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Abstract
Separation Logic (SL) enables reasoning about programs that manipulate pointers. Its key feature
is the separating conjunction ⋆, which asserts that two formulas hold on disjoint portions of memory.
We consider an extension of SL, called Overlaid SL (OSL), that allows non-disjoint combinations
of data structures defined over different fields, enriched with set constraints on the nodes of these
structures. We prove that entailment is decidable for a broad class of data structures satisfying
the so-called PCE conditions of [9], thus extending this result to OSL. Our decision procedure is
nondeterministic with doubly exponential time complexity.
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1 Introduction

Separation Logic (SL) [11, 16] is a widely used framework in program verification. It supports
local reasoning, which improves scalability by enabling the verification of program properties
using only the portions of the heap that the program interacts with. In essence, SL provides
basic atoms such as x → (y1, . . . , yd), expressing that the heap consists solely of the allocated
location x, at which is stored the tuple (y1, . . . , yd), and emp, indicating the absence of any
allocated location (empty heap). It also features the connective φ1 ⋆ φ2 (called a separating
conjunction), which asserts that the heap can be split into two disjoint parts satisfying φ1
and φ2, respectively. To describe recursive data structures, SL additionally allows predicate
atoms defined by user-specified inductive rules with fixpoint semantics. A commonly studied
fragment, due to its widespread use [5] in automated verifiers based on SL, is the symbolic
heap fragment, where formulas are separating conjunctions of atoms. The central challenge
in automated program verification using SL is the entailment problem1: given two formulas φ
and ψ, does φ logically entail ψ – that is, does every structure satisfying φ also satisfy ψ? Even

1 The satisfiability problem is strictly less general (since full negation is not permitted in the symbolic
heap fragment) and corresponds to the special case where ψ is false.
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94:2 The Entailment Problem for Separation Logic with Overlaid Structures

when restricted to symbolic heaps, the entailment problem remains undecidable; however,
several decidable sub-fragments have been identified [1, 6, 9, 10]. The most expressive known
decidable subclass is the PCE fragment (for Progress, Connected, and Established), which
imposes structural constraints on the inductive rules defining predicate semantics [9]. This
fragment captures a wide range of commonly used data structures, including lists, trees, and
doubly linked lists. Later, the entailment problem was shown to be 2-Exptime-complete for
PCE formulas [14, 3].

In standard SL, the separating conjunction ⋆ models the disjoint union of heaps: two heaps
can be combined only if they share no allocated locations. Although this operator provides
an elegant and concise way to express disjointness, it is often too restrictive in practice.
Many data structure specifications require more flexible forms of heap decomposition, in
which certain locations may be shared across substructures [13, 8, 17]. For example, consider
a program that maintains three lists of tasks (ongoing, waiting, and overall), with the
additional constraint that the third list contains exactly the union of the elements of the
first two (in arbitrary order). If list nodes are allocated locations, such a structure cannot be
specified in standard SL. A proposed solution is the framework of overlaid data structures
[13, 7, 2], in which each location may be allocated with multiple “fields”. This leads to
formulas such as x.f → (y1, . . . , yd) ⃝⋆ x.g → (z1, . . . , zd) which asserts that the fields f and
g of x are both allocated and store the tuples (y1, . . . , yd) and (z1, . . . , zd), respectively. The
connective ⋆ is replaced by a slightly weaker connective ⃝⋆ (o-star), which permits the two
heap components to share allocated locations (in this case, x), provided the fields they
use are distinct. To express additional constraints on such structures, the framework also
incorporates set constraints over variables denoting finite sets of locations. A formula of the
form φ@X asserts that φ holds and that the set variable X corresponds exactly to the domain
of the heap. The example of overlaid lists of tasks defined above can then be described
with the formula (lsf (x1,nil)@X1 ⋆ lsf (x2,nil)@X2) ⃝⋆ lsg(y,nil)@Y ⋆ X1 ∪ X2 ≈ Y , where
lsf (u, v) denotes a list segment from u to v whose pointers are stored in field f . Note that ⋆
may still be used when the heap components are disjoint. Distinct fields (e.g., f for the lists
rooted at xi, and g for the list rooted at y) allow the logic to maintain separation at the field
level. Note that, in our framework, set constraints such as X1 ∪ X2 ≈ Y hold only on empty
heaps. In [7], a fragment of the logic is introduced, for which satisfiability and entailment are
proven Np-complete and co-Np-complete, respectively, and which can describe nested linked
lists with shared nodes. However, the considered inductive rules are more restricted than
those in the PCE fragment [9]. In a recent work [15], we introduced a decision procedure for
the satisfiability problem which covers PCE rules.

Contribution. In the present paper, we show that the entailment problem is also decidable2.
We reduce this problem to a satisfiability problem in the logic BAPA [12], which combines
the Boolean algebra of sets of uninterpreted elements with Presburger arithmetic to capture
cardinality constraints on sets. The decision procedure runs in nondeterministic doubly
exponential time. In fact, we go beyond the symbolic heap fragment by considering entailments
of the form φ |= ψ, where φ contains no negation while ψ is arbitrary (both satisfiability
and entailment are undecidable for unrestricted formulas, even in standard SL [14]). Our
results increase the expressive power of SL, allowing one to describe a substantially more
general class of data structures. As in [7], our procedure relies on a reduction to BAPA. The

2 The fragment considered in [15] is actually slightly more general than the one used here, since it allows
inductive rules to compute sets of locations that need not coincide with the heap domain. For example,
one may define in [15] a predicate tree(x,Y) representing a tree with root x and set of leaves Y; in this
paper, Y shall denote the full set of the tree’s nodes. Although the fragment here is simpler, it is yet
sufficient to capture the most common data structures.
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key idea behind this reduction, however, differs significantly: instead of checking syntactic
isomorphisms between formulas, we exploit a sound and complete abstract characterisation
of their models. This allows us to handle a strictly more general fragment, both with respect
to the admissible inductive rules and the formulas appearing in entailments, while retaining
completeness of the decision procedure.

The remainder of the paper is organised as follows. We first formally introduce Overlaid
Separation Logic (OSL) in Section 2. Then, we present in Section 3 the first step of our
decision procedure, where the entailment problem is reduced to the search for a counter-
example for simpler, normalised formulas. Some results related to the entailment problem
in standard SL are recalled in Section 4, while the reduction to satisfiability in BAPA is
presented in Section 5. We conclude by pointing out limitations and possible improvements.

2 Separation Logic with Overlaid Structures

For conciseness, #»x denotes a tuple (x1, . . . , xn) of size n = | #»x |, and the i-th element (i ⩾ 1)
of the tuple #»x is written #»x [i]. We sometimes identify sequences with sets; for instance, we
may write x ∈ #»y to state that x = #»y [i] for some i ∈ J1, | #»y |K. For any finite set S, card(S)
denotes the cardinality of S.

▶ Definition 1 (OSL formulas). Let F be a finite set of field symbols. Let V be a (countably
infinite) set of location variables, S a (countably infinite) set of set variables, and P a set
of spatial predicate symbols (with associated arity # : P −→ N). The set of OSL formulas
Φ is inductively defined as follows:

Φ ∋ φ := emp | x.f → (y1, . . . , yd) | p(x1, . . . , x#(p))
| φ1 ⋆ φ2 | φ1 ⃝⋆ φ2 | φ1 ∧ φ2 | φ1 ∨ φ2 | ¬φ | φ@T | π

with:

pure formulas Π ∋ π := L | B | A | ∃X.π | π1 ∧ π2 | π1 ∨ π2 | ∼π

equational atoms L ∋ L := x ≈ y

set atoms B ∋ B := T1 ⊑ T2

set terms T ∋ T := {x} | X | ∅ | T1 ⊔ T2 | T1 ⊓ T2

arithmetic atoms A ∋ A := t1 ≺ t2 | K div t
arithmetic terms t ∋ t := K | t1 ⊕ t2 | K ⊙ t | |T|

where d ∈ N, K ∈ Z, f ∈ F , x, y, x1, . . . , x#(p), y1, . . . , yd ∈ V, X ∈ S, and p ∈ P.

