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—— Abstract

Motivated by applications for robust guarding, we consider a variant of the multiple-watchmen
problem that ensures that every point within a polygon P is seen from more than one direction: we
search for two routes W1, Wa, such that every point p € P is contained in a segment wiwz C P such
that w; € Wi and wa € Wa. We call such routes segment watchman routes.

We show that finding the two routes that are optimal with respect to the min-max criterion is
weakly NP-hard even in simple polygons, and that finding the routes that are optimal with respect to
the min-sum criterion is NP-hard in polygons with holes. Moreover, we present sufficient conditions
for routes to be segment watchman routes, and provide a polynomial-time 2-approximation under
both the min-max criterion and the min-sum criterion, both in simple polygons. Finally, we show
how to generalize our results for £ watchmen.
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1 Introduction

In the classical WATCHMAN ROUTE PROBLEM, introduced by Chin and Ntafos [5, 6], we
ask for the shortest route inside a given simple polygon P, such that all points of P are
visible from at least one point on the route. Maybe surprisingly, this problem can be solved
in polynomial time [25, 26]. In this context, a point p € P sees another point ¢ € P if the
line segment pq is fully contained in P.
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Carlsson, Nilsson, and Ntafos [4] raised the m-watchmen problem as a natural generaliza-
tion: we are given m watchmen (with or without given starting points) for which we aim
to find routes, such that each point in P is visible from at least one of the m routes. Two
common objectives for this problem are to minimize the total length of all m watchman
routes (called min-sum) and to minimize the length of the longest route assigned to any
watchman (called min-maz). In this paper, we mainly focus on the case m = 2.

In the classical setting with m watchmen, the goal is simply to ensure that each point is
observed at least once, without any notion of robustness. In practice, however, when robots
are used as watchmen, such minimal coverage is often insufficient: robots in multi-robot
systems may fail or encounter obstacles, particularly in remote or hazardous regions, and
observing a point from multiple perspectives can significantly enhance the reliability and
quality of monitoring. To bridge this gap between theory and application, we focus on routes
that are robust and effective in real-world scenarios. Specifically, in this paper, we aim to
improve coverage quality by ensuring that each point is observed from multiple directions.
This is a novel variant of the m-watchmen problem inspired by similar coverage requirements
that have been studied for static guards [9, 22] (see related work below). Because each point
is seen by each watchman, we will be able to perceive the complete environment even in case
of all but one of the robots failing. This redundancy provides robustness (see, e.g., [10]).
However, without failures, we cover even another robustness aspect: for certain types of laser
scanners, the quality of the attained point clouds depends on the incidence angle (i.e., the
angle between incoming laser beam and the local surface normal) [1, 23, 24]. Hence, to be
robust against impaired perception with a multi-robot system (our watchmen) equipped with
such lasers, we aim to see a point from different directions: for m = 2, we require that each
point p € P is seen from two points on the two watchmen’s routes that define a segment on
which p must lie, that is, p must be seen from opposite sides.

Problem Definition. Let P be a simple polygonal domain. A point p € P is segment-guarded
by two points wy,wq € P if each of wy,wsy sees p and the segment wyws contains p. We say
that two routes Wi, Ws in P are segment watchman routes for P if for every point p € P
there exist two points wy; € Wy, we € W such that p is segment-guarded by w; and ws.

We always assume that a route is closed, that is, it starts and ends at the same point.
For a route W in P, let |W| represent its length. We focus on the following two problems:

» Problem 1 (Min-Max Segment Watchmen Route Problem). Given a polygonal domain P,
find segment watchman routes Wy, Wy such that max{|Wi|, |Wa|} is minimized.

» Problem 2 (Min-Sum Segment Watchmen Route Problem). Given a polygonal domain P,
find segment watchman routes Wi, Wa such that |Wi| + |Wa| is minimized.

In Figure 1, we illustrate a collection of example polygons along with their corresponding
segment watchman routes. Note that the routes may overlap. Also note that segment-
guarding a point p by two watchmen on routes W7 and W5 does not require them to occupy
positions w; € Wi and wy € Wy simultaneously.

Our Contribution. We introduce the SEGMENT WATCHMAN ROUTES PROBLEM, and study
it in polygons with and without holes, under both the min-sum and min-max objectives.
We provide sufficient conditions for 2-watchmen routes to be segment watchman routes.

