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—— Abstract

RNA co-transcriptional folding is a process in which an RNA sequence, or transcript, folds upon

itself while being synthesized nucleotide by nucleotide according to its DNA template. Geary,
Rothemund, and Andersen have demonstrated how to program a rectangular tile-like shape into
(the DNA template of) an RNA transcript that folds co-transcriptionally into the shape in vitro.
Using the oritatami model of co-transcriptional folding, we launch the study on the verification
of co-transcriptionally folding systems. Shapes are the primary verification target of practical
signification; it is abstracted as a set S of points on the 2D triangular grid. Thus, the shape
reachability problem asks if the transcript of a given oritatami system goes through all and only
the points in S and halts. We demonstrate a logspace reduction from the circuit value problem
(cvP), a well-known P-complete problem, into a subproblem of the shape reachability whose input
oritatami system is promised to be deterministic and at delay 3 (abstraction of the relative speed
of local optimization to that of transcription), thus concluding that this subproblem DSR(3) is also
P-complete. What to be verified may specify not only which points to be visited, but also which
route should be taken (path reachability), and, moreover, how abstract nucleotides (beads) along
the transcript should bind with each other (conformation reachability). We show that as long as the
delay is bounded from above by a constant, the conformation reachability can be solved in logspace,
and to this problem, path reachability can be reduced in logspace under the promise that a given
oritatami system lets beads form as many bonds as possible (maximum arity).
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Figure 1 The three types of target considered in the reachability problems: C£fR (conformation
reachability), PR (path reachability), and SR (shape reachability).

1 Introduction

It is computationally hard to predict thermodynamical folding of RNA [1, 5, 6], wherein
an RNA sequence is expected to reach a structure that minimizes free energy, but MFE
structures cannot be computed easily unless certain types of non context-free structures, so-
called pseudoknots, are left out of the picture [23, 27]. RNA sequences also fold isothermally, in
particular while being transcribed, that is, synthesized sequentially nucleotide by nucleotide
from their DNA templates; the RNA sequences thus synthesized are called transcripts.
Both this process of co-transcriptional folding (CF) and thermodynamical annealing have
been engineered as a programming platform for self-assembly of single-stranded RNAs.
Annealing is more reliable as of date but seems hardly applicable in vivo, where natural
RNAs are transcribed and fold to perform various computations, and considerable efforts
have been devoted in the last decade to the CF-driven self-assembly of structures and
computations [7, 8, 9, 13, 14, 16, 20, 22, 24, 26]. A transcript may not reach its MFE
structure co-transcriptionally by being blocked in midway kinetically or topologically. Geary,
Rothemund, and Andersen took the initiative in the molecular programming of self-assembly
of CF-driven ssRNAs in 2014 [13, 16] by demonstrating how to program a rectangular tile-like
shape in a transcript and a sequence of events at the oligonucleic domain-level through
which the transcript folds co-transcriptionally into the shape. This methodology has been
extended further to 3D wireframe polyhedra in vitro [7, 20] and even to arbitrary graphs in
silico/papyro [8, 24]. Events considered explicitly therein are the hybridization of domains
into a helix and the coaxial junction of two helices via a kissing loop (KL) pseudoknot. A
target shape is abstracted as a graph G, one of the spanning trees of G is chosen as T', and
a transcript is designed such that it traces the contour of T' and forms each edge of T as
a helix and each co-edge (of G but not on T) as a KL. In [20], 5-petal flowers and tetra
squares, both of which are 2-dimensional, as well as tetrahedra, have thus been designed and
assembled in vitro by folding co-transcriptionally and then being annealed afterward. This
means that these structures are thermodynamically favored, and they are reachable even
solely by co-transcriptional folding according to their AFM images taken prior to post-process
annealing. As they are designed so as to fold hierarchically, that is, helices first and then
KLs, a certain proportion of successful instances may suggest that global reconfigurations
are hardly involved there.