Atoms of the form x.f → (y1, . . . , yd) and p(x1, . . . , x#(p)) are called points-to atoms and
predicate atoms, respectively. We write x ̸≈ y, t1 ⪯ t2, and T1 ̸⊑ T2 for ∼(x ≈ y), ∼(t2 ≺ t1),
and ∼(T1 ⊑ T2), respectively, T1 ≈ T2 for (T1 ⊑ T2) ∧ (T2 ⊑ T1) if T1,T2 ∈ T, and t1 ≈ t2
for (t1 ⪯ t2) ∧ (t2 ⪯ t1) if t1, t2 ∈ t. To simplify notation, we do not include arithmetic
variables in the syntax, but they can be encoded using terms |X| where X is a fresh set
variable. There is no quantification over location variables, and quantification over sets occurs
only in pure formulas. We write fvloc(φ) and fvset(φ) for the free location variables and set
variables in φ, with fv(φ) def= fvloc(φ) ⊎ fvset(φ). Note that we use two different negation
symbols, ∼ for pure formulas and ¬ for OSL formulas. This distinction will be clarified later.

▶ Definition 2 (Substitutions). Let #»x = (x1, . . . , xn) and #»y = (y1, . . . , yn) be sequences of
location variables. We write [xj/yj ]j∈J1,nK, [ #»x/ #»y ], or [x1/y1, . . . , xn/yn] for the substitution
θ that simultaneously replaces xj by yj for every j ∈ J1, nK. The formula φθ is obtained by
substitution of every free occurrence of xj by yj in φ.

MFCS 2026
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The semantics of predicate symbols is defined using inductive rules. An inductive rule
associated with the predicate p ∈ P is a pair of the form p(x1, . . . , x#(p)) ⇐ φ, where φ is an
OSL-formula. The variables freely occurring in the right-hand side of a rule but not in its
left-hand side are called existential variables. A set of inductive definitions (SID) R contains
finitely many rules associated with predicate symbols in P.

Let L be a countably infinite set of locations. A store is a mapping s : V → L which
associates each variable to a location. If S ⊆ V, we write s(S) for {s(x) | x ∈ S}. We write
s [x 7→ ℓ] for the store that maps x to ℓ and agrees with s on all variables other than x. Also,
s [x/y] denotes the updated store that maps y to s(x) and agrees with s on everything else. A
set interpretation is a mapping Σ : S → P(L) from set variables to finite subsets of locations.
We denote by JtK(s,Σ) and JTK(s,Σ) the interpretations of the arithmetic term t and the set
term T, respectively, in a pair (s,Σ), defined inductively as usual. For any pure formula π,
we write (s,Σ) |= π to indicate that π is true in (s,Σ), where all the symbols and connectives
are interpreted as usual.

A heap is a partial finite function mapping pairs in L × F to tuples of locations in
L∗ (thus we have dom(h) ⊆ L × F for all heaps h). A heap is usually denoted as a set
{(ℓi, fi) 7→ (

#»

ℓ′
i) | 1 ⩽ i ⩽ n}. We denote by domf (h) the set {ℓ | (ℓ, f) ∈ dom(h)}, by alloc(h)

the set {ℓ | ∃f ∈ F . (ℓ, f) ∈ dom(h)} and by loc(h) the set of locations occurring in h, i.e.,
the set: loc(h) = {ℓ0, . . . , ℓn | ∃f ∈ F . h(ℓ0, f) = (ℓ1, . . . , ℓn)}. For any pair (s, h), we write
loc(s, h) for the set loc(h) ∪ img(s). A location ℓ is allocated in a heap h if ℓ ∈ alloc(h). If
dom(h1) ∩ dom(h2) = ∅, then h1 ⊎ h2 denotes the union of h1 and h2; otherwise h1 ⊎ h2 is
not defined. An OSL structure is a tuple (s, h,Σ) where s is a store, Σ is a set interpretation,
and h is a heap. A variable x is allocated in a structure (s, h,Σ) if s(x) is allocated in h.

▶ Definition 3 (Unfoldings). Let R be an SID, and φ,ψ two formulas. We write φ ⇐R
ψ when ψ is obtained by replacing a predicate atom p(y1, . . . , y#(p)) in φ by a formula
χ [xj/yj ]j∈J1,#(p)K where p(x1, . . . , x#(p)) ⇐ χ is a rule in R. We assume that the variables
occurring in the rules are renamed to avoid conflict with variables already occurring in φ.
An R-unfolding is a sequence of formulas φ1 ⇐R φ2 ⇐R . . . ⇐R φk. The R-unfolding is
complete when the last formula φk is predicate-free.

▶ Definition 4 (OSL semantics). Given a formula φ, an SID R and a structure (s, h,Σ)
with fv(φ) ⊆ dom(s) ∪ dom(Σ), we write (s, h,Σ) |=R φ if and only if one of the following
conditions holds:

φ = emp and h = ∅; or φ is a pure formula π, h = ∅ and (s,Σ) |= π;
φ = (x.f → (y1, . . . , yd)) and h = [(s(x), f) 7→ (s(y1), . . . , s(yd))];
φ = p(z1, . . . , z#(p)), p ∈ P, and there exists a complete unfolding φ ⇐R . . . ⇐R ψ such
that (s′, h,Σ) |=R ψ for some s′ matching s on z1, . . . , z#(p);
φ = ψ@T, (s, h,Σ) |=R ψ and alloc(h) = JTK(s,Σ);
φ = φ1 ⋆ φ2 and there exist heaps h1, h2 such that h = h1 ∪ h2, alloc(h1) ∩ alloc(h2) = ∅,
(s, h1,Σ) |=R φ1, and (s, h2,Σ) |=R φ2;
φ = φ1 ⃝⋆ φ2 and there exist heaps h1, h2 such that h = h1 ∪ h2, dom(h1) ∩ dom(h2) = ∅,
(s, h1,Σ) |=R φ1, and (s, h2,Σ) |=R φ2;
φ = φ1 ∧ φ2, (s, h,Σ) |=R φ1, and (s, h,Σ) |=R φ2;
φ = φ1 ∨ φ2 and

(
(s, h,Σ) |=R φ1 or (s, h,Σ) |=R φ2

)
;

φ = ¬ψ and (s, h,Σ) ̸|=R ψ.
We write φ |=R ψ if for every structure (s, h,Σ) we have (s, h,Σ) |=R φ =⇒ (s, h,Σ) |=R ψ.
If both φ |=R ψ and ψ |=R φ hold, then we write φ ≡R ψ.
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Formulas are taken modulo the usual properties of SL connectives: associativity and
commutativity of ⋆,⃝⋆ , ∧ and ∨, neutrality of emp for ⋆ and ⃝⋆ , and commutativity of ≈.
The pure formulas serve as an extension of emp, providing additional information on the
store and set interpretation. Thus, a valid pure formula (such as x ≈ x) behaves like emp.
The operators ∧ and ∨ appear twice in the syntax and the semantics when dealing with
spatial or pure formulas. This is not a problem, as the definitions are compatible. On the
contrary, the negation symbols ¬ and ∼ have different meanings, as the latter requires the
heap to be empty: if π is pure, then π and ∼π are both false in (s, h,Σ) if the heap h is not
empty. In contrast, ¬ denotes the usual negation. Notice that occurrences of ¬ are restricted
here to the formulas in the right-hand side of the entailment to ensure decidability (see
Section 3). Since alloc(h1) ∩ alloc(h2) = ∅ =⇒ dom(h1) ∩ dom(h2) = ∅, φ1 ⃝⋆ φ2 is a logical
consequence of φ1 ⋆φ2. The interpretation of φ1 ⃝⋆ φ2 is weaker, as it allows allocations at the
same locations in both φ1 and φ2, provided the considered fields are distinct. For instance,
x.f → (y) ⃝⋆ x.g → (y) is satisfiable, but not x.f → (y) ⋆ x.g → (y) or x.f → (y) ⃝⋆ x.f → (y).

▶ Definition 5 (OSL model). An R-model of a formula φ is a structure (s, h,Σ) such that
(s, h,Σ) |=R φ. A formula ψ admitting an R-model is R-satisfiable (or simply satisfiable if
R is clear from the context).

We need additional restrictions on the rules in R in order to obtain decidable decision
problems. To this purpose, we adapt the definition given in [9]. A formula φ is an {f}-formula
if, for every unfolding sequence φ ≡ φ1 ⇐R · · · ⇐R φk, the formula φk contains no field
symbol other than f ; every pure formula is a {f}-formula, for any f . A predicate p is an
{f}-predicate if the right-hand side of each rule associated with p is an {f}-formula. A
predicate is a 1-predicate if it is an {f}-predicate for some f ∈ F . These properties are
decidable by a straightforward fixpoint computation over R and OSL formulas.

