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—— Abstract

A relation modification problem gets a logical structure and a natural number k as input and asks
whether k modifications of the structure suffice to make it satisfy a predefined property. We provide
a complete classification of the classical and parameterized complexity of relation modification
problems — the latter w.r.t. the modification budget £ — based on the descriptive complexity of the
respective target property. We consider different types of logical structures on which modifications
are performed: Whereas monadic structures and undirected graphs without self-loops each yield
their own complexity landscapes, we find that modifying undirected graphs with self-loops, directed
graphs, or arbitrary logical structures is equally hard w.r.t. quantifier patterns.

Moreover, we observe that all classes of problems considered in this paper are subject to a strong
dichotomy in the sense that they are either very easy to solve (that is, they lie in para-AC°" or
TCP) or intractable (that is, they contain W[2]-hard or NP-hard problems).
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1 Introduction

Approaching computational problems by examining their distance to triviality [43] has greatly
enhanced our theoretical understanding of their inherent complexities and inspired practical
algorithm engineering in recent years. To accomplish the latter, one might ask how much (and
at which costs) a given input structure needs to be modified so that the resulting structure
has a specific — more or less “trivial” — property that can be algorithmically exploited.
Different variants of distances between structures are conceivable, depending on the type of
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modification permitted: For instance, if the input to a problem is given as a logical structure
consisting of a universe and relations of arbitrary arity, we can allow to add tuples to relations
(known as the addition or completion problem), to delete tuples (the deletion problem), or
allow both (the editing problem).

Historically, the study of these meta-problems has been dominated by the special case
where the input structure describes a graph and tuples correspond to edges. The interest in
such edge modification problems [64, 65] stems from the fact that a variety of well-studied
problems in theoretical computer science can be formulated as such. For instance, the problem
of cluster deletion (cluster editing, respectively) [46, 49] asks whether we can delete (add or
delete, resp.) at most k edges of an input graph to obtain a cluster graph, that is, a disjoint
union of cliques. Similarly, the problem of triangle deletion [20, 60] tasks us to delete at most
k edges to make a graph triangle-free. As another example, the feedback arc set problem [51]
asks whether deleting at most k edges suffices to remove all cycles from a given directed
graph. There are further applications of graph modification problems in related disciplines
such as machine learning [12], network analysis [38, 63], sociology [53, 55], databases [39],
computational biology [16, 15, 59], computational physics [13], and engineering [44, 26, 14, 48].
Analyzing the underlying meta-problem of graph modification towards a certain property
instead of the aforementioned individual problems offers the obvious advantage of enabling
solution procedures to be formulated as generally (and thus reusable) as possible.

While for the closely related meta-problem of wvertex modification, polynomial-time
solvability has been already precisely characterized for hereditary properties in 1980 by Lewis
and Yannakakis [52], analyzing the computational complexity of edge modification problems
proved to be more persistent and has been the subject of numerous publications in the last
decades, many of which can be found in the surveys [21, 56, 58]. Since modification problems
are equipped with a natural modification budget k, they are particularly suited to be studied
through the lens of parameterized complexity [31, 30], where one analyzes the running time
of algorithms not only in terms of the input size |I|, but also with respect to a numerical
parameter k. From this perspective, too, the complexity of graph modification problems has
already been extensively investigated. For an overview, we refer the reader to the recent
survey of Crespelle et al. [29].

One way to systematically perform the computational complexity analysis of edge modifi-
cation problems is to group problems according to the descriptive complexity [47, 42] of the
targeted graph class. This approach is rooted in the hope that if a graph class is easy to
describe, then the corresponding edge modification problem, which attempts to transform
a given graph into a graph within that class, may also be easy to solve. A natural way to
measure the descriptive complexity of a property is to analyze the quantifier pattern that is
needed to express this property in a certain logic. Borger et al. initiated this line of research
by providing a complete classification of decidable fragments of first-order logic based on
their quantifier pattern [19]. Subsequent research pursued a complexity-theoretic approach
and explored to which extent quantifier patterns of second-order problem formulations affect
the classical [33, 40, 62] and parameterized complexity [5] of these problems.

Most pertinent to our work, Fomin et al. [36] investigated the parameterized complexity
of vertex and edge modification problems based on the number of quantifier alternations in
the first-order formalization of the targeted property. With respect to edge modification, they
found that Yo-formulas (first-order formulas starting with existential quantifiers, followed
by universal quantifiers) can only describe fized-parameter tractable (FPT) problems — that
is, problems that can be solved by algorithms that run in time f(k) - |[I|°), where f is a
computable function. On the other hand, II-formulas (formulas starting with universal
quantifiers, followed by existential quantifiers) can express problems that are W[2]-hard.
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Our Setting. In this paper, we provide a complete and extensive classification of the classical
and parameterized complexity of edge deletion, edge addition, and edge editing problems
based on the first-order quantifier patterns of the targeted properties. We go beyond the
problem setting proposed in [36] by considering three different types of input graphs: basic
graphs (occasionally also called simple graphs) which are undirected and have no self-loops,
undirected graphs, and directed graphs. Since we do observe differences in the complexity
landscapes across these various input settings, we set out to examine the input-sensitivity of
modification problems more rigorously by allowing arbitrary logical structures as inputs. We
refer to these meta-problems as relation modification problems.