Suppose that the technology of programming a global-reconfiguration-free CF pathway
were established. As such a pathway is a coarse-grained specification of events only at
the level of oligonucleic domains, a transcript behaves differently depending on what RNA
sequences are assigned to its domains. Once fully specified thus at the nucleotide level, the
transcript can be verified for an aimed shape efficiently, in linear time in principle. In case
of failure, can programmers install a local patch or do they need to overhaul the sequence
design? The answer to this question should depend on how much they know about the target
shape. If the shape is not connected, a single transcript is certainly not enough; even if it is,
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it is computationally hard to test if the shape can be traced, by a Hamiltonian path (see [12]).
What if the shape is promised to be traceable, or the programmers are provided with an
actual Hamiltonian path? The goal of this paper is to settle these questions in the framework
of a reachability test using a formal oritatami model of co-transcriptional folding [15]. In
this model, a sequence of abstract molecules, or beads, folds co-transcriptionally on the
triangular grid. This is a discrete-time model; the sequence is transcribed one bead per
step, and at every step, only the most nascent § beads at the end of the thus elongating
“transcript” are allowed to reconfigure for more bonds (between adjacent beads), where ¢ is a
system parameter called delay. A structure is formalized as a triple of a bead sequence, a
self-avoiding path, and a set of bonds between adjacent beads that “like each other,” and
called a conformation, see Figure 1 (left). Once an oritatami system M is designed, it takes
only as many time steps as the length of the transcript of M to see how it folds, or to
turn down M because it cannot stabilize a bead uniquely, or deterministically. Once the
determinism is confirmed, it should be verified if it “reaches” its aimed target (actually,
the check of determinism and reachability test can be done in parallel). The system M
can be verified for a conformation in logarithmic space, i.e., parallelizable, as long as § is
bounded by a constant (Proposition 6). However, engineers may be informed of the target
only partially as noted above, motivating path and shape reachability. Having been promised
to be deterministic, M can be tested even for these targets in time exponential in d but
linear in the length of its transcript.

The main contribution of this paper is to prove that the shape reachability problem is
P-complete; this means that the test is highly unlikely to be parallelizable, even if an input
oritatami system is promised to be deterministic and at delay 3 (Theorem 16). The proof
consists of demonstrating how to encode in logarithmic space an instance of CVP (circuit value
problem) [19], which is the most classical P-complete problem, primarily as the transcript of
an oritatami system to be verified, but also as part of a target shape. This result does not
contradict the Turing universality of the oritatami model at delay 3 [25]. Indeed, the point
reachability problem is undecidable, but it limits neither time nor space until the transcript
reaches a target point, while all the reachability problems studied in this paper delineate the
space for computation by an input shape.

2 Preliminaries

Let 3 be a finite set of types of abstract molecules, or beads, and let ¥* be the set of finite
sequences of bead types. For a sequence w = ajas---a, € ¥* of n beads a1, ,a, € %,
its length is denoted by |w|, i.e., |w| = n. We refer to its i-th bead a; as wli], and to its
subsequence a;a;4+1 - - - a; as wli..j]; if the subsequence is a prefix of w, that is, i = 1, we
also use w[..j]. This way of referencing is also applied to a self-avoiding path P on the
2-dimensional triangular grid T = (Z2, ~), where p ~ ¢ means that the grid points p, q are
next to each other, that is, p — ¢ is in V = {(1,0), (0,1), (—1,1), (=1,0), (0, —1), (1, =1)},
which is the set of the six unit vectors of T.

Oritatami [15] is a discrete-time model of co-transcriptional folding on the triangular grid.

In the model, a sequence of bead types is transcribed, that is, elongates one bead per step,
and folds on the triangular grid in such a way that at every step, only the most nascent ¢
beads are allowed to reconfigure so as to form as many bonds as possible between adjacent
beads without breaking the transcript’s (covalent) backbone or having the transcript intersect
with itself, where § is a parameter of an oritatami system, and called delay. Another system
parameter called (binding) rule © specifies which types of beads are allowed to bind with
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Figure 2 A glider and its folding at delay 3. Its transcript is of period 6 as a aebbea’ae---
and its rule is a®a’, bOv'.

each other as long as they are at unit distance. That is, © is a symmetric relation on X. A
(valid) conformation (with respect to Q) is a triple ¢ = (w, P, H) of a self-avoiding path P
on T, a sequence w of as many beads as the points along P, and a set H of pairs of bead
indices representing a bond, that is:

H C{{i,j} | Pli] ~ Pljl,1 < i, i +2<j < |w]|, wli]Quw[j]}.

Here, the inequality ¢ + 2 < j implies that a bond cannot form between two consecutive
beads along the transcript, which are bonded covalently rather. By the length of ¢, we mean
|w|(=|P]), and denote it by |c|. The set of all valid conformations w.r.t. © is denoted by
Co. In the following, we always clarify which rule © is under consideration and do not
bother specifying with respect to which rule a conformation under consideration is valid. The
stability of ¢ is measured as E(c) = —|H|; that is, the more bonds a conformation has, the
more stable it becomes. Its arity is the maximum number of bonds per bead, and formally
defined as

1;1;25(1”“{{27‘7}611 |i=korj=k}|.

A conformation is said to be of mazimum arity if its arity is equal to the maximum degree
of the underlying grid. The set of all conformations of arity at most a is denoted by Co <q,
or simply by C<q.

Let us introduce two operations between conformations. One is to take a prefix of a
conformation ¢ = (w, P, H); this operation keeps only a prefix w’ of w in the classical sense,
leaves the same number of points at the beginning of P, and extracts from H only the bonds
between beads on the prefix. The other is elongation. Elongating ¢ by a bead b € ¥ yields
the following set of conformations:

b = {(wb, Pv, HUH') € Co ‘ H' C {{i, [w]+1} | Pli] ~v,i < Jw| -1, w[i]@b}}.