On the algorithmic side, we present a 2-approximation algorithm for both the min-max
and min-sum objectives. Moreover, we establish NP-hardness for simple polygons under the
min-max measure, and for polygons with holes under the min-sum objective.
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(a) (b)

Figure 1 Min-max segment watchman routes (a) may or (b) may not need to overlap. Moreover,
(c) segment watchman routes do not “sweep” the polygon, and therefore are not required to see a
point at the same time. (Note again that routes are closed, hence, if we depict a segment only, this
means that the route goes back and forth along the segment.).

Finally, we generalize the concept of being segment-guarded to being k-hull-guarded:
A point p € P is k-hull-guarded by k points wi,wsa,...,w, € P if the convex hull of
w1, Wa, . . ., W contains p, and each of wy, wo, ..., wy sees p. Similarly to segment watchman
routes, we say that k routes Wy, Wo, ..., Wy in P are k-hull watchman routes for P if for every
point p € P there exist k points w; € W; for ¢ € {1,...,k} such that p is k-hull-guarded by
w1, Wa, . . ., wWk. Most of our results for segment watchman routes extend to k-hull watchman
routes. In particular, the strategy of our approximation algorithm yields a k-approximation
under the min-max criterion, and a 2-approximation under the min-sum criterion. Moreover,
the corresponding NP-hardness results carry over as well.

Proofs and details for statements marked with (x) can be found in the full version [2].

Related Work. Carlsson, Nilsson, and Ntafos [4] showed that the m-watchmen problem
is NP-hard in simple polygons and provided a polynomial time algorithm for histograms.
Polynomial time algorithms for different polygon classes, using either the min-sum or the
min-max objective, have also been presented [13, 16, 18, 19]. Nilsson and Packer [17] proposed
a 5.969-approximation algorithm to compute min-max 2-watchman routes in simple polygons
without given starting points (also called floating), and obtained a factor of ~ 6.922 for the
case with given starting points (also called anchored). Very recently, Brotzner, Nilsson, and
Schmidt [3] improved these approximation factors to 3 + /2 ~ 4.571 for the floating, and
to 2+ m/2 ~ 3.571 for the anchored version.

The robustness requirement we employ for watchman routes in this paper is closely
related to the problems of two-sensor visibility and triangle guarding for stationary guards
introduced by Efrat, Har-Peled, and Mitchell [9] and Smith and Evans [22], respectively.
Both considered two polygons P and @ with @ C P, where the subpolygon @ should be
guarded by guards placed in P (assuming that @’s boundary is transparent). In [9], a point
p € Q is 2-guarded at angle a by two guards g1, g2 if Zg1pge € [, 7 — @] and both guards
see p. Smith and Evans defined a point p € @ to be triangle-guarded by g1, g2, g3 if p is seen
by each of the three guards and is contained in the triangle spanned by them. Another variant
of robust guarding has recently been established by Das, Filtser, Katz, and Mitchell [7, 8];
and a variant of robustness for a single watchman by Langetepe, Nilsson, and Packer [15].

Huynh, Mitchell, and Polishchuk [14] consider a problem that is similar to our notion of
segment watchman routes. They study a version of monitoring a polygon via line segments:
sweeping a polygonal domain with variable-length segments whose endpoints are two mobile
agents. A point is seen if at some point in time, it lies on a segment between the current
positions of the two agents. This differs from our definition of being segment-seen by the
temporal constraint, as depicted in Figure 1(c).
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2  Preliminaries and Key Lemmas

Let P be a simple polygon with n vertices. Denote by P the boundary of P, and for two
points a,b € P denote by dP[a,b] the boundary of P between a and b in counterclockwise
order. For two points a,b € P, denote by 7(a,b) the geodesic path between a and b in P
(i.e., the shortest path in P connecting a and b). We assume that P does not contain vertices
with an internal angle of exactly 180°, i.e., no three consecutive vertices are on the same line.
If P does contain such a vertex, we can simply remove it.

A set H C P is geodesically convex if for any two points p,q € H, the geodesic 7(p, q) lies
in H. The relative convex hull H(X) of a set X of points in a simple polygon P is the smallest
geodesically convex set within P that contains X. The relative convex hull H(X) forms a
weakly simple polygon, that is, a polygon whose boundary does not properly self-intersect,
although vertices may be repeated. Its boundary is composed of geodesic paths that connect
pairs of points in X. When X is a route, we slightly abuse the notation and refer to the
boundary of H(X) as the relative convex hull of X.

A route W in P is called a watchman route if every point in P is visible from some point
on W. Recall that the length of W is denoted by |W|. We say that W is simple if it does not
cross itself, and that W is relatively convex if it coincides with its relative convex hull H(W).

