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Abstract
In this work we study a classic generalization of the ubiquitous Vertex Cover (VC) problem,
called the Component Order Connectivity (COC) problem. In COC, given an undirected
graph G, integers d ≥ 1 and k, the goal is to determine if there is a set of at most k vertices whose
deletion results in a graph where each connected component has at most d vertices. When d = 1,
this is exactly VC.

This work is inspired by polynomial kernelization results with respect to structural parameters
for VC. On one hand, Jansen & Bodlaender [TOCS 2013] show that VC admits a polynomial kernel
when the parameter is the distance to treewidth-1 graphs, on the other hand Cygan, Lokshtanov,
Pilipczuk, Pilipczuk & Saurabh [TOCS 2014] showed that VC does not admit a polynomial kernel
when the parameter is distance to treewidth-2 graphs.

Greilhuber & Sharma [IPEC 2024] showed that, for any d ≥ 2, d-COC cannot admit a polynomial
kernel when the parameter is distance to a forest of pathwidth 2. Here, d-COC is the variant of
COC where d is a fixed constant rather than part of the input. We complement this result and
show that, analogously to the VC setting, where distance to treewidth-1 graphs versus distance
to treewidth-2 graphs is the dividing line between structural parameterizations that admit and
respectively do not admit polynomial kernelization, for COC this dividing line lies between distance
to pathwidth-1 graphs and distance to pathwidth-2 graphs. The main technical result of this work
is that COC admits a polynomial kernel parameterized by distance to pathwidth-1 graphs plus d.

The problem d-COC can also be expressed as an F-MinorDeletion problem for an appropriate
graph family F . One of the central questions around F-MinorDeletion is for which families F
and minor-closed graph classes G the problem admits a polynomial kernel when parameterized by
the distance to G. For some families F complete dichotomies answering this question are known
[Bougeret et al., SIDMA 2022][Bougeret et al., STACS 2026][Bougeret et al., arXiv 2026]. But,
these results do not capture the 2-COC problem. We show that, when d ≥ 2, the line of tractability
for polynomial kernelization of d-COC parameterized by the distance to G is different from the
tractability line of the F-MinorDeletion problems for which the currently known dichotomies
apply. Thus, with our result, d-COC serves as an outlier in the class of F-MinorDeletion problems
when it comes to understanding the dichotomies for polynomial kernelization when parameterizing
by the distance to some minor-closed graph class.
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1 Introduction

Vertex cover. The Vertex Cover (VC) problem is one of the 21 classical NP-complete
problems identified in the seminal work of Karp [36] and serves as a canonical problem in
parameterized complexity that can be considered the paradigmatic example for developing
and testing algorithmic techniques in the field [14, 22]. In this problem, given an undirected
graph G and an integer k, the question is to decide whether there is a set S ⊆ V (G) of size
at most k such that each connected component of G − S has size at most one.

A particularly rich line of inquiry for VC has focused on its kernelization complexity
when parameterized by the solution size k. Kernelization (see [22] or [14, Chapter 2] for
textbook introductions to the topic) is a rigorous paradigm for studying preprocessing for
NP-hard problems. The fundamental question here is to design polynomial-time algorithms
that reduce an instance of a parameterized problem to an equivalent instance whose size and
parameter are bounded by a function of the parameter of the input. The gold standard is
when the output size is a polynomial function of the parameter, in which case the problem is
said to admit a polynomial kernel.

Kernelization for VC with respect to the solution size parameter k has inspired a rich
array of techniques including the Buss rule [8], crown decompositions [12, 20], the (weighted)
expansion lemma [39], and the LP-based kernel using the celebrated Nemhauser-Trotter
theorem [11,38,39,43], resulting in the current best kernel on at most 2k − c log k vertices
for the problem, for some constant c [40]. These results have inspired a wide array of
generalizations and extensions to broader problem families.

Component order connectivity. A natural generalization of VC is the Component Order
Connectivity (COC) problem: given a graph G and integers d ≥ 1 and k, decide whether
there is a set S ⊆ V (G) of size at most k such that deleting S from G results in a graph
where every connected component has size at most d. Such a set S is called a d-coc set of G.
When d = 1 this is precisely the VC problem. Apart from being a classic generalization of
VC, COC has independently appeared as a natural network vulnerability measure [29,37].
In this work, we are also interested in the problem family obtained by fixing d to be some
constant not part of the input. Concretely, for any integer d ≥ 1 the input of the problem
d-COC is a graph G and an integer k, and one needs to decide whether G has a d-coc set of
size at most k. For each fixed d ≥ 1, the problem d-COC is NP-complete [41]. Notice that
Vertex Cover is exactly the same problem as 1-COC.

Interestingly, many kernelization techniques developed for VC such as the Buss rule,
crown decomposition, (weighted) expansion lemma, and even the Nemhauser-Trotter theorem
also extend to d-COC when d ≥ 2 [2, 9, 10, 19, 22, 39, 44]. This suggests that positive
kernelization results for the solution-size parameterization of VC frequently generalize to
d-COC parameterized by the solution size.

However, the kernelization landscape dramatically shifts when we consider structural
parameters. One of the most important works in this direction for the VC problem is due
to Jansen & Bodlaender [34] who demonstrated the existence of a polynomial kernel for
VC when parameterizing by the feedback vertex set number (fvs) of the graph, which is a
parameter provably smaller or equal to the size of a minimum solution. The parameter fvs
can equivalently be thought of as the (vertex deletion) distance to treewidth-1 graphs. This
positive result is complemented by the result of Cygan, Lokshtanov, Pilipczuk, Pilipczuk,
and Saurabh [15] who showed that VC does not admit a polynomial kernel parameterized by
the distance to treewidth-2 graphs.1

1 All the lower bounds mentioned here are conditional under reasonable complexity assumptions.
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In stark contrast to VC, the behavior of d-COC under structural parameterizations is
more pessimistic. Greilhuber & Sharma [28] show that, when d ≥ 2, d-COC does not admit
a polynomial kernel when parameterizing by fvs, and even more, no polynomial kernel exists
even when parameterizing by the distance to forests of pathwidth 2.2 The kernelization lower
bound with respect to fvs is also implied by the result of Jansen & Donkers [18].