In Table 1, we provide an overview of our main results where the following notations
are used: For a fixed first-order formula ¢ over a vocabulary 7 = {Ry,..., R}, the problem
RELATION-MODIFICATIONSS (#) (abbreviated RM3¢! (4)) asks us to tell on input of a logical
structure A = (A, R{%,..., R') and a natural number k whether there is a tuple D =
(D1,...,D,) with D; C R for all i € {1,...,r} and ||D| = >;_, |D;| < k, whose removal
from A yields a structure A’ for which A’ = ¢ holds. We denote with RM2dd(¢) the
related problem that asks whether we can add up to k tuples such that the new structure
satisfies ¢. Finally, the problem RMS4it () allows for the addition and deletion of tuples. For
a modification operation ® € {del, add, edit}, we denote with RM5, (¢) (RM? .. (¢), and
RM%)asic (¢), respectively) the restriction of the modification problem to inputs and target
structures that are directed graphs (undirected graphs, and basic graphs, respectively).
Further, let RMZ__(¢) be the problem restricted to input structures that contain only
monadic relation symbols. For undirected and basic graphs G = (V, E), where we simply
have D = (D;) with Dy C E in the case of deletion (and Dy C V x V in the cases of adding
and editing), we use the more natural measure ||D|| = [{{u,v} | (u,v) € D1}|. We assume
throughout that the given first-order formula ¢ is in prenex normal form, that is, all quantifiers
that occur in ¢ are pushed to the beginning of the formula. The precise sequence of universal
and existential quantifiers at the beginning of ¢ is captured by a (first-order) quantifier
pattern p € {a,e}*. For instance, the formula ¢ = VquEIy(u =ovVu~ovV(u~yAy~ v))
has the quantifier pattern p = aae. For all modification operations ® € {del, add, edit} and
all structure types T € {arb, dir, undir, basic,mon} we let RM%(p) denote the class of all
problems RM$ (¢) where the fixed formula ¢ exhibits the quantifier pattern p. Finally, for
all problem variants RM% (4), we denote with p-RM$ (¢) the parameterized version of this
problem that treats the modification budget k as the parameter.

A complete complexity classification of tuple deletion, addition, and editing problems for
first-order formulas depending on the quantifier pattern p € {a, e}* (where p < ¢ means that
p is a subsequence of ¢) is given in Table 1. Note that para-AC’" C para-P = FPT C W|[2]
holds and that it is a standard assumption that both para-AC?" C FPT and FPT C W|[2] are
true as well. Below, we briefly summarize the main contributions of this paper.

Our Contributions. As a first set of contributions, we refine the dichotomy of the parame-

terized complexity of edge modification problems from [36] in multiple ways:

1. First, we resolve the following question, which is central to understanding the descriptive
features that determine the computational complexity of edge modification problems:
Is it the number of alternations of quantifiers that solely drives the transition from
tractability to intractability, or is this boundary determined by short patterns that
happen to exhibit a specific number of alternations? As we show, the latter is indeed the
case. All intractability results already hold for very short and simple patterns. While
it was previously known that an intractable problem can be defined by a formula in
IT; (more specifically, one with the quantifier pattern aeeee), we find that already the
simplest interesting pattern in Il, namely ae, suffices to establish intractability.

MFCS 2026
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Table 1 Complete classification of the classical (above) as well as the parameterized (below)
complexity of relation modification problems. For the latter, the modification budget is treated as
the parameter. We abbreviate “p1 < p or p2 <X p” as “pi,p2 < p”.

RMZ ...(p), RMS.(p), C ACP, when p=e*.
and RMZ, (p) Z AC® but C TC?, when a <p=e*a.
N NP-hard # (), when aa, ae =< p.
RMP . (p) C ACP°, when p= e’ a.
Z AC® but C TC?, when ea, ae, aa = p = €e*a, aa, ae.
N NP-hard # 0, when aea, aee, aae, .,
eae, eaa, aaa
RME,, (1) C AC®, when p< e
¢ AC® but C TC®, when a =p.
p-RM® ...(p), p-RMS (p), C para-AC°", when p=e‘a”*.
and p-RM2, (p) N W][2]-hard # @, when ae = p.
p-RM? .. (p) C para-AC°", when p=e*a*, ae.
N W/[2]-hard # 0, when aea, ace, =p
aae, eae

p-RMZ,. (p) C para-AC°.

2. We improve existing upper bounds by showing that all classes of modification problems that
are (fixed-parameter) tractable are even in para-AC°T. From an algorithmic perspective,
this implies that these problems admit efficient parallel fized-parameter algorithms. From
a logical perspective, this insight establishes an interesting dichotomy in which all
considered problem classes are either very easy to solve or contain intractable problems.

3. We identify new intractable problems that are of independent interest, such as p-EDGE-
ADDITION To RADIUS r and p-EDGE-EDITING To RADIUS 7 for all r > 2.

