that |AF| is exponentially bounded, a key observation is that
AP consists of tuples of normal forms of linear products® over variables from S. Indeed,
this is the case because each (t,),ep € A" is the profile h(G) = (h,(G))pep of a P-graph G,

3 A linear product is a term of the form (s11 + ...+ 81n,) ... (8k1 + ... + Sk, ), Where s5;; € S.
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which is the parallel composition of at least two S-graphs, i.e., G=G; || ... || Gn, n > 2.
This means h,(G) = nf,(par(h(G1)), - ... - par(h(G,)),), for each p € P. Because each G;
is an S-graph, we have h(G;) € A% hence each term par(h(G;)), is a sum of variables from
S, by the definition of par. Then, par(h(Gi)), - ... par(h(G,)), is a linear product and
t, = h,(@) is its normal form, for each p € P. Consequently, |[AT| is at most the number of
linear products over S that have distinct normal forms, at power |P].

4.1 Counting Products of Linear Terms

Let us fix a non-terminal p € P and let S” and S™ denote the sets of bounded and periodic
variables associated to p, respectively. Since p is fixed, we omit mentioning it in the following.
We also consider a set SY of threshold variables. For simplicity, in this context, we assume
that P = {p} and S=SP W S™ v SY.

The term algebra corresponding to p is denoted 7= (T,+,-,0,1). We recall that the
domain T £ Terms(Fr,S) of the term algebra is the set of terms built from S using the
operations + and - (Subsection 3.2). We assume w.l.o.g. that each variable s € 8™ has period
m(s) > 2: if w(s) = 1 for some variable s, then nf(s) = 1, by the (PA) axiom, hence s either
does not occur in the normal form of a linear term, or yields the empty monomial 1.

The goal of this subsection is to provide an exponential bound on the number of terms in
normal form nf(¢)*, where ¢ is a linear product of bounded and periodic variables. This is
achieved by providing a polynomial cut-off bound on the length (i.e., number of factors) of
the linear products having the same normal form. The existence of a cut-off ¢ means that
each product longer than ¢ has the same normal form as a product shorter than c¢. The
cut-off allows to bound the number of distinct linear product terms by an exponential, since
the number of linear products of length at most ¢ is exponential in c.

The polynomial cut-off is obtained by considering progressively the cases of linear factors
consisting of (i) bounded variables only (Lemma 19), (ii) threshold variables only (Lemmas 20
and 22), (iii) bounded and periodic variables containing the 1 monomial (Lemma 23),
(iv) bounded and periodic variables containing a distinguished periodic variable (Lemmas 25
and 27) and (v) the general case of arbitrary bounded and periodic variables (Lemma 28).
We recall that the threshold variables do not occur in the input grammar I', being introduced
to support the intermediate steps of the proof.

For each set V' C S of nonterminals, we define the following measure:

IVILE D (Blo) =1+ Y (w(s) =)+ > (8(s) = 1) (1)

seVNSk SEVNST seVns?

We consider the following sets of linear terms and products, for VC S and U C T:

def

Sums(V) & {Zsews | @#ng} Prods(U) & {uy...uy, | w €U, i€[1,k], k> 0}

The length of a product ¢t = u; ... u, of linear terms uq, ..., u, is denoted len(t) < n. The
below lemma shows that linear products over bounded variables only, that are longer than
|S?]1 have normal form 0, which provides a trivial cut-off on their length:

» Lemma 19. For each linear product t € Prods(Sums(S?)) of length len(t) > |SP|1, we
have nf(t) = 0.

4 We also write nf(t) instead of nf,(¢) because the nonterminal p € P is fixed.
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Before considering the other cases, we need further notations. Given reduced monomials
my, mo we define m; C mqy iff vars(my) C vars(ms) and deg(mq,s) < deg(ms, s) for all
s € vars(my). We also write m; T mq iff m; T mgy and my # mgy. For a term nf(¢) in normal
form we denote by sup(nf(t)) the subterm of nf(t) containing only the maximal monomials
with respect to C. We also define max degnf(t) e max,,enf() deg(m), i.e., the maximal
degree of monomials m occurring in nf(¢).

