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Abstract
Universality is one of the defining hallmarks of a useful neural network model: it means that the
model is expressive enough, in principle, to learn arbitrary target behavior rather than being limited
to a narrow class. Inspired by rigorous formal analogies between stochastic neural networks and
lattice models in which molecules occupy discrete sites, contribute species-dependent interaction
energies with neighbors, and rearrange according to the Boltzmann distribution, we ask whether
interactions can be programmed to yield arbitrary spatial distributions. At the level of fine-grained
spatial arrangements of species, universality fails: arbitrary spatial microstate distributions cannot
be represented, as shown by a counting argument and explicit construction of unrepresentable
distributions. Yet, for a natural observable – spatial patterns of molecular labels – universality can
be achieved. We show that a grand-canonical lattice model of anisotropic molecules is universal for
arbitrary label distributions, and a similar model with isotropic molecules is also universal given
a simple symmetry-breaking boundary condition. Our results suggest that equilibrium systems of
multivalent molecules undergoing stochastic rearrangement governed by local pairwise interactions
can act similarly to probabilistic neural networks: with sufficient microstate detail in hidden
dimensions, they can be universal in a meaningful macrostate observable.
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1 Introduction

Life is not a homogeneous solution of chemicals. Living cells are cities, with roads [37],
boundaries [38], factories [31], warehouses [3], scaffolds [11], and gradients [15], all features
that change throughout the lifetime of the cell. Control over where molecules are helps
transform ordinary chemistry into spatially-organized molecular systems capable of replication,
evolution, adaptability, computation, and homeostasis. Concretely, control of molecular
spatial distribution allows the cell to regulate reaction rates by colocalizing reactants [25],
compartmentalize strictly regulated biomolecule populations into membraned or membraneless
organelles [4], direct transport of cargo along tracks [21], change its geometry via the
cytoskeleton [8], and break symmetries for morphogenetic and developmental purposes [23].
It follows that constructing prescribed molecular spatial distributions is essential for building
synthetic systems with lifelike behavior.
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11:2 Universal Spatial Distribution Approximation in Equilibrium Lattice Models

Engineering accomplishments suggest that the combination of programmable attractive
forces and random Brownian motion enables molecularly precise assembly. Thermodynamic
self-assembly methods such as DNA origami [33] program molecular binding interactions
towards a free energy minimum with (ideally) a high yield of the single target structure.
Multivalent DNA nanostars with programmable interactions condense into aggregates with
short-timescale reconfiguration [6]. However, spatial arrangement in the cell undergoes
dynamic reorganization in response to, e.g., environmental changes [30]. Although engineered
self-assembly can be dynamically responsive (see, e.g., reconfigurable DNA origami [40]
and dynamic nanostar condensates [2]), approaches are currently specialized for particular
tasks. What general programming framework might allow the design of molecules capable of
complex, adaptable, and reconfigurable spatial arrangements – putting the right pieces in
the right places under the right contexts?

Prior work [28, 29, 7] has situated programming of molecular interactions (chemical
reactions, binding, diffusion) in an equilibrium setting as analogous to the training and usage
of Boltzmann machines [1], a stochastic, statistical mechanics-inspired neural network model
that stands as a precursor to modern artificial neural network approaches. When formalized in
terms of local pairwise interactions of molecules in a spatial lattice [7], the model and learning
framework was called Boltzmann liquids, and is summarized in Figure 1. A key element
learned from classical Boltzmann machines is that stochastically generated high-dimensional
probability distributions can be probed simply by clamping known variables, which results in
probabilistic conditioning of the remaining variables. For example, a Boltzmann machine that
is trained on the MNIST handwritten digit dataset can both classify input digits and generate
digits given a class, and both of these tasks are achieved by conditioning the distribution.
Figure 1(a) shows conditioning of a toy probability distribution to give intuition about
how conditioning affects a probability distribution. In the Boltzmann liquids framework,
a system of pairwise interacting molecules, typically at low molecular counts (e.g., tens to
thousands of molecules as is the case in some biological condensates [18]), at equilibrium
takes on a probability distribution of fine-grained molecular arrangements, as shown in
Figure 1(b), left. If an environmental stimulus is introduced to the system, like a surface
with a fixed arrangement (Figure 1(b), middle), or the presence of a polymer with a certain
sequence of domains (Figure 1(b), right), the system assumes a conditional distribution.
In other words, the molecules can store information via their interaction energies, and
thus their distribution, that can be “accessed” or “queried” by stimuli that condition the
distribution. Additionally, work on Boltzmann machines inspired a contrastive learning rule
for Boltzmann liquids, as shown in Figure 1(c), which finds parameters for the system to
match a target distribution. This framework enabled the design and simulation of systems
of pairwise interacting molecules which performed Hopfield network-like associative recall
and classification of MNIST handwritten digit patterns expressed as volume fractions of the
constituent species types. In short, programming a stochastic system to take on a complex,
high-dimensional distribution is an effective method of programming, which is a perspective
supported by the success of stochastic neural network models like the Boltzmann machine.

In the study of neural networks, machine learning, and statistical modeling, the expressiv-
ity of the model used is a key question; single-layer perceptrons, for example, can only
classify linearly-separable data [32], and thus multi-layer perceptrons were suggested for more
useful classification. The multi-layer perceptron is known to be universal [9]. Universality
means that a model can effectively represent or approximate any distribution or input-output
relation, usually with some number of caveats. A proof of universality of a model provides
assurance that the model does not have any fundamental limits inhibiting a classification or
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Figure 1 A cartoon summary of Boltzmann liquids. (a) On the left, a two-dimensional probability
mass function (PMF). On the right, two different conditional distributions generated from the same
PMF. (b) A cartoon representation of an equilibrium pairwise interaction model. Near-enough
molecules of species i and j contribute interaction energy Gi,j , and exchange with a reservoir of
molecules occurs dependent on a per-molecule energy (chemical potential) Gi, where more negative
Gi,j and Gi are more favorable. On the left, a sample configuration σ drawn from the unconditional
Boltzmann distribution P , indicating that in P the molecules are dilute with high probability. In the
middle, a surface on the left wall is fixed in space, inducing a conditional distribution P (· | surface)
in which condensation occurs. On the right, the presence of a polymer in the system induces
a conditional distribution P (· | polymer) in which condensation of different compositions occurs
depending on the polymer’s sequence. (c) A learning algorithm finds the parameter gradient that
makes a distribution more like a target. In this cartoon, there is no molecular exchange with the
reservoir, i.e., there is a fixed count of each species. In this example, clamped means the molecules
are fixed in space; more general notions of clamping to an observable have been studied [7]. On the
left, the colored molecules are left unclamped. In the middle, the distribution Q to be learned is
sampled – Q is a distribution defined by the current parameters and clamping of a target marginal
distribution Q′ that specifies where the red and blue molecules should be but does not specify where
the “hidden” molecules shown by dotted circles should be. Average statistics ⟨ni,j⟩ are collected
from each distribution, where ni,j counts the number of i − j interactions. The learning algorithm
yields parameters (if possible) which make the system behave more like Q as shown on the right,
where the hidden species learn to help organize the red and blue species according to Q′.

generative task, and thus leaves only the remaining questions of required model size, time
spent learning (i.e., how much of the data the model sees), and correctness of its learning
algorithm. Well-mixed stochastic chemical reaction networks have been shown to be universal
for distributions of counts [5], establishing a baseline for viewing molecular systems in terms
of probabilistic machine learning theory.