▶ Definition 6 (PCE conditions). An SID R satisfies the PCE conditions if each rule ρ ∈ R
is of the form ρ : p( #»x ) ⇐ π ⋆ #»x [1].f → ( #»y ) ⋆ ⋆ℓ

i=1 qi( #»zi) where:
1. the formula π is a ⋆-conjunction of pure equational literals u ≈ v or u ̸≈ v;
2. every predicate atom qi( #»zi) has #»zi[1] ∈ #»y , i.e., its first argument is a variable used by the

tuple #»y ;
3. every existential variable u ∈

(
#»y ∪

⋃ℓ
i=1

#»zi

)
\ #»x is allocated by every structure (s, h,Σ)

satisfying π ⋆ #»x [1].f → ( #»y ) ⋆ ⋆ℓ
i=1 qi( #»zi).

The restrictions 2 and 3 above are equivalent, respectively, to the connectedness and
establishment conditions of the PCE fragment3 [9]. The syntax of rules also satisfies the
progress condition of [9], as, by the definition above, they allocate exactly one location #»x [1].
To these classic PCE restrictions, we add restriction 1, which precludes set or arithmetic
atoms in rules. In the following, we also assume that all predicates are 1-predicates.

A variable x is called an {f}-root of a formula φ if φ contains an atom of the form
x.f → ( #»y ) or p(x, #»y )@T, where p is an {f}-predicate. We denote by roots(φ, f) the set of
{f}-roots of φ. By definition, for every PCE SID R, the root of an atom φ is allocated in
every R-model of φ (since, by Definition 6, all the rules associated with p allocate the first
argument of p). Furthermore, for every model (s, h,Σ) of φ, we have loc(h) ⊆ alloc(h)∪ img(s)
(by the establishment condition 3, any location occurring in the heap is either allocated or
associated with a predicate parameter, i.e., variable in φ).

3 The establishment condition is sometimes relaxed by allowing non-allocated existential variables, provided
that they are aliased to a variable in #»x . For simplicity, we adopt the strongest definition, which entails
no loss of expressivity.

MFCS 2026
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▶ Example 7. Consider the following inductive rules.

tree(x) ⇐ x.t → (y1, y2) ⋆ tree(y1) ⋆ tree(y2) tree(x) ⇐ x.t → ()
als(x, y) ⇐ x.l → (z) ⋆ als(z, y) ⋆ x ̸≈ y als(x, y) ⇐ x.l → (y) ⋆ x ̸≈ y

The predicate tree(x) describes a full binary tree rooted at x, whose internal nodes use
the field t to point to their children; leaves point to an empty tuple of children. The predicate
als(x, y) describes a nonempty acyclic list segment from x to y, using the field l. The OSL
formula tree(x)@X ⃝⋆ als(y, z)@Y ⃝⋆ Y ⊑ X describes a heap that can be decomposed into
two parts: a tree rooted at x, whose set of allocated nodes is recorded in the set variable X,
and a list segment from y to z, whose allocated nodes form the set Y. The constraint Y ⊑ X
enforces that every list’s cell also belongs to the tree. The heaps have disjoint domains, but
share allocated locations. Intuitively, the formula specifies a data structure in which the list
provides an alternative traversal of a part of the tree: all list locations appear in the tree, in
arbitrary order, but the structural connections of the tree and the list remain independent.
This independence is ensured by using distinct fields: t for the tree and l for the list.

3 Normalising the OSL Entailment Problem

In the remainder of the paper, we prove that the entailment problem is decidable if the
left-hand side formula contains no occurrence of the negation operator ¬. The general
problem, i.e., with no restrictions on the left-hand side, is undecidable for OSL because
it covers the entailment problem between SL formulas with negation, a problem shown
undecidable in [14], even if the inductive rules satisfy the conditions of [9].

▶ Theorem 8. Let R be an SID with PCE 1-predicate rules, and φ, ψ be two OSL formulas,
where φ contains no occurrence of ¬. Then, the entailment problem φ |=R ψ is decidable.

We provide a nondeterministic algorithm intended to generate a representation of a
countermodel of φ |=R ψ, i.e., a model of φ that does not satisfy ψ. In this section, we
reduce the problem to a simpler instance of entailment, with additional hypotheses on the
left-hand side formulas, as required by Lemma 25. We assume for simplicity that φ contains
at least one spatial atom; this can be enforced, if needed, by adding dummy predicates on
both sides of the entailment.

3.1 Removing ∨, ∧, and ⋆ from the Left-hand Side
▶ Definition 9 (⃝⋆ -formula). An ⃝⋆ -formula is a formula φ of the form π⃝⋆ ⃝⋆n

i=1φi, where π
is pure, n ⩾ 1, and φi (for i ∈ J1, nK) is either a points-to atom xi.fi → ( #»yi) or an atom of
the form pi( #»xi)@Ti. The sequence of set terms associated with φ is (Ti)i∈J1,nK, where Ti is
defined as the term {xi} when φi is a points-to atom xi.fi → ( #»yi).

The first step consists of ensuring that the left-hand side of the entailment is an ⃝⋆ -formula.
To this purpose, we start by removing the connectives ∨, ∧, and ⋆ from the left-hand side of
the entailment. First, we remove disjunctions ∨ from φ (except between pure formulas), by
guessing, for every disjunction φ1 ∨ φ2 in the formula φ, which one of φ1 or φ2 we keep to
obtain the countermodel. Formally, for a given formula φ with no negation ¬, we define the
set of formulas ND(φ) inductively by:

if φ is an atom or a pure formula, then ND(φ) def= {φ}; otherwise:
if φ = φ1@T, then ND(φ) def= {φ′

1@T | φ′
1 ∈ ND(φ1)};

if φ = φ1 ∨ φ2, then ND(φ) def= ND(φ1) ∪ ND(φ2);
if φ = φ1 • φ2 for • ∈ {⋆,⃝⋆ ,∧}, then ND(φ) def= {φ′

1 • φ′
2 | φ′

1 ∈ ND(φ1), φ′
2 ∈ ND(φ2)}.
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▶ Lemma 10. Let R be an SID and φ an OSL formula with no negation ¬. Let (s, h,Σ)
be an OSL structure. Then, (s, h,Σ) |=R φ if and only if there exists a formula φ′ ∈ ND(φ)
such that (s, h,Σ) |=R φ′.

At this point, the entailment problem is reduced to a set of simpler instances in which the
left-hand side φ does not contain ∨ or ¬. We further simplify the entailments by computing
a weakened form of the left-hand side φ. This weaker formula is obtained by removing ∧
operators from φ by keeping only the left-most branch for every conjunction in φ, by replacing
all occurrences of ⋆ by ⃝⋆ and by deleting all connectives @ operating on non-predicate atoms.
We also remove pure formulas from the weakened form of φ. Formally, for any formula φ
with no occurrences of ∨ or ¬, we define the formula WK(φ) ∈ Φ inductively by:

if φ = φ1 • φ2 for • ∈ {⋆,⃝⋆}, then WK(φ) def= WK(φ1) ⃝⋆ WK(φ2);
if φ = φ1 ∧ φ2, then WK(φ) def= WK(φ1);
if φ = φ1@T and φ1 is not a predicate atom, then WK(φ) def= WK(φ1);
if φ is pure, then WK(φ) def= emp; and otherwise WK(φ) def= φ.

It is easy to see that φ |=R WK(φ), thus φ |=R ψ ⇐⇒ φ ∧ WK(φ) |=R ψ ⇐⇒
WK(φ) |=R ψ ∨ ¬φ.

We immediately deduce the following:

▶ Proposition 11. For all formulas φ and ψ:
φ |=R ψ ⇐⇒ φ ∧ WK(φ) |=R ψ ⇐⇒ WK(φ) |=R ψ ∨ ¬φ.

By Lemma 10 and Proposition 11, we get an entailment whose antecedent
(
WK(φ)

)
does

not contain occurrences of operators ¬, ∨, ∧, and ⋆. Finally, we replace every predicate
atom p( #»x ) in WK(φ) not already occurring in a pattern p( #»x )@T, by an atom p( #»x )@X
where X ∈ S is a fresh set variable. We denote the resulting formula by AS(WK(φ)). This
operation preserves the validity of the entailment, as any model of WK(φ) ∧ ¬(ψ ∨ ¬φ) can
be extended into a model of AS(WK(φ)) by mapping each fresh set variable X to the domain
of the heap corresponding to the associated predicate atom p( #»x ). We get a reduction to a
problem, AS(WK(φ)) |=R ψ ∨ ¬φ, where the antecedent is an ⃝⋆ -formula.