The following two lemmas give the cut-off on the length of linear products over threshold
variables only. Lemma 20 gives an auxiliary result concerning variables of threshold 2, called
2-threshold in the following, namely that the maximal (i.e., w.r.t. £) monomials of a linear
product using only 2-threshold variables are exactly its monomials of maximal degree. Most
of its proof shows that a linear product ¢ of 2-threshold variables enjoys a similar exchange
property® as matroids, guaranteeing that maximal bases have equal cardinalities [22].

» Lemma 20. Assume that 0(s) = 2 for each s € S?. Then, for each linear product
t € Prods(Sums(S?)), we have sup(nf(t)) = > {m € nf(t) | deg(m) = maxdeg(nf(t))}.

» Example 21. Consider threshold variables s, ...,s; € SY such that 0(s;) = 2, for all
i€[1,4]. Let ¢ e (s1 4+ $2)(82 + s3)(s3 + 84). We compute:

nf(t) = s15253 + 515254 + 153 + S15354 + S253 + S25354

sup(nf(t)) = s15283 + $15254 + $15384 + S28354
and observe that max deg(nf(¢)) = 3 and sup(nf(¢)) = > {m € nf(¢) | deg(m) = 3}.

For two products t1,ts € Prods(U), we write t1 =< ¢ if ¢1 is a subproduct of ¢o, i.e., t1 is the
product of a subset of the factors of t5. Note that < agrees with C over reduced monomials.
We write ¢1 < ta whenever t1 < to and ¢1 # t2 and define [t1, t2]< el {t | t1 2t =<t} With
these notations, Lemma 22 generalizes Lemma 20 from 2 to arbitrary thresholds and provides
a cut-off bound on the linear products consisting of threshold variables only:

» Lemma 22. For each linear product t € Prods(Sums(S?)), the following hold:
(i) sup(nf(t)) => _{m € nf(t) | deg(m)= maxdeg(nf(t))}.
(i) sup(nf(t)) = sup(nf(t-£)), for each linear term £ € Sums(S?) such that max deg(nf(t)) =
max deg(nf(¢ - £)).
(iii) if len(t) > |S?|1 then there exists t' < t, such that sup(nf(t)) = sup(nf(t")), for all
et 1.

For each V C S, we denote by 1-Sums(V) = {1 + Yoeew s | 0F#W CV} the set of
linear products whose factors all contain the empty monomial 1. Lemma 23 gives a cut-off
on the length of products of such linear terms, relying on simple observation: a linear term
1+ s, for s € S W S™, behaves as a threshold variable of threshold equal to 3(s) resp. 7(s).
Intuitively, this is the case because the normal forms of such linear products are downward
closed w.r.t. the C order on monomials. Hence, the bounded and periodic variables can be
syntactically substituted with threshold variables and Lemma 22 can be applied.

» Lemma 23. For each linear product t € Prods(1-Sums(S” W S™)) of length len(t) >
|SP & S™|1, there exists t' <t such that nf(t) = nf(t"), for all t" € [t',t]<.

5 For each m,n € nf(t) such that deg(m) < deg(n) there exists z € vars(n)\vars(m) such that m-z € nf(t).
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» Example 24. Let s; € S° and sy € S™ be variables such that 3(s1) = 2, 7(s2) = 3
and t = (1 + 51 4 52)(1 +51)(1 + s2)(1 + 51)(1 4 51)(1 + 51 + 52)(1 4 52). Then nf(t) =
1451 +89+ 5152+ s% + 51 sg and note that nf(¢) contains all reduced monomials constructed
from s; and sy. Let ¢/ = (14 81 4+ 52)(1+ s1)(1 + s2), that is, ¢’ contains only the first
three factors of t. Then, nf(#') = nf(¢) is an easy check. Moreover, nf(¢"") = nf(¢) for all
t" e [t',t]<, because nf(¢") contains already all the monomials of nf(¢'), i.e., of nf(¢).