If equilibrium systems are indeed universal for spatial distributions, a consequence is
that molecular systems may not require energy to maintain complex spatial patterning. For
example, the diversity of acceptable spatial arrangements of an engineered organism could
be encoded entirely in its equilibrium distribution, and its response to environmental stimuli
could be achieved by conditioning of that distribution (see Figure 2 for an imaginative
example). Another consequence of organization as an equilibrium phenomenon is self-
healing: the system naturally recovers from perturbations by relaxing to equilibrium. A
further consequence is that these aspects of molecular behavior can be viewed as a form
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11:4 Universal Spatial Distribution Approximation in Equilibrium Lattice Models

P(σ) σ ∼ P( · | coral)

Figure 2 A cartoon of potential outcomes of encoding complex spatial patterning into equilibrium
distributions. The Boltzmann distribution encodes the starfish’s structure as shown in the first three
panels, with probability increasing from left to right. Connected, five-armed configurations of its
constituent molecules are favored (right). A natural consequence is self-healing, where equilibrium
relaxation alone is sufficient to restore structure after perturbations like damage to its arms (middle),
or even complete disassembly (left). The presence of and interactions with a branch of coral condition
the starfish’s Boltzmann distribution, resulting in a high probability of the starfish everting its
stomach to feed on the coral.

of “thought” insofar as their governing mathematics are akin to those of neural networks.
Of course, energy consumption could and must still be utilized to condition the spatial
distribution into particular states, to drive the system through its various configurations, and
to metabolically synthesize the relevant molecules in the first place. That said, maintenance
of complex structure at equilibrium opposes the idea that equilibrium generically yields
disorder. Surprisingly, the disorder intuition is most often taught in terms of lattice gas
models close to those studied here. In our case, the key differences which introduce complex
spatial order at equilibrium are heterogeneous interaction energies between molecular species,
and large species diversity: the inclusion of many species, where an increase in the number
of species increases spatial distribution complexity.

In this paper, we introduce several standard lattice models of pairwise molecular inter-
actions at equilibrium, including the model initially studied in the Boltzmann liquids [7]
work, and study their universality or lack thereof for representing spatial distributions. Our
models are standard generalizations of basic lattice gas models, which include many species
types with heterogeneous pairwise interaction energies. Stochastic modeling captures the
noise of Brownian motion, and equilibrium assumptions imply the probability of each state
of the system is given analytically by the Boltzmann distribution. The question then is
whether interaction energies can be tuned so that a target distribution over spatial molecular
arrangements can be achieved. Our work first presents two types of impossibility results, ar-
guing that pairwise interactions alone are not sufficient to encode arbitrary distributions over
fine-grained molecular arrangements. We then present a notion of “labeling” molecules – one
can think of each of many species types being labeled with one of two fluorescent molecules –
where we show that any distribution over spatial label configurations can be approximated
by programming interaction energies. This universality result for label distributions stands
as initial evidence that Boltzmann liquids – molecules rearranging according to pairwise
interactions at equilibrium – are not limited to a simple set of distributions, and as such may
be programmed effectively for complex computation. As a caveat that will be discussed later,
such distributions may use strong energies and thus not behave as a “liquid” (i.e., may not
sample many configurations) on reasonable timescales.
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2 Lattice Models of Pairwise Interactions

2.1 Model assumptions
Our model assumptions are as follows. First, we consider space to consist of discrete positions.
Second, we consider the molecules to be monodisperse, meaning all molecules are the same
size, the solvent species is treated as any other species, and each molecule occupies one
position. It is worth mentioning that the monodispersity assumption can be relaxed by an
extension to the model not discussed in this work, and further that in the limit of finer lattice
spacing relative to molecule size, the model approximates continuous space. There are two
bifurcations to the model assumptions that we consider: the first is isotropy vs. anisotropy.
In the isotropic case, we view molecules as rotationally symmetric, meaning species i and j

in neighboring positions will always contribute a symmetric interaction energy Gi,j . We will
also consider the anisotropic case, which will explicitly model molecules as rotatable cubes in
a cubic lattice, in which case species i and j in neighboring positions contribute an interaction
energy that depends on their orientations. The second bifurcation is whether the system is
in thermal equilibrium with a heat bath but is otherwise isolated (the canonical ensemble
in statistical thermodynamics) vs. in thermal and chemical equilibrium with an infinite
reservoir wherein molecules exchange with the reservoir (the grand canonical ensemble in
statistical thermodynamics). Thus, the reader can keep in mind four models: canonical
isotropic, canonical anisotropic, grand-canonical isotropic, and grand-canonical anisotropic.
Lastly, we assume that the energy of the system is captured solely by interaction energies
Gi,j and chemical potentials Gi, and because the system is in equilibrium, the probability
mass is given by the Boltzmann distribution, to be formalized shortly.

2.2 Model formalization
We represent space as a set of positions V . If positions p1 and p2 are such that species in those
positions induce a pairwise interaction, we say p1 ∼ p2. Equivalently, the space is represented
by an undirected graph G = (V, E). Commonly, V is taken as a lattice V = NH × NW × NL,
and edges are restricted to be local, e.g., the von Neumann neighbors. Formally, p1, p2 ∈ Z3

are von Neumann neighbors if ||p1 − p2||1 = 1.
Given a set of chemical species M , we consider spatial configurations of species in

positions, such that a configuration is formally σ : V → M . The solvent is modeled
explicitly as one of the species in M . The assumption that the system is in equilibrium
implies that the probability mass over configurations is given by the Boltzmann distribution
P (σ) ∝ exp(−G(σ)/kT ) for an energy function G(σ), where T is the temperature in Kelvin
and k is Boltzmann’s constant. This energy function is expressed differently in the isotropic
vs. anisotropic cases as follows. Figure 3 provides visual examples that may aid the reader
in understanding the models and distinguishing the isotropic vs. anisotropic cases.

2.2.1 Isotropic model
Here we use a standard generalization of a lattice gas Ising model, equivalently a Potts
model with heterogeneous weights. This model has been used in prior work in the context of
liquid-liquid phase separation of more than two species (multicomponent liquids) [12], as
well as in the Boltzmann liquids work [7]. Here, the energy of a configuration is given by:

G(σ) = 1
2

∑
p1∈V

∑
p2∈V

s.t. p1∼p2

Gσ(p1),σ(p2) +
∑
p∈V

Gσ(p),
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(A, o1)

(B, o6)
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+   G(A,o1),(B,o6)

  = G(B,o6),(A,o1)
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+yA

A

B

C

B

C
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+ GB,C
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Figure 3 Two example partial configurations. The configurations are partial in the sense that our
models do not allow empty positions: solvents, or equivalently “empty” species are explicit species
of the set of species M , and each position must be assigned a species in M . Positions are left empty
here for visual clarity. On the left, a configuration σ of the isotropic model and the contributions
to the configuration energy G(σ) provided by the visualized species and their interactions. On the
right, a configuration σ of the anisotropic model. Species can be thought of as rotatable cubes (i.e.,
as dice), with six distinct faces. A position is assigned a species type (here, A, B) and an orientation
(here, o1 and o6), where orientations correspond to the 24 discrete rotations of the cube, SO(3,Z).
Here, +y = (0, 1, 0) and −y = (0, −1, 0) denote the relative direction in the lattice of the two species
which are providing interaction energy. In the anisotropic models, constraints on interaction energies
such as G−y

(A,o1),(B,o6) = G+y
(B,o6),(A,o1) give the model equivalence to a model which defines GA5,B6

as the energy provided when species A and B have their die faces 5 and 6 abutting, as pictured,
noting that die face 5 is occluded but is opposite face 2.

where Gi,j = Gj,i is the energy contribution of a molecule of species i ∈ M interacting with
a molecule of species j ∈ M , and where Gi is the internal energy (equivalently, chemical
potential) of species i ∈ M . The convention is more negative Gi,j and Gi are more favorable.

In our analysis, it will be useful to write this energy in an alternate form which clarifies
that key statistics (ni,j and ni, defined shortly) of a configuration are sufficient to determine
its energy. The Kronecker delta function will be useful, which returns one if its subscripts
are equal, otherwise zero: δi,j = 1 if i = j, else δi,j = 0. A configuration σ induces a value
ni,j for all i, j ∈ M , which is the number of neighbor interactions between molecules i and j.
We define:

n̂i,j =
∑

p1∈V

∑
p2∈V

s.t. p1∼p2

δσ(p1),iδσ(p2),j .

As written, n̂i,j double counts the case i = j, which we correct as:

ni,j =
{

1
2 n̂i,j i = j

n̂i,j i ̸= j .

Additionally, a configuration σ induces a count of each species in the lattice,

ni =
∑
p∈V

δσ(p),i .

Finally, we can see that lattice configuration σ has the corresponding energy:

G(σ) =
∑

i≤j∈M

ni,jGi,j +
∑
i∈M

niGi (1)
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where each independent energy parameter appears exactly once. This formulation makes
clear the idea that any two configurations with equal ni,j and ni must have equal energy
and thus equal probability.