Let W7 and W5 be segment watchman routes for P. By definition, the following holds:

» Observation 3. Fach of the routes Wy and Wy is a watchman route for P.

Note that Observation 3 also holds for k-hull watchman routes.

The wisibility polygon of a point p € P is the set of points in P that are visible from p.
The following observation is well known and largely considered folklore; however, we include
it for completeness.

» Observation 4 (x). Let W be a route in P, then W is a watchman route if and only if it
visits the visibility polygon of every convex vertex of P.

We next establish sufficient conditions ensuring that two routes form segment watchman
routes. We subsequently extend the argument to the general k-hull setting in Section 5.

» Lemma 5 (The Conditions Lemma for Segment Watchman Routes). Two routes Wy and Ws
are segment watchman routes for P if the following conditions hold:

(i) Every convex vertex is visited by one of Wi or Wa.

(ii) Both Wy and Wy wisit the visibility polygon of each convex vertex.

(iii) Both W1 and Wy are relatively convez.

Proof. By Observation 4, Condition (ii) implies that W; and W5 are watchman routes.
Consider a point p € P. Since both W; and W5 are watchman routes, there exists at least
one point on Wj and at least one point on W5 that p sees. Consider the two wedges defined
by the angles from which p is viewing W7 and Ws, as visualized in Figure 2: let F} be the
maximal wedge bounded by two rays starting at p, such that for every ray p in F} there is
a point w € Wi in this direction that p sees. Note that because P is simple, F} is a single
wedge. The wedge F3 is defined analogously for Ws.

Consider the two wedges F; and F5. If p lies on or within one relatively convex route, the
corresponding wedge covers 360°. If p does not lie on or within one route, the corresponding
wedge covers less than 180° because by Condition (iii) both routes are relatively convex.
If at least one of F} and F5 covers 360° around p, then p is segment-guarded: assume that F;
covers 360° around p, and let wy be a point on W; that sees p. Then the ray from w; in
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Figure 2 The wedges F; and F> define the angles from which p is viewing W7 and W, respectively.

If F3 or Fy is larger than 180°, then there is a convex vertex on the left side of £ which is not visited.

the direction of p intersects Wy at point ws that sees p, and thus p is segment-guarded
by wiws. Hence, assume that neither F; nor Fy covers 360° around p. Let F3 (and, if it
exists, Fy) be the maximal wedge(s) bounded by two rays originating at p, such that for
every ray p within F3 (and Fj), there is no point w € Wj or w € Wy along p that is visible
from p. The plane around p can then be partitioned into up to four wedges, depending on

whether F and F5 intersect. In the non-intersecting case, the wedges are Fy, Fs, F3, and Fy.

If Fy and F5 overlap, the wedges are Fi, F5, F3, and a single wedge corresponding to the
intersection of F; and F5.

We now argue that neither F3 nor Fy can cover more than 180°. This implies that one of
the rays through p that define F; must meet a point on W5 in the opposite direction from p,
and therefore p is segment-guarded and the claim follows.

Without loss of generality, assume that F3 covers more than 180° (as shown in Figure 2).

Consider a line £ through p in F3 that does not contain an edge of the boundary of P, and
assume that £ is a vertical line and that both F; and F5 are on the right side of £. Let ab be
the maximal line segment on ¢ that is contained in P. Then ab splits P into at least two
subpolygons, and at least one of them, P! is on the left side of ab. Because P is simple and
both W; and W5 do not cross ab, there are no points of Wy and Ws in P! However, P’ must
contain a convex vertex v. This yields a contradiction, as by Condition (i), v needs to be
visited by at least one of the watchman routes. |

In Lemma 5, the conditions imply that W; and W5 are segment watchman routes.
However, there exist segment watchman routes that do not fulfill these conditions, see Figure 3.
On the other hand, there always exists an optimal solution for the segment watchman route
problem in any simple polygon with respect to the min-max and min-sum criterion for which
Conditions (i), (ii), and (iii) hold.

» Lemma 6. Let P be a simple polygon. If two routes Wy and Wy are segment watchman
routes for P, then Conditions (i) and (ii) from Lemma 5 hold.

Proof. First, notice that by Observation 4, Condition (ii) is a necessary condition, that is,
if W7 and W5 are segment watchman routes then Condition (ii) holds.