1.1 Our Main Result
In this work, we identify a clean structural dichotomy for d-COC: analogous to the distance to
treewidth-1 graphs versus distance to treewidth-2 graphs divide for polynomial kernelization
for VC, we establish that distance to pathwidth-1 graphs versus distance to pathwidth-2 graphs
form a boundary for polynomial kernelization of d-COC. Our main result shows that d-COC
parameterized by the distance to graphs of pathwidth at most one admits a polynomial
kernel.

We denote this problem as d-COC/pw-1. The input is a graph G, an integer k, and a
set M ⊆ V (G) such that G − M has pathwidth at most one. The task is to decide whether
G has a d-coc set of size at most k, and the parameter is |M |. The assumption that the
modulator M is given as part of the input is without loss of generality in the sense that one
can compute a modulator that is only a constant factor larger than a minimum modulator
in polynomial time [30].

In our main result we show that even the problem COC/d+pw-1 admits a polynomial
kernel. Here, the problem COC/d+pw-1 is the same as d-COC/pw-1, with the change that
d is now part of the input and that the parameter is |M | + d. See Appendix A for formal
definitions of the COC variants we consider in this paper. Giving a kernel for COC/d+pw-1
is significantly stronger than just having the result for d-COC/pw-1. For example, a running
time of the form O(|M |d) or kernel size of the form O(dd · |M |4) is allowed when aiming for
a polynomial kernel for d-COC/pw-1, but a similar result for COC/d+pw-1 would not yield
a polynomial kernel.

▶ Main Theorem 1. The problem COC/d+pw-1 admits a kernel with O(d7|M |3 + d6|M |4)
vertices. For each integer d ≥ 1 the problem d-COC/pw-1 admits a kernel with O(|M |4)
vertices.

Main Theorem 1 affirmatively answers an open question of Greilhuber & Sharma [28], who
asked whether d-COC admits a polynomial kernel when the parameter is deletion distance
to a linear forest (a forest in which each connected component is a path).

Minor deletion problems. One of the most important problem families in kernelization (and
beyond) is the family of F-MinorDeletion problems. Here, F is a fixed finite family of
graphs. Given a graph G and integer k, the goal of F -MinorDeletion is to decide whether
there is a set S ⊆ V (G) of size at most k such that G − S is F -minor free, that is, G − S has
no graph from F as a minor. Numerous fundamental problems including Vertex Cover,
Feedback Vertex Set, and Planar Vertex Deletion are captured by this expressive
problem family (see [4] for a recent and detailed introduction to F -MinorDeletion). The
problem d-COC is no exception, and also covered by the framework. Concretely, VC is the
same as F-MinorDeletion when F = {P2}, the problem 2-COC is obtained by setting

2 The result given in [28] is stated for the parameter distance to subdivided comb graphs, which are easily
seen to be forests of pathwidth at most two.
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F = {P3}, and for d ≥ 3 setting F to be the family of all connected graphs on d + 1 vertices
suffices. With respect to the parameter solution-size polynomial kernels are known to exist
when F contains a planar graph [21], and there is an influential line of work dedicated to
understanding the kernelization complexity of F-MinorDeletion problems with respect
to structural parameterizations [4–7,16,18,35]. The perhaps most important question that
has emerged is the following: For which families F and minor-closed graph classes G does
F-MinorDeletion parameterized by the distance to G have a polynomial kernel?

This question is fully settled for some problem families F . By a result of Bougeret, Jansen
& Sau [6], when F = {P2}, that is, for VC, a polynomial kernel exists if and only if G has
bounded bridgedepth. Here, bridgedepth is a structural parameter that was introduced for
this result. Without going into the formal details, we remark that any forest has bridgedepth
at most one. When F = {K3}, that is, for Feedback Vertex Set, a polynomial kernel
exists if and only if G has bounded elimination distance to the class of forests [16]. The result
of [16] has been vastly generalized to show that, if F is a finite set of biconnected graphs on
at least 3 vertices containing at least one planar graph, then a polynomial kernel exists if
and only if G has bounded elimination distance to the class of F -minor free graphs [4]. In a
recent update to the arXiv version of [4], this result has been extended to also capture some
non-biconnected families F , with the dichotomy again relying on whether G has bounded
elimination distance to the class of F -minor free graphs [5]. Hence, all these dichotomies are
centered around G either having bounded bridgedepth, or bounded elimination distance to
the class of F-minor free graphs.

The problem family d-COC is not captured by any of these results. In fact Bougeret
et al. [4, 5] explicitly mention that the kernelization complexity of 2-COC is unclear, and
ask whether bridgedepth plays a role for the problem. As mentioned before, when d ≥ 2,
d-COC does not have a polynomial kernel parameterized by the distance to forests [18,28],
so G having bounded bridgedepth does certainly not suffice. Our Main Theorem 1 exhibits a
polynomial kernel when G is the class of graphs with pathwidth at most one. This class G
does not have bounded elimination distance to being F-minor free. Therefore, when d ≥ 2,
the dichotomy for d-COC must rely on another, as yet unidentified parameter. To the best
of our knowledge, d-COC is even the first (non-trivial) F-MinorDeletion problem where
it is known that the dichotomy relies neither on G having bounded bridgedepth, nor on G
having bounded elimination distance to the class of F-minor free graphs.

