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—— Abstract

Molecules with designed interactions can serve as substrates for information processing; demonstrated

examples include algorithmic self-assembly of DNA tiles and DNA strand displacement reactions.
These two well-established paradigms correspond to solid-phase-like behavior, where spatially
structured molecular assemblies grow by crystalline attachment, and gas-phase-like behavior, where
a dilute mixture of freely diffusing molecules is governed by mass-action kinetics of reactions. A third
paradigm, liquid-liquid phase separation, is a fundamental phenomenon in physical and biological
systems, giving rise to membraneless compartments that facilitate complex information processing.
Recent studies have shown that multicomponent liquid mixtures described by lattice models are
analogous to Boltzmann machines and can implement neural computation. Mean-field models have
also suggested a connection to Hopfield networks and illustrated complex decision-making during
condensation from a reservoir. As an alternative to previous approaches to train liquid interaction
energies using backpropagation through a loss function, here we derive “local” learning rules based
on contrastive Hebbian learning that may be more biologically and physically plausible. The trained
systems demonstrate a range of computational tasks, including associative recall, linear and nonlinear
input-output relations, pattern classification, and spatial phase separation. Our work suggests that
the computational potential of liquid-phase molecular systems could be unlocked in real physical
systems with local learning rules.
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1 Introduction

Molecular interactions are fundamental to cellular activities [66, 39]. While molecular bio-
logy has traditionally studied how molecular structure governs mechanical and biochemical
function [68, 45, 7], the perspective of information processing at the systems level is increas-
ingly appreciated [75, 3, 71, 9]. The design of synthetic biomolecular systems that perform
computation, both theoretical and experimental, provides an approach to clearly isolate
and understand how specific molecular mechanisms and phenomena relate to information
processing [51, 64, 77, 52, 50]. Two prominent paradigms within DNA nanotechnology [57]
are algorithmic self-assembly of DNA tiles, where information is encoded spatially within
multicomponent aperiodic crystalline structures whose growth by cooperative attachment
events can emulate cellular automata and Boolean logic circuits and neural pattern recog-
nition [77, 76, 23, 78, 22, 24], and DNA strand displacement reaction networks, where
information is encoded in the concentrations of freely diffusing molecules whose mass-action
reaction kinetics can emulate analog dynamical circuits and Boolean logic circuits and
neural computation [53, 82, 19, 65, 62, 43], including supervised learning and reservoir
computing [42, 20, 28, 80]. These two paradigms respectively represent solid-phase molecular
mechanisms, in the sense that DNA tiles form (relatively) permanent bonds with their
neighbors, and gas-phase mechanisms, in the sense that DNA strand displacement complexes
operate at dilute concentrations such that they are mostly not in contact with any neighbor
except during brief reactive interactions.

The liquid phase is conceptually situated between these two states of matter, in the sense
that molecules are constantly in contact with their neighbors but rapidly changing which
molecules are their neighbors. In living cells, liquid-liquid phase separation (LLPS) drives
the formation of membraneless organelles, which are condensates consisting of proteins and
nucleic acids that are involved in the regulation of intracellular biochemical processes [8, 35].
Condensate assembly is governed by the interaction strengths of many molecular species, a
feature that gives them a rich potential for complex phase behavior [36, 37, 47] that can be
explored synthetically with multicomponent DNA nanostar systems [49, 38, 15]. Together,
the biological ubiquity of liquid-phase condensates and the demonstrated programmability of
synthetic nucleic acid systems establish multicomponent liquids as a strong candidate for a
third paradigm for molecular information processing based on liquid-phase mechanisms [72].

Recent work using several complementary modeling frameworks has highlighted the
potential for multicomponent liquid mixtures to process information by phase separation.
Multicomponent liquid lattice models explicitly capture local spatial arrangements of mo-
lecules and solvent; Chalk et al. showed that such a framework has a formal connection to
the Boltzmann machine, providing both theoretical grounding and an established learning
method [16]. The mean-field model, by contrast, averages over spatial positions and de-
scribes the mixture solely through bulk composition vectors, making it analytically tractable.
Teixeira et al. pointed out that bulk phases of multicomponent liquids can be metastable,
supporting associative memory retrieval analogous to the Hopfield network when a Hebbian
rule was used for learning molecular interaction energies, albeit only with a cubic modification
to the standard energy model [12]. This “liquid Hopfield model” was then extended to a
continuous spatial model of LLPS, which exhibited complex domains of the metastable
phases [70]. Zentner et al. considered the case of condensation in a “surface volume” around
fixed “input” molecules and used backpropagation training to find interaction energies and
reservoir potential energies such that condensation of different phases implemented complex
classification tasks [81]. The rich behaviors exhibited in these works motivate the search for
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simpler “local” learning algorithms that don’t require global loss functions and backpropaga-
tion of gradient terms yet are still sufficient for tuning multicomponent phase separation for
a variety of information processing tasks.

The continuous Hopfield network (CHN) model is a well-studied framework in neural
networks for associative memory and optimization [31, 32, 33]. In this model, neurons
occupy continuous states and are connected by symmetric interaction weights that define an
energy landscape. The system follows deterministic dynamics that monotonically descend on
the energy, as guaranteed by the existence of a Lyapunov function, and converge to stable
attractors that act as stored memories or solutions to optimization problems. Contrastive
Hebbian learning (CHL) is a natural training method for this framework, having originally
been introduced for continuous Hopfield networks. The training method relies on energy
minimization with local update rules rather than explicit loss functions, where local means
that states of two interacting neurons are sufficient to determine their weight update. CHL
has been shown to be equivalent to backpropagation under certain conditions [48, 79].

In this paper, we show that CHL can be adapted to two previously-studied models of
multicomponent LLPS: the surface condensation model of Zentner et al. [81] and the spatial
phase separation model of Teixeira et al. [70] without the cubic terms. The trained systems
demonstrate a range of computational tasks, including associative recall, linear and nonlinear
input-output relations, classification of MNIST digits, and programmable spatial phase
separation with coexisting target phases. These results help establish multicomponent liquid
mixtures as a physically realizable and trainable computational substrate, and cement CHL
as a versatile learning rule for exploring the design space.

2 Learning in a surface model of multicomponent liquids

In this section, we introduce a mean-field model of a single-compartment liquid mixture in
exchange with a reservoir that is equivalent to the surface condensation model of Zentner et
al. [81]. Their paper discusses in detail the physical and biological credibility of the model.
The mean-field energy can be derived from a lattice model (Figure 1a) and the following
assumptions [26, 34, 81]: we consider a single well-mixed compartment of an incompressible
liquid mixture with n equal-volume components and a fixed volume v. The composition vector
fully characterizes the system state of the mixture: 5 = (¢1,02,...,%n), where ¢; is the
volume fraction of the i*" component and is subject to >i, ¢; = 1. Thus, an n-component
system has n — 1 independent variables. yx;; represents the effective interaction between
the liquid components, with positive values indicating a tendency to demix and negative

