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—— Abstract

The Hamiltonian Cycle polynomial, denoted as HCy, is defined to be the sum of the weighted
Hamiltonian Cycles in an n-vertex complete digraph, with vertices labeled 1 to n and edges weighted
by formal variables z; j. The Permanent and HC, defined as the family {HC,| n > 1}, were studied
by Valiant (STOC 1979), with the former shown to be VNP-complete over all fields of characteristic
other than 2, and the latter to be VNP-complete over every field. Since its introduction, HC' has been
studied from the perspective of circuit lower bounds by Jerrum-Snir (JACM 1982), determinantal
complexity by Huttenhain-Ikenmeyer (LAA 2016), and its connection with the Permanent and the
Determinant polynomials by Goulden-Jackson (EJC 1981) and Grochow (ToC 2017). It has been
the most prominent choice for generalising results to all fields, such as in Malod (CCC 2007) and
Grochow-Mulmuley-Qiao (ICALP 2016), owing to its VNP-completeness over every field. Hrubes
(ToCT, 2016) showed the VNP-completeness of many graph-based polynomial families over every
field by using HC.

In Kayal (STOC 2012), a randomised polynomial time algorithm was given for the following
problem: Given an n2-variate degree-n polynomial f (x) € F[x] as a black box, decide if there exists
A € GL,,2(F) such that f(x) = Permy(Ax). Here, the Permanent polynomial Perm, computes the
permanent of the n X n symbolic matrix (z; ;). This problem is known as testing equivalence to the
Permanent, or alternatively, ET for Permanent.

In this work, we study ET for HC'. While both families are VNP-complete, the efficient ET
algorithm for Permanent does not imply the same for HC. Besides, there are crucial differences
between the two polynomials that make studying the complexity of ET for HC interesting: The
underlying decision problem corresponding to the Permanent is in P (detecting perfect matchings in
a bipartite graph), but that for HC (detecting Hamiltonian cycles in a digraph) is NP-complete. The
Permanent polynomial is known to be characterised by its symmetries as shown by Mulmuley-Sohoni
(STAM J. Computing, 2001). This property yields an efficient algorithm for the circuit-testing
problem for the Permanent, a special case of ET for the Permanent, in which we check whether
a given circuit computes the Permanent. In contrast, we show HC,, is not characterised by its
symmetries.

In this work, we give a randomised polynomial time ET algorithm for HC with mild constraints
on the underlying field. The algorithm is obtained by studying and completely characterising
the Lie algebra and the symmetries of HC),,. We show that, like the Permanent polynomial, the
symmetries of HC,, are generated by permutation and scaling matrices over large enough fields.
However, we also show that, unlike the Permanent polynomial, HC,, is not characterised by its
symmetries. Nevertheless, like the Permanent polynomial, HC), is downward self-reducible, as shown
in Zhang-Bai (TCS 2011), which implies HC,, is characterised by circuit identities and that we can
efficiently test whether a given circuit C computes HC,,. We also get a Flip theorem for HC,, as a
result of its circuit identities.
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1 Introduction

Two n-variate polynomials f, g € Fly] are equivalent, denoted by f ~ g, if f(y) = g(Ay+b) for
some invertible A € GL,,(F) and b € F™. Clearly, the relation f ~ g is an equivalence relation.
The Polynomial Equivalence problem (PE) involves deciding for two given polynomials f
and g, if f ~ g holds or not. Here, the inputs are assumed to be given as lists of coefficients.
On one hand, PE is known to be at least as hard as Graph Isomorphism [1, 31]. On the
other hand, the known upper bound on its complexity depends on the underlying field. Over
finite fields, PE is in NP N co-AM and hence unlikely to be NP-complete, while over Q we
do not even know if it is decidable [45, 47]. Even when both inputs are restricted, limited
results are known, see [11] for a detailed discussion. Thus, understanding the complexity of
PE remains a challenge. This has led to a natural variant of PE, called equivalence testing,
being studied in the literature to make progress towards addressing this challenge.

Equivalence testing. PE asks to check the equivalence of two arbitrary polynomials. In
contrast, for Equivalence Testing (ET), we first fix a polynomial family JF or a circuit! class C,
the goal then is to decide for a given single polynomial f, whether f ~ g, for some g in F or
in C, respectively. The two versions are called ET for polynomial families and ET for circuit
classes, respectively. The study of ET for polynomial families was initiated in [31, 32], where
efficient ET algorithms were given for the Power Symmetric and Elementary Symmetric
polynomials, the Permanent and the Determinant. Since then, efficient ET algorithms have
been given for various important polynomial families. The ET algorithms are efficient even
if f is given as a black-box? or as a circuit. The study of ET for circuit classes is more
recent, with the authors of [19] showing an efficient ET for read-once formulas (ROFs). The
authors of [3] showed that ET for sparse polynomials (depth-2 circuits) is NP-hard. Later,
ET for read-once oblivious algebraic branching programs (ROABPs) was also shown to be
NP-hard [44, 5]. See [11] for more results on ET for polynomial families and circuit classes.

Among all the polynomial families for which ET has been studied so far, the Permanent
(see Definition 1) is the most prominent VNP-complete family.® An efficient ET algorithm
for a VNP-complete family does not imply the same for other VNP-complete families. Since
ET has been shown to be NP-hard for some natural circuit classes, a natural question arises:

Is ET “hard” for some “natural” VNP-complete polynomial family?

By a circuit we mean an arithmetic circuit, unless stated otherwise. An arithmetic circuit is like a
Boolean circuit except it uses + or x gates in place of AND, OR, and NOT gates, and the edges are
labeled by F-elements. The circuit computes a polynomial over F.