For each 5o € S and V C S, we denote by so-Sums(V) = {59 + Yoeews | 0FW CV}
the set of linear terms whose factors all contain a distinguished variable sg. Lemmas 25
and 27 generalize Lemma 23 by considering products of linear terms containing a periodic
variable sg instead of 1. In particular, Lemma 25 considers the situation where the period of
so divides the periods of all other periodic variables occurring in the product. In this case,
the normal form of a linear product becomes downward closed w.r.t. C when sg is removed
from all monomials. We point out that for the products whose length exceeds the cut-off
bound, Lemma 25 only guarantees some strictly shorter product having the same normal
form, whereas Lemma 23 guarantees equal normal forms for all linear products whose length
exceeds the cut-off bound.

» Lemma 25. For each periodic variable sg € S™, whose period w(sg) divides all periods
{n(s) | s € S™}, and each linear product t € Prods(so-Sums(SP & S™)) of length len(t) >
|SP & S™|1, there exists t' <t such that nf(t') = nf(t).

» Example 26. Consider a bounded variable s; € S and periodic variables sg, sy € S™
such that B(s;) = 2, m(so) = m(s2) = 3. Let t = (so + 51 + s2)(s0 + 51)(50 + 52)(50 +
s1)(so + s1)(so + s1 + s2)(so + s2) and observe that len(t) = 7. We compute nf(t) =
So + 81 + s2 + 838182 + s%s% + soslsg. Note that for all monomials m € nf(t) we have
deg(m) = 7 mod 3, i.e., deg(m) = len(t) mod m(sg). Moreover, note that by erasing sg
from monomials of nf(¢) we obtain all possible reduced monomials of sy, s3. Let then
¢ (so+ 81+ 82)(s0 + 81)(s0 + $2)(s0 + s1), that is, ¢ contains the first four factors of t.
Then nf(¢') = nf(¢) is an easy check, in particular by taking into account the properties of

nf(¢) mentioned above.

Lemma 27 generalizes Lemma 25 by lifting the restriction about the period of sg dividing
all other periods. This increases the cut-off bound above which factors become redundant
by a polynomial in the periods of the variables from 8™, where lem(a, b) denotes the least
common multiple of a,b € N=1:

» Lemma 27. For each periodic wvariable so € 8™ and linear product t €
Prods(so-Sums(S” & S™)) of length len(t) > [|SP|1 + X cg-(em(n(s), m(s0)) — 1), there
exists t' <t such that nf(t') = nf(¢).

Lemma 28 below handles the general case of linear products over both bounded and
periodic variables (threshold variables are not needed any further). This provides an explicit
polynomial cut-off on the length of such products, guaranteeing that each longer product is
either 0 or equivalent in normal form to a strict sub-product. The proof uses a reordering of
product factors that enables the joint application of Lemmas 19 and 27. Let S™ = {81,.-,8n}
be the set of periodic variables and define the bound:

S - (IS + 1)+ Y lem(n(sy)m(si) = IS71- (157 +1)/2 (2)

1<i<j<n

b(S? 8™ =

» Lemma 28. For each linear product t € Prods(Sums(S” & S™)) of lenght len(t) > b(S”,S8™),
either nf(t) = 0 or there exists t' <t such that nf(t') = nf(t).
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We define K (a,b) = 2?20(2“ —1)" and observe that K(a,b) < (2% — 1+ 1) = 290,
Intuitively, K (a,b) represents the number of syntactically distinct products of length at most
b, built from non-empty sums of a distinct variables. For a set of terms U C T, we write
|Uug Z |nf(t) | t € U, nf(t) # 0]. Lemma 29 below provides the bounds on the cardinalities
on the sets of linear products over both bounded and periodic variables. This lemma simply
applies the bounds on lengths of linear products from Lemmas 19, 23 and 28 to obtain

bounds on the number of pairwise distinct normal forms of the linear products thereof.

» Lemma 29.

(i) IProds(Sums(S))lar < K(IS°L,IS” 1),

(i) |Prods(1-Sums(S? W S™))|ur < K(|SP w ST, [|SP wST|1),
(iii) |Prods(Sums(S? W S™))|ur < K(|S? & S™|,b(S?,S™)).

4.2 The Main Result

The next lemma gives first an exponential bound on the cardinality of a recognizer built
from an alternative grammar in normal form. We distinguish the cases of (i) grammars with
no periodic variables, (ii) with periodic variables of period 1, and (iii) the general case.