▶ Example 12. Consider the entailment problem φ |=R ψ with φ =
(
p(x, y) ∧ q(x, y)

)
∨(

r(x) ⋆ s(y)
)
. We have ND(φ) = {p(x, y) ∧ q(x, y), r(x) ⋆ s(y)} which yields two branches

p(x, y) ∧ q(x, y) |=R ψ and r(x) ⋆ s(y) |=R ψ; any countermodel of one of these branches is a
countermodel of φ |=R ψ. These problems are then normalised into p(x, y) |=R ψ∨¬

(
p(x, y)∧

q(x, y)
)

and r(x) ⃝⋆ s(y) |=R ψ ∨ ¬
(
r(x) ⋆ s(y)

)
, respectively. Finally, fresh set variables

are introduced to denote the heap domains corresponding to the predicate atoms in the
left-hand side, yielding: p(x, y)@X |=R ψ ∨ ¬

(
p(x, y) ∧ q(x, y)

)
and (r(x)@Y) ⃝⋆ (s(y)@Z) |=R

ψ ∨ ¬
(
r(x) ⋆ s(y)

)
.

3.2 Allocating Every Right-hand Side’s Variable
The next step aims to ensure that all location variables in the entailment’s consequent
occur at root positions on the antecedent (possibly modulo aliasing). We first introduce a
transformation that allows one to focus on countermodels in which all these variables are
allocated. To this aim, we ⃝⋆ -conjunct dummy atoms ξ.f → () to both sides of the entailment,
where ξ is a variable occurring in the consequent and f ∈ F . As the allocated variables may
depend on the model, we need to guess nondeterministically which couples (ξ, f) need to be
allocated. The following lemma asserts the correctness of the transformation.
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▶ Lemma 13. Let φ, ψ be two OSL formulas over a SID R, and let {ξ1, . . . , ξη} ⊆ V be a
finite set of location variables. Let (s, h,Σ) be a structure. For every G ⊆ J1, ηK × F , we
denote by θG the formula ⃝⋆ (i,f)∈G ξi.f → (). A structure (s, h,Σ) satisfies φ but not ψ if
and only if, for some guess G ⊆ J1, ηK × F , h can be extended into a heap h′ of domain
dom(h) ⊎ {(s(ξi), f) | (i, f) ∈ G} such that (s, h′,Σ) satisfies φ⃝⋆ θG but not ψ⃝⋆ θG, and
moreover {s(ξi) | i ∈ J1, ηK} × F ⊆ dom(h′).

Next, we aim to further reduce the entailment problem to finding countermodels (s, h,Σ)
of problems φ |=R ψ satisfying s(fvloc(ψ)) ⊆ s(roots(φ, f)), for all f ∈ F . By Definition 6,
a location is allocated by a predicate atom if and only if it is associated with the root of
some atom occurring in an unfolding of the predicate atom. The previous transformation
ensures that every variable ξ in fvloc(ψ) is allocated in φ. So we have to ensure that predicate
atoms pfin(ζ⃗) with ζ⃗[1] aliasing some ξ ∈ fvloc(ψ), appearing in some unfolding of φ, occur
immediately in the antecedent. This requires (i) transforming the inductive rules in R to
delete such pfin(ζ⃗) atoms from the unfolding of some predicate atom in φ, and (ii) adding it
into the formula φ4. To ensure that s(fvloc(ψ)) ⊆

⋂
f∈F s(roots(φ, f)) we need to guess the set

of couples (ξ, f) ∈ fvloc(ψ) × F such that s(ξ) /∈ s(roots(φ, f)) and apply the transformation
described above on all such couples (as this set may depend on the countermodel).

More formally, let R be a SID and φ = π ⃝⋆ ⃝⋆n
i=1φi an ⃝⋆ -formula. Let (ξ, f) ∈

fvloc(ψ)×F . We transform R and φ as follows. First, we make the following (nondeterministic)
guesses: (i) an {f}-predicate atom pinit( #     »xinit)@T occurring in φ, (ii) a rule ρfin ∈ R, and
(iii) an {f}-predicate atom pfin( #»z ) occurring as ℓ-th predicate atom in ρfin. Then, we
consider a tuple of #(pfin) fresh variables #»

ζ , and we introduce new predicates p̃ of arity
#(p̃) = #(p)+#(pfin) for every {f}-predicate p occurring in R. Rules for p̃ are added to R as
follows: for every rule ρ : p( #»x ) ⇐ #»x [1].f → ( #»y ) ⋆ ⋆m

j=1 qj( #»zj) ⋆ πρ, and for every k ∈ J1,mK,
we add a rule ρ(k) : p̃( #»x ,

#»

ζ ) ⇐ #»x [1].f → ( #»y ) ⋆ q̃k( #»zk,
#»

ζ ) ⋆ ⋆j∈J1,mK\{k} qj( #»zj) ⋆ πρ .

When ρ = ρfin, we also add a rule (where #»zℓ = (zℓ,1, . . . , zℓ,#(pfin))):

ρend : p̃( #»x ,
#»

ζ ) ⇐ #»x [1].f → ( #»y ) ⋆ ⋆#(pfin)
j=1

#»

ζ [j] ≈ zℓ,j ⋆ ⋆j∈J1,mK\{ℓ} qj( #»zj) ⋆ πρ .

We replace in φ the atom pinit( #     »xinit)@T by the formula p̃init( #     »xinit,
#»

ζ )@Y ⃝⋆ pfin( #»

ζ )@Z
⃝⋆

#»

ζ [1] ≈ ξ ⃝⋆ T ≈ Y ⊔ Z , where #»

ζ and Y,Z are new free variables. We denote by R‡
ξ,f,G

and φ‡
ξ,f,G the results of the transformation, where G ∈ {p( #»x )@T occurring in φ} × {ρfin ∈

R} × {p( #»z ) occurring in ρfin} is the tuple of guesses made. Lemma 14 asserts the soundness
of the transformation.

▶ Lemma 14. Let R be an SID with PCE 1-predicate rules and φ an ⃝⋆ -formula. Let (s, h,Σ)
be an OSL structure. Let ξ be a variable and let f ∈ F .
1. If (s(ξ), f) ∈ dom(h), s(ξ) /∈ s(roots(φ, f)), and (s, h,Σ) |=R φ, then there exists a

guess G, a store s′, a set interpretation Σ′ and a variable x such that (s′, h,Σ′) |=R‡
ξ,f,G

φ‡
ξ,f,G

⃝⋆ ξ ≈ x , roots(φ‡
ξ,f,G, f) = {x} ⊎ roots(φ, f) , roots(φ‡

ξ,f,G, g) = roots(φ, g) for
all g ∈ F \ {f} , s(y) = s′(y) for all y ∈ fvloc(φ) , and Σ(X) = Σ′(X) for all X ∈ fvset(φ).

2. For every guess G, if (s, h,Σ) |=R‡
ξ,f,G

φ‡
ξ,f,G, then (s, h,Σ) |=R φ.

4 Note that new free variables may be introduced during this process, corresponding to the existential
variables introduced by recursive calls occurring above pfin(ζ⃗) in the unfolding. This does not lead to
divergence, since these variables do not appear on the right-hand side.
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▶ Example 15. Consider the entailment problem p(x, y)@X |=R ψ(x, y), with the following
rules (generating a list of length strictly greater than 1):

p(u, v) ⇐ u.f → (w) ⋆ p(w, v) , q(u, v) ⇐ u.f → (v) , p(u, v) ⇐ u.f → (w) ⋆ q(w, v) .

The variable x already appears at an f -root position in p(x, y), but this is not the case
for y. We have to consider two possibilities nondeterministically.
1. The variable y is not allocated. This is encoded by transforming the entailment into:

y.f → () ⃝⋆ p(x, y)@X |=R y.f → () ⃝⋆ ψ(x, y).
2. The variable y is allocated. In this case, there must be a call to p or q that allocates y.

This yields two branches: p̃(x, y, ζ1, ζ2)@Y ⃝⋆ p(ζ1, ζ2)@Z ⃝⋆ ζ1 ≈ y ⋆X ≈ Y ⊔ Z |=R ψ(x, y)
and p̃(x, y, ζ1, ζ2)@Y ⃝⋆ q(ζ1, ζ2)@Z ⃝⋆ ζ1 ≈ y ⋆ X ≈ Y ⊔ Z |=R ψ(x, y), with the rules5:
p̃(u, v, ζ1, ζ2) ⇐ u.f → (w)⋆p̃(w, v, ζ1, ζ2) and p̃(u, v, ζ1, ζ2) ⇐ u.f → (w)⋆ζ1 ≈ w⋆ζ2 ≈ v.