For elongating a conformation c¢ rather by a sequence of bead types b1bs - - - by, it suffices to
first elongate ¢ by the first bead b1, then elongate each of the resulting conformations, that
is, those in ¢®, by by, and so on.

An oritatami system M is a 4-tuple M = (¢,9,J, ) of a transcript ¢ € ¥*, a rule O, and
two integer parameters § (delay) and « (arity). An input is given as a seed conformation
o of arity at most a. Its computation begins with such a seed, ¢y = o, and consists of

conformations ¢, ¢y, - - that satisfy:
c; € argmin min E()) . .
i g <c/€cbt[i+l..i+51]mc<a ( )> ( )

cEc?_t[f] NC<a
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The i-th bead t[i] is thus stabilized, according to ¢; that satisfies (1) (see in Figure 2 how a
bead is thus stabilized). With more than one candidate for ¢;, M is nondeterministic on the
seed o. On the other hand, if for all time steps i < |¢|, ¢; is uniquely determined or there is
no candidate, M is deterministic on o. Particularly, the lack of candidate aborts M; this
happens when all the neighbors of ¢[i — 1] have been already occupied. Otherwise, the system
fully transcribes and stabilizes ¢ as ¢|;, and this terminal conformation serves as its outcome
on the input o. If an oritatami system gets nondeterministic on the seed o, it may have
multiple terminal conformations; let us denote their set by T'(M, o); this notation will be
abused to refer to the unique terminal conformation if it is clear from the context that M is
deterministic and does not abort on o.

The bead stabilization (1) is local in the sense that it is affected by only at most 6 beads
inside the circle with radius 6 + 1 centered around ¢[i — 1], which was already stabilized at
the previous step. Let us informally call this region the (i-th) universe. The circumference
of the circle is too far for nascent beads to be placed, but a bead there can affect the bead
stabilization by attracting the nascent segment ¢[i..i + § — 1] unless it has already formed «
bonds.

When an oritatami system M = (¢,9, 4, «) is given as input, the amount of space to
store it matters. If all beads along ¢ are pairwise distinct, then the rule © can contain
|¥|? elements; however, this is unrealistic and it is more realistic to treat the size of ¥ as
a constant. Since 0 larger than |¢| makes no mathematical sense and « is bounded by the
maximum degree of the underlying grid (6 for the triangular grid), when X is fixed, M can
be stored within O(|t]) bits.

2.1 Parallel feasibility: P-complete vs NC

Class P is the set of decision problems that can be solved with a deterministic Turing machine
in polynomial time. It is regarded as a class of practically feasible problems.

Nick’s class, in short NC, is a subset of P and consists of the problems which can be
solved with a deterministic parallel Turing machine with a polynomial number of processors
in polylogarithmic time. Problems in NC are regarded as efficiently parallelised. L is the
class of problems that are computable in logarithmic space. These problems can also be
efficiently parallelised. For these complexity classes and Log-space reduction, see [2].

» Lemma 1 ([3, 17]). L C NC.

A problem is P-complete if it is in P and any problem in P can be reduced to it with an
appropriate reduction such that the reduction itself is efficiently parallelised. P-complete
problems are believed to be inherently sequential; thus, there may not be efficient parallel
algorithms to solve them.

2.2 Circuit value problem

The circuit value problem, CVP, is the problem to decide the terminal output of a given
Boolean circuit consisting of gates for inputs, AND, OR and NOT operations. A CVP instance
is shown in Figure 3. It is formally defined as follows.

» Definition 2 (CVP).
Input: a Boolean circuit with n+1 gates G = (go, g1, ---, gn ), where each g; (0 <i <n) is
either an input or a gate of AND, OR or NOT.
Output: yes if the terminal output g, is true.
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Figure 3 An example of CVP.

» Lemma 3 ([19]). CVP is P-complete.

Just as the SAT is often used to prove NP-completeness, CVP is the standard source for
proving P-completeness.

2.3 Reachability problems in Oritatami

Reachability problems in the oritatami model in general ask: given an oritatami system
M = (t,9,6,a), a seed o, and a “target” as input, are terminal conformations in T'(M, o)
equal to the target in a problem-dependent sense? As a target, we shall consider conformations,
paths, and shapes, which are a set of grid points. Let us first settle the issue of input encoding.
Assume that the alphabet ¥ is fixed, and recall first that M can be encoded in linear space
in |t|. A target conformation ¢ = (w, P, H), with |w| = n, can be encoded in O(n) bits.
Indeed, P consists of as many points as beads in w, its first bead can be placed at (0, 0)
without loss of generality, and the rest of P can be rather described as a sequence of n — 1
vectors vy, vg, - -+ ,vp_1 taken from V such that Pli] =(0,0) + vy + -+ +v;—1. The set H
can contain at most 6n bonds, and each of them can be encoded in [log6] = 3 bits as an
index for the six possible unit vectors on the triangular grid. Lastly, as the seed ¢ must be a
prefix of ¢ (otherwise, how can M reach ¢, starting from ¢?), it can be encoded as compactly
as ¢. In order for T(M, o) = C to hold, the length of the seed plus [¢| must be equal to n.
Therefore, the whole input can be encoded in O(n) space. All alternative targets considered
in this paper can be obtained by somehow simplifying conformations so that in all problems
formalized from now on, the size of an input is O(n).