Gii+Gyj :
%) , where z is

values indicating a tendency to mix. It is defined as x;; = 57 (Gij —
the average number of interactions (valency) and G;; is the microscopic interaction between
components ¢ and j. Consequently, x;; is symmetric and diagonal terms x;; are equal to 0.
Then the free energy of the reservoir-coupled compartment is described by a Flory-Huggins

energy density with equal-volume species [26, 34]:

fru($) = cRT > %¢iXij¢j +) pilogdi | = piresti (1)
i=1 i=1

4,j=1

where ¢ is the total molecular concentration, R is the gas constant, T is the absolute
temperature, and pi; res is the external reservoir potential. For simplicity, we will make
energy density dimensionless by setting ¢ =1 and RT = 1.
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Remarkably, this energy is formally similar to the standard Lyapunov function for
continuous Hopfield networks [32, 73]

S, 1 o
ECHN(SE) = —5 Zwijxixj — szxl + Z/O q 1(5(}) dx. (2)
) i i

The corresponding dynamics are

dsi __ OFEchn _

o oz, Zj:wija:j +b;—s;  where x; = g(s;) (3)
where z; is the continuous activity of neuron %, w;; gives the symmetric zero-diagonal synaptic
weight matrix, b; is the bias, and ¢ is the activation function relating the neural input s;
to its output x;. When g(s) = 1/(1 + exp(—s)) so 0 < x; < 1, the last term of eqn 2 is
> wilogx;+ (1 —x;)log(l—x;), which is similar to the middle term of eqn 1, while the other
terms are identical if x; = ¢; and w;; = —x4; and b; = p; res. This leaves the major difference
of the constraint, present only in surface condensation, that > ¢; = 1. Interestingly, a
known generalization of the continuous Hopfield model also bakes in this constraint, with
the motivation that constraints of this sort are useful for optimization tasks such as the
traveling salesman problem, in which case the natural Lyapunov function is identical to the
Flory-Huggins energy [73]. Figure 1b illustrates the connection to the continuous Hopfield
network for the case of a simple 2-component system, and emphasizes the impact of the
constraint. Figures 1c and d illustrate how, like the continuous Hopfield model despite
differences due to the constraint, the number of metastable states in the Flory-Huggins
landscape can scale with the number of components.

A natural dynamics for the surface model is the model A dynamics [30, 81], which
corresponds to gradient descent on the energy frp subject to the >, ¢; = 1 constraint while
allowing mass exchange with the reservoir. Here, we use a Lagrange multiplier A to enforce
the constraint. We will use the modified free energy fapm = fru + A(>_ i, ¢i — 1) where
A= —% Yo mirr = —(upp) is dynamically determined so as to ensure the constraint
remains satisfied (in which case fxrpg = frg). The modified dynamics then become

dei _ , OfarH
dt M 0o;

= —M(pi,rrr + A) (4)

where we define p; pg = ngg =1+logop; + Z?:l Xij®j — Mires as the chemical potential

of species i and M > 0 is the constant mobility. The dynamics monotonically decrease this
energy with an equilibrium condition w; pg = (urg) (see Appendix A.2 for detailed proof).
Thus, the constrained minima of the liquid system’s energy are dynamically stable fixed points

under model A dynamics, making them the physical analogs of memory attractors in Hopfield
networks. However, their usefulness as associative memories depends on whether energy
parameters can be learned, whether arbitrary memory patterns can be stored or a limited
subset (Hopfield’s result pertained to random patterns that may have many overlapped
bits but are statistically orthogonal), and whether the basins are structured such that the
dynamics starting from perturbed patterns generally leads to correct recall (as opposed
to spurious states or reversion to a single dominant memory). In the classical continuous
Hopfield model, a Hebbian learning rule is used to set these parameters [31, 32]. However,
the volume-fraction constraint reduces the effective degrees of freedom in the liquid mixture
and alters the stability conditions relative to the unconstrained case [74]. Consequently, the
Hebbian learning rule in the classical model may not be as effective here.
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Figure 1 Energy landscapes of multicomponent liquids. (a) The liquid mixture model with
Flory-Huggins energy is an approximation of a lattice model in the mean-field limit. (b) Left:
A representative Flory-Huggins energy for phase separation of a pair of repulsive components
(x12 = x21 = 5) and zero reservoir potential (us,res = 0). Two stable states can be found, where one
phase has a depleted ¢1 component and the other is enriched in ¢;. Right: A continuous Hopfield
network (CHN) with two mutually inhibitory neurons (w12 = w21 = —10 and b1 = ba = 0). The
unconstrained energy landscape has only one global minimum. When the constraint x; + z2 = 1
is applied, the system has two stable attractors. (c¢) A ternary phase system with strong repulsive
interactions shows three stable states in the energy landscape. (d) A conceptual illustration showing
that the number of stable phases in an LLPS system scales with the number of components.

2.1 Contrastive Hebbian learning of stable target states

We now show that CHL provides a general method for training stable attractors in a liquid-
phase mixture. CHL was originally introduced by Movellan to train continuous Hopfield
networks for constrained optimization problems [48]. It belongs to a family of contrastive
learning methods first developed for Boltzmann machine models [14, 29, 1]. The CHL
framework has several distinctive properties worth noting. First, unlike backpropagation-
based methods, the training is not specified by an explicit loss function on output states; the
system is instead guided by example compositions. Second, hidden units can be incorporated
naturally, enriching the representational capacity of the system. Third, the weight update
rule takes the Hebbian-like “fire together, wire together” form, depending only on the local
states of the two connected components. Unlike pure Hebbian learning that positively
reinforces desired activity, contrastive learning also has a similarly local anti-Hebbian phase
that disrupts undesired activity. We derive the weight update rules for our model below.

Because model A dynamics are deterministic, given any initial composition (Z)"’, the system
always converges to a unique final phase vector QVS with associated free energy f rr, where a
() denotes an equilibrium value. CHL minimizes the energy difference between the target
phases and the system’s natural equilibrium, training the system to store target phases as
stable local minima of the free-energy landscape.
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When the system is clamped, it is partitioned into two subsets (E = ($ﬁxed, q@}ree), where
a subset of components is held fixed at target values while the remaining components are
free to relax. Physically, clamping a component corresponds to maintaining its volume
fraction at a prescribed fixed value (for example through exchange with a modified external
reservoir held at the necessary corresponding chemical potentials). The system starts from
an initial clamped state and is driven by the dynamics while holding clamped variables fixed.
At equilibrium, the clamped state é("’) is associated with energy sz(jf} Next, the clamps
are released, and the system further relaxes to the free state ¢(~) with energy f};} The
increased degrees of freedom guarantee fl(;}} > f};}

By minimizing the contrastive objective representing the energy difference between the
two states,

J = — i (5)

we can train the system to place stable attractors at target phases that respect the clamped
compositions Q_ﬁ'ﬁxed. This is accomplished by learning the interaction matrix x;; and the
reservoir chemical potentials fi; res. A conceptual schematic is presented in Figure 2a.