4 Abstractions on Standard Separation Logic

We briefly recall some results concerning the entailment problem in standard SL (i.e., when
only a single field is present) and draw some easy consequences of them. For conciseness, we
omit the full entailment-testing algorithm and recall only the definitions needed to understand
our contribution. This choice highlights the modularity of our approach: the algorithm can
incorporate different abstraction-based decision procedures [10, 14, 4], depending on the
target fragment. An {f}-heap is a heap h such that domg(h) = ∅ for all fields g ̸= f . A
1-heap is a heap h such that there exists at most one field f such that domf (h) ̸= ∅. If a
formula φ contains no set variables, then its truth value depends solely on the store and heap;
we may thus omit the set interpretation from the structure and write (s, h) |=R φ rather
than (s, h,Σ) |=R φ. Let VG be a special set of location variables denoting the variables
occurring in the entailment under consideration. In the following, we assume, w.l.o.g., that
these variables occur in the domain of every store s (so that the atoms occurring in the
entailment can be evaluated in any structure (s, h)). If V is a set of variables, we thus denote
by s|V the restriction of s to the set V ∪ VG.

▶ Lemma 16. There exists a total function mapping all structures (s, h), where s is a store
with dom(s) ⊇ VG, and h is a {f}-heap, to so-called abstractions of (s, h), satisfying the
following properties:
1. For any finite set of variables V, there are finitely many abstractions of structures (s, h)

such that dom(s) ⊆ V ∪ VG.
2. An abstraction A provides access to the field A•field = f used, as well as to the domain

of the store A•V, to the aliasing relation A•∼ between free variables, and to the set of
allocated free variables A•alloc. More precisely, if A is the abstraction of (s, h), then: (a)
dom(s) = A•V; (b) A•∼ is the set of pairs (x, y) such that s(x) = s(y); and (c) A•alloc
is the set of variables x ∈ dom(s) such that s(x) ∈ domf (h). A store s is compatible with
an abstraction A if dom(s) = A•V and {(x, y) | s(x) = s(y)} = A•∼. Two stores s and s′

are compatible if dom(s) = dom(s′) and {(x, y) | s(x) = s(y)} = {(x, y) | s′(x) = s′(y)}.
3. The abstraction provides enough information to test whether the spatial atoms built on A•V

are satisfied. If fv(φ) ⊆ dom(s) and A is the abstraction of (s, h), we write A |=abst
R φ (and

say that A is associated with φ) if and only if (s, h) |=R φ. Note that, by definition of VG,
fv(φ) ⊆ dom(s) holds for all atoms φ occurring in the entailment under consideration,
hence the truth value of these atoms can be obtained from the abstraction.

5 In this case, the rules are identical across all branches. For conciseness, the rules containing q̃ are
omitted, as there is no rule associated with q̃.
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4. Given two structures (s, h1) and (s, h2), the abstraction A of (s, h1 ∪ h2) depends only on
the abstractions Ai of (s, hi) (for i ∈ {1, 2}). We write A = A1 ⋆A2. Note that A1 ⋆A2
is defined exactly when A1 •V = A2 •V, A1 •∼ = A2 •∼ and A1 •alloc ∩ A2 •alloc = ∅.

▶ Example 17. Consider the formula ls(x, y), denoting a nonempty list segment from x

to y. It is associated with several abstractions, each described by the set of formulas it
satisfies. The most straightforward case is when the only additional satisfied formula is
ls(x, y) ⋆ x ̸≈ y, representing an acyclic list segment of length > 1 with distinct endpoints.
In contrast, the abstraction satisfying ls(x, y) ⋆ x ≈ y denotes a cyclic list. If the segment
length is 1, x.f → (y) also holds in both cases, yielding two other abstractions. A list
looping on an inner node yields the formula ls(x, y)⋆ls(y, y) (implying x ̸≈ y). Special cases
where (at least) one of the two parts of the segment has length 1 must also be considered:
ls(x, y) ⋆ y.f → (y), x.f → (y) ⋆ ls(y, y), and x.f → (y) ⋆ y.f → (y).

We say that two abstractions A1 and A2 are combinable if and only if ( A1 •V = A2 •V ,
A1 •∼ = A2 •∼ , and if A1 •field = A2 •field then A1 •alloc ∩ A2 •alloc = ∅ ). Additionally, we
give a way to access the possible sizes of an abstraction:

▶ Lemma 18. There exists an algorithm computing, for any abstraction A associated with
an atom φ, a Presburger formula A•card, with a single free variable6 κ, describing the set of
possible cardinalities of the abstracted structures, i.e., such that, for all k ∈ Z and all stores
s compatible with A: A•card [κ/k] is valid if and only if there is a heap h such that A is an
abstraction of (s, h), and card(dom(h)) = k.

Informally, A•card is computed by first extracting, from the inductive rules used to
compute abstractions, a context-free grammar that generates the possible cardinalities of
abstractions (in unary), and then using existing results for computing the Parikh image of a
context-free grammar with a single terminal [18].

5 Reduction to the Satisfiability Problem of a Pure Formula

In Section 3.1, we reduced the entailment problem to an instance where the antecedent is
an ⃝⋆ -formula φ = π ⃝⋆ ⃝⋆n

i=1φi, associated with terms Ti (for 1 ⩽ i ⩽ n). In Section 3.2,
we reduced the entailment test φ |=R ψ to the existence of a structure (s, h,Σ) such that
(s, h,Σ) |=R φ, (s, h,Σ) ̸|=R ψ and s(fvloc(ψ)) ⊆ s(roots(φ, f)), for all f ∈ F . In this section,
we reduce both tests to the satisfiability of a pure formula.

5.1 Left-hand Side
First, we reduce the test (s, h,Σ) |=R φ to the satisfiability of a pure formula using the
abstractions described in Section 4. Let φ̃i

def= φi when φi = xi.fi → ( #»yi) (and Ti = {xi}),
and φ̃i

def= pi( #»xi) when φi = pi( #»xi)@Ti. For every i ∈ J1, nK, we guess an abstraction Ai

associated with φ̃i such that all Ai are pairwise combinable. The combination of these
abstractions represents models for φ. Note that fv(φ̃i) ⊆ VG by definition of VG ; thus,
Ai •V = VG necessarily holds for any abstraction Ai associated with φ̃i. Moreover, since the
abstractions Ai are combinable, Ai •∼ does not depend on i.

6 In our framework, the variable κ is encoded by a term |K| , where K is a fresh set variable, as explained
in Section 2.
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Consider the pure formula πleft defined as follows (assuming n ⩾ 1):

π ∧
∧

(x,y)∈A1•∼

x ≈ y ∧
∧

(x,y)̸∈A1•∼

(x ̸≈ y) ∧
n∧

i=1

( ⊔
z∈Ai•alloc

{z} ≈ Ti ⊓
⊔

z∈Ai•V

{z}

)

∧
∧

i<j such that Ai•field=Aj •field
Ti ⊓ Tj ≈ ∅ ∧

n∧
i=1

Ai •card [κ/ |Ti| ]

Note that πleft depends on Ai; we keep this dependence implicit for the sake of readability.
The following lemma states that these abstractions give an alternative way to check the
satisfiability of the formula φ:

▶ Lemma 19. Let R be an SID with PCE 1-predicate rules and φ = π ⃝⋆ ⃝⋆n
i=1φi an

⃝⋆ -formula. Let s be a store and Σ a set interpretation.
1. If (s, hi,Σ) |=R φi for every i ∈ J1, nK, (s,Σ) |= π, and (dom(hi))i∈J1,nK are pairwise

disjoint, then the abstractions Ai of (s, hi) for i ∈ J1, nK are pairwise combinable and
satisfy Ai |=abst

R φ̃i for every i ∈ J1, nK and (s,Σ) |= πleft.
2. If pairwise combinable abstractions (Ai)i∈J1,nK satisfy Ai |=abst

R φ̃i for all i ∈ J1, nK and
(s,Σ) |= πleft, then there are heaps (hi)i∈J1,nK with (dom(hi))i∈J1,nK pairwise disjoint such
that (s,Σ) |= π, (s, hi,Σ) |=R φi, and Ai is the abstraction of (s, hi) for every i ∈ J1, nK.

Proof. We denote by (Ti)i∈J1,nK the sequence of set terms associated with the ⃝⋆ -formula
φ = π ⃝⋆ ⃝⋆n

i=1φi (see Definition 9).