4. We contrast the parameterized study of edge modification towards first-order properties
by a systematic investigation of their classical complexities. Here again, we gain valuable
insights by pursuing our fine-grained pattern-based approach: For instance, with respect
to basic graphs, we find that both 39 and Iy contain short tractable (and non-trivial)
fragments, whereas a purely alternation-based study would label the whole class of
formulas in II; as intractable.

Our results complement the complexity landscape of vertex deletion problems obtained

by Bannach et al. [6]. In particular, we find that the parameterized complexity of edge

modification problems is considerably higher: While for directed graphs, vertex deletion
towards all formulas that exhibit the pattern e*a*e* is tractable, we show that with respect to
edge deletion, there are already intractable problems describable by formulas with pattern ae.

Going beyond edge modification problems, this paper is the first to observe that the
complexity of relation modification problems is sensitive towards the type of logical structures
that are allowed as input and targeted property. Both in the parameterized and the classical
setting, we observe a complexity jump when transitioning from basic graphs to the more
general undirected graphs. But surprisingly, all further generalizations, that is, allowing
directed graphs or even arbitrary logical structures do not increase the complexity of the
respective problems further. To the other end, if the vocabulary contains only monadic
symbols, the problem is always tractable.
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Lastly and contrary to what one might expect, we show that the complexities of tuple
deletion, tuple addition, and tuple editing coincide for all considered fragments.

Further Related Work. Besides the lines of work presented above, the interplay of descriptive
and parameterized complexity has attracted further recent interest. Fomin et al. [37], for
example, investigated the parameterized complexity of graph modification to first-order
formulas, with respect to modifications within a certain elimination distance. Moreover, the
complexities of a large family of graph modification operations containing, for example, vertex
and edge deletion, edge contraction, and independent set deletion, were recently considered
by Morelle et al. [57] for target classes that are minor-closed.

The problems we address in this paper have also been studied in the context of hereditary
model checking in first-order logic. Bodirsky et al. recently characterized the prefix classes for
which hereditary first-order model checking is tractable [17]. The complexity of this problem
is in turn connected to the complexity of extensional existential second-order logic [18].

Another related field of research studies database repairs [2], where both deleting [27] and
adding tuples [22] have been addressed. Although these works also investigate the complexity
for selected problems, they do not rigorously examine the modification of tuples in a broader
sense. Consistent query answering (CQA) is a related problem that aims to ensure that
retrieved query answers are consistent with some specifications. The classical complexity of
this problem was investigated in [61] and its parameterized complexity in [54]. Recently, a
complexity tetrachotomy of CQA with certain constraints was established in [50].

Parallel Parameterized Algorithms were first investigated in [23]. Elberfeld et al. [34]
subsequently provided a general framework for parallel parameterized complexity classes. As
a major result, Chen and Flum showed by a parameterized circuit lower bound that CLIQUE
parameterized by the solution size is not in para-AC? [25]. Subsequent work [8, 9, 10, 11, 7, 5]
pursued this line of research further, with one of the most surprising results being that
the problem HITTING SET on hypergraphs of constant edge cardinality is in para-ACY
when parameterized by the solution size. The uniformity of parameterized circuit classes
was thoroughly studied by Hegeman et al. [45] and practical implementations of parallel
parameterized algorithms on parallel random access machines were designed in [1, 24].

Organization of this Paper. We review basic concepts and terminology from Finite Model
Theory and Computational Complexity in Section 2, and then present the complexity-
theoretic classification of relation modification problems for all structure variants in Section 3
for the parameterized, and in Section 4 for the classical setting. Proofs and paragraphs that
only appear in the full version [28] due to space constraints are replaced by (V) in the main
text.

2  Descriptive, Parameterized, and Circuit Complexity

Terminology from Finite Model Theory. We use standard terminology from finite model
theory. For a more thorough introduction, see [32]. A relational vocabulary T (also known as
a signature) is a set of relation symbols to each of which we assign a positive arity, denoted
by a superscript. For example, 7 = { P!, E?} is a relational vocabulary with a unary relation
symbol P and a binary relation symbol E. In a monadic vocabulary, each relation symbol
has arity one. A finite T-structure A consists of a finite universe A and for each of the r
relation symbols R; € 7,7 € {1,...,7} with arity a; of a relation Ry* C A%. We denote the
set of finite T-structures as STRUC[7]. We assume the structures are encoded in a reasonable
way, see for example [41, page 136]. We further assume all structures to be ordered.

93:5
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First-order 7-formulas are defined in the usual way. For a 7-formula ¢ with free variables
Z1,...,2¢, a structure & € STRUC|T] with universe S, and s1,...,8; € S we write S |
@[s1,.-.,8¢] to denote that S is a model of ¢ when the free variables are interpreted as
the s;. If ¢ has no free variables, we write MODELS(¢) for the class of finite models of ¢. A
decision problem P is a subset of STRUC|7] that is closed under isomorphisms. A formula ¢
describes P if MODELS(¢) = P.

For r-structures A and B with universes A and B, respectively, we say that A is an
induced substructure of B if A C B and for all r-ary R € 7, we have RA = RBEN A". For a
set S C B, we denote by B\ S the substructure induced by B\ S.