If we assume the system’s dynamics obey detailed balance with respect to the energy we
have defined, the Boltzmann distribution provides an analytical formula for the probability
of a given configuration:

P (σ) = 1
Z

e−G(σ)/kT , where Z is the partition function, Z =
∑
σ∈Ω

e−G(σ)/kT .

Here, Ω is the set of valid configurations, which reflect assumptions about physical constraints.
If the system is considered to be in thermal equilibrium with a constant-temperature heat
bath (canonical), then species do not diffuse from or into the heat bath, so the molecular
counts are fixed. If we let c⃗ ∈ NM be the vector representing the count of each species, the
canonical configuration space is the set Ω = {σ : V → M | ∀i ∈ M, ni(σ) = c⃗(i)}. If instead
the system is in thermal and chemical equilibrium with a reservoir (grand canonical), species
diffuse to and from the reservoir, so the counts of each species type can change, and thus the
set of configurations is Ω = {σ | σ : V → M}.

2.2.2 Anisotropic model
For simplicity, in the anisotropic model we restrict the set of positions to the cubic lattice
V = NH × NW × NL with von Neumann neighbors. We then effectively consider molecules
to be rotatable cubes with asymmetric internal structure (see Figure 3, right). Formally,
each species is augmented with an orientation: the set of species M = Mtype × Morientation
consists of elements formed by the Cartesian product of a set of species types Mtype and
a set of orientations Morientation. Since we consider molecules as rotatable cubes, we take
Morientation = SO(3,Z), where SO(3,Z) is the group of orientation-preserving cube rotations.
With i = (a, o1), j = (b, o2) ∈ M , the interaction energies must be specified with a direction
û ∈ ∆, where ∆ is a set of displacements that must be symmetric in the sense that −û ∈ ∆ if
and only if û ∈ ∆. For our von Neumann neighborhood, ∆ = {û ∈ Z3 | ||û||1 = 1}. Then Gû

i,j

describes the interaction energy between species a and b when they are in orientations o1 and
o2, respectively, and are displaced by û in the lattice. Note that the rotation group SO(3,Z)
also acts on displacements; then we require that the interaction energies are invariant to
rotations, formally:

∀R ∈ SO(3,Z), GRû
(a,Ro1),(b,Ro2) = Gû

(a,o1),(b,o2).

In addition, we require interaction symmetry as in the isotropic case: Gû
(a,o1),(b,o2) =

G−û
(b,o2),(a,o1). Finally, we require that the internal energy is independent of orientation,

formally G(a,o) = Ga for all o ∈ SO(3,Z). In the canonical anisotropic model, the counts of
each species type in Mtype are fixed, but orientations can change.

The energy of a configuration is

G(σ) = 1
2

∑
p∈V

∑
û∈∆

p+û∈V

Gû
σ(p),σ(p+û) +

∑
p∈V

Gσ(p).

As in the isotropic case, it is useful to define sufficient statistics for the energy. For each
i, j ∈ M and û ∈ ∆, we define:

nû
i,j(σ) =

∑
p∈V

p+û∈V

δσ(p),iδσ(p+û),j ,
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11:8 Universal Spatial Distribution Approximation in Equilibrium Lattice Models

which counts the number of ordered neighboring pairs of type i → j in the displacement
direction û. The number of molecules of species type i in the lattice is defined as in the
isotropic case: ni(σ) =

∑
o∈SO(3,Z)

∑
p∈V δσ(p),(i,o). Noting that nû

i,j = n−û
j,i , we can write

the energy as:

G(σ) = 1
2

∑
û∈∆

∑
i,j∈M

nû
i,jGû

i,j +
∑

i∈Mtype

niGi.

2.2.3 A unified expression for energy
To discuss all models simultaneously, it is helpful to write the energy of all models in a
standard form. For each model, we define the parameters θ and the sufficient statistics t.
The parameters θ are a vector and are defined as below for each model. Here, [xa] ∀a ∈ A

denotes the vector obtained by fixing an ordering of the set A and listing one entry xa for
each a ∈ A. In the isotropic canonical model,

θ = [Gi,j/kT ] ∀i, j ∈ M with i ≤ j,

in the isotropic grand-canonical model,

θ = [Gi,j/kT, Gm/kT ] ∀i, j ∈ M, ∀m ∈ M with i ≤ j,

in the anisotropic canonical model,

θ = [Gû
i,j/kT ] ∀i, j ∈ M with i ≤ j, ∀û ∈ ∆,

and in the anisotropic grand-canonical model,

θ = [Gû
i,j/kT, Gm/kT ] ∀i, j ∈ M with i ≤ j, ∀m ∈ Mtype, ∀û ∈ ∆.

The sufficient statistic vector t is a function t : Ω → Z|θ|
≥0 that takes as input a configuration

and outputs its statistics ni,j , ni, and/or nû
i,j . We define t so that it aligns with θ (e.g., if

Gi,j is element k of θ, then ni,j is element k of t(σ)) and thus write for any model:

G(σ)/kT = θ · t(σ), P (σ) = 1
Z

exp(−θ · t(σ)).

This formulation makes clear the idea that, for fixed parameters θ, the Boltzmann
distribution P depends only on the sufficient statistics t, hence their name; this dependence
narrows possible target distributions, as discussed in the next section.

3 Impossibility of Microstate Universality

Here, we formalize and prove the impossibility of the models to represent all microstate distri-
butions, even those that satisfy intuitive symmetries. The most straightforward formulation
of universality for distributions is given in terms of the relative entropy, or Kullback-Leibler
divergence between target distribution Q and approximate distribution P , where

DKL(Q||P ) =
∑

σ

Q(σ) log Q(σ)
P (σ) .

Then:
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▶ Definition 1. A model is universal for microstate distributions if for all ε > 0, V , M , and
Q over Ω, there exists θ such that DKL(Q||P ) < ε.

Of course, this formulation is beyond reach: as written, Q may require different probabil-
ities for configurations that agree on sufficient statistics. For example, in the isotropic models,
there is a rotational symmetry in which rotating a configuration yields another configuration
with the same sufficient statistics. Similarly, if periodic boundary conditions are used in any
model, then there is also a translational symmetry. We thus define the uniform-within-fibers
constraint on distributions as follows: two configurations with equal sufficient statistics,
t(σ1) = t(σ2), must have equal probability. This constraint captures all translational and
rotational symmetries of the models, in addition to configurations which share t but are not
translations/rotations (see Appendix A.1 for an example). The set of configurations with
sufficient statistics equal to t is called a fiber over t, formally Ft = {σ ∈ Ω : t(σ) = t}, so we
say a distribution Q over Ω is fiber uniform if:

∀t, ∀σ1, σ2 ∈ Ft, Q(σ1) = Q(σ2).

Thus we define:

▶ Definition 2. A model is universal for fiber-uniform microstate distributions if for all
ε > 0, V , M , and fiber-uniform Q over Ω, there exists θ such that DKL(Q||P ) < ε.

First, we provide a simple counting argument that, for nontrivial lattice sizes |V | =
Θ(|M |2), there are not enough parameters to encode every fiber-uniform target distribution.
This counting argument proves that not every fiber-uniform target distribution can be the
result of a parameter setting if parameters have bounded precision, and provides intuition
that the number of parameters must be allowed to scale independently of the number
of target distributions, motivating our problem reformulation in Section 4. Later in this
section, we provide concrete, simple fiber-uniform distributions which suffice to prove that
approximate microstate universality as defined above is not possible. These counterexamples
are constructed by identifying a constraint on distributions that must be satisfied in order for
them to be achieved, and thus provide value beyond the counting argument by illustrating
what kind of microstate distributions are impossible, in addition to removing the assumption
of bounded-precision parameters and illustrating impossibility even of approximation.

3.1 Bounded-precision exact microstate universality requires an
exponential number of parameters

In the study of in-silico probabilistic models, it is standard to assume that parameters
have bounded precision (i.e., that each parameter uses a constant number of bits b). If we
make the same assumption for our models, with the physical interpretation that interaction
energies are not tunable on a true continuum but instead have some underlying discrete
characterization, we can apply a standard counting argument to show that the number
of parameters required for exact representation of every fiber-uniform distribution should
require a number of parameters that scales exponentially in the support of the distribution
(the potential configurations).