Technical challenges. On the technical front, let us compare our main result with other
polynomial kernels for structural parameterizations of d-COC. Jansen and Pieterse [35]
show that, for each d and each constant η, the problem d-COC has a polynomial kernel
parameterized by the size of a treedepth-η modulator. There are other publications that
yield polynomial kernels for d-COC [3, 4], but in fact the existence of polynomial kernels
for the parameters they consider is already implied by the aforementioned result of Jansen
and Pieterse. To the best of our knowledge, no further positive results are known. A key
feature of the kernel by Jansen and Pieterse is that it suffices to be able to bound the number
of connected components of the graph obtained after deleting the modulator to obtain the
result. The size of these connected components can then be bounded iteratively in at most η

further rounds by exploiting the structure of graphs with treedepth at most η. Each round
involves moving a bounded number of vertices (the roots of the elimination forest) into the
modulator, and then bounding the number of connected components.

For our main result, the key technical challenge is bounding the size of these connected
components. In particular, long paths have pathwidth one but unbounded treedepth, so the
iterative approach used in the previous positive result completely fails. Our result is the
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first in COC kernelization that designs reduction rules that bound the size of connected
components of the graph after removing the modulator corresponding to the parameter. We
explain this phase and its challenges in more detail in Section 2.

1.2 Further Results
We complement our contribution with a variety of further results about COC kernelization.
While these results are interesting in their own right, they are less technically involved than
Main Theorem 1 and most of them follow by either lifting or adjusting known results, or by
relatively standard techniques.

On d in the parameter. First, we investigate the role the value d plays in more detail. Recall
that in Main Theorem 1 the integer d is either a constant, or at least part of the parameter.
We show that this is unavoidable. In Theorem 1.1 we exhibit that COC parameterized by
the vertex cover number of the graph plus the solution size k cannot have a polynomial
kernel, unless NP ⊆ coNP/poly.

▶ Theorem 1.1. The problem COC/k+vc does not admit a polynomial compression, unless
NP ⊆ coNP/poly.

The proof of this theorem is inspired by a reduction of Giannopoulou et al. [26], and
starts from a compression lower bound for Perfect t-Set Matching by Dell and Marx [17].
In contrast to Theorem 1.1, a simple branching algorithm shows that COC parameterized
by the vertex cover number is FPT.

▶ Theorem 1.2. COC/vc is FPT.

We additionally show in Theorem 1.3 that for the parameter distance to pathwidth one
graphs alone COC is even W[1]-hard. Therefore, there is no hope of obtaining a result
similar to Main Theorem 1 when d is neither a constant, nor part of the parameter. We
prove Theorem 1.3 by combining a reduction of Ganian et al. [24] with a new gadget that
makes it work for the problem we consider.

▶ Theorem 1.3. COC/pw-1 is W[1]-hard.

Parameterizing by the distance to bounded degree graphs. Next, we utilize the result
of Main Theorem 1 to obtain a polynomial kernel when parameterizing by the distance
to the class of graphs with maximum degree at most two (plus d for the problem COC).
We combine this with an NP-hardness result for d-COC on planar graphs with maximum
degree 3 to obtain a kernelization dichotomy. This result represents a generalization of a
result by Majumdar, Raman & Saurabh [42] for Vertex Cover to the more general problem
COC. For a graph class G and integer d ≥ 1, the problem d-COC/dist-to-G is d-COC
where the input is provided together with a modulator to G, that is a set M ⊆ V (G) such
that G − M ∈ G, and the parameter is |M |. The problem COC/d+dist-to-G is defined the
same way, only that d is part of the input and the parameter is |M | + d.

▶ Theorem 1.4. When G is the class of graphs with maximum degree at most 2 the problem
COC/d+dist-to-G admits a polynomial kernel, and, for each d ≥ 1, d-COC/dist-to-G
admits a polynomial kernel. When G is the class of planar graphs with maximum degree 3 and
d any positive integer, the problem d-COC/dist-to-G admits no kernel of any size, unless
P = NP.

MFCS 2026



8:6 A Dividing Line for Kernelization of COC via Distance to Bounded Pathwidth

For the positive result of Theorem 1.4, we first show that we can bound the number of
connected components of G − M , and then we lift one vertex from each cycle of G − M

to the modulator to obtain an instance of COC/d+pw-1 (or d-COC/pw-1). Then, we can
apply our kernel from Main Theorem 1. This type of lifting trick is often used to obtain
polynomial kernels for Vertex Cover [7, 23,33,42]. The negative result is obtained by a
simple reduction from Vertex Cover on planar graphs with maximum degree at most 3,
which is NP-hard [25, Lemma 1].

Bounding the number of connected components. Finally, as part of our kernelization
routine for Main Theorem 1 we need to be able to reduce the number of connected components
of G − M , where M is the modulator given in the input. To do this we perform a careful,
but relatively standard lifting of a result for Vertex Cover due to Hols, Kratsch &
Pieterse [33, Theorems 1.3 and 3.12]. We obtain a preprocessing routine that is usable
for a much more general class of parameters in Theorem 1.5. In fact, by combining our
preprocessing routine with known necessary conditions for the existence of polynomial
kernels [28, 33], we obtain that for any d and any graph class G that is (1) closed under
taking the disjoint union and (2) such that the problem d-COC/dist-to-G has a polynomial
kernel, our algorithm can be used to reduce the number of connected components of G − M

to |M |O(1). Therefore, our algorithm is the ultimate preprocessing algorithm for reducing
the number of connected components.