We regard directed graphs G = (V, E) (which are pairs of a nonempty vertex set V and an
edge relation £ C V x V) as logical structures G over the vocabulary Tdigraph = {~2} where V'
is the universe and ~9 = E. An undirected graph is a directed graph that additionally satisfies
Gundirected ‘= VZVy(z ~y — y~x), while a basic graph satisfies Ppasic := VxVy(xwy —
(y~x Az #y)). We will use uo—owv as a shorthand for {(u,v), (v,u)} C E.

For a first-order formula in prenex normal form (meaning all quantifiers are at the front),
we can associate a quantifier prefix pattern (or pattern for short), which are words over
the alphabet {e,a}. For example, the formula ¢pasic has the pattern aa, while the formula
Pdegree>2 = VxEIylEIyQ((:cwyl) A(z~y2) A (y1 # yg)) has the pattern aee. As another
example, the formulas in the class IIy (which start with a universal quantifier and have one
alternation) are exactly the formulas with a pattern p € {a}* o {e}*, which we write briefly
as p € a*e*. We write p =< ¢ if p is a subsequence of ¢. For instance, aaee < aeaeae.

When we consider budgets for the modification of logical structures A = (A, R{‘, ey R;“),
we have several degrees of freedom: First, we can specify that modifications are only allowed
with respect to a single relation, or we can allow to modify all relations of the input structure.
We call the first variant uniform modification and the second variant unrestricted modification.
In this paper, we consider unrestricted modification, but address uniform modification in the
conclusion. Second, we can choose whether we count each tuple we add or delete (which is
the more natural measure for directed graphs and arbitrary structures), or only the number
of different sets of elements on which we modify relations (this is the more natural measure
on basic and undirected graphs). For directed graphs and arbitrary structures, we will use
the former measure, whereas for basic and undirected graphs, we will use the latter. However,
we will discuss in the conclusion that applying the respective opposite counting version yields
the same complexity landscape.

Let A= (A, R{\,..., R/) be a logical structure where R; has arity a; for all i € {1,...,r}.
A modulator S = (S, ...,S,) contains sets S; C A%. If we have S; C R foralli € {1,...,7},
we call S a deletion modulator, and if we have S; N RA = () for all i € {1,...,7}, we call S
an addition modulator. We write

St [{{u, v} | (u,v) € S;}| A is an undirected
IS == or basic graph,
> iy 1Sl otherwise.

Now, for a structure A = (A4, R{*,..., RA) and a modulator S = (S, ...,S,) we define
Ab S = (A, R{ASy,...,RANS,), where AA B denotes the symmetric difference between
sets A and B. To illustrate these notions, let us consider the special case of graphs. For a
basic or undirected graph G = (V, E), the solution for the deletion problem is simply a set
S C FE and for the addition or editing problem it is a set S CV x V.

Relation modification problems. We study various relation modification problems. As an
introductory example, consider the following problem where ¢ is a first-order 7-formula.



F. Chudigiewitsch, M. Griindel, C. Komusiewicz, N. Morawietz, and T. Tantau

» Problem 2.1 (RM4(9)).

Instance: A logical structure A= (A, R{,..., R) and a number k € N.
Question: Is there a modulator S with ||S|| < k such that A>S = ¢?

Analogously, we define RM24d(¢) (RMY (¢), respectively) to be the question of whether
there is an addition (a deletion, resp.) modulator S with ||S|| < k such that A> S |= ¢.
We define restrictions on the allowed input and target structure by considering problems
RM?H(QSL where ® € {add, del, edit} and the vocabulary of ¢ consists only of a single binary
relation F, thus forcing input and target structures to be directed graphs. Similarly, we denote
with RM?asiC((ﬁ) = RMgr(¢ A @basic) N MODELS(@pasic) the meta-problem for which the input

and target structures are basic graphs, and RM?ndir(@ = RMg@ir(qS/\ Gundir) N MODELS(Pundir)
forces input and target structures to be undirected graphs. For a pattern p € {a,e}*, the
class RMZ, (p) contains all problems RMZ, (¢) such that ¢ has pattern p. The classes with
the subscripts “basic”, “undir” and “dir” are defined similarly.

Fomin et al. [36] observed that for each class of formulas with the same quantifier
alternation, the complexity of edge deletion and edge addition coincides on basic graphs. Note
that the same holds for tuples on arbitrary logical structures by the following observation: For
a structure A = (A, R{, ..., RA) let A= (A, A\ R{A, ..., A% \ RA) denote its complement
structure, and for a formula ¢, let ¢ denote the formula obtained from ¢ by replacing
every occurrence of R;(z1,...,%4,) by “R;i(x1,...,2,,) for arbitrary structures, directed and
undirected graphs, and by replacing every occurrence of (x ~y) by =(z = y) A =(x ~y) when
we restrict the inputs to basic graphs. Then it is not hard to verify the following.

» Observation 2.2. For every first-order formula ¢ and every type T € {arb, dir, undir,
basic}, (A, k) is a yes-instance of RM334() if and only if (A, k) is a yes-instance of RM$H ().