For any model, define the set of feasible sufficient statistics vectors TΩ := {t(σ) | σ ∈
Ω}. For each probability vector q over TΩ, define the following fiber-uniform microstate
distribution: Qq(σ) := q(t(σ))

|Ft(σ)| . The set of Qq defined this way is the set of possible fiber-
uniform target distributions. In order to argue that there are more targets than our parameter
choices allow, it suffices to consider a subset of the total set of targets whose size is easier to
count, so we define:
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Figure 4 (a) On the left, one representative configuration from each of the fibers t0, t1, and t2 in
a canonical isotropic model with V a ring of six positions as shown. On the right, one representative
configuration from each of the six fibers in a grand canonical isotropic model with V a ring of four
positions as shown. (b) An example of Theorem 5’s construction, in two dimensions for visual clarity.
There are two labels, yellow and blue. β1 . . . βi . . . denote the elected label configurations for each
Euclidean equivalence class of label configurations. The intended configuration for βi is shown in
the pop-out. Because each species M

(x,y)
βi

is adjacent to its proper neighbors, no energy contribution
Λ is made, and the energy of the microstate configuration is given by the energy −kT ln QK(βi) of
the leader species M

(0,0)
βi

.

DT =
{

q : TΩ → [0, 1]

∣∣∣∣∣ q(t) = zt

|TΩ|
, zt ∈ Z≥0,

∑
t∈TΩ

zt = |TΩ|

}
.

Using standard combinatorics (see Appendix A.2), we can count the size of DT :

|DT | =
(

2|TΩ| − 1
|TΩ| − 1

)
≥ 2|TΩ|−1.

Now, let n = |θ|, the number of parameters of the model. If each parameter is allowed b

bits, the set of all possible parameter choices of the model has size 2bn. For every fiber-uniform
distribution to be achieved exactly by some parameter choice would require 2bn ≥ 2|TΩ|−1,
therefore n ≥ |TΩ|−1

b . In Appendix A.3, we prove in each model that with |V | = Θ(|M |2)
(the lattice size scaling quadratically in the number of species) that |TΩ| ≥ 2Ω(n), where Ω
on the right-hand side of the inequality refers to asymptotic scaling. Therefore, for fixed b

and scaling n, the inequality n ≥ |TΩ|−1
b cannot be satisfied.

Next, we provide explicit counterexample distributions that allow proofs against even
approximate microstate universality without the assumption of bounded precision.

3.2 Unbounded-precision approximate microstate universality is
prohibited by explicit construction of unachievable distributions

Here we show a constraint that distributions must satisfy beyond being fiber uniform, which
allows construction of distributions which cannot be approximated, even with unbounded-
precision parameters. The affine log-probabilities constraint is that the log-probabilities of
the Boltzmann distribution are affine (f(x) = Ax + b) in form:

log P (σ) = −θ · t(σ) − log Z,

since log Z is constant with respect to σ. Next, we use this constraint to construct microstate
distributions in each model variant that are uniform within fibers but are not approximable,
inhibiting universality.
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Consider in the canonical isotropic model a ring of six positions with left-right edges
but no top-bottom edges with three copies of species A and three copies of species B

(Figure 4(a), left). There are three feasible fibers, meaning values of t = (nA,A, nA,B , nB,B)
for which |Ft| > 0, i.e., sufficient statistics that can arise from valid microstate configurations.
These three feasible fibers are illustrated in Figure 4(a), left. Consider the following target
distribution Q, described in terms of an assignment of probability to each fiber’s microstates:

If t(σ) = t0 = (0, 6, 0), set Q(σ) = 1/32.

If t(σ) = t1 = (1, 4, 1), set Q(σ) = 1/16.

If t(σ) = t2 = (2, 2, 2), set Q(σ) = 1/32.

By this assignment method, this distribution satisfies the uniform-within-fibers constraint.
Additionally, the probabilities sum to one: since |Ft0 | = 2, |Ft1 | = 12, and |Ft2 | = 6, we
have 2/32 + 12/16 + 6/32 = 1. But does the distribution satisfy the affine log-probabilities
constraint? We show that the answer is no, by showing that it violates the midpoint relation
of affine functions:

f

(
x1 + x2

2

)
= f(x1) + f(x2)

2 .

To show this, first note that we can uniquely define the fiber microstate probability u(t) := Q(σ)
such that σ ∈ Ft, since Q is uniform within fibers. Note that t1 = t0+t2

2 . Towards
contradiction, assume Q satisfies the affine log-probabilities constraint, so that it must satisfy
the affine midpoint relation:

log u(t1) = log u

(
t0 + t2

2

)
= log u(t0) + log u(t2)

2 ,

and by exponentiating, we have

u(t1)2 = u(t0)u(t2),

but (1/16)2 ̸= (1/32)2, thus a contradiction. Therefore Q, which satisfies the fiber-uniform
constraint but does not satisfy the affine log-probabilities constraint, cannot have parameters
θ = (GA,A, GA,B , GB,B) that produce it. In Appendix A.4, we provide similar examples in
each model variant. Although these counterexamples use lattices with restricted edges for
simplicity of presentation, we expect that counterexamples can be constructed on nontrivial
lattices in general, e.g., on the typically-considered cubic lattices with von Neumann neighbors.

Next, we utilize the counterexamples to formally argue against universality as per
Definition 2:

▶ Theorem 3. No model variant is universal for fiber-uniform microstate distributions.

Proof. Towards contradiction, assume at least one model variant is universal for fiber-uniform
microstate distributions. Thus, for any fiber-uniform Q, there is an infinite sequence of
parameter choices θ1, θ2, . . . such that the KL divergence between Q and Pθn

gets arbitrarily
close to zero as n goes to infinity: limn→∞ DKL(Q||Pθn) = 0. Since Pθn and Q are discrete
distributions, we have limn→∞ Pθn

(σ) = Q(σ), i.e., the probability assigned to σ by Pθn

gets arbitrarily close to the probability assigned by Q (this can be proven using Pinsker’s
inequality [36]: 1

2
∑

σ |Q(σ) − Pθn
(σ)| ≤

√
1
2 DKL(Q||Pθn

)). Let the lattice V , species M ,
and Q be defined as in the counterexample for the assumed-universal model variant. We
write un(t) := Pθn

(σ) (and as above, u(t) := Q(σ)) such that σ ∈ Ft. As with u(t),
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un(t) is well defined, since each Pθn must be fiber uniform. Since limn→∞ Pθn(σ) = Q(σ),
we have limn→∞ un(t) = u(t). Since Pθn

is the Boltzmann distribution of one of our
models, it must satisfy the log-affine constraint, and as above we have limn→∞ un(t1)2 =
limn→∞ un(t0)un(t2), so u(t1)2 = u(t0)u(t2) which, as above, is a contradiction by the
counterexample’s construction. Therefore no model variant is universal for fiber-uniform
microstate distributions. ◀

Aside from the parameter scaling issue raised by the counting argument, these counter-
examples violating the affine log-probabilities constraint provide an initial investigation into
the structure of exactly which microstate distributions can and cannot be represented. In the
following section, we provide a macrostate picture in which we achieve universal distribution
approximation by circumventing both flavors of impossibility results.

4 A Natural Observable Enables Parameter Scaling and Macrostate
Universality

As shown by the counting argument in the previous section, universal distribution approx-
imation requires a way of scaling parameters independently of the domain of the target
distribution. Here we describe macrostates, which are partitions of the microstates into
collections which have the same observable outcomes, introducing the possibility for the
number of molecular species and thus parameters to be scaled independently of the number
of possible observable macrostates.