The result in Theorem 1.5 relies on G having bounded minimal d-blocking sets. A d-
blocking set of a graph G is a set X ⊆ V (G) such that no minimum d-coc set of G contains
X, and a d-blocking set is minimal if no proper subset of it is a d-blocking set [28]. A
graph class G has bounded minimal d-blocking sets if there is some constant b such that
for each graph G ∈ G any minimal d-blocking set of G has size at most b. The notion of
1-blocking sets (sometimes implicitly) plays a role in many kernelization results for structural
parameterizations of Vertex Cover [6, 7, 23,32–34], and similar blocking set notions are
important for F -MinorDeletion problems in general, see e.g. [4]. Similar to Hols et al. [33],
for a graph class G we define the graph class G + d to consist of the graphs that have a
modulator to G of size exactly d.

▶ Theorem 1.5. Let d ≥ 1 be an integer, and G be a graph class such that minimal d-blocking
sets of G have size at most b for some constant b. Furthermore, assume that
(1) d-COC can be solved in polynomial-time on graph class G + d, or
(2) d-COC can be solved in polynomial-time on graph class G and G is hereditary.

Then, there exists a polynomial-time algorithm that, given an instance (G, k, M) of
d-COC/dist-to-G outputs an equivalent instance (G′, k′) of d-COC, where

G′ is a subgraph of G obtained by deleting connected components of G − M , and
the number of connected components of G′ − M is at most ((d − 1) · b + 1) · |M |b, and
k′ ≤ k.

1.3 Outlook
In this paper we provide several new positive kernelization results for COC. In particular,
we develop a novel approach for reducing the size of connected components of G − M when
M is a modulator to graphs of pathwidth one. The task of reducing the size of connected
components is new in the sense that all previously known positive kernelization results
for structural parameterizations of d-COC follow directly from bounding the number of
connected components.
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Obtaining a full dichotomy for d-COC/dist-to-G similar to the results which are known
for other F -MinorDeletion problems is a natural ultimate goal. However, it seems we do
not yet have a sufficiently good understanding of the problem to prove such a result. We
believe that, just like it was the case for Vertex Cover, it would be fruitful to first collect
various positive results before trying to prove a full dichotomy. Nevertheless, we want to
present the following conjecture:

▶ Conjecture 1.6. For minor-closed graph class G and all constants d ≥ 1 the problem
d-COC/dist-to-G admits a polynomial kernel if and only if G has bounded minimal d-blocking
sets.

This conjecture seems plausible since, by a result of Greilhuber & Sharma [28], the
problem d-COC has no polynomial kernel parameterized by the distance to G when G is
closed under the disjoint union and does not have bounded minimal d-blocking sets. Moreover,
the conjecture is true for the case d = 1 since G has bounded minimal 1-blocking sets if and
only if G has bounded bridgedepth [6]. And, so far, a bound on minimal d-blocking sets of G
was always eventually turned into a polynomial kernel for d-COC.

2 Technical Overview of Main Theorem 1

In this overview we present the main ideas behind the proof of Main Theorem 1. The focus
will especially be on how we can reduce the size of connected components of G − M , as this
is the most innovative part of our work.

A graph has pathwidth at most one if and only if it is a caterpillar forest, that is, a
forest in which every connected component is a caterpillar [1, Lemma 2.4]. Caterpillars are
connected graphs such that, after deleting each vertex with degree one, a (possibly empty)
path is obtained. We start by setting some handy terminology. Then, we define a specific
packing of connected subgraphs of G − M that exploits a tight Erdős-Pósa property for
connected subgraphs of size at least d + 1 in trees. Based on this packing, we identify a
subcaterpillar with a large spine (the large central path to which the degree one vertices are
attached) that can be replaced with an equivalent smaller one. This replacement is based on
a new insight which we call the essence of a caterpillar, and which allows one to partition
caterpillars into equivalence classes such that the caterpillars in the same equivalence class
can be replaced with each other. An interesting feature about our proof is showing an explicit
bound on the size of small representatives of this equivalence class via relations to abstract
algebra. All the above allows one to reduce the length of the spine of a caterpillar of G − M .
To bound the number of caterpillars of G − M , we exploit that the size of minimal d-blocking
sets of caterpillars is at most two for all d ≥ 1. Finally, we apply a known kernel for the
parameter solution-size (plus d) to guarantee that the remaining reduced instance is small.

Caterpillars and spines. For every caterpillar C, we assume for convenience that we are
given spine(C), which is a fixed nonempty subpath of C, such that each vertex of C that is
not in spine(C) has degree one. Vertices which are not part of the spine are called pendants,
and we use pendants(C) to denote the set of all pendants of C. For each pendant v of C,
we call the unique neighbor of v the parent of v. Moreover, we assume that the spine has
a fixed order, and we refer to one end of the spine as the left end, and to the other end as
the right end. This order remains intact even when taking connected subgraphs C ′ of the
caterpillar C, where the spine of the resulting caterpillar C ′ is the spine of C restricted to
the vertices of C ′. A spine vertex v is left of spine vertex w if v is closer to the left end than

MFCS 2026



8:8 A Dividing Line for Kernelization of COC via Distance to Bounded Pathwidth

w, and left of a pendant w if v is left of the parent of w. A pendant v is left of vertex w if
the parent of v is left of w. We similarly define the notions of a vertex/vertex set/subgraph
being left/right of another vertex/vertex set/subgraph.

Now, we proceed to how we reduce the size of connected components of G−M . On a very
high level, the strategy is to find a large subcaterpillar of G − M which we can safely replace
with a smaller caterpillar. Unfortunately, this is quite a difficult challenge: not only can the
concrete structure of a subcaterpillar affect solutions in different ways, but the subcaterpillar
can also have many connections to the modulator, which need to be taken into account.