(1) Let h =
⊎n

i=1 hi be a heap, and suppose (s, hi,Σ) |=R φi for every i ∈ J1, nK, (s,Σ) |= π,
and (dom(hi))i∈J1,nK are pairwise disjoint.
For every i ∈ J1, nK, φi is a {fi}-formula for some fi ∈ F , hence hi is a 1-heap, and we
can define Ai as the abstraction of (s, hi). We have (s, hi) |=R φ̃i hence Ai |=abst

R φ̃i

(as fv(φ̃i) ⊆ VG). Now (s,Σ) |= x ≈ y if and only if (x, y) ∈ Ai •∼ for all variables
x, y ∈ dom(s) and i ∈ J1, nK, thus aliasing relations (Ai •∼)i∈J1,nK are identical. We
recall that, by definition of abstractions, Ai •alloc is the set of variables x ∈ dom(s) such
that s(x) ∈ domfi(hi) (for all i ∈ J1, nK). Since (s, hi,Σ) |=R φi, we have JTiK(s,Σ) =
alloc(hi) = domfi

(hi), hence the set JTi ⊓
⊔

z∈Ai•V {z}K(s,Σ) = JTiK(s,Σ) ∩ s(Ai •V) =
domfi(hi) ∩ img(s) = s(Ai •alloc)= J

⊔
z∈Ai•alloc {z}K(s,Σ). Additionally, for all i < j such

that Ai •field = Aj •field = f ∈ F , we have JTi ⊓ TjK(s,Σ) = domf (hi) ∩ domf (hj) = ∅,
thus Ai •alloc ∩ Aj •alloc = ∅. Finally, by Lemma 18, J |Ti| K(s,Σ) = card(JTiK(s,Σ)) =
card(domfi

(hi)) = ki with Ai •card [κ/ki] for every i ∈ J1, nK. Therefore the abstractions
(Ai)i∈J1,nK are pairwise combinable, and (s,Σ) |= πleft.

(2) Suppose there exist pairwise combinable abstractions (Ai)i∈J1,nK such that Ai |=abst
R φ̃i

for every i ∈ J1, nK and (s,Σ) |= πleft.
For every i ∈ J1, nK, since Ai |=abst

R φ̃i and Ai •card [κ/ki] is valid for ki = J |Ti| K(s,Σ), we
deduce by Lemma 18 that Ai is the abstraction of some structure (si, h

′
i) |=R φ̃i of size

card(dom(h′
i)) = J |Ti| K(s,Σ). From (s,Σ) |= πleft, we know that:

(s,Σ) |= π;
for all x, y ∈ A1 •V, s(x) = s(y) if and only if (x, y) ∈ A1 •∼; since A1 and Ai are
combinable for every i ∈ J2, nK, the same result applies to any Ai;
s(Ai •alloc) = JTiK(s,Σ) ∩ s(Ai •V) for all i ∈ J1, nK;
JTiK(s,Σ) ∩ JTjK(s,Σ) = ∅ for all i < j such that Ai •field = Aj •field.
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From these results and for every i ∈ J1, nK, we can rename locations used in (si, h
′
i) by

mapping si(x) to s(x) for every x ∈ Ai •V and every location in domAi•field(h′
i)\ img(si) =

alloc(h′
i) \ si(Ai •alloc) to locations in JTiK(s,Σ) \ img(s), since both sets of locations

have the same size. Let hi be the new heap obtained after renaming, and note that
Ai is now an abstraction of (s, hi). We obtain (s, hi) |=R φ̃i and alloc(hi) = JTiK(s,Σ),
hence (s, hi,Σ) |=R φi. For all i < j such that Ai •field = Aj •field = f ∈ F , we have
domf (hi)∩domf (hj) = JTiK(s,Σ) ∩JTjK(s,Σ) = ∅. Consequently, the sets (dom(hi))i∈J1,nK
are pairwise disjoint, and (s,

⊎n
i=1 hi,Σ) |=R φ. ◀

▶ Example 20. Consider the formula φ1 = pf (x)@X ⃝⋆ qg(x)@X together with the rules
pf (u) ⇐ u.f → (), qf (u) ⇐ u.f → (), qf (u) ⇐ u.f → (v) ⋆ tf (v), tf (u) ⇐ u.f → () and
tf (u) ⇐ u.f → (v, w) ⋆ tf (v) ⋆ tf (w). The atom pf (u) allocates a single memory cell u
containing an empty tuple, tf (u) denotes a binary tree rooted at u, and qf (u) denotes a
memory cell u containing either an empty tuple or a link to the root of a binary tree (all
predicates are indexed by the field they use). Assume that VG = {x}. Then, pf (u) is
associated with exactly one abstraction, where u is allocated, and the heap is of cardinality 1.
The atom qg(u) has two abstractions, both allocating u, one where the heap is of cardinality 1
and the other where the heap is of any cardinality ⩾ 2. In the first case, we get (after removing
redundant subformulas) the following satisfiable formula: πleft = {x} ≈ X⊓{x}∧ |X| ≈ 1. In
the second case, this yields πleft = {x} ≈ X ⊓{x}∧ |X| ≈ 1∧1 ≺ |X| (which is unsatisfiable).

Next, consider the formula φ2 = tf (x)@X ⃝⋆ tf (y)@X. Assuming that VG = {x, y}, and
considering abstractions such that x and y do not alias and each atom allocates both x and y,
we get the (unsatisfiable) formula: πleft = x ̸≈ y ∧ {x, y} ≈ X ⊓ {x, y} ∧ X ⊓ X ≈ ∅∧ 1 ≺ |X| .

Finally, consider the formula φ3 = tf (x)@X ⃝⋆ tg(y)@X and VG = {x, y}. Using again
abstractions allocating both x and y, we get the following satisfiable formula: πleft = x ̸≈
y ∧ {x, y} ≈ X ⊓ {x, y} ∧ 1 ≺ |X| . This corresponds to models in which y and x occur in
the tree allocated by tf (x) and tg(y), respectively. In contrast, if we consider abstractions
allocating no free variables other than the root of the atom, then the obtained formula is
unsatisfiable: πleft = x ̸≈ y ∧ {x} ≈ X ⊓ {x, y} ∧ {y} ≈ X ⊓ {x, y} ∧ 0 ≺ |X| .

5.2 Right-hand Side
We now focus on reducing the test (s, h,Σ) ̸|=R ψ to the satisfiability of a pure formula.
Using Lemma 19, we try to match the combination of abstractions (Ai)i∈J1,nK (representing
sets of structures (s, h,Σ)) against the formula ψ, and to express the possibility of a matching
through a pure formula. For this, we use the following lemma, which ensures that the heaps
corresponding to the abstractions Ai are distributed as a whole on each side of any separating
conjunction of ψ, instead of being split.

▶ Lemma 21. Let R be an SID with PCE 1-predicate rules and φ = π ⃝⋆ ⃝⋆n
i=1φi an

⃝⋆ -formula. Let (s,
⊎n

i=1 hi,Σ) be a model of φ, with (s,Σ) |= π, (s, hi,Σ) |=R φi for every
i ∈ J1, nK, and (dom(hi))i∈J1,nK pairwise disjoint.

Let ψ1 ⃝⋆ ψ2 be an OSL-formula such that s(fvloc(ψ1 ⃝⋆ ψ2)) ⊆ s(roots(φ, f)) for all fields
f ∈ F , and J ⊆ J1, nK such that (s,

⊎
i∈J hi,Σ) |=R ψ1 ⃝⋆ ψ2. Then, there exists a decomposi-

tion J = J1 ⊎ J2 such that (s,
⊎

i∈J1
hi,Σ) |=R ψ1 and (s,

⊎
i∈J2

hi,Σ) |=R ψ2.