Black-box access to a polynomial f means we are given oracle access to f. Thus, we can query f at any
point a of our choosing and obtain f(a) in unit time.

The classes VP and VNP are the algebraic analogues of P and NP, respectively, see [48, 8] for a rigorous
definition. The authors of [18] studied ET for the Nisan-Wigderson polynomial (NW), which is in
VNP but not known to be VNP-complete. The Pascal determinant, see [20] and Chapter 8 in [35], is a
generalisation of the Determinant and is VNP-complete. The Pascal Determinant is characterised by its
continuous symmetries [35], due to which an ET algorithm for the Pascal Determinant follows almost
similarly to that for the Determinant given in Corollary 4.6.4 of [15].
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The Hamiltonian Cycle polynomial family, defined below, is another natural VNP-complete
family.

» Definition 1 (Permanent and Hamiltonian Cycle polynomial families). Let n > 1. The
Permanent polynomial Perm,,(X,) and the Hamiltonian Cycle polynomial HC,,(X,,) are ho-
mogeneous degree-n polynomials defined on the n x n matriz of variables Xy, = (2 ;) je[n) 05

Permy,(X,) := Z H Tiow and  HC,(X,):= Z H i o (i) (1)

0€S, ic[n] o€C, icn]

respectively, with HCy defined as the zero polynomial. Here, Sy, and C,, C S, are the set of all

permutations on {1,2...n}, and the set of all cyclic permutations on {1,2...n}, respectively.
We denote by Perm the family {Perm,| n > 1} and by HC' the family {HC,| n > 1}.

Treating X, as the adjacency matrix of a complete digraph G with edge weights as formal
variables, HC,,(X,,) is the sum of the weights of all the Hamiltonian cycles of G. The
Permanent polynomial is the sum of all the weights of perfect matchings in a bipartite graph,
whose biadjacency matrix is X,,. Observe that though HC,, is defined on n? many variables,
it depends only on the off-diagonal n? — n entries, which we denote as x. We treat HC,, as
an (n? — n)-variate polynomial in x variables, and the evaluation of HC,, at an n x n matrix
A is denoted by HC),(A), where the diagonal entries of A will be ignored.

After the Permanent, HC seems to be the most prominent example of a VNP-complete
family. In [48], HC was shown to be VNP-complete over every field, while the VNP-
completeness of Permanent holds only over fields of characteristic other than 2. The proof of
VNP-completeness of HC by [48] does not rely on the VNP-completeness of the Permanent.
In fact, HC is VNP-complete even over rings [38]. There have been various works where
HC has been studied in multiple contexts, such as lower bounds [27, 28, 2, 23], and its
connection to the Permanent and the Determinant [14, 8, 16]. It has been the main choice as
a VNP-complete family over all fields whenever such a family was sought to generalize results
to all fields [39, 34, 17, 24, 25, 12]. The author of [22] used the completeness of HC over
every field to show the existence of more VNP-complete families over every field. See [11]
for a detailed discussion on works involving HC. Thus, HC' is a well-studied, natural, and
fundamental VNP-complete family.

In this work, we study the Equivalence Testing problem for HC', defined as follows:

» Problem 2 (ET for HC). Given black box access to an n* — n-variate degree-n polynomial
f(x), decide if there exists A € GLy2_,(F) and b € F*" =" such that f(x) = HCp(Ax + b)
and return A and b if they exist.

ET for HC,,. While both the Permanent and HC are VNP-complete, the efficient ET
algorithm for Permanent does not imply the same for HC.* It is a priori unclear why ET
for HC' could be “easy” because there are crucial differences between the Permanent and
HC'. First, the complexity of the zero-testing problem for the Permanent and HC' is vastly
different. The zero-testing problem for a polynomial family F = {f,, }, where f,, is n-variate
and has integer coefficients, is the task of checking for a given point a € {0,1}", whether

4 The completeness of the Permanent and HC' is with respect to p-projections [48], which means any
polynomial f(y) can be obtained from Permm, (X) (or HC,) by replacing each variable in Perm., by
a y variable or a field constant. In contrast, f ~ Perm,, happens via invertible linear transforms on
the variables. Thus, g ~ HC), does not necessarily mean that g ~ Perm., for some m.

90:3

MFCS 2026



90:4

Testing Equivalence to the Hamiltonian Cycle Polynomial

f(a) is 0 or not over Z. Note that f is not given to us in any form, that is, we don’t even
have black-box access to f. Zero-testing for the Permanent lies in P because it is the task
of detecting a perfect matching in a bipartite graph.® Zero-testing for HC' is NP-complete
because it amounts to detecting a Hamiltonian Cycle in a digraph.® In both cases, the graph
is given as a 0/1 matrix. Second, the Permanent polynomial is known to be characterised
by its symmetries [43], see Definition 21, and [15] for a proof, but we show HC,, is not
characterised by its symmetries in Theorem 8. This becomes important in the context of the
circuit testing problem for a polynomial family F which asks to check if a given circuit C
computes f, for some n, i.e., is C(y) = f(y)? The circuit testing problem for a polynomial
family F is a special case of ET for F, with A as the identity matrix and b = 0. Efficient
circuit testing algorithms for the Permanent follow by the downward self-reducibility’ of
Perm,, [29] and also due to characterisation by symmetries of Perm,, [43], see Page 81
in [15] for another proof. Since HC,, is not characterised by its symmetries, one cannot hope
to perform circuit testing efficiently for it via symmetries. Given these crucial differences
between the two polynomials, it is natural to ask:

Is ET “easy” for the Hamiltonian Cycle polynomial?