Logarithmic space in n is enough to retrieve from the above encoding of the conformation
c the labels of all the beads next to the i-th point of P. The index ¢ < n can be stored
in [logn] bits. The processor computes all the indices 1 < m < n such that Z:”:L v; € V:
then the bead w[j] is placed at a point next to P[i]; note that there exist at most 6 such j’s.
In this way, the processor can even retrieve in O(logn) space all the pieces of information
about the i-th universe necessary and sufficient to decide how the next bead t[i] should be
stabilized.

If a conformation is given as a target (CfR in Definition 4), it uniquely determines
all intermediate conformations ¢y, ¢y, -+, and requires M to be deterministic on the seed
¢o. For the other reachability problems (PR and SR in Definitions 7 and 13), it makes at
least mathematical sense to formalize their deterministic variants that promise that a given
oritatami system folds deterministically on a given seed. It can be tested in O(6° - [t|) time
whether M is deterministic or not on a given seed; for 1 < ¢ < [¢|, the search for ¢; considers
at most 6° elongations of ¢;_; and if the size of the right-hand side of (1) is 2 or greater,
then M is not deterministic.

2.3.1 Conformation reachability (CfR)

Let us begin with the following reachability problem whose target is a conformation.
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» Definition 4 (CfR).
Input: an oritatami system M, a seed o, and a conformation c.
Output: yes if T(M,0) = c.

The O(6° - |t|)-time determinism test mentioned above actually simulates the folding by
M fully, and the only thing required to solve C£R is to verify that the simulated terminal
conformation is equal to c.

» Proposition 5. CfR can be solved in sequential time of O(6°-n); hence, it is fized-parameter-
linear.

C£R can be solved efficiently in parallel within the class of delay-d oritatami systems for a
fixed 0. Let C£R(J) be the set of CfR instances whose input oritatami system is of delay at
most §; we will denote likewise the subproblem of other reachability problems by bounding
the delay of input oritatami systems by a constant §. In light of Lemma 1, it suffices to
demonstrate how a processor simulates the stabilization of ¢[i] in the logarithmic space in
n. As explained earlier, the i-th universe can be retrieved from the encoding of the target
conformation ¢ using O(logn) space, and can be stored in space O(66 - logn). This universe
enables the processor to decide how t[i] should be stabilized. The amount of bits in use
remain logarithmic in n as long as § is bounded by a constant.

» Proposition 6. For all integer §, CER(5) is in L.

2.3.2 Path reachability (PR)

» Definition 7 (PR).
Input: An oritatami system M, a seed o, and a path P.
Output: Yes if the path of all terminal conformations is equal to P.

Unlike the conformation, an oritatami system does not have to follow a path determinist-
ically. If an oritatami system given as input is promised to be deterministic, simulating one
run of M is enough; during the run, it suffices to check if ¢[i] is stabilized at the point P[i]
for all time steps i < n. Let us formalize the deterministic variant of PR as follows:

» Definition 8 (DPR).
Input: An oritatami system M and a seed o such that |T'(M,o)| = 1, along with a path
P.
Output: Yes if the path of the unique terminal conformation is equal to P.

» Proposition 9. DPR can be solved in sequential time of O(6 - n).

As shown in the conformation reachability, within the class of delay-é oritatami systems
for a fixed ¢, this problem can be solved using logarithmic space; let DPR(d) be the set of DPR
instances whose input oritatami system is of delay at most ¢.

» Proposition 10. For all § > 1, DPR(4) is in L.

There may exist a nondeterministic oritatami system which always follows the same path,
but with different binding patterns. The problem PR is thus motivated at least theoretically.
Leaving its computational complexity as an open problem, here we show that an instance of
PR with a maximum-arity oritatami system can be reduced to an instance of CfR, and hence,
can be solved efficiently in parallel. Let us denote the set of such instances of PR by PRyax -
It makes no sense for a maximum-arity oritatami system to prevent O-related beads from
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forming a bond. This observation implies that if the system reaches the path P, its terminal
conformation is the one obtained from P by binding all the beads that are O-related and
adjacent in P.

» Proposition 11. For all 6 > 1, PRyaxq(0) € L.