Solution-tight packings. For figuring out which subcaterpillars we can replace with others,
we utilize specific maximum-size packings of vertex disjoint connected graphs on at least
d + 1 vertices. These packings are useful because they exhibit a tight Erdős-Pósa property as
stated below. For a graph H, we denote the size of a minimum d-coc set of H as OPTd(H).
The following lemma directly follows from the work of Cockayne et al. [13, Theorem 1].

▶ Lemma 2.1 (Follows from Cockayne et al. [13, Theorem 1]). Let T be a tree, and let P be a
maximum packing of pairwise vertex-disjoint connected subgraphs of T with at least d + 1
vertices each. Then, OPTd(T ) = |P|. In particular, any optimal d-coc set of T must select
exactly one vertex of each graph of P.

Our initial interest in such packings was inspired by the use of perfect matchings in the
Vertex Cover kernel of Jansen and Bodlaender [34]. Now, we introduce the notion of a
solution-tight packing, which builds upon Lemma 2.1. A solution-tight packing is a specific
packing of vertex-disjoint connected graphs of size at least d + 1 each.

▶ Definition 2.2 (Solution-tight Packing). Let C be a caterpillar with spine(C) = v1, . . . , vn,
where v1 is the left end and vn the right end of the spine. A set P of pairwise vertex-disjoint
connected subgraphs of C on at least d + 1 vertices each is a solution-tight packing if
1. |P| = OPTd(C), and
2. for each p ∈ pendants(C) if the parent p′ of p is part of a graph H of P, then p is also

part of H, and
3. there exists an integer i ∈ [0, n] such that each spine vertex vj with j ≤ i is part of some

graph of P, and no spine vertex vj with j > i is part of a graph of P, and
4. for each H ∈ P, the set of size one containing the rightmost spine vertex of H is a d-coc

set of H.
Let F be a caterpillar forest, and C the set of connected components of F . Then, a packing P
is a solution-tight packing of F if P =

⋃
C′∈C PC′ , where for each C ′ ∈ C we have that PC′

is a solution-tight packing of C ′.

The properties a solution-tight packing must fulfill are sufficient to ensure any caterpillar
forest (where the spine of each caterpillar in the forest is fixed with a fixed order) has a
unique solution-tight packing. For any caterpillar forest, it is easy to compute its solution-
tight packing using a greedy algorithm. A solution-tight packing of G − M is powerful for
kernelization, because we know that any optimum solution must select at least one vertex of
each graph of the packing, and that there exists a solution for G − M that selects exactly
one vertex of each packed graph. The further properties of solution-tight packings give us
other useful guarantees, for example, if some graph H ⊆ V (G − M) has a solution-tight
packing that contains all of its vertices, then there exists an optimal solution for H that
selects the rightmost spine vertex of H. We thus have particularly much knowledge about
such graphs H.
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Given this intuition, the subcaterpillars we replace are created by merging several graphs
of the solution-tight packing. Formally we introduce the notion of α-merged packings, which
are created by merging each α consecutive graphs of the solution-tight packing together.

▶ Definition 2.3 (α-merged Packing). Let C be a caterpillar, P = {H1, . . . , H|P|} be the
solution-tight packing of C, where the graphs of P are ordered by their appearance along
the spine such that graph Hi is left of graph Hi+1 for all i ∈ [1, |P| − 1]. Let α ≥ 1 be an
integer. Then, the α-merged packing of P is the packing consisting of t =

⌊
|P|
α

⌋
graphs

H ′
0, . . . , H ′

t−1 where H ′
i is the subgraph of C induced by the vertex set

⋃
j∈[1,α] V (Hi·α+j) for

each i ∈ [0, t − 1].
When F is a caterpillar forest, then the α-merged packing of F is obtained by taking the

union of the α-merged packings of each connected component of F .

We also define the related notion of merged graphs. Observe that each graph of the
α-merged packing is a merged graph.

▶ Definition 2.4 (Merged Graphs). Let F be a caterpillar forest with solution-tight packing P.
An induced subgraph C of F is a merged graph if V (C) =

⋃
C′∈P′ V (C ′) for some P ′ ⊆ P.

Subcaterpillars with no connections to the modulator. Now, we want to elaborate on how
we can use these packings to replace subcaterpillars of G − M . To get an initial intuition, let
us first consider a graph C of the α-merged packing of G − M , for some suitably large value
of α that we will elaborate on later, such that C has no edges to the modulator.3 Let Ĉ be
the connected component of G − M of which C is a subgraph. Since C has no edges to the
modulator we do not need to worry about the modulator having a significant effect on the
solution within C. However, depending on the exact structure of C, the caterpillar C can
significantly affect the solution in the rest of Ĉ.

Since C lies in Ĉ, we can naturally partition Ĉ into three parts, one part is the connected
component L of Ĉ − C that is left of C, the second part is C, and the third part R is the
connected component of Ĉ − C that is right of C. Of course, L, R might not exist, but
let us assume that they do for this overview. Consider some d-coc set S of G of size at
most k. Then, SL = S ∩ V (L) is a d-coc set of L, SC = S ∩ V (C) is a d-coc set of C, and
SR = S ∩ V (R) is a d-coc set of R. When we replace C with a different graph C ′, we want
to ensure that there is a sufficiently small solution SC′ for C ′ that combines nicely with SL

and SR. Here, by replacing C with C ′ we mean deleting C, adding C ′, adding an edge from
the rightmost spine vertex of L to the leftmost spine vertex of C ′, and adding an edge from
the leftmost spine vertex of R to the rightmost spine vertex of C ′.