Next, we claim that Condition (i) is also a necessary condition, that is, we show that
if W1 and W5 are segment watchman routes, then every convex vertex of P must be visited
by one of Wy or W5. Let v be a convex vertex of P. Then v lies on a line segment wyws with
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(a) (b) (d)

Figure 3 (a) W, and W> are segment watchman routes (e.g., p lies on wiwz), but do not fulfill
the conditions of Lemma 5. They are not optimal: Wi’s relative convex hull H(W;) (the boundary
of the polygon) is shorter than W1, and H(W1) together with W5 are segment watchman routes.
(b) W1 and W5 do not fulfill Condition (iii) of Lemma 5 and they are not segment watchman routes,
since p is not properly guarded. (c) and (d) depict segment watchman routes that fulfill all the
conditions of Lemma 5.

wy € Wy and wy € Wy, and the segments vw; and vws are contained in P. As the interior
angle at v is strictly smaller than 180° any line segment in P that contains v has v as one of
its endpoints, and therefore v is visited by either W; or Wj. |

» Lemma 7. Let P be a simple polygon. There always exists an optimal solution for the
segment watchman route problem in P with respect to the min-max and min-sum criterion
for which Conditions (i), (ii), and (%i) from Lemma 5 hold.

Proof. Let W7 and W5 be an optimal solution for the segment watchman route problem
in P (with respect to either the min-max or the min-sum criterion). Conditions (i) and (ii)
from Lemma 5 hold by Lemma 6.

We show that H(WW;) and H(W3) are segment watchman routes. Since [H(W;)| < W,
this would prove our claim. Clearly, since Condition (i) holds for W and Ws, it also holds
for H(W;) and H(W3). Condition (iii) holds by definition. We therefore only need to prove
that Condition (ii) still holds. Let v be a convex vertex of P, and assume that W; visits the
visibility polygon of v. Let w be a point on W; that sees v. The segment vw is contained in P,
and because H(W;) contains W;, its boundary must cross 7w at a point w’. We conclude
that H(W;) also visits the visibility polygon of v, and thus all conditions from Lemma 5 hold,
and both H(W1) and H(W3) are segment watchman routes. <

3 Approximation Algorithms for Segment Watchman Routes

We begin, as in the previous section, by considering segment watchman routes. We generalize
the ideas developed in this section in Section 5.

Let P be a simple polygon with ¢ convex vertices. We enumerate the convex vertices in
counterclockwise order Vo = {vg,...,v:—1}, with vg chosen arbitrarily. In the following, we
assume without loss of generality that indices are counted modulo ¢.

» Lemma 8 (). Let X C Vi be a subset of the convex vertices of P. Then H(X) is a
shortest route in P that visits X .

» Lemma 9 (x). Let C be a route that visits a subset X C Vi of the convex vertices of P,
and D be a route that sees another subset Y C V. Then the route W = H(C' U D) wisits the
convex vertices in X and sees the convex vertices in Y .



A. Brotzner, O. Filtser, B. J. Nilsson, C. Rieck, and C. Schmidt

Let v;,v; € Ve be two different convex vertices and let C;; = H({v;, vi41,...,vj-1}) be
a shortest route that visits the convex vertices v;, v;41,...,v;-1 as guaranteed by Lemma 8.
The route Cj; = H({vj,vj41...,v;—1}) is then a shortest route that visits the convex ver-
tices vj,vj41...,vi—1. Figures 4 and 5 exemplify the routes defined in this subsection.
Denote C'p = 0P, and note that it is the shortest route that visits all convex vertices of P.

Let D;; be the shortest route that starts and ends at v;, and that sees all the convex
vertices vj,...,v;—1. The route Dj; is then the shortest route that starts and ends at v;,
and that sees all the convex vertices v;,...,vj_1. Let Dp be the shortest floating watchman
route in P (that is, the shortest watchman route without a given starting point).

Vi—1 Uj

U

(a) (b)

Figure 4 Examples of the routes used in Section 3: (a) C;; = H({vs, vit1,...,v;-1}) denotes a
shortest route that visits the convex vertices v;, vi11,...,vj—1. (b) D;; is a shortest route that starts
and ends at v; and that sees all the convex vertices vj,...,v;—1. (¢) depicts W;; = H(C;; U D;;).

Vi—1 j Vi—1

(a) (b)

Figure 5 Complementary routes to those shown in Figure 4: (a) Cj;, (b) Dj;, and (¢) Wj;.

We define W;; def H(C;; U Dy ), i.e., W;; is the relative convex hull of the route obtained
by connecting the two routes C;; and D;; at v;. Then, we construct our approximate solution
by choosing the pair

(W, Ws) = arg;pin { max{|W;;|, [W;;|}, max{|Cp|, |Dp|}}.
i#]

By Lemmas 5 and 9, the pair (W7, Wa) constitutes a feasible solution to the segment
watchman routes problem.