Proof. It suffices to reduce an instance of PRyax «(0) to an instance of C£R(J). Let P be the
target path and ¢t be the transcript of the input oritatami system with |¢| = n. For i < n,
the i-th point of P should be labeled with ¢[i], and this labeling can be done by storing the
index ¢ for reference using |logn| bits. In this way, we can determine which type of bead is
supposed to stabilize at each point along P. Moreover, it can be determined uniquely how
they are supposed to bind with each other because the input oritatami system is promised
to be of maximum arity. Thus, an instance of C£R(4) has been obtained. <

What if the arity of a given oritatami system is not maximum? In this realistic scenario,
once a bead exhausts its capability of forming « bonds, it becomes an obstacle that does
not contribute to lowering the free energy, at least by binding, but stands in the way of the
transcript. Therefore, it seems necessary to track and memorize how the prefix ¢[..i — 1] has
folded co-transcriptionally so far in order to decide if each bead in the i-th universe is still
active or already inert.

This problem is at least in coNP. Indeed, if the oritatami system of a given instance can
follow another path to the target one, that path serves as a polynomial-size no certificate. It
suffices to run the system and ensure that it can follow that path.

» Proposition 12. PR(J) is in coNP for all § > 1.

2.3.3 Shape reachability (SR)

A shape is a set of points on T. Given a conformation ¢ = (w, P, H), its shape is a set of
points along the path P.

» Definition 13 (SR).
Input: an oritatami system M, a seed o, and a shape S.
Output: yes if the shape of all the terminal conformations in T(M, ) is equal to S
modulo translation.

Note that in this definition, the output verification allows for translation. This is because
unlike the conformation or path reachability, the input shape S does not specify where the
seed should be. As done for path reachability, here we define the deterministic variant of
shape reachability (DSR) by requiring an input oritatami system M and a seed o to satisfy
|T(M,o0)| = 1.

As done for Proposition 12, we can show that without promise of determinism, the shape
reachability problem is in coNP under any constant bound on the delay.

» Proposition 14. For all § > 1, SR() is in coNP.

In contrast, if a given oritatami system is promised to fold deterministically on a given seed,
then the shape reachability can be solved in a quadratic time in n. Based on Proposition 9
on DPR, it should suffice to note that there are O(n) possible arrangements of the seed in
order to prove the following result.

» Proposition 15. DSR can be solved in sequential time of O(6° - n?). Thus, for all § > 1,
DSR(d) is in P.



S. Kano and S. Seki

column O
column & columnS  column4  column 3 column?  column 1 Corresponding to g0

~ N e e e

[ e e [ e [ s [ s s e

14 ra.| G(]ZGCIZ(ZCIZGGZ (=
Tstiow DZDDZDDZDDID )
Corresponding to g2 mm.'{ AR <
DZDDZDDZDDZD
AR
2nd row{ L) M A B W) D

C R T T
D] ) I B)ED)] D)) DI )N
(I I X REEREERER S
— D) I I )] D)) )3 )N
A R ==
)] AR D) I D) )] DR

)

{ EIE - eI e -
T O LY M) MY M) NV
{ SE=REFH R a

L) M) M M) W) A

‘g@EEEGC

Figure 4 (The Common-rail architecture) This example illustrates an oritatami system that
computes the XOR go @ g1 using AND, OR and NOT gates where go, g1 are both inputs. The
pink, green and light blue chevron shapes are NOT, AND and OR gates respectively. They are all
arranged along the diagonal of the system. The inputs and the output of each gate are conveyed
from top to bottom by long vertical wires called common rails. The red box is the common rail
for go. From these common rails, values are branched as needed onto horizontal lateral rails to be
delivered to each gate. The green box is the lateral rail that conveys the value of g1 to gs. At the
intersections of common rails and lateral rails, XO modules (detailed later) indicated by the lime
green box are placed to resolve the crossovers. The light blue box at the bottom-left is the terminal
module to visualise the terminal output of the system. The blue box indicates the gate cell of g2
which is located at the first row and the column 2.

Unlike the conformation or path, the shape provides neither the order of points along
which M folds, nor where on T the seed is located. The first deficiency seems to make the
shape reachability intrinsically sequential. Indeed, we shall prove, in the rest of this paper,
that DSR(3), the class of DSR instances whose oritatami system is at delay 3, is P-complete.

» Theorem 16. DSR(3) is P-complete.

3 A hard-wired CVP solver in oritatami

In order to prove Theorem 16, we shall demonstrate a general architecture of a delay-3
oritatami CVP solver, which can be wired according to a Boolean circuit to be simulated
using only logarithmic space. The architecture (see Figure 4) is based on the zigzag oritatami
counter [10, 21], in which the transcript folds macroscopically in zigs («) and zags (—) of
height 3, while microscopically each of its modules, such as half-adders, folds into a glider
(Figure 2) or into one of the other conformations of the same chevron-like shape depending on
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the current count and a carry; independent of the underlying computation, the counter always
folds into the same shape (from the global bird’s-eye view, one can read the computation by
measuring the number of zigzags between two consecutive overflows, where zigzags get wider
for 1 extra bit). The novel, programmer-friendly geometry-driven architectures in oritatami
for computation [11, 25] do not serve the proof of Theorem 16. Since the hardness of SR
appears to stem from the “stealthiness” of intermediate values of computation, simulations
of those systems might be efficiently parallelisable.