In L − SL the rightmost spine vertex of L is in a connected component of size x (set
x = 0 if the rightmost spine vertex of L is in SL). Then, these x vertices are not “taken care
of” by SL, it is the job of SC to make sure they do not end up in connected components that
are too large. Therefore, SC is not only a d-coc set of C, but even a d-coc set of the graph
Cx we obtain when adding x additional pendants to the leftmost spine vertex of C. If we
consider the graph R, we find a similar phenomenon: the rightmost spine vertex of C is in
some connected component of C − SC that has size y (set y = 0 if the rightmost spine vertex

3 We remark that the actual kernelization does not have a specific reduction rule to handle this case.
However, elaborating on this case is useful to gain an intuition for how the actual reduction rule we use
proceeds.
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8:10 A Dividing Line for Kernelization of COC via Distance to Bounded Pathwidth

of C is selected). Then, it is the job of SR to make sure that these y vertices do not cause
any problems. We can observe that, among all solutions for Cx of size |SC | we would prefer
using the solution that minimizes the respective value of y. If |SC | > OPTd(C), then we are
also allowed to choose SC′ to be larger than OPTd(C ′), which is an easy task since C ′ will
have a d-coc set of size at most OPTd(C ′) + 1 that selects the leftmost and rightmost spine
vertex of C ′. Therefore, we are mostly interested in how small the value y can get when only
considering solutions of size OPTd(C) for the graph Cx.

For exactly this purpose, we introduce the notion of an essence of a caterpillar. An essence
is a function we can compute in polynomial-time which precisely captures how solutions in
C can interact with solutions of the rest of the graph.

▶ Definition 2.5 (Essence of a Caterpillar). Let C be a caterpillar such that the solution-tight
packing of C contains all vertices of C. Let the spine of C be v1, . . . , vn where v1 is the left
end and vn the right end of the spine.

For each integer x ≥ 0, define Cx to be the caterpillar obtained from C by adding x

additional pendants to v1 while keeping the spine the same. For each integer x ≥ 0 and for
any d-coc set Y of Cx we define βx(Y ) to be 0 if vn ∈ Y , and otherwise define βx(Y ) to
be the number of vertices of the connected component of Cx − Y that contains vn. For all
integers x ≥ 0, let Dx be the set of all minimum d-coc sets of Cx.

The essence of C (relative to d) is the function γ : [0, d + 1] → [0, d + 1] where

γ(x) =
{

min{βx(Y ) | Y ∈ Dx} if x ≤ d and OPTd(Cx) = OPTd(C),
d + 1 otherwise.

Later, the functional composition of essences will play an important role and is also the
reason why we define d + 1 to be a fixed point. The idea behind essences is to replace C

with a smaller caterpillar C ′ that has the same essence as C. Figure 1 illustrates such a
replacement. The figure also showcases specific selections depending on how many unselected
vertices of the caterpillar to the left of C are in the same connected component with the
leftmost spine vertex of C (and C ′). The key property of essences is that replacement is safe.

▶ Lemma 2.6. Let (G, d, k, M) be an instance of COC/d+pw-1, and P be a connected
merged subgraph of G − M . Let γ be the essence of P , and P ′ be an arbitrary caterpillar with
essence γ. Create G′ from G by replacing P with P ′. If there is a d-coc set S of G of size
at most k, then there is a d-coc set S′ of G′ of size at most k′ = k − OPTd(P ) + OPTd(P ′).

The intuition behind the safety of this replacement is that, recalling our split of Ĉ into L, C,
R, no matter the value x based on the set SL and the corresponding value y of SC , we have
a solution SC′ of appropriate size for C ′

x such that the rightmost spine vertex of C ′ − SC′

is in a connected component of size at most y (or selected if y = 0). Hence, we find that
(S \ SC) ∪ SC′ is a solution for G′ of size at most |S| − OPTd(P ) + OPTd(P ′).

We have established that replacing a subcaterpillar C that has no connections to the
modulator with a different caterpillar C ′ with the same essence is a safe operation. However,
it is unclear how we can quickly find such a caterpillar C ′ which is smaller than C, such that
a reduction rule using such an operation would actually decrease the size of the instance.

Computing caterpillars with specific essences. Note that for any fixed d the number of
possible essences relative to d is bounded by a function of d. Therefore, for the problem
d-COC the kernel could hardcode, for each possible essence γ, the smallest caterpillar that
has essence γ. However, our result is for the problem COC where d is not a constant. So,
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C

. . . . . .

(a) The selection before the replacement when x = 0.

. . . . . .

C ′

(b) The selection after the replacement when x = 0.

C

. . . . . .

(c) The selection before the replacement when x = 1.

. . . . . .

C ′

(d) The selection after the replacement when x = 1.

C

. . . . . .

(e) The selection before the replacement when x = 2.

. . . . . .

C ′

(f) The selection after the replacement when x = 2.

Figure 1 The replacement of a subcaterpillar C with a caterpillar C′ that has the same essence γ.
In the example d = 2. The solution-tight packings of C and C′ are highlighted. The essence γ fulfills
γ(0) = 0, γ(1) = 0, γ(2) = 1, and γ(3) = 3. For any possible number x of vertices of the caterpillar
left of C (or C′) which are in a connected component with the leftmost spine vertex of C (or C′) we
draw the corresponding solution within C and C′ that also witnesses the values of the essence.

MFCS 2026



8:12 A Dividing Line for Kernelization of COC via Distance to Bounded Pathwidth

we must be able to compute small graphs with specific essences on the fly. Let us now
explain how we can do that. This part of our work has interesting connections to abstract
algebra. Observe that a caterpillar essence γ is non-decreasing in the sense that if x ≤ x′

then γ(x) ≤ γ(x′), and fulfills γ(0) = 0 and γ(d + 1) = d + 1. Keeping these properties in
mind, we define the essence monoid4 as follows.