We use this observation in subsequent sections by interchangeably employing relation
deletions or additions, depending on which version is best suited for a concise presentation.

Terminology from (Parameterized) Complexity. In order to establish tractability in the
classical setting, we show that the respective problems are contained in the class AC?, which
is the class of problems that can be defined by a family of unbounded fan-in circuits (C, )nen
with constant depth, size n®1), and and-, or-, and not-gates, or in the class TC?, which
is defined analogously, but where circuits can additionally use threshold-gates. Although
questions of uniformity will not be addressed further, we remark that DLOGTIME uniformity
can be achieved in all relevant proofs. Moreover, recall that TCY C L. C P holds.

We use standard definitions from parameterized complexity, see for instance [30, 31, 35]. A
parameterized problem is a set Q C X* XN for an alphabet ¥. Given an instance (z, k) € £*xN,
we call x the input and k the parameter. We denote the parameterized version of a specific
problem by adding the prefix p-, so, for example, RM3¢!(4) becomes p-RM4¢!(¢). Similarly to
the classical setting, we will establish the tractability of a parameterized problem by proving
its containment in a certain parameterized circuit class, known as para-AC°T: Formally,
para-AC%T is defined as the class of all parameterized problems that can be decided by a
family of unbounded fan-in circuits (Cy, k)n ken that may use and-, or-, and not-gates, and
have depth f(k) and size f(k) - n®®") for some computable function f. The class para-AC®
is defined analogously with the additional restriction that the depth of the circuit must be
in O(1). Note that para-AC’-circuits can simulate threshold-gates when the threshold is
the parameter [8, Lemma 3.3]. It holds that para-AC® C para-AC°" C para-P = FPT, for
a suitable notion of uniformity, see [8]. We use AC’-many-one reductions in the classical
setting, and para-AC%-many-one reductions in the parameterized setting. Both are very weak
notions of reducibility, which has the benefit of yielding strong hardness results.

93:7
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3 Parameterized Complexity of Relation Modification Problems

In this section, we will address the parameterized complexity of relation modification problems
based on the first-order quantifier patterns of the targeted properties.

3.1 Undirected Graphs, Directed Graphs, and Arbitrary Structures

We first establish the tractability landscapes of relation modification problems with respect
to undirected and directed graphs and arbitrary structures. More specifically, we will show
that these landscapes coincide and exhibit the following complexities.

» Theorem 3.1. For each modification operation ® € {del,add, edit}, we have
1. p-RM%, (p) C para-AC"T, if p < e*a* and

arb

2. p-RM?Z . (p) and p—RMgr(p) both contain a W[2]-hard problem, if ae < p.

undir

We prove this theorem by individually establishing the respective upper and lower bounds.
Note that the upper bound on arbitrary logical structures naturally carries over to the more
restricted structures of basic, undirected, and directed graphs. Conversely, the hardness
results for undirected and directed graphs imply hardness of more general structures.

Upper Bound. We establish the tractability of the fragment e*a* for all parameterized
problem versions by proving the following lemma.

» Lemma 3.2. For ® € {del,add, edit}, we have p-RMZ, (e*a*) C para-AC°T.

Proof. We generalize a construction given by Fomin et al. [36] such that it (a) handles arbi-
trary logical structures, and (b) is parallelized, thus showing the containment in para-AC°T.

For p-RM¢4t(¢) € p-RMdit(e*a*), let ¢ be a first-order 7-formula over a vocabulary
7 = {R1,..., R}, where relation R; has arity a; and let furthermore ¢ be of the form
Jzq - - FxVyp - - - Vya(0), where ¢ is a quantifier-free formula and ¢,d € N. We aim for
an algorithm that, given a logical structure A = (A4, R{,..., RA) and k € N, decides in
para-AC?T whether there is a modulator S with ||S|| < k such that A> S = ¢. We start by
observing the following:

Let v1,...,v. be a sequence of elements from the universe A. Then, we either have
AE Yy Vya(¥))[vi, ..., ve] (in which case we accept the instance) or we have A [~
(My1 - - - Vya(¥))[v1, - . ., ve]. In the latter case, there must be a sequence uy, . . ., uq of elements
from the universe A such that the structure induced by the union of vy, ..., v, and uq,...,uq
violates the assertions made by . If we can edit at most & tuples to resolve all violations on
the structure induced by v1,...,v. and every violating assignment to the universal variables,
then A S = ¢. Otherwise, we can rule out vy, ...,v. as an assignment to 1, ..., Tc.