The following definition builds a pure formula πright (ψ, J1, nK) expressing the match
between ψ and (Ai)i∈J1,nK. The definition is done by induction on ψ. For each sub-formula
ψ′ of ψ, the parameter J ⊆ J1, nK tracks the abstractions to be matched by ψ′. At separating
conjunctions, we guess how J is split over the two sub-formulas.
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▶ Definition 22. Given fixed abstractions (Ai)i∈J1,nK, for any subformula ψ′ of ψ and any
set of natural numbers J ⊆ J1, nK, the formula πright (ψ′, J) is defined by induction on ψ′:

1. for ψ′ = emp, if J = ∅, then πright (ψ′, J) def= true, otherwise πright (ψ′, J) def= false;
2. for ψ′ = x.f → ( #»y ), if J = {i}, Ai •field = f and Ai |=abst

R ψ′ (for some i ∈ J1, nK) then
πright (ψ′, J) def= true, otherwise πright (ψ′, J) def= false;

3. for ψ′ = p( #»x ) where p is an {f}-predicate, if Ai •field = f for every i ∈ J and
⋆i∈JAi |=abst

R p( #»x ) then πright (ψ′, J) def= true, otherwise πright (ψ′, J) def= false;

4. for ψ′ = ψ1@U, πright (ψ′, J) def= πright (ψ1, J) ∧
⊔

i∈J Ti ≈ U;

5. for ψ′ = ψ1 ⃝⋆ ψ2, πright (ψ′, J) def=
∨

J1⊎J2=J (πright (ψ1, J1) ∧ πright (ψ2, J2));

6. for ψ′ = ψ1 ⋆ ψ2, πright (ψ′, J) def=
∨

J1⊎J2=J (πright (ψ1, J1) ∧ πright (ψ2, J2)
∧
⊔

i∈J1
Ti ⊓

⊔
i∈J2

Ti ≈ ∅
)
;

7. for ψ′ = ψ1 • ψ2 (with • ∈ {∧,∨}), πright (ψ′, J) def= πright (ψ1, J) • πright (ψ2, J);

8. for ψ′ = ¬ψ1, πright (ψ′, J) def= ∼πright (ψ1, J);

9. for ψ′ a pure formula, if J = ∅, then πright (ψ′, J) def= ψ′, otherwise πright (ψ′, J) def= false.

▶ Lemma 23. Let R be an SID with PCE 1-predicate rules and φ = π ⃝⋆ ⃝⋆n
i=1φi an

⃝⋆ -formula. Let (s,
⊎n

i=1 hi,Σ) be a model of φ, where (s,Σ) |= π, (s, hi,Σ) |=R φi for every
i ∈ J1, nK, and (dom(hi))i∈J1,nK are pairwise disjoint, and let Ai be the abstraction of (s, hi).
Let ψ be an OSL-formula such that s(fvloc(ψ)) ⊆ s(roots(φ, f)) for all fields f ∈ F . Then,
(s,
⊎n

i=1 hi,Σ) |=R ψ if and only if (s,Σ) |= πright (ψ, J1, nK).

Proof. We show that (s,
⊎

j∈J hj ,Σ) |=R ψ′ if and only if (s,Σ) |= πright (ψ′, J), for all
J ⊆ J1, nK and ψ′ sub-formula of ψ, by induction on ψ′. Then, it suffices to take ψ′ = ψ and
J = J1, nK to get the result. We denote by (Ti)i∈J1,nK the sequence of set terms associated
with the formula φ = π ⃝⋆ ⃝⋆n

i=1φi in Definition 9. We recall that, by the progress condition,
a predicate atom cannot hold if the heap is empty. Thus, the heaps hi (for i ∈ J1, nK) are all
nonempty. Moreover, hi is an {Ai •field}-heap. Note also that fvloc(ψ′) ⊆ VG by definition
of VG, so that fvloc(ψ′) ⊆ A•V, for all abstractions A.

For ψ′ = emp, if J = ∅, then dom
(⊎

j∈J hj

)
= ∅, which implies (s,∅,Σ) |=R emp and

(s,Σ) |= true, hence the equivalence. On the other hand, if J ̸= ∅, since no hi are empty,
we have both (s,

⊎
j∈J hj ,Σ) ̸|=R emp and (s,Σ) ̸|= false.

For ψ′ = x.f → (y1, . . . , yd), if (s,
⊎

j∈J hj ,Σ) |=R ψ′, in that case
⊎

j∈J hj = [(s(x), f) 7→
(s(y1), . . . , s(yd))] and therefore J = {i} for some i ∈ J1, nK. Ai is the abstraction of
(s, hi), hence Ai •field = f and Ai |=abst

R ψ′ (as fv(ψ′) ⊆ VG).
Conversely, if (s,Σ) |= πright (ψ′, J), then J = {i} and Ai |=abst

R ψ′ for some i ∈ J1, nK by
definition, which implies that (s, hi,Σ) |=R ψ′.
For ψ′ = p( #»x ) for a {f}-predicate p, if (s,

⊎
j∈J hj ,Σ) |=R ψ′, then domg(hj) = ∅ for

all fields g ̸= f and for all j ∈ J. Consequently, every φj must be an {f}-formula and
Ai •field = f for j ∈ J. By combining the abstractions, we obtain that ⋆j∈JAj is the
abstraction of (s,

⊎
j∈J hj), thus ⋆j∈JAj |=abst

R ψ′ (since fv(ψ′) ⊆ VG), which implies
(s,Σ) |= πright (ψ′, J).
Conversely, if (s,Σ) |= πright (ψ′, J), then ⋆j∈JAj |=abst

R ψ′ by definition, hence we obtain
(s,
⊎

j∈J hj) |=R ψ′ by the same reasoning as before.
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For ψ′ = ψ1@U, using (s, hj ,Σ) |=R φj for all j ∈ J, we have alloc(
⊎

j∈J hj) =⊎
j∈J alloc(hj) =

⊎
j∈JJTjK(s,Σ) = J

⊔
j∈J TjK(s,Σ). Therefore, (s,

⊎
j∈J hj ,Σ) |=R ψ′ if

and only if (s,
⊎

j∈J hj ,Σ) |=R ψ1 and alloc(
⊎

j∈J hj) = JUK(s,Σ) if and only if (s,Σ) |=
πright (ψ1, J) and (s,Σ) |=

⊔
j∈J Tj ≈ U if and only if (s,Σ) |= πright (ψ′, J).

For operators ∧, ∨, and ¬, the equivalence follows immediately from the induction
hypothesis. For instance, (s,

⊎
j∈J hj ,Σ) |=R ¬ψ1 if and only if (s,

⊎
j∈J hj ,Σ) ̸|=R ψ1 if

and only if (s,Σ) ̸|= πright (ψ1, J) if and only if (s,Σ) |=∼πright (ψ1, J).
For ψ′ = ψ1 ⃝⋆ ψ2, suppose (s,

⊎
j∈J hj ,Σ) |=R ψ1 ⃝⋆ ψ2. By Lemma 21, there exists a

decomposition J = J1 ⊎ J2 that verifies (s,
⊎

j∈J1
hj ,Σ) |=R ψ1 and (s,

⊎
j∈J2

hj ,Σ) |=R
ψ2. Therefore, we obtain, (s,Σ) |= πright (ψ1, J1) and (s,Σ) |= πright (ψ2, J2) using the
induction hypothesis, which gives the result.
Conversely, if (s,Σ) |= πright (ψ′, J), then there exist sets J1, J2 such that J = J1 ⊎ J2 and
(s,Σ) |= πright (ψ1, J1) ∧ πright (ψ2, J2). By induction hypothesis (s,

⊎
j∈J1

hj ,Σ) |=R ψ1
and (s,

⊎
j∈J2

hj ,Σ) |=R ψ2, hence the result.
For ψ′ = ψ1 ⋆ ψ2, suppose (s,

⊎
j∈J1⊎J2

hj ,Σ) |=R ψ1 ⋆ ψ2. Then, ψ1 ⋆ ψ2 implies
ψ1 ⃝⋆ ψ2 thus, with Lemma 21, there exists J = J1 ⊎ J2 such that (s,

⊎
j∈J1

hj ,Σ) |=R
ψ1 and (s,

⊎
j∈J2

hj ,Σ) |=R ψ2. Both sub-structures are combinable, ensuring ∅ =
alloc(

⊎
j∈J1

hj) ∩ alloc(
⊎

j∈J2
hj) =

⋃
j∈J1

alloc(hj) ∩
⋃

j∈J2
alloc(hj)

=
⋃

j∈J1
JTjK(s,Σ) ∩

⋃
j∈J2

JTjK(s,Σ) = J
⊔

j∈J1
Tj ⊓

⊔
j∈J2

TjK(s,Σ).
The reciprocal works exactly like ψ1 ⃝⋆ ψ2.
Finally when ψ′ is pure, (s,

⊎
j∈J hj ,Σ) |= ψ′ implies J = ∅ as in the case ψ′ = emp. ◀

▶ Example 24. Lemma 23 crucially depends on the fact that all location variables on the
entailment’s right-hand side occur as roots on the left-hand side (modulo aliasing). Consider,
for instance, the formulas φ = p(x, y)@X and ψ = y.f → () ⋆ x.f → (y), and the entailment
problem φ |=R ψ, with the rules p(u, v) ⇐ u.f → (v) ⋆ q(v) and q(v) ⇐ v.f → (). Let s

be any store such that s(x) ̸= s(y), let h = h1 ⊎ h2 with h1 = {(s(x), f) 7→ (s(y))} and
h2 = {(s(y), f) 7→ ()}, and let Σ(X) = {s(x), s(y)}. It is clear that (s, h,Σ) |=R φ ∧ ψ.
Observe that s(y) ̸∈ s(roots(p(x, y)@X, f)), hence the hypothesis of the lemma is not
fulfilled. The left-hand side contains a unique atom p(x, y). By Item 2 in Definition 22,
πright (y.f → (),∅) = πright (x.f → (y),∅) = false, thus πright (ψ, {1}) = false (by Item 6,
since {1} cannot be decomposed into a disjoint union of two nonempty sets). Hence, the
equivalence stated in the lemma does not hold.