In this work, we answer this question positively by showing a randomised polynomial time
ET algorithm for HC (see Theorem 3). To our knowledge, an efficient ET for HC was not
known before this work.

The author of [32] developed the ET algorithm for the Permanent by using the knowledge
of the symmetries and the Lie algebra of the Permanent, which have been well studied [40, 7].
We follow the approach of [32] and study the Lie algebra and symmetries of HC,, to design
an ET algorithm for it, though there are challenges to overcome in analysing the Lie algebra
and designing the ET algorithm. The Permanent has some “nice” monomials which are
leveraged by [32] in his algorithm, but these monomials are absent in HC,,. Thus, we deviate
significantly from the implementation of the scaling matrix recovery step in [32] and instead
use ideas from [18]. The last step of the ET algorithm for Perm,, uses circuit testing for
a soundness check. Since HC), is not characterised by its symmetries, we cannot hope to
perform circuit testing for it via this route. To perform circuit testing for HC', we show it is
characterised by circuit identities (Theorems 10 and 11) via its downward self-reducibility
(Lemma 4 in [49]). See Section 1.2 for a discussion on the proof ideas, and [11] for a detailed
comparison with [32, 18]. Table 1 compares the results with those of the Permanent.

1.1 Our Results

We first state our assumptions on the computational model. Over Q and finite fields F,, we
assume the Turing machine model. Over fields like R and C, we assume a model similar to
the BSS model [6], where one can perform an arithmetic operation in unit time. We also
assume access to an efficient black-box univariate polynomial factorisation algorithm, an

In fact, it is in quasi-NC? [13] and very recently it has been shown to be in NC [9].

5 Similarly, the Permanent has an FPRAS [26] while no FPRAS exists for HC unless NP=RP. An
FPRAS for the Permanent is a randomised algorithm which takes as input a non-negative n X n
matrix A and a parameter 0 < e < 1, and with high probability outputs a value in the range
[(1 — €)Permn(A), (1 + €)Permy(A)]. The running time is (nl)0™).

For the Permanent, downward self-reducibility means that computing the Permanent of n X n matrix
polytime Turing reduces to computing the Permanent of n many (n — 1) x (n — 1) matrices, which
follows by the cofactor expansion of the Permanent. In general, a problem is said to be downward
self-reducible if solving an instance I of size n Turing reduces to solving instances of smaller size.
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Table 1 A comparison between Permanent and HC),.

Property HC)y (This work) ‘ Permanent
Efficient ET algorithm? Yes Yes
Explicit basis of Lie algebra known? Yes Yes
Characterisation by symmetries? No, forn > 5 Almost all fields
Symmetries generated by PS matrices? Yes Yes
Characterisation by circuit identities? Yes Yes

Almost all fields,

except for n =4 over Q,R,C Almost all fields

Scaling symmetries continuous?

Flip Theorem known? Yes Yes

Complexity of Zero testing? NP-complete P

assumption which is justified over fields F, [4] and Q [36]. We consider HC), for n > 3. For
n = 2, HC,, is a monomial, and an efficient ET algorithm follows for it by the factorisation
algorithm of [30].

» Theorem 3 (ET for HC). LetF be a field where |F| > 3n5 and char(F) = 0 or char(F) > n.
There is a randomised (nﬁ)o(l) time algorithm which, when given black-box access to an
(n? — n)-variate, homogeneous degree-n polynomial f(x) with B as the bit complexity of
the coefficients, decides correctly, with high probability, if there exists A € GLy2_,(F) such
that f(x) = HC,(Ax) and outputs A if it exists. Owver finite fields, the running time is
randomised (nlog(|F|))°M).

» Remark 4. The algorithm also works for the more general case where f = HC, (Ay + b),

2_pn < m)and b eF" " is a translation

A € F("*=m)xm s o full row rank matrix (hence n
vector. See Theorem 28 in [32] and Appendix B in [33], which show how to appropriately

modify the ET algorithm to handle the general case.

» Remark 5. The constraint on the characteristic arises from computing second-order
derivatives of f and is imposed to ensure that these derivatives don’t vanish. The constraint
on the field size is due to the use of the Polynomial Identity Lemma [10, 37, 46, 50].

The ET algorithm uses the knowledge of the group of symmetries G, and the Lie Algebra
grc, of HC,, see Definitions 15 and 16. In Propositions 22 and 25, we completely characterise
and give a basis for ggc, , while Theorem 6 gives the general structure of Gyc,, .

» Theorem 6 (Structure of Gy¢, ). Let |F| > (”22_") If A is a symmetry of HC,,, then

A = PS for some permutation matriz P and scaling matriz S.

» Remark 7. Propositions 30 and 32 describe the permutation and scaling symmetries of
HC,, respectively. If we treat HC,, as a polynomial in all the variables of X,,, then any
A € Guc, acts on X,, as A(X,) = PLX,RPT or A(X,) = PLXI'RP"T where P is a
permutation matrix, and L and R are diagonal matrices such that Perm,(RL) = 1. In
contrast, any A € Gperm, acts as A(X,) = PLX,,RQ or A(X,) = PLXI RQ, where P and
@ are permutation matrices and L, R are as before.

Unlike Perm,,, HC,, is not characterised by its symmetries, see Definition 21.

» Theorem 8 (Non-characterisation by symmetries). Letn > 5 and F be such that |F| > ("22_")
Then, HC,, is not characterised by its symmetries over F.