The primary challenges in the proposed construction include:

designing new modules to simulate Boolean circuits that conceal interim calculations,

unlike “too chatty” existing systems;

implementing 3D-like wiring crossovers within the 2D oritatami model; and

developing a reduction algorithm that determines the optimal arrangement of modules

and wiring within logarithmic space.

While our gate modules are largely original, they are inspired by the half-adder that
intrinsically computes AND operation [10]. As detailed later, this module computes through
its folding path rather than its shape. In addition, we developed a crossover module to
facilitate multi-level interchanges of wiring. Finally, we propose the Common-rail architecture,
which decouples input propagation from logical computation. This enables selective routing
of values from the input-carrying rail to individual gates and ensures that the entire reduction
is doable in logarithmic space, as the arrangement of modules is done by simple computations
in this architecture.

3.1 Common-rail architecture

While the reduction algorithm we shall show in Section 4 must place gate and wiring modules
at appropriate positions in the system, determining an optimal layout is challenging due to
complex inter-dependencies between modules. To overcome this, we have devised a redundant
but systematic architecture called the common-rail architecture (Figure 4), where all gate
modules are placed diagonally on the basal plate of the system. In this architecture, starting
from the seed positioned at the very top, the transcript macroscopically folds into zigzags
and proceeds downward, being guided by switch-back modules, which were rather called
left and right-turn modules in the zigzag counter [10, 21] from a zig to the next zag and
from a zag to the next zig. The transcript is a chain of modules, a functional unit, all of
which but the ones for switchback fold into a chevron-like shape of width 6 and height 3
(this is defined as the set of points occupied by the glider depicted in Figure 2). At its end, a
terminal module reports the binary output of the circuit by shape.

This architecture has two types of wiring: common rails and lateral rails. Common rails
run vertically from the seed to the bottom of the system, and each of them is dedicated
to holding and conveying either an input encoded in the seed or the output of a specific
gate. They are implemented by vertical wire modules piled on top of each other. In order to
avoid crosstalk, gliders are intercalated in-between. Let us bundle a pillar of vertical wire
modules and that of “insulators” together and call it a column. The i-th gate g;, which is an
input, AND, OR, or NOT, is placed inside the column i. Lateral rails are horizontal wires
branched from common rails to deliver their values through a zig (of height 3) leftward to
gates. All the modules along a zig are based on the glider, which is capable of propagating
1-bit of information as the position of its first bead: top for false and bottom for true, and
are designed so as to always start and end at the same height, inheriting this capability
of propagating 1-bit. Therefore, one logical gate is collaboratively accommodated in two
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continuous zigzags to wire common rails into at most two input pins; let us call these zigzags
a row. As illustrated in Figure 4, the i-th row, which consists of the (2i—1)-th and 2i-th
zigzags, takes responsibility for the computation by the i-th logical gate. The first input to
the gate goes through the upper lateral rail, turns downward, and is fed to the gate from
above, while the second input (only for AND and OR) goes through the lower lateral rail
and is fed to the gate from the side. Unlike common rails, a lateral rail is placed only when
necessary and deployed solely between its source common rail and the destination gate,
with no further branching. Let us define a gate cell as a structural unit positioned at the
intersection of each row and column.

This common-rail architecture enables the reduction algorithm to appropriately place
modules with simple conditional branches, ensuring that it can run in logarithmic space.

3.2 Gadget construction for Boolean circuits

The basic design and specification of the modules were redesigned based on the half-adder
for counting [10]. We have designed the following five categories of modules:

gate modules (AND, OR, NOT)

wire modules

padding / absorber modules

the switch-back module

the terminal module
All but the terminal module fold into a 6-bead width and 3-bead height chevron shape.

Gate modules

AND and OR gates (Figure 5 (a-d) and (e-h)) receive their first input from above, encoded
as how the gate binds with the lateral rail above, while their second input is propagated from
the previous module as the starting position of the folding process as: top representing false
or bottom representing true. NOT gate (Figure 5 (i, j)) receives its sole input from above.
Although the output specifications vary slightly between modules, they all share two common
features: the output value is represented by the presence or absence of bonds between the
gate and the common rail below, and the folding process terminates at the bottom position
if the output is true, and otherwise at the top.