For two routes W7 and W5, the subsequent Lemmas 10 and 11 establish upper bounds
relative to the length of an optimal solution for P on both the longer of W7 and W5, and on
their sum. We start with the min-max objective. For this, let OPT(P) denote the length of
an optimal solution for a polygon P under the min-max criterion.

81:7
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» Lemma 10. max {|W;|,|Ws|} <2 OPT(P).

Proof. Let Wy and W3 be two segment watchman routes with max {|[Wy|, |[W3|} = OPT(P).
Without loss of generality, we may assume that W} and W3 are as short as possible.

If Wi or Wy visits all convex vertices of P, then (Cp, Dp) is an optimal solution to the
problem and the theorem therefore holds. Hence, for the remainder of this proof, we assume
that W7 visits some fixed convex vertex v; and Wy visits a different fixed convex vertex v;.

Since W7 visits v; and it either sees or visits the convex vertices v;,...,v;—1 by construc-
tion, we have that |D;;| < |W{|. Similarly, W3 visits v; and it either sees or visits the convex
vertices v, ..., vj_1, yielding |D,;| < |W35|. We distinguish the following cases.

Wi and W3 do not intersect. Because Wi and W3 do not intersect, the two convex ver-
tices v; and v; can be chosen so that W7 visits v;, ..., vj_1 by increasing index (modulo t)
and sees the remaining ones, whereas Wy visits v;,...,v;_1 and sees the remaining ones.
From this, it follows that |C;;| < |[W{| and |C};| < |[W5|. We obtain that

max {|W1‘, ‘W2|} S max {|H(C7,j U Dij)lv ‘H(C]Z U Dﬂ)|}
< max {2|W7],2|W5|} = 2 max {|W;],|[W5|} =2-OPT(P). (1)

Wi and W intersect. Because Wi and Wy intersect and together visit all the vertices,
we have |Cp| < Wi UW5| = |Wf| + |W5| and |Dp| < min{|W{|,|W5|}, as both W7
and W3 are watchman routes. We obtain that

mmax {[ W, [Wa} < max {ICel, |Dp} < max {107+ W3], min{| W71, 1751} }
< 2-max {|W7|,|[W3|} =2 OPT(P). (2)

Since the case distinction is exhaustive, this concludes the proof. <

Note that in fact, for the min-max criterion we may also let Wy = Cp to avoid computing
a floating shortest watchman route. We proceed with the min-sum objective. For this,
let OPT>(P) denote the size of an optimal solution for P under the min-sum criterion.

> Lemma 11. [Wy| + [W,| < 2- OPT*(P).

Proof. The proof proceeds along the same lines as that of Lemma 10. In particular, it suffices
to replace Equation (1) and Equation (2) with the following two equations, respectively.

W7 and W3 do not intersect.

Wi+ [Wa| < [H(Cyj U Dyj)| + [H(Cji U Dji)| < 2+ (IWF| + [W3]) = 2- OPT¥(P).

W7 and W intersect.
[Wh| + [We| < |Cp|+ |Dp| < |W{| + W3] +min{[Wy|, W[} <32 OPT*(P). <
Using Lemmas 10 and 11, we obtain the following theorem.

» Theorem 12. Given a simple polygon P with n vertices, out of which t are convex, one can
compute in O(n* + t>n?) time a 2-approximation for the segment watchman routes problem
under both criteria.

Proof. Feasibility follows directly from Lemma 5, while the approximation guarantees are
established by Lemmas 10 and 11.

Moreover, we can compute Dp in O(n?) time [25, 26]. The route C;; is a concatenation
of OP[v;,v;_1] and the geodesic m(v;,v;—1), and can thus be computed in linear time for
any i,j € 0,...,t — 1. The routes D;; can be computed in O(n?) time by modifying the
algorithm of Jiang and Tan [26]. Since there are O(t?) such routes (all possible pairs of
convex vertices), the total running time for computing all those routes W;; is O(t*n3). =
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4 Computational Complexity

We now study the computational complexity of computing shortest segment watchman
routes. We show that the problem is weakly NP-hard under the min-max objective, even
when restricted to simple polygons. For the min-sum objective, we demonstrate that the
problem is NP-hard in polygons with holes.

4.1 Min-Max Segment Watchman Routes in Simple Polygons

We reduce from MULTIWAY NUMBER PARTITIONING [12]. In particular, we consider the
problem of partitioning a set of numbers into two subsets with equal sum. This problem,
commonly referred to as PARTITION, is known to be weakly NP-hard.