» Remark 9. In [11], we show that HC),, for n = 3 and 4, is characterised by its symmetries
over appropriate fields F.
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However, it turns out that HC), is characterised by circuit identities, see Definition 20, over
any field F. This follows from the downward self-reducibility of HC,, as shown in Lemma 35,
and Lemma 4 of [49)].

» Theorem 10 (Circuit Identities). Over any field F, HC,, is characterised by circuit identities.

As a consequence of Theorem 10, we get Theorems 11 and 12. We use Theorem 11 to prove
the soundness of the ET algorithm given by Theorem 3.

» Theorem 11 (Circuit Testability). Let C be a circuit in n® — n variables, of size s, and
degree of output polynomial d = s°1V) over a field F, where |F| > 2d. There is a randomised
(ns)o(l) time algorithm over F which, when given black box access to C, decides correctly
with high probability whether C(x) = HCp(x) or not.

A flip theorem essentially states that if some function is not computable by small-size circuits,
then we can efficiently construct a short list of counterexamples such that any small-size
circuit fails on some counterexample in the list. Flip theorem is known for the Permanent
polynomial [41, 42] and the Nisan-Wigderson polynomial [18].

» Theorem 12 (Flip Theorem for HC). Let |F| > n°M). Suppose HC,, is not computable by
nPW size circuits over F. There is a randomised n®Y) time algorithm which on input 1n°-n
outputs n—1 matrices Ay, ... A,_1, where A; € F™*"™  such that, with high probability, for any
polynomial size circuit C there is an i € [n—1], C(A;) # HC,(A;). Further, derandomisation
of black-box polynomial identity testing implies that the A;’s can be computed in deterministic
nOW time.

» Remark 13. Note that Theorem 11 is not implied by Theorem 12 because HC,, is not
known to be computable by n®() size circuit. Verifying C(A;) # HC,(A;) for some i needs
the evaluations HC),(4;), which can not be done efficiently.

1.2 Proof Techniques

We follow the Lie algebraic approach of [32], which was used to obtain an ET algorithm for
the Permanent. We describe the ET algorithm for the HC' at a high level. Suppose we are
given black-box access to an n? — n-variate degree-n polynomial f(x). The algorithm has
four steps:

1. Reduction to PS-equivalence testing. Using the structure of the Lie algebra of HC,,,
compute an invertible D such that f(Dx) = HC, (PSx) for some permutation P and
scaling S, assuming f ~ HC,,. See Algorithm 2.

2. Reduction to S-equivalence testing. Let f1(x) = f(Dx). Using the knowledge of the
permutation symmetries of HC,,, and the set of vanishing second-order partial derivatives
of HC,, recover P so that fi(Px) = HC,(5x), assuming f ~ HC,. Thus, f1(Px) is
S-equivalent to HC',. See Algorithm 3.

3. Recovering S. Let fo(x) = f1(Px), assuming f ~ HC,,. Query fy at k = O(n?) many
points to get constants ci,ca, ..., ck, and solve a system of linear equations where the
variables are the entries of S which we wish to recover. See Algorithm 4.

4. Verification \ Soundness Test. Let B = DPS. Use the downward self-reducibility,
Lemma 35 or Lemma 4 of [49], of HC,, to verify if f(Bx) = HC,(x). If so, output B~!.
See Algorithm 1.

Though the ET algorithm for HC' is obtained via the Lie algebraic approach, like it was done

for the Permanent in [32], there are two major differences between the algorithms. First, the

Lie algebra and the symmetries of the Permanent have been well-studied [7, 40], and are
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leveraged by [32]. To our knowledge, the Lie algebra and symmetries of HC), have not been
studied before. Therefore, we first study and give a complete characterisation of the Lie
algebra grc, of HC,, over all fields (see Propositions 22 and 25) by using ideas from [18] to
construct a basis for ggc,; we also characterise the group of symmetries Gre, over large
enough fields (Proposition 29). Second, we deviate from [32] in the execution of Step 3. The
deviation occurs because of an important difference in the monomials of HC,, and those of
Perm,,. In Perm,,, there are enough pairs of monomials which differ in exactly 2 variables
and are leveraged by [32] to recover S by querying the scaled Permanent polynomial at
these monomials. In contrast, any two monomials of HC,, differ in at least 3 variables (see
Claim 24), which makes it unclear if they can be leveraged in the same way as for Perm,, to
recover S. Instead, we follow the approach in [18] to recover S. There are other key technical
differences between our analysis and that in [32, 18], see [11] for a detailed comparison. Refer
to Table 1 for a comparison of results between HC,, and the Permanent.

To prove Theorem 6, we leverage the structure of gyc, and conjugacy of Lie algebras of
equivalent polynomials (Lemma 17). We prove Theorem 8 by using the knowledge of the
permutation (Proposition 32) and scaling symmetries (Proposition 30) of HC,,. Theorem 10
is proved by using the downward self-reducibility of HC),, and an adaptation of Lemma 7.13

from [8]. Theorems 11 and 12 then follow by using the identities established in Theorem 10.

2 Preliminaries

2.1 Notations and Definitions

The set of natural numbers is N = {1,2...}, while Z denotes the integers. For n € N, We
use [n] to denote the set {1,...,n} and [a, b] to denote {a,...,b}. The set of n x n invertible
matrices over F is denoted by GL,,(IF). The set of permutations on [n] is denoted by S,, and

the set of cyclic permutations on [n] by Cy,. A field is denoted by F, while F* denotes F\{0}.