▶ Definition 2.7 (The Essence Monoid). Let d be a positive integer, and Md be the set of
all non-decreasing functions γ : [0, d + 1] → [0, d + 1] where γ(0) = 0, and γ(d + 1) = d + 1.
Let idd : [0, d + 1] → [0, d + 1] be the identity function. Then, (Md, ◦, idd), where ◦ is the
function composition operation, is the essence monoid (of d).

It is not difficult to confirm that this structure is indeed a monoid with neutral element
idd. We show that for any d, and any function f of the essence monoid of d, we can efficiently
compute at most d3 simple functions whose function composition is f . We refer to these
simple functions as basic functions and define them next.

▶ Definition 2.8 (Basic Functions). Let d be a positive integer. For any i ∈ [1, d] let
decd

i : [0, d + 1] → [0, d + 1] be the function defined by

decd
i (x) =

{
x − 1 if x = i,

x otherwise.

Let incd : [0, d + 1] → [0, d + 1] be defined by

incd(x) =
{

x + 1 if 1 ≤ x ≤ d,

x otherwise.

The set of basic functions (relative to d) is the set {idd} ∪ {decd
i | i ∈ [1, d]} ∪ {incd}.

We now state the algorithmic result for computing functions as a composition of basic
functions.

▶ Lemma 2.9. There is an algorithm that takes a non-decreasing function f : [0, d + 1] →
[0, d + 1] with f(0) = 0 and f(d + 1) = d + 1 as input and outputs g1, . . . , gℓ, where ℓ ≤ d3,
such that f = gℓ ◦ gℓ−1 ◦ · · · ◦ g1, and the function gi is a basic function relative to d for all
i ∈ [1, ℓ]. The running time of the algorithm is polynomial in d.

Although it seems that we cannot directly employ a result given in the literature in a
black-box fashion, the approach we utilize to prove Lemma 2.9 closely follows insights of
Higgins [31] and Gomes & Howie [27] given in the abstract algebra literature. This means that
our paper marks one of these exciting cases where “old” results in a seemingly unrelated field
(semigroup theory) suddenly lead to state-of-the-art algorithmic results. From an algebraic
point of view it is an interesting question to characterize which functions we can use for a
generator of Md, and what the least number of functions is that need to be composed to
generate any function f ∈ Md. Settling this question could improve our kernel size.

We now elaborate further on the links between the essence monoid and caterpillars. It
turns out that not only is each caterpillar essence γ in the essence monoid, but also for
any function f in the essence monoid there is a caterpillar with essence f . We find the

4 A monoid is an algebraic structure (M, ⊕, e), where M is a set, ⊕ an associative binary operator, M is
closed under ⊕, and e ∈ M is an element such that m ⊕ e = m and e ⊕ m = m for all m ∈ M .



J. Greilhuber and R. Sharma 8:13

fact that all conceivable essences have a caterpillar with that essence quite interesting, as
it shows that the interaction of a subcaterpillar with the caterpillars to the left and right
of it can be “as complicated as imaginable”. To show this, we prove that the operation of
composing functions f1 and f2 of the monoid is virtually the same as connecting the spines
of caterpillars with essence f1 and f2. Formally, we prove Lemma 2.10.

▶ Lemma 2.10. Let C1 be a caterpillar with a solution-tight packing that contains all vertices
of C1. Let the essence of C1 be γ1, and let the spine of C1 be v1, . . . , vn. Similarly, let C2 be
a caterpillar with a solution-tight packing that contains all vertices of C2, the essence of C2
be γ2, and its spine be w1, . . . , wm.

Create caterpillar C by taking the disjoint union of C1 and C2 and adding an edge from vn

to w1. The spine of C is v1, . . . , vn, w1 . . . , wm. Then, the essence γ of C fulfills γ = γ2 ◦ γ1.

Using this fact, we can relatively easily compute a caterpillar with a specific essence by
using Lemma 2.9, assuming that we have caterpillars that have the basic functions as their
essence available. So, we show that we can easily compute such caterpillars next.

▶ Lemma 2.11. There is an algorithm that takes any basic function f (relative to some
d ≥ 1) as input and outputs a caterpillar C with essence f that has a solution-tight packing
of size one (that therefore contains only C) in time polynomial in d.

By combining Lemmas 2.9 and 2.11 and using Lemma 2.10 we can easily compute a small
caterpillar with a specific essence.

▶ Lemma 2.12. There is an algorithm that takes a non-decreasing function γ : [0, d + 1] →
[0, d + 1] such that γ(0) = 0, γ(d + 1) = d + 1, as input, and outputs a caterpillar C that has
essence γ, such that the solution-tight packing C of C contains all vertices of C, and |C| ≤ d3

in time polynomial in d.

The caterpillars we want to replace should have solution-tight packings of size at least
d3 + 1, as we can then use Lemma 2.12 to compute a caterpillar with the same essence that
has a strictly smaller solution-tight packing. Hence, it makes sense to focus on replacing
caterpillars of the (d3 + 1)-merged packing of G − M .

Handling edges to the modulator. We have already seen that, if C has no edges to the
modulator, then we can quickly replace C with a smaller graph that has the same essence.
But what if C has edges to the modulator?