We now derive the learning rules for the interaction matrix y;;:

Ofrn _ 5 < N~ 00 SN~ C N 0%
= ¢ip; + Z (1+log ¢r + ZXlebl — Ukres) = QiPj + Z — i - (6)
/ Oxij =1 = O

Given the previously noted fact that at equilibrium p; py = (prpg) and by differentiating

the constraint -7, éx = 1 to obtain > r_, g;f’j = 0, we can see that

of L N~ 09 L " 0de o o
fF? = 9i¢; +Z 3;?k (nrm) = dig; + <MFH>Z @C' = i0; - (7)
ij

As this equation holds for any initial state or clamping condition, we can now obtain

oJ  offy  ofin

() X(+) _ (=) (=)
= = ¢ )y ) 8
Oxij  Oxij  Oxij s %9 (®)
To learn interaction strengths by performing gradient descent on .J, we need % =— 6(1{_]- ,

and thus the update rule is Ay;; o —(;VSEHQVSE-H + $§‘>q3§‘). By a similar derivation (given in
Appendix A.3), the learning rule for the reservoir potentials is Ap; res X QBEH — ngf).
Several aspects of the training procedure are worth noting. First, the initial composition
affects which attractor the system converges to. A common strategy is for the clamped stage
to be initialized with the fixed components set to the target and the remaining components
starting from uniform values plus random perturbations, which corresponds to a fully mixed,
disordered state. This uniform starting point ensures the dynamics are not biased toward
any particular attractor, and the small noise breaks the compositional symmetry to allow
convergence to one of the stored phases. For the free stage, the system is initialized from the
equilibrium of the clamped stage. The process is illustrated in Figure 2a. Second, although
the learning rule is derived for a single target phase, it naturally extends to storing multiple
phases by defining the contrastive objective as an expectation over a distribution P of target
phases (J)p = Eg,_p[J]. Gradient descent of (J)p therefore corresponds to training that
cycles through the set of target phases and averages the updates in each epoch. Thus the
updates accumulate and superimpose to encode multiple attractors simultaneously, in direct
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analogy to how the classical Hopfield network stores multiple patterns via summed Hebbian
outer products. To encourage the learned system to remain “liquid-like”, we clip energies
such that |y;;| < 25 after every update. Finally, as with any Hopfield-like system, the trained
network may develop spurious attractors arising from interference among the encoded phases.
Spurious attractors become more prevalent as the number of stored phases approaches
the storage capacity of the system [5, 13]. In the following sections, we demonstrate the
method through three examples. Details of training methods and simulation methods are in
Appendices A.1 and A.2.

2.2 Storing and retrieving target phases

Pattern storage and retrieval is the natural entry point, as it most directly tests whether
the trained energy landscape stores the desired attractors. Here we consider binary patterns
Z = (x1,...,2n),2; € {0,1}. Each binary pattern is mapped to a composition ¢ via a
softmax function ¢; = €%/ Dy ef¥i and 8 = 0.5, ensuring positivity and sum to unity.

As a proof of concept, we train a 32-component mixture to store and retrieve five target
phases with overlapping components. In binary phase separation (for example water/oil
separation), components can be distinguished by their repulsion from components in the
opposing phase. Here, each component must play a distinct role in each of the five trained
phases, and the interaction matrix encodes a rich associative structure in which every
component’s identity is defined by its relationships with other components across all stored
phases simultaneously. The task complexity is approaching the storage capacity (~ 0.14n)
predicted for classic Hopfield networks [4]. The set of memories is shown in Figure 2c.
Training proceeds by gradient descent on the contrastive objective defined above. In each
epoch, the clamped target phase QVS(JF) is sampled uniformly from the set of memories and the
free phase J)(*) is obtained by releasing from the clamped target phase. The interaction matrix
is initialized using the Hebbian rule, and the reservoir chemical potentials are initialized to
zero. The contrastive objective J averaged over each epoch, (J)epoch, tends to decrease with
epochs and roughly converges to near 0 (Figure 2b).

Retrieval is tested by initializing the system with randomly perturbed versions of the
stored memories. Figure 2d shows an example trajectory in which the free energy decreases

from the initial random composition and the system converges to one of the stored phases.

We characterize the retrieval performance of the trained system as a function of the flip
ratio, defined as the fraction of components in the initial composition that are randomly
reassigned relative to the target phase. We perform a systematic study by randomly
generating sets of five memories, where each component appears in at least one memory
but bits are otherwise unbiased. Target memory sets were sorted into bins based on the
average number of overlapping components. We test memory retrieval for five memory sets
each from bins centered on 4 to 12 overlaps and compare the performance to the classical
Hopfield network on the same memory sets. The results are shown in Figure 2e. Retrieval
rates decline with increasing flip ratio as expected, and for memories with low average
overlap (4 and 6 components) the liquid-phase system performs comparably to the classical
Hopfield network. At higher overlaps (greater than 8), performance degrades relative to the
Hopfield baseline. These results confirm, consistent with [12, 70], that a multicomponent
liquid mixture can perform associative recall across a non-trivial memory load — although,
consistent with prior investigations of the capacity of multicomponent liquids to encode
multiple phases [59, 83, 17, 54], their memory capacity may be lower than the ~ 0.14n
statistical capacity of classical Hopfield networks.

13:7

DNA 32



13:8

Contrastive Hebbian Learning for Multicomponent Liquids
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Figure 2 Training an associative memory. (a) Conceptual schematic of CHL. From an initial
state with some components clamped, the system relaxes to an equilibrium state. In the free phase,
some clamps are removed, and the system relaxes again to a new lower equilibrium, with increased
degrees of freedom. The learning rule minimizes the contrastive objective to place stable attractors
at the target compositions. (b) The contrastive objective (J) averaged in each epoch. CHL drives
(J) to near zero. (c) A set of five 32-component memories used for training. Each pixel represents
the volume fraction of one component; memories share several overlapping “on” components. (d) An
example trajectory in which an initial composition vector relaxes to memory 2 by minimizing the
free energy. (e) Retrieval rate vs. flip ratio for varying numbers of overlapping components. Solid
lines show mean and shaded bands show the standard deviation across five samples of sets of five
32-bit memories. Dashed lines show the benchmark results from classical Hopfield network.

2.3 Input-output relations and simple classification

A strength of the Hopfield network is that its all-to-all architecture allows neurons to be
flexibly designated as inputs, outputs or hidden units (Figure 3a). This makes the system
capable of solving some constrained optimization problems. By clamping subsets of neurons,
the network explores a constrained energy landscape, enabling tasks such as learning input-
output relations and performing classification. In this section, we demonstrate that CHL can
train a liquid-phase mixture to represent input-output relations and perform classification
tasks similar to those demonstrated by Zentner et al. using backpropagation [81].

To define the tasks, the components of the phase vector are partitioned into three
categories: inputs, outputs, and hidden components 5 = (qb_}, ¢_é, qb_ﬁ). Training samples are
drawn from the target input-output relations. In the clamped phase, the input and output
components are fixed to the target values while the hidden components are initialized to
uniform values with random noise; the system then relaxes to equilibrium. In the free phase,
only the input components remain fixed; the output and hidden components are released,
and the system relaxes to a new equilibrium. The CHL rules are then applied by contrasting
the equilibrium states from the clamped and free phase, shaping the free-energy landscape on
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the constraint manifold toward the target output states. In all input-output and classification
examples, an additional inert solvent component is included to absorb the remainder of the
volume fraction, decoupling the constraint from the task-relevant components and allowing
the input-output mapping to be defined independently of the normalization. The astute
reader will notice that the quantity being minimized is no longer a measure of the average
stability of target phases in the free energy landscape, (J)p, but rather the average stability
of target phases in constrained (input-clamped) energy landscapes, which we may also write
as (J)p but where the distribution P contains more information, as described in Section 4.
As a baseline, we train simple linear relations (Figure 3b), sampling input-output pairs
uniformly from the target functions. A single input—output pair without hidden components
can represent a linear relation, but the volume-fraction constraint severely limits the accessible
slopes. With additional hidden components, the system can represent more complex nonlinear
analog functions, including a sigmoid and an inverted parabola (Figure 3b). Error bars
reflect the standard deviation over test inputs evaluated with fixed trained parameters.
Next, we train a two-input, two-output system to perform binary classification across
several decision boundaries. In biological contexts, classification-like behavior arises in the
spatial condensation of regulatory proteins: condensates form at specific genomic loci to
promote or suppress gene expression [61]. In our model, the two output components are
trained to respond with a high volume fraction to combinations of the two input components.
We begin with a simple linear example as shown in Figure 3c. We then test nonlinear
classification boundaries including AND, XOR, and circular boundaries. All interaction
matrices are provided in Appendix Figure 7. Notably, we found that successful classification
required weighted sampling of training examples, with higher sampling density near the
decision boundary. In particular, we draw 70% of our training samples from a region defined
as being within distance 0.05 from the decision boundary. This suggests that while CHL
eliminates the need for an explicit loss function, the trade-off is that the sampling distribution
may need to reflect the task structure. These limitations are discussed further in Section 5.