» Lemma 30. The recognizer A built from an alternative grammar T’ “ (PYUS,R,X) in
normal form satisfies the following constraints:

9Bmas-|SI?|P| ifR*=0
2 .
(1) |AP] < { 22 Bumas ISP if R*# 0, Ppay =1
2(Bmas+Pras /2 ISITUSIHDAPL f RA £ 0, Py > 1

(2) |AS| < 2ISI-UsI+HIPI+D
def

def
where Bgy = max  Bp(s) and Ppap = max ) Tp(8).
pep’sesg pE'P,sGSp

We denote by 6(I') the maximum size of a term that occurs as the right-hand size of a
rule in I". The result of this section is that the cardinality of a recognizer built from a regular
grammar I' is bounded by an exponential in the number of nonterminals, rules and 6(I"):

» Theorem 31. The recognizer A built from the reqular grammar I' = (PW S, R, X) has
20(IPI-ISI*-IRI-6(

D)) elements.

Proof. First, the regular grammar I' is transformed to an equivalent regular grammar
I < (PWS,R,X) in normal form, such that |S’| = O(|S| - |R|), by Proposition 7.
Second, the regular grammar in normal form I" is transformed to an alternative grammar
I = (PwS”,R", X) in normal form as explained in section 3.3. The set of non-terminals S”
is increased by the elimination of the rules R®. This increase is bounded by the cardinality of
R, ie., |S”] < |S'| + |R|. Also, the transformation guarantees that the values of maximal
periods and/or bases are the same in IV and T'”. The recognizer A is built from I'”. By
Lemma 30 applied to I'” we obtain:

AT < uf & 9(Bmas+Ppaz/2) 18" 118" |+2)-[ P
HAS” < S & olS"I-Us"I+IPD)

Then, |A] = |AP| + |A%] < uf +u¥ < 24P, since u¥ < uP always holds. Using

moreover that Byae < (), Pmas < 6(F) and |[S”] = O(|S| - |R]) we obtain |A] =
2O(IPI-ISI?-IR|?-6(I)?) <
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We simplify the above bound to a more rough bound in the size of the grammar:
» Corollary 32. The recognizer A built from the reqular grammar I’ has 20Gize(D)°) elements.

Proof. Because size(I') is the length of the representation of I' as a string, we have size(T") =
2n+ Y | size(t;), where the rules of I' are x; — t;, for 1 < i < n. Moreover, by assuming

that each nonterminal occurs as left-hand side in at least one rule, we obtain |P| + |S| < n.

We compute:

IPI-ISIP - IR - 6(I)? < size(I)° <
As a byproduct, we obtain the following result:
» Corollary 33. The accepting set of L(T') in A is computable in time 20UPI-ISIP-IRIP-6(D)?)

Proof. Let F' C A such that £(T') = h=(F). The elements of F N AP can be enumerated in
time [A] - |R]-0(T)°US]), by Lemmas 17 and 9. The elements of F'NAS can be enumerated
in time |A| - |S| - (|P] + |S| + 1), because |S]| - (|P| + |S| + 1) is the maximum size of an
S-profile. By Theorem 31, we obtain an upper bound of the order of 20(9(F)2'”7’”'||S”3'”R”3),
in both cases. |

5 Decision Problems

In this section, we consider standard decision problems for recognisable sets of SP-graphs,
represented as regular grammars (Definition 3). We prove that the problems of (i) emptiness of
the intersection of n sets given as regular grammars, and (ii) inclusions between a context-free
and a regular set, are both EXPTIME-complete.

We denote by «(T") the maximum number of variables occurring on the right-hand side
of a rule from the grammar I' and recall that 6(I') denotes the maximum size of a right-hand
side of T'. A first ingredient is the well-known Filtering Theorem [11, Theorem 3.88]:

» Theorem 34. For each grammar T = (N, R, X) and set L of SP-graphs recognized by a
finite algebra A, one can build a grammar T such that L(T') = L(T) N L. Moreover, I can
be built in time O(|R| - |A|*M) - - 0(T)), where T is an upper bound on the time needed to
compute fA(ay,...,ay,), for each f € Fsp and ay, ..., a, € A.