In contrast, when the reduction in Section 3.2 is applied, the left-hand side is re-
placed by p̃(x, y, ζ)@Y ⃝⋆ ζ ≈ y ⃝⋆ q(ζ)@Z ⃝⋆ X ≈ Y ⊔ Z with p̃(u, v, ζ) ⇐ u.f →
(v) ⋆ ζ ≈ v and s(ζ) = s(y). The left-hand side now contains two predicate atoms
φ̃1 = p̃(x, y, ζ) and φ̃2 = q(ζ), associated with terms T1 = Y and T2 = Z, respect-
ively. Let Ai be the abstractions of (s, hi) (these abstractions may be computed from the
formulas φ̃i using the algorithm in [4]). By Definition 22 (6), the formula πright (ψ, {1, 2}) is:∨

J1⊎J2={1,2}
(
πright (y.f → (), J1)∧ πright (x.f → (y), J2) ∧

⊔
i∈J1

Ti ⊓
⊔

i∈J2
Ti ≈ ∅

)
.

We consider all possible decompositions: If J1 = ∅ or J2 = ∅, then πright (y.f → (), J1)
or πright (x.f → (y), J2) is false as shown previously. If J1 = {1} and J2 = {2}, then
both πright (y.f → (), J1) and πright (x.f → (y), J2) are false (since A1 ̸|=R y.f → () and
A2 ̸|=R x.f → (y)). Finally, if J1 = {2} and J2 = {1}, then πright (y.f → (), J1) =
πright (x.f → (y), J2) = true (since A2 |=R y.f → () and A1 |=R x.f → (y)). We get
πright (ψ, {1, 2}) = Z ⊓ Y ≈ ∅ and (s,Σ) |= πright (ψ, {1, 2}), as expected.

Now consider the formula ψ′ = y.f → () ⋆ x.g → (y). By the same reasoning, we get
πright (ψ′, {1, 2}) = πright (y.f → (), {2}) ∧ πright (x.g → (y), {1}) ∧ Z ⊓ Y ≈ ∅. As A1 •field =
f ̸= g, πright (x.g → (y), {1}) = false, so that πright (ψ′, {1, 2}) = false.
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Consider the formula ψ′′ = ψ@X. By Definition 22 (4), we get: πright (ψ′′, {1, 2}) =
πright (ψ, {1, 2}) ∧ Y ⊔ Z ≈ X = Z ⊓ Y ≈ ∅ ∧ Y ⊔ Z ≈ X.

Finally, let r(x) be a predicate atom denoting a list ending at (), defined by the rules:
r(u) ⇐ u.f → (v) ⋆ r(v) and r(u) ⇐ u.f → (). Using the same structures (s, hi) and
abstractions Ai (for i ∈ {1, 2}) as above, we get (by Definition 22 (3)): πright (r(x), {1, 2}) =
true, since A1 ⋆A2 |=R r(x) (the latter condition can be tested by computing the abstraction
A1 ⋆A2 as explained in [4]).

5.3 Combining both Formulas
Now we combine the two previous results, over the left-hand side φ and the right-hand side
ψ of the entailment, to obtain the following lemma.

▶ Lemma 25. Let R be an SID with PCE 1-predicate rules, φ = π ⃝⋆ ⃝⋆n
i=1φi be an

⃝⋆ -formula, and ψ be an OSL-formula.
There exists a structure (s, h,Σ) such that (s, h,Σ) |=R φ ∧ ¬ψ and s(fvloc(ψ)) ⊆

s(roots(φ, f)) for all fields f ∈ F if and only if there exist pairwise combinable abstractions
(Ai)i∈J1,nK such that: (i) Ai |=abst

R φ̃i for all i ∈ J1, nK; (ii) for all f ∈ F and x ∈ fvloc(ψ),
there exists y ∈ roots(φ, f) such that (x, y) ∈ A1 •∼; and (iii) πleft∧ ∼ πright (ψ, J1, nK) is
satisfiable.

The existence of a structure satisfying the previous conditions is thus decidable:

▶ Lemma 26. Given an SID with PCE 1-predicate rules R, an ⃝⋆ -formula φ and a formula ψ,
the problem that asks whether there exists a structure (s, h,Σ) such that (s, h,Σ) |=R φ ∧ ¬ψ
and for all f ∈ F , s(fvloc(ψ)) ⊆ s(roots(φ, f)) is in 2-Nexptime.

Proof. The decision problem exactly matches the first part of the equivalence in Lemma 25,
thus we need to decide whether there exist abstractions (Ai)i∈J1,nK which satisfy points (i)
to (iii). Given φi for i ∈ J1, nK, there exists a finite number of abstractions Ai which may
be associated with φi, and the size of these abstractions is simply exponential w.r.t. the
size of R, φi and VG. We may thus guess one abstraction Ai for every i ∈ J1, nK and check
that Ai |=abst

R φi. As abstractions are essentially defined as the sets of formulas they satisfy,
this test can be performed in polynomial time7 w.r.t. Ai. Then, one can check whether the
abstractions are pairwise combinable and if point (ii) holds with straightforward polynomial
algorithms.

It is clear that the size of πleft is polynomial w.r.t. φ, (Ai)i∈J1,nK and (Ai •card)i∈J1,nK. The
formulas Ai •card are computed (using the polynomial time algorithm in [18]) from a context-
free grammar which is polynomial w.r.t. the number of abstractions (as the abstractions
correspond to non terminals of the grammar). Consequently, πleft is of size double-exponential
w.r.t. the size of R, φ and ψ. Meanwhile, the formula πright (ψ, J1, nK) has a construction
linear in ψ except for the cases ⋆ and ⃝⋆ , where all decompositions of J are considered, yielding
an exponential blow-up. This leads to a global BAPA formula πleft∧ ∼πright (ψ, J1, nK) of
size at most double-exponential in the size of ψ. Therefore, we can check the satisfiability
of the global formula in nondeterministic double-exponential time using the algorithm for
BAPA in [12].

As a consequence, this entailment problem is decidable in at most nondeterministic
double-exponential time. ◀

Theorem 8 is established by combining the reduction of Section 3 with the previous
lemma.

7 In practice, instead of using a generate-and-test algorithm, the abstraction associated with each formula
φi should be computed using a fixed-point algorithm.
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6 Conclusion

In this paper, we design a decision procedure for the entailment problem in SL extended
to support overlaid data structures strictly more general than those described in [13, 7, 2].
The algorithm runs in nondeterministic double-exponential time. Two interesting problems
remain open. The first problem concerns the optimality of the procedure. It follows from the
result of [3] that the entailment problem is 2-Exptime-hard; however, it is unclear whether
the 2-Nexptime upper bound is tight. The second problem concerns extending the logic
to allow less rigid ways of associating sets of locations with heaps. Currently, these sets
always denote the domain of the heap corresponding to sub-formulas, due to construct φ@T,
which states that the domain of the heap corresponding to φ is T. In [15], more general
associations are possible. They are encoded in the inductive rules, where set variables appear
as parameters of predicate symbols and may denote specific subsets of the heap computed
inductively. For instance, the framework [15] allows the definition of predicates such as
ls(x, y,Z), denoting a list segment from x to y, where Z contains all locations occurring at,
say, odd positions. The satisfiability problem for the logic in [15] is in Nexptime by means
of a reduction to BAPA. However, it is unclear whether our entailment procedure can be
extended to cover such definitions, or even whether the entailment is decidable in this setting.
A long-term target is identifying decidable fragments in those proposed in [8, 17], where not
all fields are allocated, a property incompatible with the establishment property of PCE.
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