o
w
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)

Inputs Linear Sigmoid (N, = 2 Inverted parabola (N, = 6)
(@ P ) [ omet (% = 2) 2 e

Output
Output

A A
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Figure 3 Training low-dimensional input-output functions. (a) Schematic showing the partitioning
of components into input, output, and hidden classes. (b) Examples of trained analog input-output
relations. The linear case illustrates that without hidden components the system cannot match an
arbitrary slope. With hidden components, sigmoid and inverted parabola relations can be trained,
demonstrating continuous function representation. Error bars show the standard deviation over
test inputs (fixed trained parameters). (¢) Trained 2-input, 2-output classification across decision
boundaries ranging from linear to nonlinear. In all panels, Ny, is the number of hidden species.
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2.4 Classification of the MNIST dataset

Hopfield-type networks extend to high-dimensional classification tasks [10]. Here we bench-
mark the system on MNIST classification. The MNIST dataset consists of images of 28x28
pixels, corresponding to 784 input components at a 1:1 mapping. At this number of compon-
ents, our integration of model A dynamics exhibits numerical instabilities; we reduce the
input to 7x7=49 components by average pooling with a 4x4 kernel. Ten output components
represent digits 0 through 9. We add 40 hidden components and one solvent component,
bringing the total to 100 components (Figure 4a). CHL training is performed by sampling
uniformly from the dataset, with the correct output component clamped to a high volume
fraction and all other output components held low. We define a successful classification
as one in which the correct output has the highest volume fraction. The best-performing
trained system achieves an accuracy of ~75.5%, in the ballpark of prior results [16, 81]. The
confusion matrix is shown in Figure 4c, with trained parameters in Figure 7c.
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Figure 4 Training a high-dimensional classification task. (a) The MNIST dataset is downscaled
to 49 input components. Inputs are normalized to occupy a total volume fraction of 0.5, with
the remainder consisting of output, hidden, and solvent components. (b) Classification examples.
Digit 4 is correctly classified, whereas digit 8 is incorrectly classified. (¢) Confusion matrix for digit
classification, where values indicate the probability of the true label given the predicted label.
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3 Learning in spatial phase separation systems

In the preceding section, we explored the computational capacity of a well-mixed, single-
compartment liquid mixture. Here, we extend the framework to spatially resolved phase
separation. The ability to train coexisting spatial phases expands the liquid-phase computing
paradigm to encompass pattern formation problems, with implications for understanding
intracellular organization and designing programmable materials.

Consider a liquid of volume v with n components. The local composition at position x
and time ¢ is described by (E(x, t) = (¢1, 02, ..., dy), where ¢;(x,t) is the volume fraction of
component 4, subject to the local normalization constraint ., ¢;(x,¢) = 1. Further, the
volume will be closed (not in exchange with a reservoir) and thus the total mass of each
species will be conserved, so fv ¢; dx is constant. Our implementation is in two dimensions
with periodic boundaries, but generalization to three dimensions is straightforward.

The total free energy combines the Flory-Huggins mixing energy, omitting the reservoir
potential terms, with a Cahn-Hilliard interfacial penalty [47, 60]. The training parameters
therefore consist only of the interaction matrix x;;. We use a fixed and uniform spatial
gradient penalty coefficient ; more general treatments could allow k;; to vary between pairs
of components. The energy density is fou = fra + Y1y 5 |V¢i|2, and the total energy is

Foug = / (fFH + Zg V¢i|2> dx, 9)
v i=1

where V¢, = (%ﬁﬁ %q;i) is the spatial gradient of species i. We can define the chemical
potential p; cm(x,t) = 6gﬁF(Cth) Z?=1 Xij 95 (x,t) + 1+ log ¢i(x,t) — KV?¢;(x,t). Model B
[30] gives us the appropriate dynamics for this mass-conserving setting, as has been used in
prior spatial LLPS simulations [47, 70, 60]:

3(;51 5FCH
= . M . 1
o~ ( Zv( 0i )> (10)
Again setting M; = M (constant), we obtain 8¢’ = MV? (‘WCH) where V2¢; = 832;;7’ + %y‘é

is the Laplacian, or divergence of the gradlent. In our results, the conserved quantities are
within the range of machine precision.

As in the single-compartment case, a Lagrange multiplier A(x,t) is introduced to enforce
the local normalization constraint >_. ; ¢i(x,¢) = 1. The modified free-energy density
becomes facy = fog + A (Z? 1 ¢; — 1), which is integrated over the space to give Fxcp.

The modified dynamics become 8; MV? (m), with A= —25"" 4 o = —(ucn).

Under these dynamics, the equilibrium condition is ux,cp (%) — (tom)(x) = Cj, where C, is

a constant independent of x. A full derivation is given in Appendix A.4.

Analogous to the CHL picture in Section 2.1, we can initialize the spatial system with
various properties clamped: for instance, the spatial configuration of particular phases, or
the global compositions of the particular components. Ideally, it will relax to the clamped
equilibrium qvﬁ(x)(ﬂ, with the corresponding Fg;} Next, the clamp is fully or partially

released, allowing the system to settle to a new equilibrium qvb(x)(_) with associated Fé;l)

As before, our contrastive objective is J = F((;} F (7 . Since the free state has more
degrees of freedom, F, (+) > F ol H) so again J > 0. The CHL rule for the spatial model, derived

in Appendix A.5, is:

Axij _/¢§§+>$§+)dx+/¢3§‘>é>§‘>dx. (11)
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This has the same Hebbian structure as the rule for the surface model, integrating éiqvbj
pointwise over space. The update promotes interactions between species that co-occur in the
target pattern, and decreases them for species that co-occur in the free equilibrium, sculpting
the free energy landscape to favor the desired spatial morphology.