Wiring

There are five types of wiring in this system:
vertical wires for common rails
horizontal wires for lateral rails
crossovers
1-to-2 fan-out wires
L-shaped wires

Vertical wires (Figure 6) constitute the common rails by being stacked on top of each
other. They propagate 1-bit of information downward as absence or presence of bonds
between them (no bond means true). Compare Figure 6 (a) with (b) and observe that when
receiving false from above, it ends at the top (interpreted as false through lateral rails),
or it ends at the bottom otherwise. This property enables this module to be also used to
branch a lateral rail from a common rail. It suffices to transcribe a glider after this module;
the 1-to-2 fan-out is implemented in this way. Non-bifurcation simple vertical wires can be
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Figure 5 All conformations of the AND, OR, and NOT gate modules. (a-d) All four conformations
of the AND module on respective four inputs (z,y) € {(0,0),(0,1),(1,0),(1,1)}, where z comes
from above while y comes from right. ANDzy represents the conformation that computes z A y. For
instance, ANDO1 is the conformation of the computation 0 A 1(= 0). (e-h) All four conformations
of the OR module on (z,y). (i, j) The two conformations of the NOT module on the respective
inputs 0 and 1.
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(b) R1.

Figure 6 The two conformations of the vertical wire module on the respective two inputs 0 and
1. Note that the vertical wire module extends along the zig-zag path horizontally while it transmits
a value vertically.

implemented merely by transcribing an auxiliary absorber module (explained shortly), which
immediately cancels out a horizontal top/bottom signal by ending at the bottom no matter
what. In fact, this module is the HOc and Hlc components of the half-adder in [10]. Due to
design constraints of intermodular binding rules, the system involves four “doppelgéingers”
(R, PA, PB and PC) of vertical wires, which are implemented identically but out of four
pairwise-disjoint sets of bead types.

Horizontal wires are just a conventional glider (Figure 2), propagating 1-bit of information
as the position of its first bead: top for false and bottom for true.

(a) X000. (b) XOO01.

(e )

() XO10. (d) XO11.

Figure 7 The four conformations of the crossover (XO) module on the respective four inputs
(z,y) €{(0,0),(0,1), (1,0), (1, 1)}.

Crossover (XO) modules (Figure 7) are placed at the intersections of common and lateral
rails to prevent signal collisions. Instead of physically crossing the wires in 3D space, this
module achieves a “pseudo-crossover” by folding into one of the four possible conformations
depending on the four possible inputs. Adjacent modules then interpret these motifs to
retrieve the encoded values for each rail.

Finally, the L-shaped wiring module redirects a signal propagated horizontally downward
at the end of a lateral rail in order to be fed to a gate below. While the structure of this
module is identical to that of a horizontal wire, the value is interpreted and propagated to
the gate by the vertical wire positioned directly beneath it.
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’
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Figure 8 The two conformations of the absorber module, both of which end at the bottom, no
matter whether they have started (a) at the bottom or (b) at the top.
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(a) The terminal module indicates a false output.  (b) The terminal module indicates a true output.

Figure 9 The terminal module and its output conformations. The module translates the final
Boolean result into a geometric shape: (a) a horizontal extension represents false, while (b) an
upward protrusion represents true. This distinct geometric change at the system’s tail enables the
encoding of the computation result as a Shape Reachability instance.

Auxiliary modules

The system involves modules that do not directly take part in logical computations but rather
ensure the correct geometric growth, enable gates and wiring modules to function properly,
and simplify their design. Gliders are used as a padding module to fill the vacant area, which
can be found, for instance, to the left of the gates in each row. Absorbers (Figure 8) end
at the bottom no matter whether it has started at the top or at the bottom. They are
placed at the end of a lateral rail and cancel out the 1-bit of information having propagated
therein. They also prevent interference between the computations of gates or wiring modules
in neighbouring columns. The switch-back module is positioned at the end of each row to
reverse the macroscopic folding direction (from zig to zag, and vice versa).

Terminal module

This is the only module that takes (two) different shapes. As shown in Figure 9, at the end
of the system, it protrudes upward if and only if the terminal output of the Boolean circuit
is true. As the computation has been fully concealed so far, without this module, the system
would yield the unique shape no matter what the seed is, collapsing the reduction.

4 Logspace reduction from CVP to SR

Algorithm 1 receives a Boolean circuit G = (go, g1, - - -, gn) as input and generates a seed (Cy
in the pseudocode) in Phase 1 and a transcript (T") in Phase 2 both sequentially bit-by-bit.
Storing only counters up to n, this algorithm can be executed in O(logn) space.
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Algorithm 1 Logspace construction of seed and transcript from a gate sequence.