We denote the integers mod m by Z,,. The dimension of a vector space V over a field F is
denoted by dimp (V). By €, we denote uniform random selection from a set, and by “b.b.a
to f” we mean black-box access to f.

We denote the set of variables on which HC,, depends as x := {x; ;| i,j € [n],i # j},
with |x| = n? —n and X,, = {x; ;| i,j € [n]} to denote the entire set of n? variables on which
HC, is defined. By scaling matrices, we mean diagonal matrices. We treat a scaling matrix
S € F™*™ ag a vector in F™ by identifying the diagonal as a vector in F™. Thus, the entries
of S € F"zxnz, will be referred to as S; j, where 4,5 € [n]. For a matrix M € F™*™ and
S, T C [m], we denote by Meyr the matrix M restricted to columns in T, by Mgye the
matrix M restricted to rows in S, and by Mg« the matrix M restricted to the rows and

columns in S and T respectively. By n®) | we denote a polynomially bounded function of n.

2.2 Algebraic and algorithmic preliminaries

» Lemma 14 (Computing Derivatives [33]). Let f € F[y] be an n-variate degree-d polynomial
with bit complexity 3. Given black-box access to f, we can obtain in (ndB)°M) time black-box
access to a derivative %7]; foranyye€y.

» Definition 15 (Group of Symmetries [18]). Let f € Fly] be an n-variate polynomial. The
group of symmetries of f over F, denoted by Gy, is the set of matrices {A € GL,(F) :
f(Ay) = f(y)} which also form a group under matriz multiplication.

90:7
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» Definition 16 (Lie Algebra of a polynomial ). Let f € Fly], wherey := {y1,92,...,yn}- The
Lie Algebra associated with f, denoted by gy, is the set {A € F**™ | Zi’je[n] Aiajyjc’%i =0},
which also forms a vector space over F.

» Lemma 17 (Conjugacy of Lie Algebras [32]). Let f € F[y] be an n-variate polynomial. If
9(y) = f(Ay), where A € GL,,(F), then g, = A~' - g; - A.

» Lemma 18 (Computing basis of Lie Algebra [32]). Given black-box access to an n-variate
degree d polynomial f € Fly], a basis of g5 can be computed in randomised (ndB)°M time,
where B is the bit complexity of the coefficients.

For A € C™*™, define e := YieN A;—!i, the sum always converges. Over C, gy is related to Gy
as in Definition 19.

» Definition 19 (Continuous and Discrete Symmetries ). Let f € Cly]. If A € gy, then
eth ¢ Gy for allt € R; see [21] for a proof. The continuous symmetries of f are the elements
of the set {e!4 : A € Gy and t € R}. All other symmetries in Gy are the discrete symmetries

of f.

» Definition 20 (Characterisation by circuit identities [15]). An n-variate polynomial f(y)
is said to be characterised by circuit identities if there exist m = n©™)
OM) size circuit over Z and |z| < k, f is the

many polynomials
91(2), ..., 9m(2z), with each g; computable by a n
only non-zero polynomial upto scaling that satisfies g;(f(y1), f(y2) .. f(yx)) =0, where y;

o

can be computed from y by a n®Y size circuit.

» Definition 21 (Characterisation by symmetries). A homogeneous degree-d polynomial f €
Fly] is characterised by its symmetries if for every homogeneous degree-d polynomial g € Fly],
Gy C Gy implies g =c- f, for somes c € F*.

3 Lie Algebra and the Symmetries of HC),

In Section 3.1, we analyse grr¢c,,, the Lie Algebra of HC),, and show that it comprises diagonal
matrices and that it is a 2n — 2 dimensional vector space over any field F, for n # 4. In
Section 3.2, we use gmc, to show that over large enough fields the symmetries of HC,, are
generated by permutation and scaling matrices (which proves Theorem 6) and analyse the
permutation and scaling symmetries of HC,,. In Section 3.3, we show that HC), is not
characterised by its symmetries, proving Theorem 8. In Section 3.4, we show that HC,, is
characterised by circuit identities over any field by using the downward self-reducibility of
HC,, and prove Theorems 10, 11 and 12. All missing proofs, and the analysis of gy, and
Guc, are available in [11].

3.1 Lie Algebra

Proposition 22 shows that ggc, comprises diagonal matrices A € I (
for all o € C), the sum of the diagonal entries in A corresponding to ¢ is 0. To prove
Proposition 22, we use Observation 23, which follows from Claim 24. Claim 24 states that
any two cyclic permutations, when interpreted as Hamiltonian cycles on the complete digraph,
must have at least 3 different edges.

2 2
n-—n)X(n"—n
)x( ), where

» Proposition 22. Letn > 3. Then for A € IE‘("A”)X(”Q*”),

A€ gue, < A is diagonal and ZA(,-7U(,;))7(24,0(¢)) =0 forallo € C,.
i=1
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» Observation 23. Let 01,09 € C,, with o1 # 09 and m, denote Hie[n] Tj o) for o € Cp.
Then,

where i ’s, ji’s € [n], j2 = 01(i2), and jy = 02(i4) (to ensure non-zero derivatives).

> Claim 24. Let 01,09 € C,, with 01 # o2 . There exists S C [n], such that |S| = 3 and
o1(i) # o2(i) for all ¢ € S.

By Proposition 22, any A € ggc, can be identified with a vector in Fren, Proposition 25
shows grc, is 2n — 2 dimensional over all fields F.