» Theorem 13 (x). The MIN-MAX SEGMENT WATCHMAN ROUTES PROBLEM is weakly
NP-hard, even in simple polygons.

Proof Sketch. We construct a star-shaped polygon, as visualized in Figure 6. The length of a
spike’s boundary (i.e., the path ve;_1, va;, V2;41) represents the value a; from the PARTITION
instance ¢, and let T denote the sum of all values. Both watchmen start in the bottommost
vertex vy, and thus need to return to it. A min-max segment watchman route of length
T/2 + ¢ exists if and only if there exists a partition of ¢ into two sets of equal sum. <

Van+1

Vo

Figure 6 High-level idea of the type of polygon utilized in the NP-hardness reduction.

4.2 Min-Sum Segment Watchman Routes in Polygons with Holes

For polygons with holes, we lack conditions as those in Lemma 5 for simple polygons. We
overcome this in our NP-hardness proof, which is based on a reduction from the EUCLIDEAN
TRAVELING SALESMAN PROBLEM, by constructing feasible solutions whose lengths sharply
distinguish optimal from non-optimal TSP tours. As a result, computing an optimal segment
watchman route necessitates solving the TSP instance.

» Theorem 14. The MIN-SUM SEGMENT WATCHMAN ROUTES PROBLEM is NP-hard in
polygons with holes.

Proof. We reduce from the EUCLIDEAN TRAVELING SALESMAN PROBLEM [11, 21]. For a
given set P of points in the plane, we construct a polygonal domain with a niche for each
point on the boundary of the convex hull of P and a hole for each point in the interior of P.
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b
8

* . - Q\

/

Figure 7 Schematic illustration of the reduction from a TSP instance to a polygonal domain. The
left figure shows a T'SP tour on the input point set, while the right figure shows the corresponding
routes in the constructed polygon. Feasible watchman routes, including the detours around the
convex hull of each hole (taken by both watchmen), are shown in green. For each niche and hole,
W1 additionally visits all convex vertices; these maximal detours are shown in orange.

We may assume that for any pair of points, the distance between the two points is different
from the distance between any other pair of points. Now let A = min,, ;v rep d(p, ¢)—d (', ¢')
be the smallest difference among all pairwise distances, and set § < A/|P|. With this, we
can construct our polygonal domain, as depicted in Figure 7.

The outer polygon P is a modification of the convex hull of P, where each corner is
replaced by a niche. Each such niche adds two essential cuts to P that every route needs to
visit, and the essential cuts lie outside the convex hull (of P). Similarly, each polygonal hole
is shaped such that it “hides” some part of the interior of P, hence, adding an additional
cut that every route needs to visit. As every route of a segment watchman route is also a
watchman route for the domain considered, every route needs to visit the essential cuts of
the four niches and the “door” of every hole.

Each hole H is a polygon with 10 vertices. The convex hull of H is a square with side
length /8. In the inner part of the hole lies an inner square, which is connected to the
outside of H by a narrow tunnel, the door. See the top lens in Figure 7 for an illustration.
To see the inner square of H, a watchman needs to walk through the corresponding door.

To place a niche at a corner of the outer polygon, eight additional vertices are necessary.
For this, on each edge incident to a convex hull corner, a segment of length /4 is cut off and
parallel shifted outwards by ¢’ < §/8. Then, to create the essential cut, the shifted corner is
connected with the convex hull edges by three edgers of length §’/2 on each side, creating
a chain of two convex vertices, the first of them is incident to the shifted corner edge, and
two reflex vertices. See the bottom lens in Figure 7. All edges are parallel or orthogonal to
the convex hull edges. The total length that is added to the outer boundary of the polygon
is 26/4+ 66’ /2 < 6. With this, each niche adds two essential cuts to the outer polygon which
intersect in the interior of P, but outside the convex hull.

We obtain feasible watchman routes by adapting the TSP tour on P to visit the extensions
in the holes and walking once around the convex hull of every hole. The latter adds a detour
of < §/2. We denote these two routes as Wy and Ws. Now, extend WW; so that

For every niche, W7 visits all convex vertices of the niche, adding a detour of < §

For every hole H, W; visits all vertices in the inner part of H, adding a detour of < §/2

We can prove that W7 and W5 are segment watchman routes in the polygonal domain.
First, consider a point p that lies in the interior of one of the routes, say W;. By construction,
it is seen from Wh, i.e., there exist wo € W5 that sees p. Then the ray from ws in the direction
of p intersects W7 at a point w; that sees p, and thus p is segment-guarded by wiws.