Formally, we follow [7] in defining macrostates in general. Given a set of configurations Ω,
an observable is any function a : Ω → A. We call α ∈ A an observable outcome. For example,
an observable could be a(σ) = ni(σ), the count of species i in configuration σ (experimentally,
species i could be fluorescently labeled, and thus our observable would be proportional to
fluorescence measurement). Given an observable a and an outcome α ∈ A, we define the
set of microstates consistent with the outcome α as Ma(α) = {σ ∈ Ω | a(σ) = α}. Given
parameters θ and thus a Boltzmann distribution P over configurations, the probability of
seeing a particular observable outcome α is the marginal probability Pa(α) =

∑
σ∈Ma(α) P (σ),

i.e., the sum of corresponding microstates.
Our choice of observable is as follows. We label each species with a label from a set of

labels K, formally by a labeling function K : M → K that assigns each species m ∈ M to a
label k ∈ K. In the anisotropic case, labels are meant to ignore orientation, so we enforce
K((a, o)) = K((a, o′)) for all a ∈ Mtype and o, o′ ∈ Morientation. This labeling observable
captures phenomena such as fluorescently-labeled molecules or molecules with functional
domains independent of their interacting domains. A label configuration is a function
β : V → K that maps lattice positions to labels. Given a set of species M , a labeling
function K, and a configuration σ, we define the label configuration of σ as βσ = K ◦ σ.
Given parameters θ, we can write the probability of a label configuration β as:

PK(β) =
∑

σ∈Ω|K◦σ=β

P (σ),

the sum of microstate configurations that map to β by the labeling function K.
In this section, we focus on cubic lattices V = {0, . . . , L − 1}3 with periodic von Neumann

interaction neighborhoods. The purpose of equal edge lengths of the lattice is to simplify the
explanation of the requirement that target label distributions must be rotationally invariant,
as will be described. The purpose of considering periodicity is to highlight the construction’s
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requirement that target label distributions are translation invariant, as will be described; we
expect the result holds with non-periodic boundary conditions, as well as on other graphs
(positions/neighbors).

We define a distribution Q over label configurations as translationally invariant as follows.
Let a lattice translation τd : V → V be defined as τd(p) = p + d mod L for d ∈ Z3. This
induces a label translation τdβ : V → K defined as τdβ(p) = β(τ−1

d (p)). A distribution Q

over label configurations is translationally invariant if Q(β) = Q(τdβ) for all d ∈ Z3. Any
distribution induced by a setting of parameters for our models on a periodic lattice must
satisfy translational invariance because translations do not change energy nor probability:
G(σ) = G(τdσ) and thus P (σ) = P (τdσ), where τdσ(p) = σ(τ−1

d (p)).
Further, we define a distribution Q over label configurations as rotationally invariant

as follows. Consider a lattice rotation R ∈ SO(3,Z). We define the rotation of a label
configuration as Rβ(p) = β(R−1p mod L). Then a distribution Q over label configurations is
rotationally invariant if for all R ∈ SO(3,Z), Q(β) = Q(Rβ). This constraint must be satisfied
by distributions induced by our model because rotations do not change energy nor probability:
in the isotropic model, G(σ) = G(Rσ) and thus P (σ) = P (Rσ), where Rσ(p) = σ(R−1p

mod L). In the anisotropic model, a lattice rotation also rotates the internal orientation of
each molecule: given an anisotropic species (i, o), define R̂(i, o) = (i, Ro) and allow it to act
elementwise on configurations σ, so that Rσ(p) = R̂(σ(R−1p mod L)), and equivalently if
σ(R−1p mod L) = (i, o) then Rσ(p) = (i, Ro). Since we constrain the anisotropic interaction
energies to be rotationally invariant, rotations do not change energy: G(σ) = G(Rσ) and
P (σ) = P (Rσ).

We call a label distribution Euclidean invariant if it is both translationally and rotationally
invariant. Thus we define universality for label distributions as follows:

▶ Definition 4. A model is universal for Euclidean-invariant label distributions if for all
ε > 0, V = {0, . . . , L − 1}3, von Neumann neighbors E, a set of labels K, and Euclidean-
invariant label distributions QK , there exists a set of species M , parameters θ, and labeling
function K such that DKL(QK ||PK) < ε, where PK is the label distribution induced by M , θ,
V , E, and K.

Note that by this definition, the set of species M can scale independently of V and K,
so that the number of parameters |θ| can scale independently of the domain of the target
distribution QK , circumventing the impossibility via counting argument of Section 3.1. Next,
we show by construction that both the anisotropic and isotropic grand-canonical models are
universal for label distributions. Our particular definitions prohibit canonical models from
universality: since a target distribution fixes the lattice size |V | and canonical configuration
spaces consider a set of at most |V | distinct species, scaling the number of labels K increases
the number of label configurations beyond the fixed number of parameters. In the discussion,
we illustrate an alternative observable that may allow universality in the canonical models.

4.1 Universality in the anisotropic grand-canonical model
Here we provide a construction that shows that the anisotropic grand-canonical model is
universal for Euclidean-invariant label distributions. The construction is a “brute-force”,
“hard-coded” construction, meaning that each label configuration’s probability is effectively
encoded into a single parameter. As a consequence, the number of parameters (and thus
unique species) scales with the number of label configurations with nonzero probability in the
target distribution. This may be considered analogous to Boltzmann machine universality
proofs where the probability of each visible node configuration is effectively encoded in a
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single hidden neuron [16]. The role of “lookup-table” constructions such as this one and the
potential for next questions related to structured distributions that do not require so many
parameters is elaborated on in the Discussion.

▶ Theorem 5. The anisotropic grand-canonical model is universal for Euclidean-invariant
label distributions.

Proof. Figure 4(b) illustrates the construction in two dimensions, in case it is helpful to the
reader. Given a target label distribution QK over the set of label configurations {β1, . . . }, our
goal is to construct a set of species M and a labeling function K, and to set the parameters
θ such that PK approximates QK . We define the Euclidean equivalence class on label
configurations as follows. We say βi=̂βj if there exist a lattice rotation R ∈ SO(3,Z) and
lattice translation τd for d ∈ Z3 such that τd(Rβi) = βj . Then the Euclidean equivalence class
of βi, denoted β̂i, is the equivalence class given the =̂ relation, formally β̂i = {βj | βi=̂βj}.
This partitions the set of label configurations into a set of equivalence classes. For each
equivalence class, we choose one elected configuration and denote it β̂∗

i .
We now construct the set of species M . We first define the species for a label configuration

βi. For each elected configuration β̂∗
i such that QK(β̂∗

i ) > 0, for each position in the
lattice (x, y, z) ∈ V , we include a species type M

(x,y,z)
βi

. We define the intended position
pos

(
M

(x,y,z)
βi

)
= (x, y, z) and the intended label configuration cfg

(
M

(x,y,z)
βi

)
= β̂∗

i . The
labeling function K is defined so that a species type has a label matching its intended position
in its intended label configuration, formally K

(
M

(x,y,z)
βi

)
= β̂∗

i ((x, y, z)).
We set the interaction energies Gû

i,j as follows. First, we pick a large positive energy Λ,
to be quantified later with respect to the target ε. We will consider species of some default
orientation R0 ∈ SO(3,Z). Our interactions will be local von Neumann interactions, so
that Gû

i,j = 0 for all û /∈ {û | ||û||1 = 1}. For all i = (Mp2
βa

, R0) and j = (Mp1
βb

, R0), we set
Gû

i,j = Λ, unless the species types correspond to the same label configuration, formally a = b,
and their intended positions are adjacent and û apart, formally p1 − p2 = û, in which case we
set Gû

i,j = 0. We call a configuration σ intended if all species are next to their six intended
von Neumann neighbors and all agree on the intended label configuration, formally ∀u, v ∈ V ,
cfg(σ(u)) = cfg(σ(v)), and there exists a lattice translation and rotation τdR such that
∀u ∈ V , pos(σ(u)) = τdR(u); otherwise we call configurations unintended. By construction,
the contribution of the parameters Gû

i,j to the energy of an intended configuration is zero
and to unintended configurations is at least Λ.

We set the per-molecule energies Gi as follows. For all species types m, if pos(m) = (0, 0, 0),
we set Gm = −kT ln QK(cfg(m)), i.e., we designate the species type M

(0,0,0)
βi

as the leader of
label configuration βi, and set its per-molecule energy to −kT ln QK(β̂∗

i ), with the intention
that M

(0,0,0)
βi

is the only energy contribution to its intended configuration. For all other
species types m such that pos(m) ̸= (0, 0, 0), we set Gm = 0.