» Proposition 25. Let F be any field andn = 3 orn > 5. Consider A%, B and C' € IF”Q_",
where k € [2,n],€ € [2,n — 1], defined as:

1 =1, 1 =1, 1 i=2,
k . ¢ . .
Ay =q-1 i=k , Biy=1-1 j=L . Cup=31 j=2
0 otherwise 0 otherwise 0 otherwise

Then, dimp(grc,) = 2n — 2 with B, = {A®) ... A B®)  BO=1 O} as a basis.

(n=1)!x(n’=n) ¢, represent the linear

To prove Proposition 25, we define a matrix MHC» ¢ F
equations given by Proposition 22. Therefore, the nullspace of M7 is gy, . The rows of
MHCn are indexed by o € C,, and columns by variables 2; 5 in lex order. We then show that
the set B, in the proposition is linearly independent over any F and that B,, C gn¢,. Lastly,
we construct in n°M) time a (n — 1)(n — 2) x (n? — n) submatrix M) of M such that
M) has full row rank over any F. Thus, M7 has rank at least (n — 1)(n — 2), which
along with the fact that B,, C gm¢, proves Proposition 25.

Corollary 26 describes the structure of any z € ggc, and follows by considering the
matrix formed by the equations in (2), noting that the matrix is full row rank, and that
the entries of the elements of B,, in Proposition 25 satisfy (2). Corollary 27 describes the

entries of any continuous symmetry of HC},, and follows from Corollary 26 and Definition 19.

In [11], we further analyse M (") which proves useful in analysing the scaling symmetries of
HC,, over all fields and to prove the correctness of Algorithm 4.

» Corollary 26. Letn =3 orn > 5 and z € F-n, Then, z € guc, if and only if the
entries z; ; satisfy (2).

Zij=zin ‘itz —zi3 -2 1€[2,n—1], je[2,n],i# ] (4,7) #(2,3),
n n

Zn1 = (n—2)(z1,3+ 221 — 223) — Z 20— ) 201,
=2 2

|
—

o~
[

n n—1
Znj = 21,5+ (n—3)(21,3 + 22,1 — 22,3) — Z 21,0 — Z Z01
(=2 (=2

=z2pa 21+ 23— 213221, JE[2,n—1]. (2)
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» Corollary 27. Over C, any continuous symmetry S € Guc, is a diagonal matriz, with
Si,j s satisfying (3).

S . . C
Sivj:SiJSl:jﬁ Z6[27”_1}7 je[Qan] ,l#],(l,j)#(?,g),
S =S n—2 n n—1 -1
Sn,l - (?m> <H Sl,é H SZ,I) B
23 =2 =2
Sy = SwrS1—23 je2in—1 3
n,j = On,1 1,jm je2,n-1]. (3)

3.2 The Symmetries of HC,,

Lemma 28 shows that over large enough fields, ggc, contains an element with distinct
eigenvalues. Proposition 29 then shows that over such fields, every symmetry of HC,
is generated by permutation and scaling symmetries, proving Theorem 6. The proof of
Proposition 29 follows from Lemmas 17 and 28. We then analyse and characterise the
permutation and scaling symmetries of HC,,.

» Lemma 28. Suppose |F| > ("22_") There exists A € gnc, such that A has distinct

etgenvalues.

» Proposition 29 (Theorem 6 restated). Suppose |F| > ("2;”) If A€ Gue,, then A= PS,
where P is a permutation matriz and S is a scaling matriz.

Scaling symmetries. Proposition 30 shows that any scaling symmetry S of HC,, satisfies (3)
for n # 4. The proof of Proposition 30 uses the matrix M) constructed in the proof of
Proposition 22 to show that any scaling symmetry S essentially satisfies a system of equations
given by M (") over F*, the solution space of which comprises scaling matrices satisfying (3).
In terms of X,,, one can define diagonal matrices L and R from the entries of S, such that
Perm,(LR) = 1.

» Proposition 30 (Scaling symmetries are continuous). Let F be any field and n =3 orn > 5.
If S € Guc, is a scaling symmetry, then the entries S; ; satisfy (3).

Permutation Symmetries. Proposition 31 shows that HC), has non-trivial permutation
symmetries. In terms of the matrix X,,, P(°) acts as X, — QX,QT, where Q is the n x n
matrix corresponding to o € S,, and PT) acts as X,, — XT. Proposition 32 shows that
the permutation symmetries are generated by those described in Proposition 31. To prove
Proposition 32, we use Observation 33, which tells us when the second-order derivatives of
HC(C,, vanish.

» Proposition 31. Let 0 € S,,. The matrices P\?) and P, as below, are permutation
symmetries of HCy,.

0 otherwise ’ @O V0 otherwise

(o)
Bling) (k)

Here i, j k.0 € [n],i# j and k # £. Also, P19 and PT) commute with one another.

» Proposition 32. If P € Gy, is a permutation symmetry, then P = P() or P = P(?) p(T)
for some o € S,,.



A. Dewan

» Observation 33. Leti,j € [n], i # j and R; ; be the set of variables xy ¢, other than x; ;,
such that 682‘% = 0. Then,

;0T 0
e €ER; = i=k, orj={ ori=~Candj=k.
Further, we can partition R; ; as

Rij=QiUTijU{z;i}, Qij:=Awk; | ke n\{i,j}} and T;; = {zin | k € [n]\{3,j}}.