Without going into full detail, in our actual reduction rule we identify some large
subcaterpillar C of G − M that we replace with a smaller caterpillar C ′ that has the same
essence as C, such that C has some further useful guarantees that help us deal with the
potential edges to M . We also set k′ = k − OPTd(C) + OPTd(C ′). The forward direction
of safety of the rule follows directly from Lemma 2.6. For the backward direction, let S be
a d-coc set of the reduced graph of size at most k′. If N(C) ∩ (M \ S) = ∅, the backward
direction of safety again follows from Lemma 2.6. Otherwise, the additional guarantees that
C provides come into play. They ensure that C is actually a subgraph of some significantly
larger caterpillar Ĉ. Furthermore, we have the guarantee that there exists an optimal solution
SĈ for Ĉ selecting all vertices of N(M \ S) ∩ V (Ĉ). The proof of this guarantee builds on
an argument of Jansen and Bodlaender [34]. Now, let Ĉ ′ be the caterpillar obtained when
replacing C of Ĉ with C ′, clearly Ĉ ′ is a subgraph of the reduced instance. We ensure that
each vertex v ∈ N(C) ∩ (M \ S) has d + 1 neighbors in Ĉ which are left of C, and d + 1
neighbors in Ĉ which are right of C. Therefore, there are also d + 1 neighbors of v in Ĉ ′

that are left and right of C ′. Hence, S must select at least one of these neighbors on each
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side of C ′. These selected vertices effectively cut Ĉ ′ into three parts, one of them, call it P ∗′,
contains C ′. Let P ∗ be the graph P ∗′ where C ′ is replaced with C. It can then be shown
that (S \ V (P ∗′)) ∪ (V (P ∗) ∩ SĈ) is a d-coc set of the input graph of size at most k, showing
that the rule is safe.

Finishing the kernel. We can apply the sketched reduction rule to bound the length of
the spine of components of G − M as we can always find suitable graphs C and Ĉ if the
α-merged packing (for a specific value of α that is polynomial in the parameter) of G − M is
sufficiently large. However, G − M could still contain an unbounded number of connected
components. By exploiting that caterpillars have minimal d-blocking sets of size at most
two for each integer d, one can then bound the number of connected components using
relatively standard techniques going back to Jansen & Bodlaender [34]. We use a more
involved approach based on the expansion lemma that lifts a result of Hols et al. [33] to
COC. This results in an approach that is also similar to the strategy used by Bhyravarapu
et al. [3] for d-COC parameterized by the size of a c-coc set, where c ≥ d.

We exhaustively apply the previous rules to obtain an instance (G2, d, k2, M) that is
equivalent to the input instance. At this point, the size of spine(G2 −M), the graph consisting
of the spines of each component of G2 − M , is bounded by a polynomial in the parameter. In
particular, the set S = M ∪ V (spine(G2 − M)) has size polynomial in d + |M |, and as G2 − S

is an independent set, the set S is a d-coc set of G2. If |S| ≤ k2, then (G2, d, k2, M) is a
yes-instance, and we output a constant-sized yes-instance. Otherwise, we have k2 < |S|, and
therefore k2 is bounded by a polynomial in the parameter. Then, we can apply the kernel of
Xiao [44] for COC parameterized by k + d to finish our kernelization routine.
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A Problem Definitions of Component Order Connectivity Variants

In this section we collect and formally restate the definitions of the COC variants we consider
in the paper. Recall that for an integer d ≥ 1 and a graph G, a d-coc set of G is a set
S ⊆ V (G) such that each connected component of G − S has size at most d.

Component Order Connectivity (COC)
Input: Graph G, integer d ≥ 1, integer k

Question: Is there a d-coc set S of G with |S| ≤ k?

If d is a fixed constant, we instead obtain the problem d-COC. For each fixed d we have
a different problem.

d-COC
Input: Graph G, integer k

Question: Is there a d-coc set S of G with |S| ≤ k?

The problem Vertex Cover (VC) is the same as 1-COC. Next, we consider structural
parameterizations. In the following, G always denotes a fixed graph class, and we parameterize
by the size of a modulator M to G. For the problem COC we additionally consider d as part
of the parameter.
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COC/d+dist-to-G
Input: Graph G, integer d ≥ 1, integer k, set M ⊆ V (G) such that G − M ∈ G

Parameter: d + |M |
Question: Is there a d-coc set S of G with |S| ≤ k?

When we consider the problem d-COC instead of COC, d is a constant, and thus it is
naturally no longer part of the parameter.

d-COC/dist-to-G
Input: Graph G, integer k, set M ⊆ V (G) such that G − M ∈ G

Parameter: |M |
Question: Is there a d-coc set S of G with |S| ≤ k?

Our result in Main Theorem 1 is for the problem COC/d+pw-1, which is COC/d+dist-
to-G where G is fixed to be the class of graphs with pathwidth at most 1, that is, the class
of caterpillar forests.

COC/d+pw-1
Input: Graph G, integer d ≥ 1, integer k, set M ⊆ V (G) such that G − M is a

caterpillar forest
Parameter: d + |M |

Question: Is there a d-coc set S of G with |S| ≤ k?

The result also applies to the problem where d is fixed.

d-COC/pw-1
Input: Graph G, integer k, set M ⊆ V (G) such that G − M is a caterpillar

forest
Parameter: |M |

Question: Is there a d-coc set S of G with |S| ≤ k?

We additionally provide results for the following problems where d is not part of the
parameter.

COC/vc

Input: Graph G, integer d ≥ 1, integer k, set M ⊆ V (G) such that G − M has
no edges

Parameter: |M |
Question: Is there a d-coc set S of G with |S| ≤ k?

COC/k+vc

Input: Graph G, integer d ≥ 1, integer k, set M ⊆ V (G) such that G − M has
no edges

Parameter: k + |M |
Question: Is there a d-coc set S of G with |S| ≤ k?
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COC/pw-1
Input: Graph G, integer d ≥ 1, integer k, set M ⊆ V (G) such that G − M is a

caterpillar forest
Parameter: |M |

Question: Is there a d-coc set S of G with |S| ≤ k?
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