3.1 Training for stable coexisting phases

We now demonstrate training of the interaction matrix to stabilize prescribed coexisting
phases. This is directly related to the design of synthetic condensates with specified composi-
tions, or to biological pattern formation, where distinct spatial domains must be robustly
maintained. Suppose we wish to train a system to stably support a set of m coexisting phases
S = {5@, B, ...}. For clamping, we assign a composition (E(x) € S to each location x with
uniform probability in all demonstrations below; thus fu (;3§+)q5§-+) = % Zae{a,ﬁ,... } 5;7(5;’
For the free phase of each training epoch, the composition field is initialized uniformly
at the mean phase 5average = I—él Yoo {a,B’...}(Eg with small additive noise, and evolved
under model B dynamics until the free energy falls below a convergence threshold. Since
late-stage coarsening is a notably slow process, we consider the phase field to have converged
sufficiently once it enters the coarsening regime (the threshold for convergence is provided
in Appendix A.1). The CHL update rule is then applied to the interaction matrix. Here
the learning aims to ensure that random initial states evolve to an energy similar to the
mixture of target phases — there is no direct assessment that a given target state is stable
and cannot relax further. In this sense, the training procedure here is disrupting spurious
minima in the energy landscape until the correlation statistics of evolved states match the
target mixture, making it conceptually more akin to the Daydreaming method for training
classical Hopfield networks [58] than to the training procedure we used to justify the learning
rule. This discrepancy between training methods is discussed in more detail in Section 4.
We demonstrate spatial CHL with a 32-component system trained to encode five phases
with overlapping components (Figure 5). Simulations are halted in the coarsening regime, and
so simulation times vary over training. By the end of training, we apply CHL at ty;i, =~ 30;
to test, we simulate for longer, with st = 70. To determine the retrieved phases, we map
the composition of each position to the target phase with the lowest Euclidean distance,
D, = ||¢(x)—¢%||2, with Index(x) = arg MiN, ¢ fq 5,1 Do, and then average (over space) the
positions assigned to the same phase. The system successfully retrieves all five target phases
from a disordered initial condition, with the retrieved phases closely matching the prescribed
targets. The interaction matrix (Figure 5b) exhibits a rich variety of attractive and repulsive
interactions, showing components play different roles to encode five phases. Figure 5¢ shows
the closest phase mapping and energy density fogy of the composition field. The space
separates into regions each close to one of the target phases, with low D, confirming that each
composition is close to a target. For simulation times similar to those used during training,
deviations are mainly confined to the domain boundaries where the composition profile is
dominated by the interfacial energy penalty x, while longer simulations develop regions
of phase dissimilarity — highlighting the sensitivity of the technique to the “convergence”
stopping criterion. Nonetheless, this result, which yields phase separation domains visually
comparable to those obtained by an inverse design method [70], demonstrates that the local
CHL rule can encode multi-phase associative memory directly into the interaction matrix of
a spatially resolved system, providing a route to programmable spatial organization. The
Supplementary Information includes additional results for the spatial model: a time series
and spatial distributions of each component for the system in Figure 5; trained outputs of
some simpler examples; and a demonstration of associative recall in the nucleation regime.


https://github.com/YanchengDu/LiquidCHL/blob/main/Supplementary_CHL_for_Multicomponent_Liquids.pdf
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Figure 5 Training for spatial mixtures of target phases. (a) Retrieved phases at ttest match the
target phases. (b) The trained interaction matrix. (c) The output of a simulation at ttest, showing
the spatial distribution of the phases. For each point in space x, we calculate the distance D, to
each of the five target phases; assign the point to the nearest phase; and then color by distance to
that phase, with darker colors indicating smaller distances. On the left, we show compositions of
three pixels with varying distances to the target phases. On the right, we plot the energy density
fcu. Boundaries between phases are further from the minima, and so have higher fcw.

4  Unified learning with positive and negative design requirements

The preceding examples of CHL learning for multicomponent mixtures employed several
variations of the method that was formally proven, including differences in what states were
initialized and when and how much clamping was applied. To clarify how our proofs do, or
do not, apply to these situations, we formulate a generalized framework for how contrastive

learning can sculpt energy landscapes according to positive and negative design requirements.

In this context, positive design requests that certain states be stable under certain conditions,
while negative design requests that certain states not be stable. This is achieved by either
pulling the energy down or up, respectively, for those states.

Consider a continuous dynamical system with energy landscape f (5) on coordinate q;,
S0 ¢; is the coordinate with index 7 € I. Equilibration corresponds to downhill motion on
the landscape. The landscape will be parameterized by model coefficients y with respect to
which we will perform gradient descent to optimize a loss function £ specified below.

A learmng task (or energy landscape sculpting task) is defined in terms of samples
s = (q&o () =), (5*), where QSO is an initial state for positive design, ¢(t) C I is a set of
target indices being clamped, ¢(=) C ¢(*) is a less constrained set of indices indicating how
much the clamp will be relaxed, and the (typically random) initial state (;_S'* will be used for
negative design. There will be a probability distribution P(s) that governs the selection
of desired target states and clamping conditions, the assignment of initial states of hidden
species, and the random initial states that should not lead to new spurious minima.

For positive design, define ¢3(+) to be the equilibrium state achieved from Q_S"’ when
clamping variables in ¢(*), while $(~) is the subsequent equilibrium state after relaxing the
clamping to ¢(=). As before, the drop in energy J(s) = f(¢1)) — f(¢(7)) > 0 with equality
if the equilibrium is stable under these conditions.
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1 o ¢° Requirement 1:
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Figure 6 Sculpting an energy landscape. Two types of design requirements are illustrated for a
two-dimensional energy landscape f. Samples for requirement 1 chose a random value for the initial
@2 (the “hidden species”) while clamping ¢1 to the blue subspace; the positive design criterion is
that when the clamp is released, ¢: remains at a local minimum; the negative design criterion is
that there are no unconstrained local minima (such as the brown state). Samples for requirement 2
initially clamp both ¢; and ¢2, and then release ¢1 so dynamics explores the grey subspace; the
positive design criterion is that ¢ is a constrained local minimum in the grey subspace; the negative
design criterion is that there are no other constrained local minima (such as the red state). Vertical
arrows indicate the effects of positive and negative learning. The illustrated energy landscape is at
an intermediate stage of learning where the positive design requirements are met but the negative
design requirements are not yet met.

For negative design, the goal is to destabilize spurious minima in the ¢(~) subspace, i.e.
those other than the targeted states that are being trained to be stable when ¢(~) is clamped.
Defining (5(*’_) to be the equilibrium state evolved from (E* while clamping (=), we are
interested in the difference H(s) = f(¢(*)) — f(¢*7)) that, on average, measures how much
lower the energies reached from random initial states are below those achieved by the desired
states. The justification for this criterion is subtle and not universal, as discussed below.

Figure 6 illustrates positive and negative design of an energy landscape. It should be
clear that with multiple requirements in place, for example many parallel slices through the
landscape via clamping, many detailed features of the landscape can be designed, including
valleys and pathways, not just the minima.

The unified contrastive learning rule performs gradient descent on the loss function

LO)=a) P(s)J(s)+(1—a)Y P(s)H(s) = a{J)p + (1 - a)(H)p (12)

where 0 < a < 1 is the user-defined balance between positive and negative design requirements.

Prior derivations of %(i) can be applied without change to obtain
Axiy o =685 +ad{ T + (1= @)l gl (13)

for sample s chosen from P(s), where a spatial integral is added for the spatial case. In other
words, the energies of desired states are pushed down, while the energies of the two kinds of
undesired states are pushed up.
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The learning examples demonstrated earlier can be interpreted in this context. For
training associative memories (Figure 2), sample s = ((;O,C(—H, ), (E*) is chosen with ¢°
being uniformly one of the five memories, ¢(t) clamping all 32 species, ¢{=) clamping none,
and 5* being irrelevant since & = 1. For training 2-input classification (Figure 3c), sample s
is chosen with q’_)"’ being uniform for non-input species and preferentially near the decision
boundary for input species, ¢(t) clamping the input and output species, ¢{~) clamping just
the input species, and (5* being irrelevant since again a = 1. For training coexisting spatial
phases, sample s is chosen with 5" being (effectively equivalent to) a single spatial distribution
with one large domain for each of the five memories, ¢(*) clamping all species, ¢{=) clamping
none, and &* being the uniform average of the memories plus a small bit of noise, since a = 0.
In all these examples, it is easy to imagine that performance could have been better with an
intermediate value of o and, for non-spatial models, (5* being uniform for unclamped species.