With the set of molecule types M and parameters thus defined, we now aim to argue
correctness. First note that for each elected configuration β̂∗

i with QK(β̂∗
i ) > 0, there is

an intended configuration σi consisting of the species types M
(x,y,z)
βi

each in their intended
positions. Because it is an intended configuration, this configuration has zero energy
contribution from Gû

i,j parameters, and has one Gi contribution from G
M

(0,0,0)
βi

, so G(σi) =

−kT ln QK(β̂∗
i ), and so P (σi) = 1

Z exp(−G(σi)/kT ) = 1
Z QK(β̂∗

i ). For any lattice translation
τd and lattice rotation R, the label configuration βj = (τd ◦ R)β̂∗

i matches labels with the
microstate configuration σj = (τd ◦R)σi, and since rotations/translations do not affect energy,
G(σj) = G(σi), and so P (σj) = P (σi).
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Finally, let I be the set of intended configurations and U be the set of unintended
configurations. By construction, for every label configuration β there is exactly one intended
configuration σβ with matching labels, namely the translation/rotation of the elected configur-
ation for the Euclidean equivalence class of β. Further, exp(−G(σβ)/kT ) = QK(β). The total
Boltzmann weight of all intended configurations is

∑
σ∈I exp(−G(σ)/kT ) =

∑
β QK(β) = 1.

By construction, every unintended configuration has at least one Gû
i,j contributing Λ to its

energy. Note that each Gm is nonnegative since 0 < QK(β) ≤ 1 so ln QK(β) ≤ 0. Thus each
unintended configuration σ ∈ U has G(σ) ≥ Λ. The goal is to set Λ so that unintended
configurations contribute negligibly to the partition function Z. Since the set of all con-
figurations Ω is finite and |Ω| = |M ||V |, we have

∑
σ∈U exp(−G(σ)/kT ) ≤ |Ω| exp(−Λ/kT ).

Therefore we can bound the partition function:

1 ≤ Z =
∑
σ∈I

exp(−G(σ)/kT ) +
∑
σ∈U

exp(−G(σ)/kT ) ≤ 1 + |Ω| exp(−Λ/kT ).

We choose Λ such that |Ω| exp(−Λ/kT ) < exp(ε) − 1 so that Z < exp(ε). For any label
configuration β, since there is one intended configuration σβ with K ◦ σβ = β, we have

PK(β) =
∑

σ|K◦σ=β

P (σ) ≥ P (σβ) = QK(β)
Z

,

thus,

DKL(QK ||PK) =
∑

β

QK(β) log QK(β)
PK(β) ≤

∑
β

QK(β) log Z = log Z < ε. ◀

4.2 Universality in the isotropic grand-canonical model with
symmetry-breaking boundary conditions

With isotropic molecules, a construction conceptually similar to the anisotropic construction
also yields universality for label distributions. However, the isotropic model needs a symmetry-
breaking boundary condition to effectively orient the molecules, since anisotropy cannot
be used. The global orientation is achieved by propagating orientation from the boundary
inward. This boundary condition removes the requirement that the target distribution
must be Euclidean invariant. It is worth noting that, as in the picture of environmental
clamping in the Boltzmann liquids framework discussed in the Introduction and Figure 1,
the boundary condition inducing orientation can be seen as a type of conditioning of the
probability distribution. We first formalize the boundary condition. Given a cubic lattice
V +2 = {−1, . . . , L}3, we define the boundary ∂V +2 = {(x, y, z) ∈ V +2 | x ∈ {−1, L} or
y ∈ {−1, L} or z ∈ {−1, L}}. The boundary condition is that for each position in the
boundary p∂ ∈ ∂V +2, we include a species Mp∂ that is fixed in that position.

▶ Theorem 6. The isotropic grand-canonical model with a boundary condition is universal
for label distributions.

The proof can be found in Appendix A.5. The construction and proof are similar to
those of Theorem 5, with an additional inductive argument that the boundary condition
enforces a global orientation. We expect that the boundary condition can be relaxed to,
e.g., a constant-sized corner of the cubic lattice. The boundary condition here is a special
case of clamping as discussed in the Boltzmann liquids framework [7]. This result suggests
that symmetry-breaking by a fixed boundary condition, which could be introduced by the
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environment, can play a role in the complexity of spatial distributions of isotropic molecules
internal to the boundary. We note that this is counterintuitive: small examples such as
Figure 1(a) give the impression that conditioning a distribution reduces complexity by
reducing the state space. However, this result suggests that conditioning reduces the state
space in a way that is useful or expressive, in this case by breaking symmetries and likely
increasing the class of representable distributions.

5 Discussion

The label-distribution formalism allows the system’s number of parameters to scale independ-
ently of the support of the target distribution by including more underlying species per label.
However, our universality construction uses a number of species exponential in the lattice
volume and number of labels: |M | = Θ(|K||V |). This is not unexpected: counting arguments
like the one in Section 3.1 suggest that the exponential number of parameters is required.
When considering all possible distributions, most look algorithmically random [17], in the
sense that most have high Kolmogorov complexity: the shortest programs on a universal
Turing machine which output the distributions must effectively hard-code them. In other
words, most distributions look like uncorrelated noise. Future work, especially work including
the use of learning algorithms such as the contrastive learning used in the Boltzmann liquids
framework [7], will help identify the types of low-Kolmogorov complexity distributions that
can be achieved with a reasonable number of parameters. In life, coding theory arguments
suggest that genotype-phenotype maps may naturally favor low-Kolmogorov complexity
phenotypes [13], aligning with our expectation that lifelike dynamic spatial distributions
may be learnable. Exponential-parameter universality results such as ours are not prescrip-
tions for suggested constructions, but instead suggest that there are no formal barriers to
representing arbitrary macrostate distributions and thus invite the study of new universal
macrostate pictures as well as the investigation into which spatial distributions are practical
for equilibrium systems of programmable pairwise local interactions.

Our universality result for label distributions is conceptually a “hard-coded lookup table”:
a disjoint subset of the parameters directly encode each target configuration of the distribution.
While lookup-table results are effective for proving the absence of formal restrictions against
arbitrary distributions, neural-network literature includes stronger approximation results for
structured classes which argue that approximation error can reduce at a controlled rate as more
parameters are utilized (e.g., see Section 6 of [27] for a survey of smooth approximation results
for multi-layer perceptrons). What quantitative structural properties of spatial distributions
might define a “distribution complexity” such that, given a target approximation error, the
required number of parameters scales smoothly with that complexity? How might physical
constraints such as locality guide the identification of such properties?

The hard-coding of our universality construction calls to mind uniquely-addressed self-
assembly, where a two-dimensional square lattice or three-dimensional cubic lattice consisting
of unique species for each position is constructed, and shapes are assembled by leaving
out subsets of the components [41, 14, 24]. Beyond unique addressing, although kinetic in
nature, algorithmic self-assembly [10] has articulated how the number of unique species types
required relates to the complexity of a target shape, with theoretical constructions achieving
optimal results [34]. Another studied task beyond assembly of shapes is to design a set of
self-assembling tiles which assembles a pattern of labels, where species types are labeled as in
our labeling observable. The Pattern self-assembly Tile-set Synthesis (PATS) problem [19]
aims to synthesize the smallest set of species that assembles a target label pattern. Our



C. Chalk and E. Winfree 11:17

universality construction can be loosely viewed as an extension of this problem to the self-
assembly of distributions of label patterns, as opposed to deterministic self-assembly of a
single label pattern. Future work could establish this connection rigorously and provide
synthesis methods for the distribution variant of the PATS problem, or inversely, algorithmic
self-assembly theory may inform how spatial distribution complexity relates to the number
of parameters required in our lattice models.

The utilization of large positive (repulsive) interactions Λ in our universality results
suggests that with any reasonably-defined dynamics, the system will have large energy
barriers between its intended configurations. As such, this construction is much more like
crystalline self-assembly than liquid-like molecular rearrangement, where we define liquid-like
as able to explore its configuration space on short timescales. We posit, along with [7],
that restricting to parameters that enable liquid-like behavior is an important desideratum
to implement effective neural networks of this kind, as short-timescale reconfiguration
corresponds to how quickly the molecules will react to an environmental stimulus, and
further, systems with slow rearrangement dynamics do not explore their whole Boltzmann
distribution on reasonable timescales and so will be sensitive to initial condition and require
another kind of analysis. Thus, a motivated task is to identify a variant of universality
(appropriate choice of observable, or limitation on target distributions) that can be achieved
while maintaining liquid-like interaction energies (i.e., energies ∼ kT ).