A. Brotzner, O. Filtser, B. J. Nilsson, C. Rieck, and C. Schmidt

Now consider a point p that lies outside of each of the routes W7 and W5. Then p lies
inside a simple polygon P’ bounded by the two routes and the line £ through one of the
edges of the outer polygon. Let ¢, be the line parallel to ¢ that contains p. The line ¢ either
intersects two of the essential cuts of the outer polygon, or it intersects one of the essential
cuts on one side of the edge extension and creates a pocket that contains a convex vertex on
the other side of the edge extension. Therefore, £, intersects both routes on one side of p
before it hits an edge of the polygonal domain, and at least one of the routes in the other
direction. Hence, p is segment-guarded.

Next, let Topr be an optimal solution to the TSP in P, and let T5 be the shortest
solution to TSP in P that visits the points in a different order than Tppr. We argue that the
length of each of the routes W7 and W5 is shorter than T5. Each route W; takes a detour of
at most § per corner niche and at most § per hole. With this, the following inequality holds:

|W2| < |W1‘ < (TOPT + ‘73| . (5) < (TOPT + A) < TQ.

Thus, contracting the loops around the holes and the detour at the niches yields a shortest
route that visits all points in P.

The routes W7 and W, are feasible segment watchman routes, each of length at least To pr,
but strictly shorter than 7T>. The optimal segment watchman routes also need to visit all
essential cuts of the holes and niches, and have, hence, also length at least Topr. Moreover,
they are at most as long as W7 and W5, hence, we need to solve the TSP on P to find the
optimal segment watchman routes. <

5 Generalization to k-Hull Watchman Routes

We now generalize our results on segment watchman to k-hull watchman routes. To this end,
we prove sufficient conditions equivalent to those from Lemma 5 for k = 2 to all k& > 2:

» Lemma 15 (%) (The Conditions Lemma for k-Hull Watchman Routes). The routes
Wi,..., Wk, k > 2, are k-hull watchman routes for P if the following conditions hold:

(ix) Every convex vertex is visited by one of W1, ..., Wy.

(iix) The visibility polygon of each convex vertex is visited by all of the routes Wy, ..., Wy.
(iiix) The routes W1, ..., Wy are relatively convex.

5.1 Approximation Algorithms for k-Hull Watchman Routes
In order to generalize the algorithms from Section 3, we establish the following crucial lemma.

» Lemma 16 (x). Let Xy and Xo be subsets of V. Then H(X1) and H(X?2) cross each other
iff there exist vertices vq, Uy, Ve, Vg Such that vy, v. € X1, vp,vq € X2, and a < b < c < d.

Consider a subset X C Vi of the convex vertices of P, and by Lemma 8, let Cx = H(X)
be a shortest route that visits the vertices in X. Let vx be the vertex in X with the smallest
index, and denote by Dx the shortest route that starts and ends at vx, and that sees all the
convex vertices in Vo \ X. Recall that Cp = 9P is a watchman route, Dp is the shortest

floating watchman route in P, and that |Dp| < |Cp|. We define Wx def H(Cx U Dx) as the
relative convex hull of the routes C'x and Dx.

We construct our approximate solutions by iterating over all possible ways to par-
tition the set Vo of convex vertices into subsets Xi,...,X,, for m < k such that the
routes C'y,, ..., Cx,, are disjoint. By Lemma 16, two routes C'x, and C, are disjoint if and
only if X; and X are “non-crossing” with respect to the order along 0P. We say that two sets
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X,Y C Vi are non-crossing if there exist two indices 0 < a,b < ¢t —1 such that (i) the indices
of vertices in X are in [a,b — 1] and (ii) the indices of vertices in Y are in [b,a — 1]. We say
that k subsets X1, ..., X C Vo are a non-crossing partition of Vg if for a convex |V |-gon
the relative convex hulls of the vertices corresponding to the subsets X; do not intersect.
It is well-known that the number of non-crossing partitions of size k for a set of ¢ points is
equal to the Narayana number N(k,t) = (;)(,.",) [20] with 1(})(,.",) = O(t*~2).

Min-Max Variant. Let 8™ be the set of all possible non-crossing partitions of size m for
the set V. For the approximated solution, we iterate over all the non-crossing partitions
and pick the best option, as follows. For every length 2 < m < k, set:

Wy, Wa, ..., W,,) = argmin  max{|Wx, |, [Wx,|,...,|[Wx,.|} (3)
{Xl,...,XnL}ESm
and set W,,41 = -+ = Wy = Dp. Then, we take the optimal set over all choices of m.
Finally, if max; |[W;| > |Cp|, we pick W7 = Cp and Wy = W3 =--- = W) = Dp.