Although the local update rule for Ax;; does perform stochastic-sampled gradient descent
on L(x), how do we justify this loss function in general? Since J(s) > 0 with equality
if and only if the minimum is stable with the lower level of clamping, any training run
that successfully reaches near zero should satisfy the positive requirements. However, H(s)
may be positive or negative on any given sample, and one can concoct example landscapes
and samples such that (H)p is positive or negative as well — for example, (H)p < 0 for a
landscape with one very deep and narrow target minimum and one very shallow but broad
target minimum, and changes to x that make them more extreme will continue to decrease
(H) p, consistent with gradient descent but presumably undesired. We can only heuristically
observe that for Hopfield networks and for multicomponent liquids, changes that deepen
an energy basin tend to also broaden it, while changes that fill in a basin also make it
narrower — in which case we expect the negative design learning to successfully eliminate
spurious minima. In that case, we can observe that (H)p = 0 if all spurious minima have
been eliminated and the basin size of target minima is in proportion to its probability P(s)
for each clamping condition; this appears to us as a plausible but not guaranteed outcome.
The negative design principle here is closely related to the Daydreaming method for training
classical Hopfield networks to reduce spurious minima [58], and thus the general success of
that method is promising for ours.

5 Discussion

The CHL learning rule was formalized in our surface and spatial multicomponent LLPS
models to carve energy landscapes achieving several tasks. Encoding target compositions as
stable minima of the surface-model Flory-Huggins energy connects our work to a broader
literature of associative recall via energy minimization, first studied in abstract Hopfield
neural networks, to the biologically-relevant process of multicomponent LLPS. Computation
of low-dimensional input-output functions demonstrates that surface condensation may play
an information-processing role even in systems with few unique components. Classification
of the MNIST dataset in the surface model affirms the neural properties of multicomponent
LLPS: many unique components aggregate information via relatively weak signals in order
to establish an output. Finally, training of stable coexisting phases in the spatial Cahn-
Hilliard framework provides validation beyond the surface model of phases with overlapping
components, incorporating spatial physical considerations such as the phases’ interfacial
penalties. These tasks were achieved by the same learning framework: specification of a
contrastive objective function J that describes the difference in energy minima between
more- and less-constrained systems. Our demonstration of these tasks across two distinct
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multicomponent LLPS models illustrates how one specifies various target behaviors by
contrastive objective functions J and establishes CHL as a versatile learning rule, and
illustrates that memory retrieval, classification, analog function computation, and phase
coexistence design may all be treated as instances of energy-landscape sculpting.

The standard approach in modern machine learning is to specify and minimize a (poten-
tially arbitrarily complex) loss function for specifying how well the system state or output
matches a learning target. For example, backpropagation computes gradients of the loss func-
tion to send error signals through the network, which may be less biologically plausible [44].
A learning rule closer to CHL is equilibrium propagation [56], which is a local contrastive
learning rule that compares the difference between a system’s energy minima and the minima
of an energy function “nudged” by the cost function. While these two methods may require
different physical implementations for different learning rules, CHL requires only a physical
implementation of clamping, shifting the burden to designing clamped and unclamped steps
whose energy difference encodes the desired behavior.

The computational potential of multicomponent liquid mixtures demonstrated in our
work inspires further questions. In the surface model, we show an example of memory
storage and retrieval with five memories and 32 components. Empirically, storage capacity in
Hopfield networks scales linearly with increasing number of units, while studies of the liquid
systems suggest poorer scaling [37, 59, 12]. A feature lacking in prior design of coexisting
phases is the ability to train interactions for hidden components, which may help stabilize
target phases. Our demonstration of linear and nonlinear function computation also raises
scaling questions. How does the number of required hidden components scale with the
complexity of the decision boundaries? Zentuner et al. [81] argue that, in the surface model,
each extra hidden component adds an extra hidden linear decision boundary, and from
this fact and other assumptions depict the potential for the model as a universal decision
boundary approximator. Our one-input analog function tasks (the linear, sigmoidal, and
inverted parabolic curves) present a new class of tasks in the surface model for which further
analysis may explain hidden component scaling and potential universality of the model.
Beyond these particular input-output tasks, a general theory that articulates the potential
for sculpting arbitrary target energy landscapes via CHL may encompass memory storage,
decision boundaries, function computation, and other behaviors in a unified framework.

The spatial model will enable investigation of pattern formation tasks beyond the phase
coexistence we explored here. The design of a stable spatial pattern as a system equilibrium
confers self-healing: equilibrium relaxation restores the pattern after perturbations. Although
there is a rich literature on spatial pattern formation in reaction-diffusion systems [41, 43],
which must be out-of-equilibrium, the formation of stable patterns at equilibrium requires
interfacial penalties captured by the Cahn-Hilliard model. Interactions for complex stable
spatial patterns beyond coexisting phases could be trained via CHL. We used a single constant
x for the gradient penalty coefficient; since « is, physically, a pairwise term &;;, including
it in the design space could potentially enable enriched spatial patterning. Our coexisting
phases in the spatial model only loosely evoke Hopfield’s original picture of memory storage
and associative recall. Extension of classification and analog computation tasks illustrated in
the surface model may extend naturally to the spatial model given a specification of spatial
input and output representation. Questions related to scaling of function complexity with
hidden component scaling and universality apply here just as well as the surface model case.

Finally, we discuss the prospects for physical implementation of our models in real
molecular systems. Advances in molecular programming have greatly improved our ability to
design molecular interactions with precision [27, 6]. Specific phase morphologies such as core-
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shell structures have been shown to be rationally designable [49, 38, 2, 69, 63, 55]. Recently,
multicomponent liquid condensates based on DNA nanostars have been demonstrated with
up to nine components [15], approaching the regime where neural computation in liquid
systems may become experimentally accessible. However, gaps remain between theory and
experiment: concrete mappings between theoretical interaction parameters and real molecular
design rules have yet to be established. Further, our model makes two key assumptions
that potentially hinder physical implementation. First, our mean-field free energy assumes
that the species are well-mixed in each volume. The degree to which this assumption may

be violated can be checked post-training, e.g. via fine-grained lattice model simulations.

Second, our single-compartment surface model assumes that the reservoir maintains chemical
potentials y; for any learned interactions x;;. Explicit construction of such a reservoir that
itself does not internally phase separate is nontrivial: Teixeira et al. [12] propose n chemical
reservoirs, one for each component, and Zentner et al. [81] propose a composition for a single
reservoir. An alternative approach towards physical realization of the surface model results
is to adapt them to the Cahn-Hilliard framework discussed in Section 3, which reflects a
simpler physical set-up without a reservoir. However, in physical implementations of the
Cahn-Hilliard framework, the gradient penalty coefficient x will likely depend on microscopic
interaction energies G;, and thus sufficient modeling may require the determination of
pair-dependent x;; parameters. Further, our model B dynamics do not capture other real
physical phenomena, such as the bulk motion of droplets or fluids, nor large-scale Brownian
effects. Our learning method requires only knowledge of equilibrium states, and is therefore
compatible with non-deterministic dynamics. The Cahn-Hilliard equation may be modified
to include noise terms (Langevin dynamics, [21]); this, alongside other extensions to the
dynamics to improve physical realism, may help with translating from simulation parameters
to real molecules.