Prior work [22, 35, 26] has identified equilibrium dimerization networks as a fruitful
direction for programming well-mixed, non-spatial molecular information processing. These
networks consist of dimerization reactions like Xi + Xj ⇋ Di,j , where the equilibrium
is determined by energies of each Xi and Di,j species, effectively tuned by the pairwise
interaction energy between univalent Xi and Xj molecules. Such networks can be expressed
in our anisotropic model, since univalence can be expressed by setting Gû

i,j appropriately.
Further, our model can also be extended to include reactions: when molecules of species
A and B are neighbors, they may transition to species C and D. Reactions of this form
can induce complex reachability constraints in canonical models, potentially enhancing their
distribution representation capability [28, 29]. That our anisotropic lattice model captures
well-mixed reaction networks situates it as a prototype or potential candidate for a unified
model of molecular information processing.

Although our labeling observable and universality definitions allow positive constructions
exclusively for the grand-canonical models, we expect that the canonical models can be
universal in distributions defined by other observables. For example, an enticing observable is
to consider a subset of lattice positions, e.g. a two-dimensional surface on a three-dimensional
lattice, as visible observed positions P , and define the rest of the positions as hidden positions
H. Then, scaling |H| while keeping |P | fixed allows an increased number of species and
thus parameters. We anticipate such a formulation may yield universality over microstate
distributions of the visible positions in canonical models. In addition, this formulation allows
for conditioning the distribution by physically clamping regions of the visible surface P , in
contrast to our label observable that lacks a clear clamping mechanism.

Our explicit constructions of impossible distributions shown in Section 3.2 provide an
initial exploration into the class of microstate distributions that can be represented by our
models. These counterexamples can be seen as “the XOR of Boltzmann liquids”, in analogy
to the classical example of XOR as a non-linearly-separable dataset that illuminates the
limits of single-layer perceptrons [20]. Future work may extend these counterexamples into a
complete characterization of achievable microstate distributions.
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Our universality result encourages pushing the limits of complexity in programmed
equilibrium spatial distributions. Future work aligned with the Boltzmann liquids’ notion of
clamping [7] will illustrate how these complex molecular spatial arrangements may respond
dynamically to environmental cues as the cues condition their Boltzmann distribution. Ulti-
mately, this work provides theoretical evidence that programming equilibrium distributions of
pairwise-interacting molecules may be sufficient to yield a complexity of spatial distributions
matching or surpassing those demonstrated by life.
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A Appendix

A.1 Configurations in the same fiber which are not
translations/rotations

A
A

A A
A A

B B
BB

B
A

A

B

B
B

B
B

B B
B A

A A
AA

A
B

A

B

A
B

Figure 5 Two configurations with the same sufficient statistics which are not translations/rotations
of each other. The neighborhood is von Neumann with periodic boundaries.

Here we provide an example of two configurations, shown in Figure 5, with the same
sufficient statistics vector t = (nA, nB , nA,A, nA,B , nB,B) = (8, 8, 4, 12, 4), which are not
rotations or translations. A short proof that they are not rotations or translations is to
note that in the configuration in Figure 5 right, no B has four B neighbors, whereas the
configuration in Figure 5 left, has a B with four B neighbors.

A.2 Counting the size of probability vector set DT

Recall

DT =
{

q : TΩ → [0, 1]

∣∣∣∣∣ q(t) = zt

|TΩ|
, zt ∈ Z≥0,

∑
t∈TΩ

zt = |TΩ|

}
.

Let N = |TΩ| and enumerate TΩ = {t1, . . . , tN }. Consider the function:

Φ : q → (z1, . . . , zN ), zi = Nq(ti).

Φ is a bijection between DT and the set of weak compositions of N into N parts:{
(z1, . . . , zN ) ∈ ZN

≥0 |
N∑

i=1
zi = N

}
.

The set of weak compositions of N into N parts can be shown to have size
(2N−1

N−1
)

via
stars-and-bars counting (see [39]).
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Figure 6 Two subconfigurations of a subset of positions of a lattice, with i, j ∈ M . As-
suming von Neumann neighbors, the internal 2 × 2 positions in the left subconfiguration con-
tribute (ni,i, ni,j , nj,j) = (1, 2, 1), while the internal 2 × 2 positions on the right contribute
(ni,i, ni,j , nj,j) = (0, 4, 0).

A.3 The set of feasible sufficient statistics vectors TΩ scales
exponentially in the number of parameters in the regime
|V | = Θ(|M |2)

Here, for the sake of the counting argument of Section 3.1, we argue that TΩ := {t(σ) | σ ∈ Ω},
the set of sufficient statistics feasible for a given configuration space Ω, scales exponentially
with the number of parameters n = |θ| in a construction where |V | = Θ(|M |2). To do so, we
consider a subset of configurations, where each configuration has a fixed count of species
(and thus is a subset of both canonical and grand-canonical configuration spaces). Each
configuration consists of 2 × 2 blocks of species, separated by a “buffer” species B that keeps
the blocks separated (see Figure 6).

Assume the lattice is large enough to contain
(|M |

2
)

disjoint 2 × 2 blocks, one for each
unordered pair of species i, j ∈ M , separated by buffer B. As shown in Figure 6, each i, j

block can have one of at least two distinct arrangements, which give distinct contributions
to t(σ): (ni,i, ni,j , nj,j) = (1, 2, 1) or (ni,i, ni,j , nj,j) = (0, 4, 0). The gadgets are disjoint, so
each choice can be made independently. Therefore |TΩ| ≥ 2(|M|

2 ).
In the isotropic canonical model, the number of parameters is |M |(|M |+1)

2 , and in the
isotropic grand-canonical model, the number of parameters is |M | + |M |(|M |+1)

2 . In the
anisotropic models with fixed, finite neighborhood and orientations sets, there is a constant
multiplicative factor to the number of parameters. Thus, in each model variant, n = Θ(|M |2).
Since

(|M |
2

)
= Θ(|M |2), we have |TΩ| ≥ 2Ω(n), i.e., the number of feasible sufficient statistic

vectors t scales exponentially in the number of parameters, if |V | is allowed to scale as |M |2.

A.4 Microstate universality counterexamples
A.4.1 Isotropic grand-canonical model
Consider a ring of four positions with left-right edges and no top-bottom edges (see Figure 4(a),
right). The species are A and B, so that θ = (GA, GB , GA,A, GA,B , GB,B) and t(σ) =
(nA, nB , nA,A, nA,B , nB,B). There are six feasible t values as shown in Figure 4(a), right, and
the counterexample distribution is defined as follows:

If t(σ) = t0 = (1, 3, 0, 2, 2), set Q(σ) = 1
64 .

If t(σ) = t1 = (2, 2, 1, 2, 1), set Q(σ) = 1
32 .

If t(σ) = t2 = (3, 1, 2, 2, 0), set Q(σ) = 1
64 .

If t(σ) = t3 = (4, 0, 4, 0, 0), set Q(σ) = 1
8 .
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If t(σ) = t4 = (2, 2, 0, 4, 0), set Q(σ) = 1
4 .

If t(σ) = t5 = (0, 4, 0, 0, 4), set Q(σ) = 1
8 .

Note that t1 = t0+t2
2 and that the probabilities sum to 1. Towards contradiction, assume Q

satisfies the affine log-probabilities constraint. As in the isotropic canonical model example
in the main body, this means Q satisfies u(t1)2 = u(t0)u(t2), however,

( 1
32

)2 ̸=
( 1

64
)2, thus a

contradiction. Therefore there does not exist θ for the isotropic grand canonical model such
that the Boltzmann distribution is Q.

A.4.2 Anisotropic canonical model
The approach is to embed the isotropic canonical counterexample (Section 3.2) into the
anisotropic case. Let V be a ring of 6 positions as in the isotropic canonical counterexample
(Figure 4(a), left). The set of species types is Mtype = {A, B}. We denote a standard
orientation for each type: A0 = (A, o1), B0 = (B, o1). We fix the canonical counts to
have three of A and three of B. With direction +x̂ = (1, 0, 0), we consider the subset
of statistics t+x̂ = (n+x̂

A0,A0
, n+x̂

A0,B0
, n+x̂

B0,A0
, n+x̂

B0,B0
). Note that the statistics n−x̂

X,Y = n+x̂
Y,X .