1

2

© 0 g O AW

10

12

13
14

15
16
17
18
19

20
21
22
23

24
25

26

27
28

29

30
31
32
33

34
35
36
37
38
39

40
41

42
43
44
45
46

47
48

49

Input: A sequence of gates G of length n

Output: Seed Cp and transcript T'
Co +— @, T + @7 Ninput < O;

/* Phase 1: Construct seed configuration
fori<0ton—1do
g < Gi;

if g.type = INPUT then
Ninput <~ MNinput + 1;
if g.value = true then
| Co.addFirst(Cy);

else
| Co.addFirst(Cy);

else
| Co.addFirst(Cuone);

C() .add(cstart )7

/* Phase 2: Construct transcript
for y < Ninput to n — 1 do

g < Gy, | < left_index(g);

/* First rail: =zig path

for x <~ 0ton—1do

case x =1 do

| T.add(R), T.add(G) ;

case x =y do
| T.add(G), T.add(ABS) ;

case r < [ do
L T.add(PA), T.add(ABS) ;

case ¢ > y do
| T.add(G), T.add(ABS) ;

otherwise do
| T.add(XO0), T.add(G) ;

T.add(SW);

/* First rail: zag path
forx <~ 0ton—1do

| T.add(ABZ), T.add(PB);

T.add(SB);

/* Second rail: zig path
r < right_index(g);

for z <~ 0ton—1do

if x =y then

else if x = j then
| T.add(PC), T.add(ABS);

| T.add(R), T.add(ABS);

else if x > y then
| T.add(G), T.add(ABS);

else
| T.add(XO0), T.add(G);

if y=n —1 then
T.add(SBL);
return (Co, T);
else

| T.add(SB);

/* Second rail: =zag path
for z <+~ 0ton—1do
| T.add(ABZ), T.add(PC);

T.add(SB);

| T.add(g.type), T.add(ABS);

else if g.type # NOTV x < r then

/* Branch from common to lateral
/* Input to gate

/* Common rail

/* Glider £fill

/* Lateral rail

*/

*/

*/

*/

*/

*/

*/

*/

*/

*/

*/
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The circuit G is given as a comma-separated sequence of gate definitions enclosed in
parentheses. While the gate indices are not explicitly labelled to these brackets, the (i +1)-th
element in the sequence uniquely defines gate g;. The encoding rules are as follows:

If g; is an input gate, it is represented as (true) or (false).

If g; = gi Agj;, (AND, k, j).

If g = g1 V g5, (OR, k, j).

If g; = —gi, (NOT, k).

In Phase 2, a transcript is generated sequentially by catenating the module specified
by the corresponding row and column indices according to the common-rail architecture
(Figure 4). For the i-th row, the length of the lateral rails in its first and second zigs are
determined by checking from which common rail(s) the gate g; should be fed with its inputs,
while the zags can be actually even hardcoded. The transcript is completed by appending a
terminal module at the end.

An executable Java program of this algorithm is shared on https://github.com/
kabegamikamio/Gates20ritatami.

5 Concluding remarks

In this paper, we have formulated the conformation, path, and shape reachability problems in
the oritatami model, and proved upper and lower bounds on their computational complexity
under the assumption that the delay 6 be bounded by a constant. In order to prove the
P-completeness of the deterministic shape reachability problem, we developed a suite of
logic gates (AND, OR, NOT) and supplementary modules such as wires and crossovers
and demonstrated how to combine them into a delay-3 deterministic oritatami CVP solver
in a logarithmic space. With a mechanism to guess Boolean values nondeterministically
(see [18]), wiring the proposed logic gates in the proposed Common-rail architecture should
enable us to design a delay-3 nondeterministic oritatami UNSAT solver, which would test a
hardcoded Boolean formula according to a guessed assignment. If such a solver could be
assembled from a given UNSAT instance in a logarithmic space, then PR(3) would be proved
to be coNP-complete; recall that PR(3) € coNP (Proposition 12).

The length of a transcript is actually bounded by that of its DNA template, and there is
a technical limit on the synthesizable DNA templates. Geary and Andersen have unveiled
the idea of transcribing a periodic RNA transcript from a circular DNA template [13]. Most
computational oritatami systems adopt their idea and utilize a periodic transcript [11, 15,
21, 25]. Once the length of the period of a transcript is bounded by a constant, a circuit
cannot be hardcoded entirely in a transcript anymore, but needs to be also encoded on a
seed and retrieved co-transcriptionally.

We have shown how to provide a polynomial-size no-certificate for the path and shape
reachability problems (without the promise of determinism), proving that they are in coNP.
Aside from the computational complexity, it should be interesting to imagine a path or a
shape that is intrinsically nondeterministic, that is, cannot be reached by any deterministic
oritatami system, but there exists a nondeterministic one all of whose terminal conformations
follow the path/are of the shape (see [4] for an analog of this research direction in the abstract
tile assembly model).

All these research directions should also be pursued in a more realistic model of RNA
co-transcriptional folding.


https://github.com/kabegamikamio/Gates2Oritatami
https://github.com/kabegamikamio/Gates2Oritatami
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