The partitions also satisfy:

9’HCy, o S . . L o . .
L axil,jlazzwz # 0 if w5, = xj; and @iy 5, € Qiy UTij, or x4y 5, € T j, @iy 5, € Qiyy-
d?HC _0
2. 3.ti11j18m:,b2,j2 =0if Tiy g1 Tig,jo € Ql}j OT Ty ji s Tig,jo € Ti»j‘

If f = HC,(Px), where P is a permutation matrix, then artazf = 0 if and only if

G0TE 0
P~Y(xz; ;) and P~!(xy,) are as specified in Observation 33. Thus, JP creates a bijection on
R; ; which also maps the partitions of R; ; in Observation 33 appropriately. If P € Gpc, is
a permutation symmetry, then it creates, for each variable z; ;, a bijection between the set
R; ; and Ry ¢, where 0 = P(gci,j), such that the bijection also maps the partitions of R; ;
as described in Observation 33 accordingly to those of Ry ;. analysing these bijections for
variables z1 ; and x; 1, and noting that the image of k1 ; N R, is a singleton shows how P

is generated by the permutation symmetries described in Proposition 31.

3.3 HC(, is not characterised by its symmetries

Proposition 34 shows that for n > 5, HC,, is not characterised by its symmetries, unlike
the Permanent polynomial, proving Theorem 8. The proof involves defining a polynomial
g(x) as the sum over the image of a monomial, m,, under all the permutation symmetries
(Proposition 32) of HC,,. Here, o € S,\C,, such that o (i) # i for all i € [n]. It is easy to see
that such a o exists for n > 5, for example take o = (1 2)(3 4 ... n). Then, it is not hard to
observe that every scaling symmetry of HC,, (Proposition 30) is also a scaling symmetry of
g, but g # c¢- HC,, for any ¢ € F*.

» Proposition 34 (Non-characterisation by symmetries). Letn > 5 and F be any field such that
2

|F| > (", ™). There exists a non-zero polynomial f such that Gyc, C Gy but f # c-HC,

for any ¢ € F*.

More generally, in [11], we show how to obtain a scaling symmetry of the Permanent
polynomial from that of HC,,. In contrast, we show HC,, for n = 3 and n = 4, is
characterised by its symmetries over appropriate fields in [11].

3.4 Circuit ldentities, Circuit Testing and Flip Theorem

Though HC,, is not characterised by its symmetries, it is characterised by circuit identities
(see Definition 20), which follows from HC,, being downward self-reducible, as shown in
Lemma 4 of [49] and Lemma 36 here. To prove the circuit identities, we use Lemma 35, an
adaptation of Lemma 7.13 in [8], which shows that HC,, can be expressed as HC,, for all
m >mn > 2. Lemma 36 then shows that HC), is downward self-reducible over any field, and
can be proved using induction on n. Note that we use the matrix X,, with z;; replaced by
0’s in the statement of Lemmas 35 and 36 for ease of exposition.
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» Lemma 35. Let n,m € N with m > n > 2. In O(m?) time, we can construct a m x m
matriz Y™™ from X,, such that HC,,(Y(™™) = HC,(x).

» Lemma 36. Let f € F[x|. Then, f = HC,, if and only if f satisfies the identities

k
FOERY =30 () ke Bnl, and FY™D) = 90y,

=2

where Y "F) s constructed from X, as described in the proof of Lemma 35. The matriz
Yi(n’k*l) is obtained from Xy by first swapping row i with row 2 and column i with column

2 in Xy, removing the 1st row and 2nd column to obtain the (k — 1) x (k — 1) matriz X,gi),

and constructing Y "*F=1) ysing X,gi) by Lemma 35.

Proof of Theorem 10. Represent the n—1 identities in Lemma 36 as polynomials g; (x,2), . . .,

gn_1(x,2), where |z| = n — 1, g;’s are degree 2 polynomials over Z and have n®(!) size circuit

over Z. This establishes circuit identities for HC,, and proves Theorem 10. <

Proof of Theorems 11 and 12. Algorithm 1, when given black-box access to a size-s circuit
C in x variables and of degree d = 5?1, tests C on the n — 1 identities in Lemma 36.
The degree of each identity, when we use C in it, is at most d. If C computes HC,,, then
Algorithm 1 will always return “Yes”. If C does not compute HC),, then some identity fails
to hold for C. By the Polynomial Identity Lemma and the fact |U| > 2d, the probability
that some identity fails to hold is at least % By repeating Algorithm 1 s

can boost the success probability to 1 — (1)50(1)

3 . This proves Theorem 11. Theorem 12
follows easily because the random matrices sampled by Algorithm 1 provide the list of
counterexamples against polynomial-size circuits, assuming HC,, is not computable by

polynomial-size circuits. <

times, we

Algorithm 1 Circuit Testing for HC,,.

Input: B.b.a to size-s circuit C in x variables and of degree s@().

Output: “Yes” if C(x) = HC\,(x), else “No”.

1. Let U C F with |U| > 2d. Choose n — 1 matrices Ma, M3, ..., M,,, where M; are i X i
matrices with entries chosen uniformly at random from U.

2. For i € [2,n], check if the ¢’th identity in Lemma 36 does not hold for C when evaluated
at M;. Return "No” if so.

3. Return “Yes”.

4 Equivalence Testing for HC

In this section, we present the ET algorithm for HC),, and argue its correctness and efficiency
by using the structural results proven in Section 3. In Section 4.1, we show the reduction
to PS-equivalence; the correctness of the reduction follows from Lemma 28. In Section 4.2,
we show how to recover a permutation; the correctness follows from Observation 33. The
problem then reduces to checking scaling equivalence with HC,. In Section 4.3, we show how
to recover a scaling matrix by Proposition 30. All missing proofs can be found in [11]. We
present the analysis assuming f = HC,,(Ax) and that all steps which employ randomisation
execute correctly. Every step where randomisation is used has a small probability of failing
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due to the assumption on the field size. We run Algorithm 1 at the end to verify the
correctness of the recovered transform. If f # HC),(Ax), Algorithm 1 will output “No” with
high probability. If f = HC,,(Ax), Algorithm 1 always accepts.