Based on this observation, we construct the following algorithm: Consider all of the
|Al¢ possible assignments (v1,...,v.) to the variables 1, ..., z. in parallel. For each, we in

turn consider all of the QZizl et possible relations on the structure induced by {vy,...,v.}
in parallel. For each such set of relations, there is a modulator S such that A > S©
yields precisely this set of relations. By definition, S is a tuple in which each entry is
a set of tuples over (subsets of) {v1,...,v.}, hence, its size is constantly bounded. Now,
fix a certain set of relations on {vi,...,v.} and a respective modulator SO We use k
layers of a Boolean circuit to find and resolve all violations that arise from assignments
to the universally quantified variables. We let S(© be associated with the first layer, and
proceed as follows in all subsequent layers ¢ € {1,...,k}: We check whether an assignment
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(wy,...,wq) to the variables y1,...,yq (for example, the lexicographically first) exists such
that A> S® £ 4pvy,..., v, w1, ..., wg]. If we cannot find such an assignment, we can
accept the instance, since we have A S = ¢. Otherwise, we have to edit a relation in the
structure induced by the current assignment. We branch over all possible edits and associate
each branch with a new modulator SU*1) that extends S by the relations we marked to
be edited. If at layer k, we still find an assignment (wy,...,wy) to the variables yi,...,y4
such that A> S®) F£ vy, ..., ve, w1, ..., wy), then we reject the instance.

Since d, ¢ and all the arities a; are constants, the number of branches created at each
level of the search tree is constant as well. Therefore, the total size of the search tree is at
most 222:1 <ty g(r,e,dyay,. .. ,ar)k, where g is the constant function that describes the
number of branches. The depth of the search tree is bounded by the number of tuples we
can edit, which is our parameter. Hence, we get a para-AC%T-circuit. |

Lower Bounds. To show hardness of the fragment ae for various problem versions, we
perform a reduction from p-SET-COVER, a well-known W[2]-hard problem [31, page 464],
which we here formulate as a graph problem on the incidence graph of the input set family.!
Recall that we write uo— s to denote {(u,v), (v,u)} C E.

» Problem 3.3 (p-SET-COVER).

Instance: An undirected bipartite graph G = (S U U, E) with shores S and U and a
number k.

Parameter: &k

Question: Is there a cover C C S with |C| < k of U, meaning that for each w € U there
is an s € C with uo—os?

Our hardness results that are based on set cover reductions consist of 6 steps.

1. We first establish the hardness for the problem versions that restrict the type of structure
to undirected graphs. In order to do this, we start by constructing a formula ¢ with the
quantifier pattern p for which we want to establish hardness.

2. We describe a construction that transforms an arbitrary input (G, k) of p-SET-COVER
into an instance (G, k") of p-RMYL. (¢) (or p-RM24d. (4), respectively), typically by
adding new vertices and edges.

3. We show that (G,k) € p-SET-COVER implies (G',k') € p-RMIeL. (¢) (or (G', k') €

undir

p-RM24d. (9), resp.). We call this part of the proof the forward direction.

undir

4. Next, we show that (G', k') € p-RMIL. (¢) (or (G', k') € p-RM™4. (9), resp.) implies
(G, k) € p-SET-COVER. We call this part of the proof the backward direction.

5. We show that the reduction can be lifted to the problem p-RMedit. ().

6. Finally, we show how each reduction can be adapted to provide a lower bound for

p-RM$, (¢) with ® € {del, add, edit}, and thus also for p-RMZ, (¢).

Since the complexities of edge deletion and edge addition coincide (see Observation 2.2),
it suffices to analyze one of these problem versions in our proofs. We will usually choose the
one that eases the presentation and state our choice in each reduction paragraph.

» Lemma 3.4. For ® € {del,add, edit}, p—RMf’ndir(ae) contains a W[2]-hard problem.
Proof.
The formula. Consider the formula ¢354 = Vxﬂy(—'xwx = (z~y A ﬂywy)), which ex-

presses the property that every vertex without a self-loop has a neighbor without a self-loop.

1 This variant is also known as p-RED-BLUE DOMINATING SET in Parameterized Complexity.
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Figure 1 Visualization of the reduction in Lemma 3.4 for the graph G = ({s1, s2,s3} U {u,v}, E).
For each element of U = {u, v}, exactly 2k + 1 vertices are added to the new graph. Each undirected
edge uo—os (vo—os, respectively) gets replaced by 2k + 1 undirected edges, namely u; o=’ s (v; 00’ s,
resp.) for all copies u; of u (all copies v; of v, resp.). The indicated colors, numbers, and labels are
not part of the input or output. To satisfy ¢3.4, some of the yellow edges need to be deleted. The
size-1 set cover C' = {s2} corresponds to the fact that deleting ss 0—0’ so from G’ yields a graph in
which each vertex without a self-loop has a neighbor without a self-loop. The same is true for the
size-2 set cover C' = {s1, s3}. In contrast, C' = {s1} is not a set cover as v is not covered and, indeed,
all neighbors of v1 (namely s2 and s3) have a self-loop, if we delete neither so o<’ 9 nor sz o=’ s3.

The reduction. We reduce p-SET-COVER to p-RMYL. (43 4). Let (SUU, E, k) be given.
The reduction outputs &' = k and the undirected graph G’ = (V' E’) constructed as follows:
For each s € S, add s to V’. Call this set of vertices S’.
For each u € U, add 2k + 1 copies uy, ..., uzs1 of u to V/. Call this set of vertices U’.

Whenever uo— s holds for u € U, s € S, let all u; be adjacent to s in the new graph, that
is, for i € {1,...,2k + 1}, let u; 00" s.
For every s € S’ in the new graph, add the self-loop s o' s.
An exemplary reduction is shown in Figure 1. Note that our construction is slightly more
complex than the deletion case demands, to facilitate lifting it to the editing case later on.