The physical implementation of the CHL learning itself requires three key parts. First is
the ability to clamp components’ volume fractions. In the surface model, an example clamping
mechanism would be a programmable semi-permeable membrane designed to allow passage of
only a specified subset of the components, with the ability for that subset to be changed over
time. Second is the ability to modify interaction parameters x;; and/or reservoir potentials
i res- The locality condition — that dx;;/dt depends only on statistics about components i
and j — eases the requirements on physical implementation. For example, as suggested by
Stern et al. [67], if an i — j mediator species’ concentration induces an effective interaction G;;
between components ¢ and j, production of that mediator via proximity-based ligation under
mass-action kinetics could produce a Hebbian update of the form dG;/dt oc ¢;(t)¢;(t), where
¢;(t) is the volume fraction at time ¢. Third is the switching between more- and less-clamped

conditions with the associated switch between Hebbian and anti-Hebbian parameter updates.

An implicit-memory mechanism has been proposed to enable contrastive switching between
Hebbian and anti-Hebbian phases in molecular systems [25], but a clear clamping mechanism
for implementing this approach has yet to be proposed. Advancements in these three key
tasks and their integration could yield a generalized framework for purely physical learning
that would allow exploration of high-dimensional LLPS beyond the limited accuracy of in
silico models, and would cement energy-landscape sculpting as a physical mechanism for
biomolecular learning.
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A  Appendix

A.1 Methods for numerical integration and training

Details of the numerical methods we used to integrate model A and model B dynamics and
train the parameters are described below. Our simulations are written in JAX, use Diffrax
solvers [11, 40], and follow integration schemes inspired by prior studies of multicomponent
phase separation [47, 60, 81].

Our parameter initializations and training configurations are as follows. For Figure 2
(memory retrieval), the interaction matrix is initialized with a Hebbian product over target
phase compositions, and the chemical potentials are initialized as 0. We train with a learning
rate of 0.1 for 500-1000 epochs. For Figures 3 and 4 (classification), the interaction matrix is
initialized by sampling uniformly in [-10, 10], with diagonal terms, interactions between the
input components, and all the solvent interactions set to 0 and kept at 0 throughout. The
chemical potentials are initialized at 0, and input and solvent chemical potentials are kept at
0 throughout. We use a learning rate of 0.02, with 300-500 samples per epoch for 500-2000
epochs. For Figure 5, we use a learning rate of 0.1 for 25-100 epochs. The interaction matrix
is again initialized with a Hebbian rule.

In all cases, the parameters are updated according to the CHL rule derived in the main
text. The actual parameter 6 updates in each epoch are the average g—‘é gradients over
the samples in that epoch, multiplied by a discrete scaling factor (i.e., stochastic gradient
descent). The AdamW optimizer from Optax [11] is used throughout to improve training
stability [46], and x;; interactions are clipped to a maximum absolute value of 25.

All differential equations are solved numerically with finite difference methods, using
discretized time, and also discretized space in the PDE case. Mobility M = 1.0 is used for
all simulations. For the spatial simulations, we use x = 5.0. The spatial simulations are
determined to be converged and halted when the maximum step-to-step absolute change
of all components at all positions is below 1076, or the number of simulation steps exceeds
2 x 10%. Source code and notebooks are available on GitHub.

A.2 Model A dynamics in surface model with Lagrange multipliers

The single-compartment surface model treats the multicomponent liquid as a well-mixed
system described by a composition vector ¢ and the Flory-Huggins energy frm(¢). Standard
model A dynamics [30] take the form % = —M;%rn where M; is the mobility and for

9i
simplicity we choose M; = M, a positive constant for all species. To enforce the constraint

that Z?zl ¢; = 1 while preserving the gradient-flow structure of the dynamics, we introduce
a Lagrange multiplier A and the modified free energy farg = fru + A i, ¢; — 1), with A
determined dynamically to ensure the constraint (in which case fyxpg = frg). The modified
dynamics then become

dpi _ OfarH

=-M = —M(u,; A 14
7 96, (ti,pe + A) (14)
where we define p; pp = ag% =1+ logo; + Z?Zl Xij®; — Mires as the chemical potential

of species i. Applying the constraint y_ ., d;;" =0, we can solve for \:

1 n
)\ = —— i = — . ].
- ;_1 Wi, FH (wrm) (15)
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These dynamics guarantee a monotonic decrease of the free energy:

d "9 do; ~
f;\;;H = Z J(;)‘;H : 5:5 =— Z(Mi,FH —(urm)) - M(pira — (rm))

i=1 i=1
7 . % (16)
= —MY (nirr — (prm))* <0
i=1
R .. de; .
The energy converges only when the system reaches the equilibrium condition —* =0, i.e.,

wi,ra = ((rm) or i pag + A =0.

For numerical implementation, the state of the system at ¢ is captured by gz;t =
(1, P2, ..., gzﬁn)t, and the total system volume v = 1 in dimensionless units. Our model A
dynamics occur in a space of transformed variables z; = log ¢;, with ¢; = e** recovered
at each step, following Zentner et al. [81]. This logarithmic reparameterization enforces
positivity and improves numerical stability near the boundary of the simplex. We perform
numerical integration using the Doprib adaptive 4th/5th-order Runge-Kutta solver from
Diffrax.

A.3 CHL rule for reservoir potential in the single-compartment case

We derive the CHL update rule for the reservoir chemical potential p; s, following the
approach used for learning the interaction matrix x;; described in the main text. Recall that

the contrastive objective is J = ff(,fH) — vé,fH), and so we seek 0J/0p; res t0 learn p; res.

We begin by expanding the derivative of the modified free energy with respect to fi; res:

Of _ OBy Lduxud + S, b log b — i Hkresr) (17)

a,ui,res a,u’iﬂ’es

Differentiating the free energy density gives

6ffFH . n 8(;5]6 . n . . n a&k
Drtiren Gty B (1+10g dk + > Xkih1—fhres) = —Pit Y Bty s (18)
i,res =1 i,res =1 =1 i,res

As before, we note that at equilibrium py pg = (upg) and by differentiating the constraint

S¢_, bk =1 to obtain 37, aiffes =0, we can see that

ofrn -
8/1'i,res QS ( 9)

The gradient of the contrastive objective is then simply

0J _ ofih  ofid
8Ni,res alffi,'res aﬂi,res

and the CHL update rule for the reservoir chemical potential is At yes o< J)E’H — J)E_).