Intuitively, the grammar I is obtained from I' by annotating each nonterminal x € N
with an element a € A and introducing a rule z% — ¢[z{*,...,z%"] for each rule z —
tlzy,...,r,] € R and tuple a,ay,...,a, € A such that a = t*(ay, ..., a,). The axioms of T
are {z* |z € X,a € h(L)}, where h is the homomorphism recognizing L (Definition 1). The
upper bound on the time needed to compute I follows immediately from its construction.
To apply the Filtering Theorem to recognizable sets defined by regular grammars, we use
the previously computed upper bound on the cardinality of their recognizers (Theorem 31).
An estimate on the time 7 needed to compute the operations from Fgp in the recognizer of

a regular grammar is given below:

» Lemma 35. LetT'= (PWS, R, X) be a reqular grammar and A be a recognizer for L(T).
Then, fA(ay,...,a,) can be computed in time 7 = (|P| - |[R|)C® - o(T)CUSD | for each
f € Fsp and ay,...,a, € A.

We establish the complexity of two decision problems concerning recognizable sets,
described by regular grammars. This tightens an existing 2EXPTIME upper bound, for the
problem of inclusion between a context-free and a regular language [6, Theorem 4]. The
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EXPTIME upper bound follows from the fact that the language of a regular grammars is
recognized by an algebra of cardinality exponentially bounded in the size of the grammar
(Theorems 16 and 31). The EXPTIME-hard lower bound for the problems considered in
Theorem 36 is established by polynomial many-one reductions for the problems of intersection
and inclusion of tree automata [8, Theorems 1.7.5 and 1.7.7].

» Theorem 36. The following problems are EXPTIME-complete:
1. Given regular grammars Ty, ..., Ty, does L(T'1)N...NL(T,) =0 hold?
2. Given grammars I'1 and Ty such that Ty is regular, does L(I'1) C L(T'3) hold?

Proof. We prove the EXPTIME upper bound for each of the considered problems:
(1) Let T'y,...,T,; be an instance of the intersection problem, where I'; = (P; W S;, Ri, X;),

for each i € [1,n]. We denote P = S0 [P, S = Sr |Si], R £ X", |Ri| and
© = 3" O(T;). The size of the input is then 31" size(I;) < N = P+ S+ R-0. Let A;
be a recognizer for L(T';), for i € [1,n]. By Proposition 2, the set L(T'y) N ... N L(T,) is
recognized by an algebra A having the domain A = A; x ... x A,,. By Theorem 31, we obtain
|A| = 20(P-5*R*-6%) By Corollary 33, the accepting set for the language £(I'1)N...NL(T,,)
can be computed in time that is of the same order of magnitude as |A|. Since P-S3-R3.© < N7,
the emptiness of the intersection can be decided in time 20V N,

(2) Let T; = (P, WS;, Ry, X;), for i = 1,2, be an instance of the inclusion problem. Let Ay be
a recognizer for £(I'y). The size of the input is then N = Zle size(T';). By Proposition 2,
the set SP\ £(T'9) is also recognized by As. Let T'] be the result of applying the Filtering
Theorem 34 to 'y and SP \ £(T'3), i.e., L(T)) = L(T'1) N (SP\ L(T'2)). By Theorem 34 and
Lemma 35, T} can be built in time:

IR [A2| T (IPy] - [R2]) O - (L) 752 - 6(Iy)

T

= |R4| . 9a(T1)-O(IP2|-[S2]*-[R2?-0(T'2)%)

[Aaf D
(IP2] - IR21)O) - (T2)'52) - o(I)

T

— 9(IRa]-a(T1)-|P2|-|S2]-|R2[-6(P2)©) _ 9N O

Since the emptiness of £(I'}) can be decided in time O(size(I'})?), the inclusion problem has
an EXPTIME upper bound. The EXPTIME-hard lower bound follows from the EXPTIME-
hardness of the same problems for sets of terms represented by finite tree automata [8,
Theorems 1.7.5 and 1.7.7]. The encoding of terms as SP-graphs and of bottom-up tree
automata as regular grammars are detailed in the proof of [6, Theorem 4]. |

6 Conclusions

We prove an exponential bound on the cardinality of the minimal algebra recognizing the
language of regular grammar, for series-parallel graphs. Based on this result, we establish
the EXPTIME-completeness of the intersection and inclusion problems.
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