Forward direction. Let (SUU, E,k) € p-SET-COVER be given. We need to show that
(G' k') € p-RMIL. (¢34) holds. Let C C S with |[C| < k be a cover of U. Without
loss of generality, assume that every vertex in C has at least one neighbor in U. Let
C'={(s,s) | s € C}. We claim that (V', E'\ C') = ¢3.4, that is, by removing all self-loops
from vertices s € C, every vertex without a self-loop has a neighbor without a self-loop and
thus the resulting graph satisfies ¢34. To see this, call a vertex that has a self-loop or a
neighbor without a self-loop happy. Naturally, if every vertex of the graph (V' E'\ C") is
happy, we have (V', E'\ C’) = ¢3.4. Observe that all vertices in S’ are happy, since they
have at least one neighbor in U’ and the vertices in U’ do not have self-loops. Moreover, the
vertices in U’ each have at least one neighbor in S’ that does not have a self-loop since we

assumed C' to be a cover of U. Clearly, ||C']| = |C| < k.

Backward direction. Conversely, suppose that for G’ = (V' E’), we are given a set D C E’
with || D|| < k such that (V', E’\ D) |= ¢3.4. Observe that each u € U is only connected
to vertices in S that have a self-loop. Hence, from (V' E’\ D) |= ¢34, we conclude that
for each u; € U’, there is an s € S’ with s o' u; such that (s,s) € D. This means that
C={seS8|(s,s) € D}isaset cover of (SUU, FE) and |C| < ||D| < k.
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Edge editing. To see that the reduction applies to edge editing as well, observe that there
are only two other modifications that will make vertices in U’ happy: (1) Adding a self-loop
to such vertices, or (2) making vertices in U’ adjacent to each other, where edges may be
added both between vertices that stem from the same vertex in U, and between vertices that
are copies of two distinct vertices in U. However, since introducing a self-loop can only make
one more vertex happy, and introducing an edge between two distinct vertices in U’ can only
make up to two vertices happy, these operations do not suffice to ensure the happiness of all
2k + 1 copies of u. Thus, we still have to delete the self-loop of at least one neighbor of w.

Adaptation to the directed setting. We let ¢34 qir = VzIy(—z~2 — (z~yA-y~y)) and
employ the same reduction, except that we direct each added edge u; o' s from u; to s. <

3.2 Basic Graphs

In the last section, we proved that the complexity landscapes of relation modification problems
coincide on undirected graphs, directed graphs, and arbitrary structures. We now consider
the restriction to basic graphs, that is, undirected graphs that have no self-loops, which,
interestingly, yields a different tractability frontier than the previous problem versions.

» Theorem 3.5 (V). For each modification operation @ € {del,add, edit}, we have
1. p-RMP . (p) C para-ACT, if p < e*a* or p < ae and
2. p—RM?asic(p) contains a W[2]-hard problem, if aea < p, eae < p, aee = p, or aae = p.

3.3 Monadic Structures

To complete the complexity classification for the parameterized case, we finally turn to
structures over monadic vocabularies.

» Theorem 3.6. For ecach ® € {del,add, edit}, we have p-RM&__(p) C para-ACP.

mon

Proof. For a fixed monadic vocabulary 7 = {R},...,Rl} and a given structure A =

(A, R{, ..., RA), let the type of an element a € A be defined as type(a) := {R; € 7 | a € R;}.

Let T, denote the set of all possible types of elements in A and observe that |7, | = 2". We
can order T, by letting t1 <jex to if ZRietl 2i—1 ~ ZRietQ 2= for t1,ty € T-. The type
histogram of the structure A is then defined as hist(A) := (e;);c , where e; is the number
of elements in A that have type ¢.

A type modulator is a set St consisting of triples (¢1,t2,a), which states that we modify
element @ from having type t; to having type t2. A type modulator is admissible for a
structure A, if for every tuple (t1,t2,a), the element a has type ¢; in A and every element
occurs in at most one triple of the type modulator. Note that each admissible type modulator
St gives rise to a modulator S and vice versa. Thus, we let |St|| := ||S]| and write
A St for the structure obtained by applying the modulator S that corresponds to the type
modulator St to A. We can define a lexicographic order on type modulators by letting
(tl,tg, CL) <lex ( /1, /2,0/) if (1) t1 <lex tll or if (2) t1 = tll and to <lex t/2 or if (3) t1 = tll, to = LLIQ,
and a < a’, where a < a’ is the order we assume on the universe. Two type modulators
St, 5% are congruent, if for every (t1,t2,a) € Sy and (t],t5,a’) € S’ at the same position in
the order, we have that t; =t} and ¢5 = t},. Now, for two congruent type modulators St and

7., we have St <jex Sh if a < o’ for all pairs of tuples (t1,t2,a) € St and (t],t5,a) € S
at the same position in the order.
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Note that two monadic structures are isomorphic if they have the same type histogram.
This in turn means that two congruent type modulators yield the same structure up to
isomorphism, so it suffices to consider lexicographically minimal type modulators. There

IT-1* = §2*" lexicographically minimal type modulators of size k, so the number of

are only k
candidate modulators that need to be considered is polynomial in k.
Now, with a para-ACP-circuit, we can check in parallel, if for any of these candidates, it

holds that A St = ¢. If this is the case, we accept, otherwise, we reject. <

4 Classical Complexity of Relation Modification Problems

In this section, we establish the following dichotomy: the classes of relation modification
problems considered in this paper are either solvable in TCY or contain intractable problems.