4.1 Reduction to PS-equivalence

Algorithm 2 shows the reduction to PS-equivalence testing. If f = HC,(Ax), then by

Lemma 17, dimp(gy) is 2n — 2. We then compute a random element of g; and diagonalise it.

The algorithm outputs the diagonalising matrix if it exists. The correctness and complexity
analysis of Algorithm 2 is given by Proposition 37.

Algorithm 2 Reduction to PS-equivalence Test.

Input: B.b.a to f(x).
Output: D € GL,2_,(F) s.t. f(Dx) = HC,(PSx) if f(x) = HC,,(Ax).

1. Compute a basis {B1, Ba, ..., By} of gy from b.b.a to f. If k # 2n — 2, abort and output
“f not equivalent to HC,,” .

2. Let U C F be such that |U| = 3n5. Let aj,as...ax €. U and C := Zie[k] a; B;. Compute
and output a matrix D such that D~'CD is a diagonal matrix. If such a D does not
exist, abort output “f not equivalent to HC,,”.

» Proposition 37. If f = HC,(Ax) for some A € GL,2_,(F), with high probability
Algorithm 2 computes in randomised n®1) time a D € GLy2_,(F) such that f(Dx) =
HC,(PSx) .

4.2 P-equivalence test

Let f(x) = HC,,(Px). Using the permutation symmetries and second-order partial derivatives

of HC,, Algorithm 3 recovers a permutation P’ such that f(x) = HC,(P'x), where P’ is P

up to a permutation symmetry. Claim 38 and Proposition 39 together argue the correctness

by leveraging Observation 33 and the fact that for f = HC,, (Px), where P is a permutation
2

matrix, then % =0 if and only if P~ (2, ;) and P~ (x ).

> Claim 38. Without loss of generality, P(x12) = x1,2.

» Proposition 39. If f(x) = HC,(Px), then with high probability Algorithm 3 computes P’

in randomised n®M) time such that P’ = PP, where P is as described in Proposition 31.

4.3 S-equivalence test

We assume n # 4. Suppose f(x) = HC,(Sx), where S € GL,2_,(F) is a scaling matrix.

Algorithm 4 gives the scaling equivalence test over F,. The same algorithm, with some
changes, will also work over other fields F, see [11] for details. The correctness of Step 1
follows from Claim 40, while that of the remaining steps follows from Proposition 41. An
S-equivalence test for HC, over finite fields, Q, and R is given in [11].

> Claim 40.  Without loss of generality, S ; = 1, S35 = 1 and S}, = 1, where i €
2,n—1],j € [2,n].

» Proposition 41. If f(x) = HC,(Sx), then in deterministic (nlogq)°™) time Algorithm 4
outputs an S’ such that S'S is a scaling symmetry of HC,,.
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Algorithm 3 P-equivalence Test.

Input: B.b.a to f(x).
Output: P’ € GL,2_,(F) s.t. HC,(P'x) = f(x), if f(x) = HC,(Px).

. Compute b.b.a to 8‘92#&‘, where i # j and k # £. Check if 882% is identically zero

or not, and store this information.

T, OTk ¢

. Compute the set R} 5 1= {71y |882LC" = 0 and (k,¢) # (1,2)}. Partition R}, as

21,20Tk, ¢

{wi;} U Q7 o UT] 5 such that items 1 and 2 in Observation 33 hold. If no such partition
exists, abort and output “f not equivalent to HC,,”.

. Set P'(x12) := x12, P'(x21) := x;; and P'(x14) := 5, ;,, where z;, ;, € T{y2 and

t € [3,n].

. For all @;, j, € T{ 5, compute R; ; as in Step 2 and partition it. Let {xx, ¢} be the

singleton set in the partitioning. Set P'(x;1) := xk,e,. Abort and output “f not
equivalent to HC,,” if the partition does not exist.

. For a,b € [2,n], a # b, compute R}, N R; where P'(241) = xk, ¢, and P'(x1,) =

ib5Jb)
. . / ;o . / o
Tj,,j,, as computed in earlier steps. If R) , NR; ; is a singleton {Zc,a}, set P'(xqp) :=

Zc.d, €lse abort and output “f not equivalent to HC,,”.

. Output P'.

Algorithm 4 S-equivalence test.

Input: B.b.a to f(x).
Output: 5" € GL,2_,,(F,) s.t. HC,,(5'x) = f(x) and " = S5, where S is a scaling
symmetry, if f(x) = HC,(Sx).

. Set Sy ;=1,853=1and S}, =1, where i € [2,n — 1], j € [2,n].
. Query f to obtain the coefficients of monomials corresponding to the rows

015+ O(n—1)(n—2) Of the matrix M ™) constructed in the proof of Proposition 22. Let
¢, be the k’th coefficient. If ¢, = 0 for some k, then abort and ouput “f not equivalent
to HC,,”.

. Let T := {(i,5)] (i,5) # (1,k), k € [2,n] and (4,5) # (¢,1), £ € [2,n — 1] and (4,5) #

(2,3)}. Consider the matrix M := M.(;I)T Compute 3 = (det(M))™! in Zy_;1.

. For each row oy, k € [(n — 1)(n — 2)] and (4,j) € T, compute the cofactor of M with

.. . _ _ i dg—
respect to o and (i, §), and denote it as ay ;. ;). Set S, = [V k(i) Od a1

. Output S’.
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