By Lemmas 9 and 15, (Wy, Wa, ..., W) is a feasible solution for the k-hull watchman
routes problem. If OPTy(P) denotes the size of an optimal solution for the min-max k-hull
watchman routes problem in P, we obtain the following lemma:

» Lemma 17 (). max {|W1|, [Wa|,...,|Wi|} < k- OPTy(P).

We thus derive the following theorem. Its proof mirrors that of Theorem 12: feasibility
follows from Lemma 15, and the approximation guarantee from Lemma 17. Moreover, the
number of partitions is O(t?#~2).

» Theorem 18. Given a simple polygon P with n vertices, out of which t are convez, one
can compute a k-approximation for the k-hull watchman route problem under the min-mazx
criterion in O(n* + t2*=2 . n3) time.

Min-Sum Variant. We now generalize our approximation algorithm for the min-sum
objective. Here, instead of setting the routes as in Equation (3), we set

m

Wy, Wa,...,W,,) = arg min Z|WX1
{X1, XmbesS™ 5

: (4)

In addition, we define Dy, slightly differently here: it is the shortest floating watchman
route that sees all convex vertices in Vi \ X;, without being required to visit any convex vertex.
We denote by OPT; (P) the size of an optimal solution for the MIN-SUM k-HULL- WATCHMAN
ROUTES PROBLEM in P.

» Lemma 19 (). E?Zl [Wi| <2 OPT;(P).

We obtain the following theorem. Again, our proof is similar to our proof of Theorem 12:
using Lemma 15 for feasibility and Lemma 19 for the approximation factor, and where the
number of partitions is O(t2~2). However, the running time increases slightly, as D is now
defined to be a floating watchmen route, whose computation requires O(n*) time.

» Theorem 20. Given a simple polygon P with n vertices, out of which t are convez, one
can compute a 2-approximation for the k-hull watchmen route problem under the min-sum
criterion in O(t2=2 . n*) time.



A. Brotzner, O. Filtser, B. J. Nilsson, C. Rieck, and C. Schmidt

5.2 NP-Hardness Results for k-Hull Watchman Routes

By leveraging similar arguments as in the proof of Theorem 13, we straightforwardly obtain
NP-hardness for the min-max variant of our problem with & watchmen by reducing from
MurLTiwAY NUMBER PARTITIONING instead of PARTITION.

» Corollary 21. The MIN-MAX k-HULL WATCHMAN ROUTES PROBLEM is NP-hard, even
in simple polygons.

Moreover, we extend the proof of Theorem 14 by constructing k routes, each of which visits
every hole and every corner niche, and traverses the convex hull of each hole. Additionally,

for every corner niche and every hole, at least one of these k routes visits all convex vertices.

This straightforwardly establishes:

» Corollary 22. The MIN-SUM k-HULL WATCHMAN ROUTES PROBLEM is NP-hard in
polygons with holes for k > 2.

6 Conclusions and Future Work

In this paper, we studied segment watchman routes in simple polygons. First, we identified
sufficient conditions for two routes to constitute valid segment watchman routes. Leveraging
these conditions, we then designed a 2-approximation algorithm for segment watchman routes
for both the min-max and min-sum optimization objectives.

Moreover, we establish both the NP-hardness of the MIN-MAX SEGMENT WATCHMAN
ROUTES PROBLEM even in simple polygons, as well as the NP-hardness of the MIN-SuM
k-HULL WATCHMAN ROUTES PROBLEM in polygons with holes, highlighting the inherent
computational difficulty of the problem.

Finally, we extended all our results to k-hull watchman routes, obtaining a k- and
a 2-approximation algorithm for k-hull watchman routes for the min-max and min-sum
optimization objectives, respectively.

Interior k-Hulls. In the problems considered in this paper, the k-hull (for all k& > 2)
defined by the points on the watchman routes that see a point p € P is not required to
be contained in P. One can naturally define variants of the two problems in which this
additional containment condition is imposed. However, the conditions of Lemma 15 are not

sufficient in this setting, see Figure 8: the three routes satisfy all conditions of the lemma.

The point p is seen from exactly one point on each of the orange and violet routes. As p is a

Figure 8 An example for the conditions from Lemma 15 not being sufficient for interior-k-hull
watchman routes.

convex vertex, the corresponding point on the green route must be p itself. Since the triangle
determined by these three points intersects the boundary of P, it is not fully contained in the
polygon. Finding sufficient conditions for this variant, as well as developing approximation
algorithms, remains an open problem.
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