4.1 Undirected Graphs, Directed Graphs, and Arbitrary Structures

As in the parameterized setting, we find that the complexity landscapes of relation modifica-
tion problems coincide for undirected and directed graphs and arbitrary structures.

» Theorem 4.1 (V). For each modification operation @ € {del,add, edit}, we have
1. RMZ, (p) CACO, ifp<e*

2. RM{?M( ) & ACO but RMarb(p) CTC, ifa<p=ea.

3. RM?Z ,..(p) and RMS, (p) both contain an NP-hard problem, if ae < p or aa < p.

4.2 Basic Graphs

Finally, we consider the restriction of input and target structures to basic graphs and prove
the following tractability frontier.

» Theorem 4.2 (V). For each modification operation @ € {del, add, edit}, we have

1. RMf’aSIC(p) CACY, ifp=<e* orp=a.

2. RMbdm( ) Z ACP, but RMba.slc(p) CTCY, ifaa = p orae < p orea < p and p = e*a or
p=aa orp=ae.

3. RM%asic( ) and RMdlr(p) each contain an NP-hard problem, if aaa < p or aea < p or
aee X p or aae X p or eae X p or eaa X P.

4.3 Monadic Structures

We conclude by considering structures over monadic vocabularies.

» Theorem 4.3 (V). For each modification operation ® € {del,add, edit}, we have
1. RM® . (p) CACY, ifp <e*.

mon

2. RMZ_ (p) € ACO, but RM®

mon

(p) € TCY, ifa < p.

5 Conclusion and Discussion

We provided a full classification of the parameterized and classical complexity of relation
modification problems to target properties that are expressible in fragments of first-order logic.
In our analysis, we considered (1) different modification operations, namely deleting relations,
adding relations, and editing relations and (2) different input structures, namely monadic
structures, basic graphs, undirected graphs, directed graphs, and arbitrary structures.
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While the tractability frontier coincides for all modification operations, it differs with
respect to the type of structure that is allowed as input. More specifically, we obtain
a different complexity landscape on monadic structures and basic graphs each, whereas
modifying all other input structures is equally hard.

The classifications we established are “strong” separations in the sense that all fragments
either yield relation modification problems that are quite easy to solve (that is, they lie
in para-AC?T or TC?) or that are intractable (that is, they contain W|[2]-hard or NP-hard
problems). See Table 1 for a full summary of our results.

Upon closer examination of our proofs, we find that considering different restrictions and
counting measures for our modification budget yields identical complexity landscapes. More
specifically, we observe the following:

» Observation 5.1. For each ® € {del,add, edit} and T € {arb,dir, undir, basic, mon},
RMS (p-RMS, resp.) exhibits the complezity landscape as outlined in Table 1, (1) when up
to k tuples (across all relations) can be modified, (2) when up to k tuples of a single relation
can be modified, and (3) when up to k tuples can be modified in every relation. Moreover, we
find that for T € {arb,dir} and modification budget k, the complezity of the problem RM%
(or p—RM%, resp.) where we count the number of modified ordered tuples and compare it
to k, coincides with the variant of counting the number of unordered tuples.

The latter raises the following question: Are there other natural counting versions that are of
interest — for instance in database repair — under which the complexity of RMﬁb and RMfﬁr
(of p—RM?}b and p—RMfﬁr, resp.) diverges?

The relation modification operations we considered in this paper are not exhaustive:
Graph theory studies other edge modification operations such as edge contraction, edge
splitting, or edge flipping. Edge flipping may be of particular interest as this operation can
be used to define a variant of the feedback arc set problem, where instead of making a graph
acyclic by deleting edges, we have to flip them. This problem was recently used to solve the
ONE-SIDED-CROSSING-MINIMIZATION problem efficiently in a practical setting [4].

Another interesting direction of research is to extend our results to higher-order logics,
such as monadic second-order logic or existential second-order logic. While these logics
allow to express more properties of interest, such as acyclicity, which allows us to model
the feedback arc set problem as an edge deletion or edge flipping problem, even model
checking can become intractable there. In that regard, standard extensions of first-order logic
could also be of interest, as they may capture more properties, such as transitive closures,
fixed-point operators, or counting.

Finally, a closer inspection of the fragments tractable in the parameterized setting is
of interest: It immediately follows from our classical complexity results that the fragment
e*a is in para-ACY for all graph classes and modification operations. With respect to the
fragment a* — which for instance can be used to describe the interesting meta-problem
H-FREE DELETION for fixed graphs H — we know that the respective relation modification
problems lie in para-AC%T, but the question of whether they can be placed in para-AC° as
well is open (see also [3, page 52]).
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