This has the same Hebbian structure as the x;; update rule: the reservoir potential for
species ¢ is increased when the target (clamped) composition of that species exceeds its free
equilibrium value, pulling the energy landscape toward the desired attractor.
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A.4 Spatial phase separation dynamics with Lagrange multipliers

Similar to the surface model case, a Lagrange multiplier A(x,t) is introduced to enforce the
local normalization constraint y ., ¢;(x,t) = 1. The modified free-energy density is

fCH+)\<Z¢¢—1>

fACH

(21)
:7 Z¢1X1j¢J+Z¢zIOg¢z+Z |V¢z| +)‘<Z¢1_1> .
i,j=1
The modified chemical potential of species 7 is then
0 0 NG i —1
Irxcn  Ofcn . (D1 @ ) — Jcm X (22)

HiACH = =50, ~ "0¢; 0,

Applying the constraint > ; ¢; = 1, which requires >, 9¢: — (), we obtain

ot
; a@fMZv uMCHfMZV (wiom +A) = MV? zn:uiCHJrn/\ =0.(23)
ot ’

i=1 i=1 =1

Under periodic or no-flux boundary conditions, this reduces to

n
Z i, CcH +nA=". (24)
i=1
Note that any choice of constant ~ yields the same dynamics, since it is spatially uniform
and vanishes under the Laplacian V2. The choice v = 0 is therefore made without loss of
generality, allowing us to solve for A:

n

— 2.i=1 Mi,CH
A= 2 bicH 7lz = —(pcH) - (25)
Here A(x,t) is a local field, not a global constant. In the discretized implementation, A is
computed cell-by-cell from the local mean chemical potential, ensuring the constraint holds
pointwise throughout the simulation. Our modified model B dynamics become

09;

ot

These dynamics also guarantee monotonic decrease of the total free energy:

dF)\CH /Z 6F>\CH 5@

= MVQ,!M,)\CH = MV2(M,CH —(ucH)) - (26)

/ Z:U'z Ao MV? i zondx

(27)
- / Z Viaca MV p; xordx +/ ZHi,ACHMVHi,ACH -nd2 .
v 8Qi 1
With periodic boundary conditions [y, >, psxca MV i xcr - ndQ2 = 0, and
dFy\cn / -
= — Vi MYV p; dx <0 28
T v; Hi \CH i xcHAX (28)

for all species with ¢; > 0. At equilibrium, we obtain Vy; xcmx = 0, which means p; xcn is
spatially uniform:

wircu = ti,ca — (pou) = Cr (29)

where C}, is a global constant, independent of position x.
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A.5 CHL rule for spatial phase separation

Here we derive the CHL rule for the spatial case presented in Section 3. First, taking the
derivative of Fopg, the total energy at equilibrium, we have

oL, 0
A = / Z L b + Zask log ¢y, + Z \wsk dx

OXij OXij Jy Py 1

(30)
vy 0
= / <¢z‘¢j + Z a(ék_ukc:q) dx.
v i OXig

At equilibrium, px cm — (cm) = Ck, giving us

OFcn B ¢k 3¢k

xij _/J (MJ o) Z ax, ) (81)

The term (uewu) > pey gd”“ vanishes because of the constraint >, _; ddi = 0. Exchanging

integral and sum, and taklng C}, outside the integral,

3¢k 8¢k
- 2
/U 2 5y, Crdx = ch o dx. (32)

Since [ ¢rdx is conserved for each component, we have | g 1 dx = (. The derivative
v v OXij
becomes:

dFcn [y
e = / $16dx. (33)

The gradient of the contrastive objective is therefore

oJ _OFS)  OFSy) / 3 / () 7~
8Xij 3Xz‘j 3)(1] ¢ 2 (b ( )

and the spatial CHL update rule is
Axij o< — / (Z)§+)$§+)dx + / ég‘)$§‘)dx. (35)

A.6 Implicit-explicit integration of spatial phase separation

The spatial model tracks the composition field 5 (x,t) = (¢1, P2, - - ., dn) at every point on a
2D grid with periodic boundaries, with the local constraint Y. ; ¢;(x,t) = 1 enforced at
each grid cell independently. No chemical reservoir is included. We use a square grid of size
(nz, ny) with grid spacing (dz, dy), taking nz = ny = 128 and dx = dy = 1.0 here.

The total energy of the system is Fop, and its variational derivative with respect to ¢;(x)
gives the local chemical potential:

5F S
picH(X,t) = 5o (th) = firn — KV i = ZXij¢j +1+logdi — V¢ , (36)
7 J:1

where f! pg = 0fru/0¢; is the derivative of the bulk free energy density. The Laplacian
term —KVQ(ZSL penalizes spatial curvature and gives rise to the interfacial energy.
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The local sum-to-unity constraint is enforced by introducing the Lagrange multiplier, as
described in the previous section. Recalling that our Lagrange-modified model B dynamics
are Ba‘ii = MV?u;xcn = MV?(ui.cn — (pon)), we can substitute the expression for u; o,

to obtain our PDE:

I
ot

= MV?f] py — MEV*¢; — MV (ucn) . (37)

We solve this PDE using a semi-implicit spectral method. Taking the Fourier transform,
spatial derivatives map as V2 — —k? and V* — k* where k = |k| is the wavenumber
magnitude, we have

8@@» = M [(Fl o + 526:) — (Fom)| = =Mk (Fl oy — (en)) - Makig; , (39)

where fl’ rp denotes the Fourier transform of the nonlinear bulk chemical potential. The
Mrkk?* term is stiff at large wavenumbers — requiring prohibitively small time steps if treated
explicitly — so it is treated implicitly, while the nonlinear terms are treated explicitly:

~,

St — gt -~
G e MR (Tl — (em)') — MaK G (39)

At

When the nonlinear bulk term f;’ pp Vvaries rapidly, the basic semi-implicit scheme can still
become unstable. To improve robustness, an r-stabilization scheme is employed [18]. A linear
term r¢; is simultaneously added and subtracted, shifting part of the nonlinear contribution
into the implicit part without altering the equation:

I
ot

=MV (f] p — 1) + MV (r¢;) — MuV*¢; — MV*(uom) - (40)

The first term is treated explicitly and the remaining linear terms implicitly. In Fourier
space, this becomes

0
ot

= —Mk? (J}ZFH — T — </70H>) — M(rk*¢; + rk';) . (41)
The semi-implicit update is then

Ggi — AtME? ((/ZFH)t - Taf - <I7CH>t)
1+ AtM(rk? + kk*)

T (42)

The stabilization parameter r = 2.0 is used in all spatial simulations. An adaptive time step
At is used to avoid simulation artifacts, guaranteeing monotonic decrease of the total energy
and non-negative volume fractions throughout the simulation.
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A.7 Trained interaction parameters

Here we provide the parameters (x;;, (i) obtained by CHL for the low-dimensional input-

output tasks described in Section 2.3, and the MNIST task of Section 2.4.

(a) Linear w/o hidden Linear with hidden Sigmoid Inverted parabola
Xij (Np=2) Xij (Np=2) Xij (Np = 6) Xij
3 41 4 1 10
1 2 ..
g2 2 2 23 5
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3 2 5
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Figure 7 Trained parameters for low-dimensional input-output functions in Figure 3. (a) Trained
interaction matrices x;; and reservoir potentials p; res for 1-input 1-output analog relations. Beyond
linear cases, we need to add hidden components to expand the accessible energy landscape and
solve these tasks. (b) Trained interaction matrices and reservoir potentials for 2-input 2-output
classification tasks. The structure of x;; reflects the classification boundary: stronger repulsive
interactions between input and output components encode the boundary, while hidden components
mediate nonlinear separations. The last rows and columns indicate the solvent component. (c)

Trained interaction matrix and reservoir potentials for the MNIST dataset.
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