Since we consider V as a one-dimensional ring and the following specifications of t+x̂ are
for configurations in which all species are in their standard orientations A0, B0, each t+x̂

specifies a full fiber since the −ŷ, +ŷ, −ẑ, +ẑ directions are unavailable for their respective
statistics (e.g., n−ŷ

A0,B0
= 0) and non-standard oriented species have zero for their statistics

(e.g., n+x̂
(A,o2),(B,o2) = 0). The A0B0A0B0A0B0 configurations have

t+x̂
0 = (0, 3, 3, 0),

the A0A0B0B0A0B0 configurations have

t+x̂
1 = (1, 2, 2, 1),

and the A0A0A0B0B0B0 configurations have

t+x̂
2 = (2, 1, 1, 2).

These satisfy t+x̂
1 = t+x̂

0 +t+x̂
2

2 .
We now define our fiber-uniform target distribution Q by assigning a microstate probability

u(t) to each fiber Ft. We set u(t+x̂
0 ) = u(t+x̂

2 ) = p, and u(t+x̂
1 ) = 2p such that p > 0.

Probabilities for each other fiber are set to arbitrary positive real numbers such that the
sum of probabilities is one. As in Section 3.2, assume Q satisfies the affine log-probabilities
constraint, then we have u(t+x̂

1 )2 = u(t+x̂
0 )u(t+x̂

2 ), therefore (2p)2 = p2, which gives a
contradiction since p > 0.

A.4.3 Anisotropic grand-canonical model
Here, we embed the isotropic grand-canonical counterexample distribution (Appendix A.4.1)
in the anisotropic case. Let V be a ring of four positions, as in the isotropic grand-canonical
counterexample (Figure 4(a), right). The set of species types is Mtype = {A, B}. We denote a
standard orientation for each type: A0 = (A, o1), B0 = (B, o1). With direction +x̂ = (1, 0, 0),
we consider the subset of statistics t+x̂ = (nA, nB , n+x̂

A0,A0
, n+x̂

A0,B0
, n+x̂

B0,A0
, n+x̂

B0,B0
). Note

that the statistics n−x̂
X,Y = n+x̂

Y,X . Since we consider V as a one-dimensional ring and the
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following specifications of t+x̂ are for configurations in which all species are in their standard
orientations A0, B0, each t+x̂ specifies a full fiber since the −ŷ, +ŷ, −ẑ, +ẑ directions are
unavailable for their respective statistics (e.g., n−ŷ

A0,B0
= 0) and non-standard oriented species

have zero for their statistics (e.g., n+x̂
(A,o2),(B,o2) = 0). The A0B0B0B0 configurations have

t+x̂
0 = (1, 3, 0, 1, 1, 2),

the A0A0B0B0 configurations have

t+x̂
1 = (2, 2, 1, 1, 1, 1),

and the A0A0A0B0 configurations have

t+x̂
2 = (3, 1, 2, 1, 1, 0).

These satisfy t+x̂
1 = t+x̂

0 +t+x̂
2

2 .
We now define our fiber-uniform target distribution Q by assigning a microstate probability

u(t) to each fiber Ft. We set u(t+x̂
0 ) = u(t+x̂

2 ) = p, and u(t+x̂
1 ) = 2p such that p > 0.

Probabilities for each other fiber are set to arbitrary positive real numbers such that the
sum of probabilities is one. As in Section 3.2, assume Q satisfies the affine log-probabilities
constraint, then we have u(t+x̂

1 )2 = u(t+x̂
0 )u(t+x̂

2 ), therefore (2p)2 = p2, which gives a
contradiction since p > 0.

A.5 Proof of Theorem 6
Proof. The construction is similar to the proof of Theorem 5, except with the addition
of interactions with the boundary species. Note the boundary condition as defined just
before this theorem’s statement. For each label configuration βi such that QK(βi) > 0, we
include species M

(x,y,z)
βi

for (x, y, z) ∈ V and call pos
(

M
(x,y,z)
βi

)
= (x, y, z) the intended

position and cfg
(

M
(x,y,z)
βi

)
= βi the intended label configuration. We set Gi,j = 0 if pos(i)

and pos(j) are von Neumann neighbors and cfg(i) = cfg(j), and otherwise set Gi,j = Λ.
Additionally, for all βi, we set Gi,j = 0 for i = Mpû and j = Mp

βi
for pû on the boundary

and p such that p and pû are von Neumann neighbors. We call a (microstate) configuration
σ intended if all species are next to their six intended von Neumann neighbors and all agree
on intended label configuration, formally for all u ∈ V +2, pos(σ(u)) = u and for all u, v ∈ V ,
cfg(σ(u)) = cfg(σ(v)), otherwise we call configurations unintended. For each βi, for species
M

(0,0,0)
βi

, we set G
M

(0,0,0)
βi

= −kT ln QK(βi). For all other species i, we set Gi = 0.
The key is to show that any unintended configuration σ must have G(σ) ≥ Λ. Let

Sk = {(x, y, z) | x ∈ {k − 1, L − k} ∨ y ∈ {k − 1, L − k} ∨ z ∈ {k − 1, L − k}}, i.e., Sk contains
the kth hollow cube of points moving inwards from the boundary S0. We define H(k) as the
proposition: if there is no Λ contribution from interactions between species in S0

⋃
· · ·

⋃
Sk,

then all these species agree on label configuration and are in their intended positions. H(0)
is always true since the boundary is fixed and provides no Λ contribution. We induct on
H(k). Assuming H(k − 1), if there is no Λ contribution in S′ = S0

⋃
· · ·

⋃
Sk−1, we know

all species in Sk−1 agree on label configuration and are in their intended positions. Consider
the contrapositive of the inductive hypothesis H(k): if some species in Sk disagrees on
label configuration or is not in its intended position, then there is a Λ contribution. The
contrapositive is true since disagreement on label configuration between a species in Sk and
one of its von Neumann neighbors in Sk−1 contributes a Λ term, and similarly a species in Sk
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which is not in its intended position contributes a Λ term with its von Neumann neighbors
in Sk−1 which are in their intended positions. Therefore H(k) is true for all k, and so the
contrapositive “if some species do not agree on label configuration or are not in their intended
positions, then there is a Λ contribution from interactions between species in S0

⋃
· · ·

⋃
Sk”

is true. This implies that every unintended configuration σ has G(σ) ≥ Λ.
Finally, we set Λ in order to achieve KL divergence less than ε. Let I be the set of intended

configurations and U be the set of unintended configurations. For each label configuration β,
there is exactly one intended configuration σβ with K ◦ σβ = β, namely the configuration in
which each interior position p ∈ V contains the species Mp

β , while the boundary positions
contain their fixed boundary species. By construction, every interaction term in this
intended configuration contributes zero, except for the single leader species M

(0,0,0)
β , whose

per-molecule energy is G
M

(0,0,0)
β

= −kT ln QK(β). Therefore G(σβ) = −kT ln QK(β) so
exp(−G(σβ)/kT ) = QK(β). Summing over intended configurations gives∑

σ∈I
exp(−G(σ)/kT ) =

∑
β

QK(β) = 1.

By the inductive proof above, every unintended configuration has at least one Λ penalty,
and all other per-molecule energy contributions are nonnegative, since QK(β) ≤ 1 implies
−kT ln QK(β) ≥ 0. Therefore every σ ∈ U satisfies G(σ) ≥ Λ. Since the configuration
space is finite, we have

∑
σ∈U exp(−G(σ)/kT ) ≤ |Ω| exp(−Λ/kT ). We choose Λ so that

|Ω| exp(−Λ/kT ) < exp(ε) − 1. Then Z < exp(ε). For any label configuration β, PK(β) =∑
σ|K◦σ=β P (σ) ≥ P (σβ) = QK(β)

Z . Finally,

DKL(QK ||PK) =
∑

β

QK(β) log QK(β)
PK(β) ≤

∑
β

QK(β) log Z = log Z < ε. ◀
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